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FOREWORD 


The  Eighteenth  Symposium  on  Naval  Hydrodynamics  was  held  in 
Ann  Arbor,  Michigan,  on  August  19-24,  1990.  This  international 
symposium  was  jointly  sponsored  by  the  Office  of  Naval  Research 
(Fluid  Dynamics  Program),  the  National  Research  Council  (Naval 
Studies  Board),  and  the  University  of  Michigan  (Department  of  Naval 
Architecture  and  Marine  Engineering).  This  biennial  symposium 
promotes  the  exchange  of  technical  developments  in  naval  research  of 
common  interest  to  all  the  countries  of  the  world.  The  forum 
encourages  both  formal  and  informal  discussion  of  the  presented 
papers,  and  the  occasion  provides  opportunity  for  direct 
communication  between  international  peers. 

Nearly  200  participants  from  some  20  countries  attended  the 
symposium,  representing  a  mixture  of  experience  and  expertise  from 
newly  graduated  students  to  scientists  of  established  international 
repute.  Fifty  papers  were  presented  in  seven  topical  areas  covered  by 
the  symposium:  ship  motions,  ship  hydrodynamics,  experimental 
techniques,  free-surface  aspects,  wave/wake  dynamics, 
propeller/hull/appendage  interactions,  and  viscous  effects.  These 
topics  were  chosen  for  this  particular  meeting  because  of  recent 
advances  that  have  been  made  in  these  areas.  Examples  of  significant 
advances  presented  in  the  papers  are  the  solution  of  nonlinear 
equations  for  ship  motions  and  ship  hydrodynamics,  the  small-scale 
dynamics  of  cavitation  inception,  development  and  implementation  of 


multipoint,  free-surface  measurements,  modeling  of  solitons  in 
Kelvin  wakes,  reconnection  phenomena  for  vortex  interactions  with 
the  free  surface,  Navier-Stokes  solutions  for  propellers,  and  the 
inclusion  of  the  hull  boundary  layer  in  predictions  of  hull  flows. 
This  brief  list  illustrates  the  quality  and  timeliness  of  the  symposium 
for  naval  hydrodynamics. 

The  success  of  this  symposium  is  the  result  of  hard  work  on  the 
part  of  many  people.  There  was,  of  course,  the  Organizing  and 
Paper  Selection  Committee:  Dr.  Edwin  Rood  and  Mr.  James  Fein 
(Office  of  Naval  Research),  Mr.  Lee  Hunt  (National  Research 
Council),  Prof.  Robert  Beck  and  Prof.  Arinin  Troesch  (University  of 
Michigan),  Dr.  Gerard  van  Oortmerssen  (MARIN),  Dr.  William 
Morgan  and  Mr.  Justin  McCarthy  (David  Taylor  Research  Center). 
The  contribution  of  this  committee  was  certainly  the  cornerstone  for 
the  success  of  the  symposium.  However,  the  administrative 
preparation  and  execution  would  not  have  been  possible  without  the 
support  of  Ms.  Elizabeth  Lucks  and  Mrs.  Susan  Campbell  of  the 
Naval  Studies  Board  of  the  National  Research  Council,  and  Ms. 
Virginia  Konz  and  Ms.  Lisa  Payton  and  the  rest  of  the  staff  of  the 
Department  of  Naval  Architecture  and  Marine  Engineering  at  the 
University  of  Michigan.  Appreciation  is  extended  to  the  Towing 
Tank  staff  at  the  University  of  Michigan  for  the  informative 
demonstration  of  their  unique  research  capabilities. 

Edwin  P.  Rood 
Office  of  Naval  Research 
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OPENING  REMARKS 


Rear  Admiral  William  C.  Miller,  USN 
Chief  of  Naval  Research 


Ladies  and  gentlemen,  officials  and  faculty  of  the  University  of 
Michigan,  and  distinguished  colleagues  from  the  international  naval 
hydrodynamics  community,  I  wish  you  a  good  morning. 

As  Chief  of  Naval  Research,  as  steward  of  the  Navy’s  science  and 
technology  development,  and  as  a  former  sailor  and  commanding 
officer  in  several  classes  of  naval  ships,  I  have  a  particular  interest  in 
naval  hydrodynamics.  Accordingly,  it  is  my  great  pleasure  to 
welcome  you  to  this  symposium  dedicated  to  the  advancement  of  the 
science  and  technology  of  naval  hydrodynamics. 

The  symposium  is  unique;  it  is  the  only  professional  gathering 
dedicated  specifically  to  scientific  understanding  and  technology  of 
hydrodynamics  in  support  of  marine  applications.  Among  you  are  the 
most  prominent  hydrodynamicists  of  the  world.  I  am  confident  you 
will  find  the  papers  to  be  presented  here  uniformly  excellent.  Their 
selection  proved  a  difficult  task,  given  the  number  of  quality  papers 
submitted. 

This  is  the  eighteenth  symposium  since  the  series  was  inaugurated 
in  1956.  Each  symposium  in  the  series  has  been  sponsored  by  the 
Office  of  Naval  Research,  the  National  Research  Council,  and  a  host 
institution.  This  year,  we  express  our  gratitude  to  our  gracious  host, 
the  University  of  Michigan. 

The  site  for  these  symposia  rotates  between  the  United  States  and 
other  countries,  and  over  the  years,  seven  different  nations  have 
hosted  your  meeting.  This  week,  in  keeping  with  the  international 
flavor  of  this  symposium,  authors  from  10  countries  will  be 
presenting  51  papers— very  strong  evidence  that  the  scientific 
communities  are  coming  together  to  solve  common  hydrodynamics 
problems. 

The  world  is  dramatically  different  today  than  when  we  began  the 
series  in  1956.  We  were  then  at  the  height  of  the  cold  war;  now  we 
are  joined  in  a  fervent  hope  that  that  period  of  international  tension 
is  nearing  an  end.  Changes  that  would  have  seemed  unthinkable  only 
a  few  months  ago  are  continuing  to  occur  almost  daily.  Old  barriers 
are  falling;  new  challenges  arising.  Defense  capabilities  and 
requirements  are  being  scrutinized  in  the  light  of  new  global  realities. 
There  is  no  question  in  my  mind  that  the  decade  of  the  1990s  will 
exhibit  a  different  international  military  presence  than  the  decade  that 
preceded  it,  and  with  those  changes  comes  a  corresponding 
adjustment  to  the  distribution  and  focus  of  research  and  development 
activity. 

Political  realignments  and  military  changes  notwithstanding, 
geography  alone  tells  us  that  the  United  States  will  remain  a  maritime 
nation  with  economic  and  defense  imperatives  closely  tied  to  free  and 
unimpeded  access  to  the  sea  lines  of  communication  in  order  to 
pursue  peaceful  commerce.  Also  unchanged  is  the  need  of  a  maritime 
nation  such  as  ours  to  pursue  a  broad  program  of  science  to  better 
understand  and  utilize  the  seas  that  surround  it. 

Joseph  Conrad,  that  great  chronicler  of  sea  lore,  once  said, 

The  sea  never  changes,  and  its  works,  for  all  the  talk  of  man, 

are  wrapped  in  mystery. 

The  sea  probably  has  not  changed  much  since  Conrad  penned 
those  words,  but  advances  in  science  and  technology  and  development 
of  new  tools  have  helped  to  lift  some  of  the  mysteries  associated  with 
the  seagoing  trades. 

This  is  particularly  true  in  naval  hydrodynamics.  With  the 
emerging  capability  to  understand  and  predict  such  complex  processes 
as  unsteady  ship  hydrodynamics,  brought  about  by  application  of 


supercomputers  in  both  physical  and  numerical  experiments,  the  field 
is  ready  for  new  and  significant  scientific  breakthroughs  to  lead  to 
improved  propulsive  efficiency,  reduced  ship  motion,  and  more 
accurate  tracking.  For  many  problems  in  hydrodynamics,  however, 
the  level  of  understanding  sufficient  to  drive  technology  application 
remains  years  away  and,  in  Conrad’s  words,  still  "are  wrapped  in 
mystery. " 

It  is  the  nature  of  scientific  discovery  that  results  frequently  are 
a  long  time  coming  and  often  not  clearly  foreseen.  Therefore,  the 
Office  of  Naval  Research  has  adopted  the  strategy  of  preserving  our 
investment  in  fundamental  research  in  the  field  of  naval 
hydrodynamics,  selecting  the  best  intellects  and  the  best  ideas,  while 
expressing  our  confidence  that  this  long-term  investment  will  pay 
valuable  dividends. 

The  University  of  Michigan’s  selection  to  be  host  this  year 
reflects  this  investment  philosophy,  partly  in  recognition  of 
university’s  work  in  free-surface  hydrodynamics,  funded  by  the 
University  Research  Initiative  of  the  U.S.  Department  of  Defense. 
Under  this  program,  the  Office  of  Naval  Research  provided  financial 
support  to  the  University  of  Michigan  to  pursue  aggressive 
investigation  into  improving  the  state  of  knowledge  of  ship  wakes. 
This  initiative  has  been  in  place  for  four  years  now  and  has  provided 
the  means  for  developing  and  fielding  a  unique  instrumentation 
system  to  quantify  hydrodynamic  features  observed  in  both  surface 
and  subsurface  wakes.  Several  papers  to  be  presented  at  this 
symposium  describe  this  instrumentation  and  associated  research 
findings.  In  addition,  a  tour  of  facilities  dedicated  to  this  effort  will 
be  conducted  tomorrow  morning;  it  promises  to  be  an  eye  opener  for 
any  who  may  have  lingering  doubts  regarding  whether  there  is 
significant  science  left  to  be  pursued  in  the  field  of  naval 
hydrodynamics. 

As  this  audience  certainly  appreciates,  understanding  the  physical 
mechanisms  present  in  ship  wakes  can  have  major  influence  on  naval 
operations.  In  fact,  the  very  title  of  this  symposium  proclaims  its 
naval  orientation.  Certainly,  knowledge  of  unsteady  nonlinear  ship 
motions  is  an  elusive  goal  that  may  be  in  sight  with  new 
advances — such  as  prediction  of  "chaotic"  ship  motion  and  unsteady 
ship  wake-propulsion  interaction.  These  advances  should  have  an 
impact  on  commercial  shipping  as  well  as  military  operations, 
responding  to  the  shared  needs  of  all  maritime  nations. 

It  is  in  the  spirit  of  pushing  back  the  frontiers  in  basic 
understanding  of  naval  hydrodynamics  that  this  symposium  retains  its 
preeminence.  Papers  are  presented,  discussions— oftentimes  quite 
lively— are  entertained,  and  professional  and  personal  contacts  are 
made  or  renewed,  all  with  the  intent  of  fostering  open  information 
exchange  among  scientific  professionals.  We  anticipate  that  the  result 
will  be  a  focusing  of  efforts  and  minimization  of  unwarranted 
duplication,  leading  to  achievement  of  shared  objectives  within  the 
limited  resources  available. 

The  papers  to  be  presented  cover  seven  topics:  ship  motions;  ship 
hydrodynamics;  experimental  techniques;  free-surface  aspects; 
wave/wake  dynamics;  propeller/hull/appendage  interactions;  and 
viscous  effects.  I  have  been  assured  by  the  selection  committee  that 
they  are  uniformly  excellent  and  will  add  to  our  pride  in  once  again 
sponsoring  this  symposium.  I  trust  that  you  too  will  enjoy  them  and 
will  take  home  with  you  that  sense  of  professional  excitement  and 
interaction  you  came  here  to  enjoy. 

Thank  you  for  your  attention.  You  all  have  my  personal  best 
wishes  for  a  most  productive  symposium. 
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ABSTRACT 

Practical  approach  is  investigated  to  predict  three 
dimensional  hydrodynamic  interaction  between 
two  hulls  of  a  catamaran  oscillating  and  running 
at  forward  speed.  Chapman’s  approach  is  tried 
to  solve  the  boundary  value  problem  for  the  un¬ 
steady  velocity  potential  around  twin  hulls’  sec¬ 
tion  contour  with  retaining  all  the  terms  of  the 
full  linear  free  surface  condition  including  for¬ 
ward  speed  effect.  Results  show  that  predicted 
hydrodynamic  forces  agree  generally  well  at  high 
Froude  number  with  the  measured  on  a  model 
ship  and  interaction  between  twin  hulls  is  cer¬ 
tainly  weak  at  this  high  speed. 

INTRODUCTION 

It  may  be  a  practical  approach  to  generalize  strip 
theories  to  predict  motions  of  a  catamaran  ad¬ 
vancing  in  waves.  Strip  theories  are  certainly  the 
most  successful  theories  for  practical  purpose  of 
predicting  wave  induced  motions  of  ships  at  mod¬ 
erate  forward  speed. 

For  applying  strip  theories  two  hulls  of  the 
catamaran  are  considered  to  be  close  to  each 
other.  Two  dimensional  theory  is  used  to  eval¬ 
uate  flow  around  the  contour  of  two  sections  os¬ 
cillating  on  the  free  surface.  Experiments  tell, 
however,  that  hydrodynamic  interaction  effects 
between  two  hulls  are  not  so  strong  as  expected 
from  ship’s  lengthwise  summation  of  the  2D  ef¬ 
fects  (Ohkusu(1971)).  This  is  more  so  for  higher 
forward  speed.  If  we  assume  two  hulls  are  located 
away  from  each  other  ,  theories  to  be  applied  must 
not  be  strip  theories  any  more.  We  need  a  prac¬ 
tical  theory  to  take  into  account  correctly  three 
dimensionality  of  hydrodynamic  interaction  be¬ 
tween  two  hulls  of  the  catamaran. 


Strip  theories  account  for  the  effect  of  for¬ 
ward  speed  in  a  simple  way.  The  linear  free  sur¬ 
face  condition  including  forward  speed  term  is 
simplified  such  that  the  unsteady  waves  gener¬ 
ated  by  the  body  motions  propagate  only  in  the 
breadthwise  directions  of  the  ship.  A  more  com¬ 
plicated  wave  system  must  be  considered  if  the 
three  dimensionality  of  the  flow  has  to  be  consid¬ 
ered. 

Three  dimensinal  panel  method  at  forward 
speed  will  be  one  alternative  for  this  purpose. 
But  even  with  recent  progress  in  computational 
schemes  of  the  Green  function  (Ohkusu  and 
lwashita(1989)),  it  can  not  be  so  practial  as  strip 
theories  because  of  long  computational  time.  Be¬ 
sides  we  have  no  valid  approach  to  treat  with  a 
line  singularity  appearing  at  the  intersection  of 
the  surface  piercing  body  and  the  free  sutface. 

Chapman’s  approach  (Chapman(1976))  is  a 
simplified,  but  still  satisfying  the  full  linear  free 
surface  condition,  high  speed  theory  for  a  verti¬ 
cal  surface-piercing  flat  plate  in  unsteady  yaw  and 
sway  motion.  Daoud’s  theory  (Daoud(1975))  for 
analyzing  stationary  flow  around  the  bow  of  the 
ship  is  also  a  theory  retaining  all  the  terms  of  the 
linear  free  surface  condition  in  the  region  close 
to  the  body  and  solving  essentially  2D  problem 
around  section’s  contour.  Ogilvie’s  description 
(Ogilvie  (1977))  on  these  theories  is  full  of  in¬ 
sight  into  hydrodynamics  and  very  informative. 
Furthermore  one  of  the  present  author  (Faltin- 
sen(1983))  presented  a  theory  for  solving  diffrac¬ 
tion  problem  at  the  bow  of  the  ship  along  a  simi 
lar  line.  All  those  are  attractive  ideas  in  the  point 
that  the  ^-derivatives  in  the  free  surface  condition 
is  completely  retained  arid  still  numerical  work 
is  almost  on  two  dimensional  problem.  Recent 
comprehensive  analysis  by  Yeug  and  Kim  (1985) 
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gives  more  analytical  foundation  for  Chapman’s 
approach. 

We  present  in  the  main  text  an  application  of 
Chap  man- Daoud-  Fait  insen’s  approach  for  com¬ 
puting  hydrodynamic  forces  on  the  catamaran. 
First  we  invesigate  the  far-field  effect  of  unsteady 
bow  flow  caused  by  heave  and  pitch  motions  of 
the  ship.  Then  we  describe  a  set  of  assumptions 
leading  to  the  full  linear  free  surface  condition 
retaining  the  x  derivatives  in  the  near-field.  Nu¬ 
merical  solutions  of  the  2D  boundary  problems 
for  the  velocity  potentials  near  the  body  is  a  ver¬ 
sion  of  Daoud ’s  approach.  Finally  we  compare 
computed  and  measured  added  mass  and  damp¬ 
ing  of  a  catamaran  at  high  Froude  number  and 
present  wave  elevation  generated  by  the  ship  mo¬ 
tion  between  two  hulls  of  a  catamaran  as  well  as 
in  the  far-field. 

FAR-FIELD  SOLUTION 

Velocity  potential  describing  the  flow  around 
an  oscillating  ship  at  forward  speed  is  expressed 
in  the  form  of 


(f>-  Ux  +  <f>s(x,y,z)+<f>r(x,y,  z)e'wt  (1) 

where  the  x-axis  directs  astern  from  the  origin  at 
FP,  the  z  axis  vertically  upward  and  the  xy  plane 
coincides  with  the  calm  water  surface  (Fig.l).  U 
is  steady  ambient  flow  velocity  in  the  direction  of 
the  x-axis  (or  the  ship’s  speed),  L  the  ship  length, 
c o  circular  frequency  of  motion.  <j>s  is  the  steady 
part  of  the  potential  and  <j>r  the  unsteady  part. 

We  start  with  a  simple  expression  of  the  so¬ 
lution  of  <j>r  valid  in  the  far-field  of  the  ship’s  hull. 
The  solution  <f>r  satisfying  the  full  linear  free  sur¬ 
face  condition 

(hv  +  U-^)2<j>r  +  g^- =  o  on  2  =  0  (2) 

is  expressed  at  x,y  =  0(1)  by  the  velocity  po¬ 
tential  of  a  line  source  a{x)e%ut  distributed  on 
the  londituidinal  axis  of  the  ship  hull  since  we 
are  concerned  with  the  symmetrical  flow  field.  A 
Fourier  transform  type  of  expression  is  given  by 

4>r(x,y,z)= - /  dke'kxa*(k) 

*  — oo 

f°°  df  c.xp[i(y  \  zVWTJ1} 

X  /_ co  y/R?+P-(u  +  Uk-in)2/g 

(3) 


where 


<r(x)e~ikxdx 


(4) 


We  assume  high  frequency  of  motions  u  — 
0(e~lf2)  just  as  in  Ogilvie  and  Tuck  (1969)  and 
we  may  proceed  along  their  line.  In  Ogilvie  and 
Tuck’s  analysis  this  integral  is  assumed  to  include 
only  the  contribution  from  up  to  |Jb|  =  o(l)  (  in 
their  notation  \k\  =  o(e~ 1^2))  ,  because  <r*(k) 
drops  off  rapidly  enough  with  large  \k\  .  Reason  of 
this  is  very  smooth  variation  of  cr(x)  everywhere 
in  x .  When  we  assume  flow  variables  vary  steeply 
over  the  bow  region,  for  instance,  the  x-derivative 
of  cr  is  of  the  order  of  0{e~l^2<r)  over  the  region 
close  to  the  bow  ,  then  <r*(k)  does  not  drop  off 
so  rapidly.  With  this  assumption  we  extend  the 
integral  intervals  at  least  until  \k\  =  0(e~1!2)  is 
included  (In  Ogilvie  and  Tuck’s  notation  this  cor¬ 
responds  to  \k\  =  OOr1)).  Then  we  obtain  from 
equation  (3) 


-L 


dk 


2ia*(u/Uk)(l  +  k)(u/U) 


0(s->/2)  \/(i  +  k) 4  -  (fc/r)2 


x  exp [ik(u/U)x  +  ii/yy/(l  +  jfe)4  —  (ib/r)2 
+  uz(l  +  fc)2] 


-j: 


/fc,  (k/rf  -  (1  +  k)* 

x  exp [ik(<jj/U)x  —  vy\f{k/T)2  —  (1  +  fc)4 
+  vz{\  +  fc)2] 

[°{C~U2)  JU-2i<r*(u/Uk)(\  +  kYHU) 

Jk ,  a/(1  +  fc)4  -  ( kJrY 


x  exp[ik(u/U)x  -  wyy/(  1  +  k)4  —  ( k/r )2 
+  vz(  1  +  k )2] 


+  0(e) 


(5) 


where 


*1,2  =  -1  -  (1/2 T  T  s/YJt  +  l/4r2) 

r  r  /  2  /  W) 

r  =  LoU/g,  v  -  w  j g 

The  method  of  stationary  phase  (Erdelyi 
(1956))  can  be  applied  to  evaluating  the  integrals 
because  we  are  many  wave  lengths  away  from  the 
sources  at  u/U  =  0(€^1^2)  and  v  =  0(e~l).  Let 


6 


assume  ( x  —  £)  >>  y  in  this  equation,  then  one 
stationary  point  exists  within  the  interval  of  each 
integral,  as  far  as  the  1st  and  3rd  terms  of  equa¬ 
tion  (5)  are  concerned.  For  large  r  stationary 
points  Ki  for  the  3rd  and  K2  for  the  1st  integral 
are  approximately 


K\  2  ~  — 1  ± 


(*-0 
2  ry 


(7) 


Dominant  part  of  the  rightkand  side  of  equa¬ 
tion  (5)  is  then  evaluated  as  follows. 


K0{x-t)2 

y 


,  1  K0(x  -  022  .5T! 
+  4  ?  *4] 


1  Jy 


exp[-i^(x-0+{^~  — 


\K0{x-O2z  , 

4  ?  +lV 


+ 

+ 


vggtQ Rg)  1 

(r+l/4)1/'* 

i 

(r  +  1/4)1/4  y/^T\ 


exp[ifci  —(x  —  £)] 
exp[ik2jj:(x  —  0]} 


(8) 


where  Kq  =  g/U 2.  The  last  two  terms  of  this 
equation  come  from  the  singularities  at  end  points 
k  =■  and  &2  of  the  interval  (Erdelyi  (1957)) 
and  are  higher  order  than  the  first  two.  z  de¬ 
pendence  in  the  last  two  terms  is  ignored  because 
exp(u jz/U)  is  1  +  0(e1/2). 

If  x  is  away  from  the  bow  region  such  as 
x  =  0(1)  and  a(x)  varies  smoothly  there,  we  can 
once  again  apply  the  stationary  phase  method 
to  evaluate  the  parts  of  the  integrals  (8)  from 
£  =  0{e ^2)  to  x.  We  obtain 


rO(* 1/2) 

-2  /  <r(OdZ 


• i ; 


x  •{  i exp[— i^r(x  -  0  “  7 


y/y  '"'ri  V 

1  K0(x  -  Z)2z 


i  K0(x  -  Q2 
4 


y 


+  4‘ 


y z 


+  *j] 


.yfnK o  .w,  ^  ,  i-Ko(a:-02 

,  1  Ko{x  —  02z  •iri 
+  4  ?  Z4] 


+ 


V^hMEl _ I _ exp _  *)i 

(r  +  1/4)1/4  yF7?!  ^  ^ 

+  (r+l/4)i/4  ^l^aeXpltk2U(x 

-f  47 ri  cr(x  —  2rt/)  exp(— ivy  +  i/z) 

—  47T- 


\/2  , 


(9) 


These  expressions  will  provide  some  idea  of 
the  near  field  solutions  whose  approximations 
away  from  the  hull  will  be  obtained  by  letting 
y  — ►  e.  The  first  and  second  terms  of  equation 
(8)  representing  the  divergent  waves  are  domi¬ 
nant  and  one  can  not  neglect  the  ^-derivatives  of 
the  flow  variables  in  the  free  surface  condition. 
Far  behind  the  bow  region  where  a  must  vary 
smoothly,  the  fifth  term  of  equation  (9)  that  rep¬ 
resents  the  2D  term  dominant  in  the  strip  theory 
(Ogilvie  and  Tuck  (1969))  appear.  The  fifth  term 
is  rewritten  as 


~  47ri[cr(x)  —  2  ry(if{x)\  exp  {—ivy  +  J'z) 

This  arguement  suggests  that  the  divergent 
waves  approximation  (  the  first  and  second  terms 
of  equation  (8))  will  be  a  good  approximation  of 
the  far  field  effect  in  some  region  near  the  hull 
even  over  the  ship  length  and  it  includes  waves 
appearing  in  the  strip  theory  far  behind  the  bow 
region. 

Effect  of  the  transverse  waves  might  be  taken 
into  account  approximately  as  follows.  They  sat¬ 
isfy  the  free  surface  condition  far  behind  the  bow 
region  and  satisfy  the  body  boundary  condition 
because  of  the  approximately  zero  normal  veloc¬ 
ity  on  section  contours.  These  terms  will  exert 
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pressure  of  the  second  order  on  sections  behind 
the  bow  region. 

FORMULATION  OF  THE  SOLUTION 

Our  general  assumptions  are: 


»2,3  =  0(1),  ui  =  0(e  2) 

(10) 

=  0(fe~1),  <t>r  =  0(6)  (11) 

where  1 T 2 , 3  are  the  x,y  and  z  components  of  a 
unit  normal  vector  to  the  wetted  part  of  the  hull 
surface  whose  positive  direction  is  into  the  fluid,  e 
is  the  slenderness  ratio  of  the  hull  geometry  and  6 
characterize  smallness  of  the  oscillatory  motions’ 
amplitude.  /  is  any  flow  variable  caused  by  the 
body  in  some  region  near  the  hull. 

The  unsteady  part  of  flow  <f>r  is  rather 
straightfowardly  linerized  based  on  6  that  is  gen¬ 
erally  independent  of  the  hull  geometry.  The 
steady  flow  <ps  and  its  interaction  with  the  un¬ 
steady  part  are  related  closely  to  the  hull  geome¬ 
try  and  their  linearization  is  strongly  dependent 
on  flow  characteristics  we  assume.  We  have  two 
alternatives  in  order  to  retain  Ud/dx  term  in  the 
free  surface  condition: 

(i ) u  =  o(s~1'2),  df/dx  =  o(  1) 

(ii)  U  =  0(1),  df/dx  =  0(e“1/2). 

(i)  gives  1 i>$  =  0(e3/2)  and  steady  wave  ele- 
vation  (s  =  0(e).  The  result  is  that  we  can  not 
transfer  the  free  surface  condition  to  z  =  0  be¬ 
cause  of  Csd<f)s/dz  =  0(1);  the  free  surface  condi¬ 
tion  for  <j)s  becomes  non-linear. 

(ii)  may  be  justified  with  some  assumptions 
on  the  flow  characteristics  close  to  the  bow  as 
mentioned  in  the  previous  section.  Recently 
Faltinsen  and  Zhao  (1990)  employed  another  al¬ 
ternative  n  1  =  0(e1/2)  to  analyze  the  same  prob¬ 
lem.  With  this  assumption,  however,  we  once 
again  end  up  with  a  non-linear  free  surface  condi¬ 
tion  for  the  steady  flow  <j)5.  In  this  context  (f)r  has 
to  satisfy  the  free  surface  condition  not  on  z  =  0 
but  on  the  steady  free  surface  displaced  finitely 
from  z  —  0. 

Assume  (ii)  as  well  as  (10)  and  (11),  then  we 
obtain  <j)s  =  0(e2)Xs  =  0(e 3^2)  with  which  we 
have  no  trouble  to  linearize  the  free  surface  con¬ 
dition  for  <j)s.  If  we  retain  the  lowest  order  terms 


ni  =  O(e), 

Of 

dy,z 


with  respect  to  e  and  S ,  then  we  reach  to  the 
following  linearized  free  surface  conditions  pre¬ 
senting  weak  interaction  between  the  steady  and 
unsteady  flows. 


(iw U-^)2(j)r  +  g^~  =  0  on  z  =  0  (12) 


2d2(j)s  d<f>s 

u  al 5-  +  "a7  =  0 


on  z  =  0 


(13) 


Terms  we  omitted  in  the  derivation  of  those 
free  surface  conditions  are  e1^2  higher  in  the  order 
of  magnitude. 

The  velocity  potentials  must  satisfy 


92<f>s,r  d7<f>Sir 

'  dy2  +  dz2  ~ 


(14) 


in  the  fluid  domain. 

Body  boundary  conditions  to  be  satisfied  on 
the  mean  oscillating  position  are: 


dh 

dN 


=  —Un\ 


(15) 


d4>rj 

dN 


=  iiOTlj  +  771  j 


0  =  3,5)  (16) 


where  <j>rj  is  <f>r  for  the  j  mode  of  motion  of  unit 
amplitude,  j  =  3  and  5  correspond  to  heaving 
and  pitching  motions  of  the  ship  respectively  and 


n5  =  -(x  -  L/2)ti3 
d  d<f>s 
"l3 ON  dz 
m5  =  -Un3  —  (x  —  L/2)?n3 


(17) 


The  body  boundary  conditions  (16)  contain 
two  different  order  terms.  The  terms  with  mj 
are  certainly  of  e1^2  higher  order  than  the  first 
terms  on  the  right  hand  side.  The  mj  terms  arise 
because  the  steady  flow  satisfies  the  body  bound¬ 
ary  conditions  on  the  mean  oscillatory  position 
and  not  the  instntaneous  position  of  the  ship.  In 
principle  similar  terms  should  be  present  in  the 
free  surface  condition.  However  they  have  been 
neglected  in  our  analysis.  Inclusion  of  the  mj 
terms  in  the  body  boundary  conditions  (16)  is  in- 
cosistent  and  most  of  our  results  are  with  only 
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the  lowest  order  terms  retained  in  (16).  Some  of 
results  in  which  we  keep  even  the  rrij  terms  inco- 
sistently  will  be  presented. 

Chapman  (1975)  presented  a  simplified  high¬ 
speed  theory  satisfying  the  full  linear  free  surface 
condition  in  the  near  field  for  a  surface  pierc¬ 
ing  flat  plate  in  yaw  and  sway  motion  problems. 
We  apply  a  generalized  and  liniearized  version 
of  his  idea  to  solve  the  boundary  problems  (12), 
(13),  (14),  (15)  and  (16).  In  details  we  follow 
the  approaches  proposed  by  Ogilvie  (1977)  and 
Daoud  (1975)  in  analyzing  bow  flow  for  the  wave 
resistance  problem.  This  method  is  economical 
in  the  computational  effort  because  one  identical 
scheme  can  be  applied  for  both  the  steady  and 
the  unsteady  problems. 

It  is  convenient  in  the  analysis  to  define  new 
potentials 


rl>T{x,y,z)  -  e,{u,lu)x<t>T{x,y,  z)  (18) 

Without  any  simplification  the  boundary 
value  problems  for  both  <j)s  and  xjjr  then  become 
the  similar  problems  with  the  only  difference  in 
the  body  boundary  conditions.  For  brevity  we 
do  not  state  the  boundary  value  problems  for  <p5 
hereafter. 


d21pr  d24\ 
dy2  dz 2 


(19) 


U 


dx1 


+  g 


dlpr 

dz 


=  0 


z  =  0 


(20) 


Oj'r 

ON 


for  j  —  3 

e<( »ivy*[-iun3(x  -  L/ 2) 

+  U(_„3  +  (.-1/2)^)] 

for  j  —  5 

(2i) 

on  the  body  surface  below  z  =  0. 


We  set  starting  condition  on  Vv  and  dtpr/dx 
at  x=0.  We  assume  the  velocity  potential  and  the 


free  surface  elevation  equal  to  zero  at  x  <  0.  Rea¬ 
son  of  this  assumption  is  that  no  upstream  waves 
are  generated  far  in  front  of  the  bow  because  we 
are  concerned  with  the  case  of  r  >>  1/4.  We 
assume  here  simply 


Vv  =  o, 


at  x  <  0 


(22) 


We  will  now  introduce  an  expression  for  the 
solution  as  suggested  by  Ogilvie  (1977). 


=/ 

Jli 


4'r  =  /  dCEr(x;  v,C)  log  -7 


-AJK 


where 


:0  /  di  [  dt £r(*;»KO,C(0) 

Jo  Jl{0+R(  f) 

rOO 

/  dw  exp[u>2(z  +  C(O)]  cosw2(y  -  t?(^)) 
Jo 

x  sin  Vk0oj(x-O 

(23) 

r,  r'  =  \J{y-  V)2  +  (^  T  C)2 


L(x)  and  R(x)  are  the  contours  of  the  cata¬ 
maran’s  left  and  right  sections  at  x  (  we  ignore 
the  contribution  from  L(x)  for  a  single  hull  ship). 
We  assumed  in  this  formulation  that  each  demi- 
hull  of  the  catamaran  locates  in  the  near  field  of 
each  other. 

Equation  (23)  implies  that  jpr  at  x  is  repre¬ 
sented  by  the  potential  caused  by  a  distribution 
Er  of  impulsive  sources  on  that  section  contours 
and  the  effect  of  source  distributionas  at  all  sec¬ 
tions  upstream  of  x .  One  may  use  Daoud’s  ex¬ 
pression  (1975)  for  the  velocity  potential  instead 
of  equation  (23).  He  distributed  sources  and  nor¬ 
mal  dipoles  based  on  more  systematic  derivation. 
But  we  can  transform  his  expression  into  that  of 
only  the  source  distribution  without  difficulty  by 
considering  another  boundary  value  problem  on 
the  flow  interior  the  body.  So  there  is  no  reason 
that  the  expression  (23)  is  not  appropriate. 

Contribution  from  the  line  singularities  at 
the  intersection  of  the  body  and  the  free  surfaces 
is  considered  to  be  of  higher  order  for  slender  hull 
form  based  on  Daoud’s  arguement  (1975).  We  re¬ 
mark  that  if  we  had  to  include  really  this  term, 
one  more  condition  such  as  the  least  singularities 
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of  flow  in  addition  to  the  body  boundary  condi¬ 
tion  should  be  imposed  in  order  to  determine  the 
strength  of  this  line  singularities.  We  do  not  know 
what  condition  is  physically  correct. 

The  last  term  of  equation  (23)  is  the  com¬ 
plicated  triple  integral  including  the  unkown  Sr 
in  its  integrand.  But  this  term  gives  the  effect 
only  from  the  sections  upstream  of  the  section  and 
does  not  depend  on  the  source  density  at  £  =  x 
where  the  integral  equation  is  to  be  solved,  be¬ 
cause  of  the  term  sin  >/Kquj(x  —  £). 

Starting  from  x=0,  we  can  solve  this  equa¬ 
tion  step  by  step.  Details  of  numerical  computa¬ 
tions  are  described  in  the  following  section. 

When  we  let  y  — ►  oo  on  the  equation  (23),  a 
far  field  approximation  of  the  near  field  solution 
is  to  be  obtained  as  follows. 


r  il<o(x-02 

xexp  [-*(-)*-- - - - 

+  1  Kpjx-^fz 


+  il  ^;K)VT 


r  \  ,  iKo(x~02 

X  exp[-t(-z)  +  - - - - 

4  y2  J 


(24) 


where 


a{x)  =  exp[-(«^)*  -  ij]  /  dtHr(x;t],Q 
U  4  Jr{x ) 

(27) 

Dynamic  pressure  Pelwt  linear  to  the  ampli¬ 
tude  of  motion  6  will  be  derived  by  Bernoulli’s 
formula  as  follows. 


P  =  —  p8exp(-itL)/Ux)U  — Vv 
ox 


■  p6  exp (-iu>/Ux)[ 


dtpr  d<j) 


$  dipr  d<j>s 


dy  dy  dz  dz 


(28) 


In  this  equation  we  did  not  include  the  static 
pressure  component  induced  on  the  hull  surface 
by  the  displacement  of  the  body  in  the  non- 
uniform  steady  pressure  field.  This  component 
will  be  measured  independently  of  the  dynamic 
pressure  in  our  experiments. 

Once  again  there  are  different  order  terms  in 
the  right  hand  side  of  equation  (28).  The  lowest 
of  them  is  the  first  line.  The  second  line  is  e1^2 
higher  order  than  the  first  and  should  not  be  in¬ 
cluded  in  the  computation  of  forces  on  the  body, 
while  we  include  this  terms  in  some  cases.  In  our 
computation  an  identical  scheme  is  employed  to 
solve  the  unsteady  problem  as  well  as  the  steady 
problem  and  <j>s  is  always  available  when  tpr  is  cal¬ 
culated.  Inclusion  of  the  second  term  in  the  com¬ 
putation  of  the  forces  does  not  need  more  com¬ 
putational  effort. 

Pressure  integrated  on  the  body  surface  gives 
the  forces  Fj(j  =  3,5)  on  the  ship. 


1  Kpjx  -  Q2 
4  y2 


This  leads  to 


(25) 


-!>L 


£(€)+*«) 


Prij  ds 


(29) 


S(£;k)  =  f  dtZr(Z;r]X)eK*  cosK(y- r)) 

Jr  (o 


for  y  — ►  oo 


(26) 


Comparison  of  expressions  (8)  and  (24)  sug¬ 
gests  that  a(x)  describing  the  far  field  solution  is 
determined  from  E(x)  by  the  following  relation. 
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NUMERICAL  COMPUTATION 

The  source  density  must  be  determined  such 
that  the  body  boundary  condition  (21)  is  satis¬ 
fied.  We  rewrite  the  second  term  of  equation  (23) 
into  the  discrete  source  density  form:  we  divide 
each  section  contour  of  the  catamaran  into  M 
pieces  of  segments  on  each  of  which  the  density 
is  assumed  constant  Er(x;j).  After  integrating 
analytically  the  constant  source  density  on  each 
segment,  the  normal  derivative  is  taken.  Then  we 
have  an  integral  equation 


Olpr 

ON 


=--/ 

9N  7L(r)+fi(i) 


d£Er(x;T7,C)log-7 

r 


_  rX  2.N 

-  wK0  /  d{  Er(£;j) 

Jo  j=i 

x  fte[—  (7iy  +  inz)exp(-iotj) 
x  ( 

\/|2+Cj+i|  +  j(J/-7) 

_  w(^i)  \ 

\/|2+0l-*(y-%) 

+  (riy  -  mjexp(iai) 
x  (  MZj+i) 

\/|z+Cj+i  I  —  *'(y  —  »7i+i) 

_  y 

\J\z  +  0 1  i(y  -  *?>) 

(30) 


where  (%,Ci)  an<i  (^j+ijCj+i)  are  the  coordinates 
of  the  end  points  of  the  j-th  segment,  Re  denotes 
the  real  part  and 


,  i 

2  \/|2  T  Ci  I  +  *(y  —  ij ) 


(31) 


otj  =  tan 


-i  Ml  Z 
Cj'  +  l  —  C; 


(32) 


where  is  the  complex  conjugate  of  Zj.  w(2) 
is  Error  function  for  complex  arguements  defined 
as 


w(z)  =  ez  erfc(— iz)  (33) 

In  the  derivation  of  (30)  we  assumed  wall 
sided  hull  form  and  the  segment  closest  to  the 
free  surface  is  vertical.  This  leads  to 


\/(z  +  Cj)±(j/->?) 

(34) 

This  singularity  may  not  cause  serious  prob¬ 
lem  in  solving  the  integral  equation  (30)  numer¬ 
ically.  Efficient  program  to  compute  w(z)  at 
accuracy  of  12  digits  is  available  (I washita  and 
Ohkusu  (1989))  in  which  several  different  expres¬ 
sions,  continued  fractions,  asymptotic  expansions 
and  finite  series  approximations,  are  combined 
the  most  efficient  way. 

rrij ,  that  we  need  to  compute  when  we  retain 
the  second  order  terms  in  the  body  boundary  con¬ 
ditions  will  not  be  so  seriously  singular  close  to 
the  free  surface,  provided  the  hull  form  is  wall 
sided,  it  is  not  difficult  to  show 


( 


v\y-v\ 


),z,Cj  =o 


d<j>, 

dz 


=  0(1), 


9 2<i>,  n(U 

Z9^  =  0{1) 


(35) 


Wave  elevation  £r  in  the  region  near  to 
the  hull  surface  is  computed  with  numerical 
x— derivatives  of  the  solution  rpr  onz  =  0. 


1  d  co 

Cr  =  -”(*W  +  U  —  )[exp(-*— *)tfv]z=:0 

9  dx  U  (36) 

1  .1pr(x  +  Ax)  -  1pr(x) 

- exp(-«  — x) - T - 

g  U  Ax 

Both  hulls  of  a  catamaran  are  considered  to 
be  within  the  near  field  of  each  other,  the  source 
density  on  both  contours  must  be  symmetrical 
with  respect  to  xz  plane.  Each  section  contour  is 
divided  into  a  number  of  segmants  on  which  the 
source  strength  is  assumed  constant  and  the  inte¬ 
gral  equation  (30)  is  solved  such  that  the  bound¬ 
ary  condition  is  satisfied  on  the  midpoint  of  each 
segment.  This  implies  that  upstream  effect  rep¬ 
resented  by  the  second  term  of  (30)  is  evaluated 
on  the  midpoint. 

The  ship  length  is  divided  too  into  a  num¬ 
ber  of  strips  with  thicknes  of  Ax.  Assuming  the 
source  is  concentrated  at  the  center  of  Ax  we  step 
the  integral  equation  (30)  to  next  section.  Of 
course  only  the  sources  located  upstream  have  ef¬ 
fect  on  the  current  section;  the  sources  from  0  to 
x  —  Ax  have  the  effects. 
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We  tested  our  method  using  only  the  impul¬ 
sive  sources  agaist  results  of  Daoud  (1975)  and 
Faltinsen  (1983)  on  stationary  waves  around  a 
wedge.  Daoud  solved  the  integral  equation  on 
the  velocity  potential  on  the  contour  of  each  sec¬ 
tion  instead  of  the  source  strength.  Faltinsen  ex¬ 
pressed  the  velocity  potential  around  a  section 
with  the  fundamental  sources  distributed  on  the 
free  surface  as  well  as  on  the  section  contour.  The 
conditions  are  imposed  on  the  free  surface,  on  the 
contour  and  at  infinity.  He  solved  the  integral 
equation  on  the  velocity  potential  and  step  the 
free  surface  condition  to  next  section  with  using 
the  dynamic  and  the  kinematic  free  surface  con¬ 
ditions. 

Wave  elevations  around  a  wedge  for  a  half 
angle  7.5  degree  are  compared  in  Fig. 2.  Results 
of  our  method  agree  well  with  their  results. 

In  our  method  magnitude  of  Ax  will  have 
essential  effect  on  the  accuracy  of  results  because 
we  employ  the  concentrated  sources  in  the  x-wise 
and  we  are  assuming  fast  variation  of  the  solu¬ 
tion  in  the  x  direction.  Added  mass  coefficient 
for  heave  and  added  moment  of  inertia  for  pitch 
of  a  hull  form  (one  of  twin  hulls  of  a  catamaran 
model  later  described)  were  computed  with  in¬ 
creasing  the  number  of  strips  N  from  20  up  to 
60  as  shown  in  Figs. 3  and  4.  Results  of  compu¬ 
tation  without  mj  seem  to  converge  consistently 
and  N  ~  20  gives  accurate  enough  results,  while 
results  with  rrij ,  added  moment  of  inertia  in  par¬ 
ticular,  are  slow  in  convergence.  This  may  be 
due  to  the  smallness  of  A55  value  vulnerable  to 
singularity  in  rrij  close  to  the  intersection  of  the 
section  contours  and  the  free  surface.  We  need  a 
smaller  segment  size  there  to  have  more  consis¬ 
tent  results. 

Hydrodynamic  forces  computed  with  the 
present  method  for  a  mathematical  hull  form  with 
semi-circle  section  contour  and  water  plane  form 
y  —  (0.3 /L)x(L  —  x)  are  compared  with  those 
computed  by  Newman’s  unified  theory  (Newman 
(1978))  in  Figs.  5  to  8.  Results  are  obtained 
with  ignoring  the  terms  including  <j>s  in  the  body 
boundary  condition  (21)  and  retaining  only  the 
first  term  in  the  pressure  (28).  Actually  in  pitch 
mode  the  term  — Un3  in  (21)  is  retained,  though 
it  is  of  higher  order.  In  order  to  evaluate  the  first 
term  of  (28)  we  need  to  differetiate  numerically 
<j)r  in  the  x  direction  just  like  in  equation  (36). 

Unified  theory’s  results  we  have  shown  here 
are  too  without  rrij.  The  present  method  and 
unified  theory  predict  hydrodynamic  forces  al¬ 


most  similar  in  magnitude,  while  agreement  is 
not  consistent.  Damping  of  pitch  computed  by 
the  present  method  is  much  smaller  in  lower  fre¬ 
quency.  We  need  experiments  to  decide  which  is 
better  in  such  a  high  Froude  number  region. 

We  did  forced  heave  and  pitch  motion  test  for 
a  catamaran  whose  demihull  has  a  form  shown  in 
Fig. 9.  Length  of  the  model  is  1m,  the  breadth 
0.086m,  the  draft  0.043m  and  the  distance  be¬ 
tween  the  centers  of  both  hulls  0.30m.  Heave 
or  pitch  of  appropriate  magnitude  was  given  on 
the  towed  model  with  other  motions  suppressed. 
Measured  force  record  was  analyzed  into  several 
terms  of  harmonics.  Length  of  records  measured 
after  stationary  state  is  reached  is  averagely  10 
cycles  of  motion. 

In-phase  force  measured  contain  the  force 
that  would  act  when  the  ship  were  displaced  from 
the  original  position  at  w  =  0.  Here  we  mea¬ 
sured  it  by  giving  some  displacement  to  the  model 
towed  on  calm  water.  Assuming  magnitude  of 
this  force  is  approximately  linear  to  amount  of 
the  displacement,  we  get  a  spring  constant  as 
illustrated  in  Fig.  14.  This  component  was  ex¬ 
cluded  from  the  measured  in-phase  forces  to  ob¬ 
tain  added  mass.  In  the  frame  work  of  the  present 
theory,  however,  difference  of  this  component  at 
non-forward  speed  and  at  forward  speed  in  the 
non-uniform  steady  flow  field  must  be  considered 
to  be  of  the  second  order. 

Results  of  experiments  are  plotted  in  Figs.  10 
to  13.  A  few  of  black  circles  depicted  in  Fig.  11 
have  dash  mark.  At  these  points  noise  level  was 
so  high  with  reasons  we  do  not  know  at  present 
(magnitude  of  higher  harmonics  was  as  large  as 
50  percent  of  the  fundamental  one)  that  we  are 
not  confident  of  their  accuracy. 

Computed  hydrodynamic  force  with  the 
present  method  are  shown  in  those  figures.  Re¬ 
sults  depicted  as  without  rrij,  which  were  ob¬ 
tained  with  ignoring  consistently  the  effects  of  (j>s 
in  equations  (16)  and  (28),  predict  well  the  mea¬ 
sured  ones  at  high  Froude  number  0.5  to  0.89. 
One  reason  of  a  little  dicrepancy  will  be  that  the 
analysis  is  not  valid  at  the  ends  of  the  ship.  In 
the  case  of  transom  stern  like  our  model  we  ex¬ 
pect  that  the  flow  leaves  the  stern  tangentially  in 
the  downstream  direction  so  that  there  is  atom- 
ospheric  pressure  at  the  last  section.  This  means 
that  the  sum  of  the  added  mass  forces  and  hydro¬ 
static  restoring  force  on  the  last  section  is  zero. 
The  same  is  true  with  the  damping  force  on  the 
last  section.  In  our  analysis  the  hydrodynamic 
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behaviour  at  the  last  section  is  dependent  on  the 
upstream  effect.  There  is  no  effect  from  down¬ 
stream.  This  means  we  have  no  information  that 
there  should  be  atmospheric  pressure  at  the  last 
section.  The  consequence  is  a  wrong  prediction 
of  hydrodynamic  forces  at  the  last  section.  Inclu¬ 
sion  of  the  interaction  with  steady  flow  at  high 
Froude  number  (  with  mj  )  does  not  seem  to  im¬ 
prove  the  correlation  between  the  predicted  and 
the  measured. 

Wave  elevation  between  two  hulls  of  a  cata¬ 
maran  will  cause  occurence  of  impact  pressure 
on  the  bridge  structure  connecting  two  hulls  of 
a  catamaran.  We  need  a  practical  prediction 
method  of  it.  It  is  well  known  that  strip  the¬ 
ory  in  which  we  consider  two  hulls  are  in  the  near 
field  of  each  other  predicts  too  strong  interaction 
between  them  (Ohkusu  (1971))  and  the  predic¬ 
tion  of  wave  elevation  is  not  realistic.  Figs.  15  and 
16  are  examples  of  wave  elevation  computed  by 
the  present  method.  They  are  for  the  cases  of 
pitch  motion  at  Fn  =  0.5  and  Frt  —  0.89  with 
u )2L/g  =  20.  The  far  left  of  Figs. 15  and  16  is  the 
midpoint  of  the  distance  between  two  hulls.  It 
is  clear  that  wave  elevation  is  almost  symmetri¬ 
cal  around  each  hull.  This  implies  that  there  is 
almost  no  interaction  of  two  hulls  if  we  are  close 
to  the  hull.  Wave  elevation  in  these  examples  is 
certainly  high  at  Fn  =  0.5  than  at  Fn  —  0.89  . 

We  can  compute  the  velocity  potential  and 
wave  elevation  in  the  far-field  generated  with  a 
line  source  a(x)  determined  by  equation  (27).  In¬ 
formation  on  the  wave  field  will  make  it  possible 
to  evaluate  added  resistance  of  high  speed  ships 
in  waves.  Damping  is  also  computed  from  energy 
flux  in  the  far  field.  A  line  doublet  as  well  as  a  line 
source  will  be  required  to  describe  correctly  the 
wave  field  around  a  catamaran.  Considering  low 
interaction  effect  between  two  hulls  in  the  near 
field  ,  two  line  sources  distributed  on  both  hulls 
may  be  enough  to  give  wave  elevation  correctly. 

Short  wave  components  of  the  waves  gener¬ 
ated  by  a  point  source  will  be  dominant  at  high 
speed  and  at  position  close  to  the  source.  Ac¬ 
tually  waves  by  a  point  source  vary  dreadfully, 
while  waves  by  a  line  source  does  not  because  of 
integration  of  the  effects  from  all  sources  on  a 
line.  But  realizing  this  smoothing  effect  correctly 
on  numerical  computation  requires  very  accurate 
evaluation  of  wave  elevation  generated  by  each 
source.  New  scheme  to  evaluate  the  Green  func¬ 
tion  for  ship  motion  at  forward  speed  proposed  by 
one  of  the  present  author  (Ohkusu  and  Iwashita 


(1989))  will  be  usefull  for  this  purpose. 

We  computed  Er  by  solving  the  integral 
equation  at  20  strips  along  the  ship  length  and 
then  interporated  a  at  200  positions.  Effects  from 
200  point  sources  are  summed  to  represent  the 
effect  of  a  line  source.  Figs. 17  and  18  are  com¬ 
puted  examples  of  the  wave  elevation  at  t  =  0  for 
the  heaving  model.  Divergent  waves  are  remark¬ 
able  and  transverse  waves  are  not  seen  untill  far 
behind  the  ship  at  such  a  high  speed.  If  this  in¬ 
formation  is  compared  with  the  measured  wave 
pattern,  it  will  provide  strong  data  to  investigate 
if  our  theory  is  really  accurate. 

CONCLUDING  REMARKS 

Chapman-Doud-Faltinsen’s  approach  was  applied 
for  predicting  radiation  forces  of  heave  and  pitch 
of  a  catamaran  at  high  forward  speed.  The  dom¬ 
inant  far-field  effects  caused  by  a  ship  are  the  di¬ 
verging  waves  close  to  the  hull  where  we  assumed 
large  variation  in  the  flow  variables. 

Computed  added  mass  and  damping  are 
compared  fairly  well  with  the  measured  on  forced 
heave  and  pitch  motion  experiment.  However  re¬ 
sults  obtained  with  the  steady  flow  terms  in  the 
body  boundary  conditions  and  in  the  pressure 
equation  taken  into  consideration,  though  it  is 
inconsistent  in  our  analysis,  do  not  show  better 
correlation. 

It  may  be  concluded  that  our  approach  in 
predicting  various  factors,  hydrodynamic  forces 
and  wave  elevations  etc., associated  with  seakeep¬ 
ing  of  a  catamaran  at  high  speed  seems  to  be 
promising  from  practical  view  point.  But  we  need 
careful  study  with  more  computational  and  ex¬ 
perimental  examples  before  reaching  definite  con¬ 
clusions. 
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Fig. 2  Waves  around  a  Wedge 
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Fig. 4  Convergence  with  Increase  of  Number  of 
Strips 


Fig.5  Added  Mass  (Heaving)  of  a  Single  Hull  Ship 


Fig. 7  Added  Mt.  of  Inertia  (Pitching)  of  a  Single 
Hull  Ship 


Fig. 8  Damping  (Pitching)  of  a  Single  Hull  Ship 


Fig. 9  Body  Plan  of  a  Catamaran 


Fig. 6  Damping  (Heaving)  of  a  Single  Hull  Ship 


- Present  Method(without  mj) 


Fig. 10  Added  Mass  (Heaving)  of  a  Catamaran 


—  — —  Present  Method(without  mj) 
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Fig, 11  Damping  (Heaving)  of  a  Catamaran 
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Fig. 12  Added  Mt.  of  Inertia  (Pitching)  of  a  Cata¬ 
maran 


- Present  Method  (without  mj) 

-  Present  Method  (with  mj) 

0  Measured(FN  =0.89) 

•  Measured(FN=0.50) 
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Fig. 13  Damping  (Pitching)  of  a  Catamaran 


Fig.  14b  Variation  of  Restoring  Force  (Pitch) 


16 


Fn  =  0.  500 
T  =  3.  162 


Fig.  17  Wave  Elevation  in  the  Far  Field 


Fn  =  1.  000 
T  -  3 .  162 
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Fig.  18  Wave  Elevation  in  the  Far  Field 
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DISCUSSION 


Ronald  W.  Yeung 

University  of  California  at  Berkeley,  USA 

The  approach  taken  here  is  one  already  taken  up  by  Yeung  &  Kim 
(1981,  3rd  Numerical  Ship  Hydrodynamic  Conference)  for  a  single 
body.  The  present  calculations  have  qualitative  features,  in  terms  of 
agreement  with  expt. ,  not  so  different  from  the  above  work  which  the 
authors  are  apparently  unaware  of.  Indeed,  our  experience,  as  I 
recall,  was  that  the  terms  associated  with  the  change  in  waterline 
width  need  to  be  accounted  for.  In  our  calculations  of  those  days,  the 
mj  terms  involving  the  steady-state  body  potential  was  not  included, 
but  improvement  over  strip  approximation  was  evident.  The 
numerical  approximation  over  the  artificial  time  variables  (x-f)  is 
particularly  important  when  (x-£)  is  large  and  (y -rf)  is  small. 
Accuracy  and  precision  can  be  achieved  if  the  £  variable  is  integrated 
analytically.  The  procedure  is  described  in  more  detail  in  Yeung 
(1982,  J.Engrg.Math).  The  role  played  by  the  transverse  waves  was 
analysed  in  Ref  [12]  but  I  suspect  they  are  not  important  as  the 
Froude  numbers  being  considered  here. 

AUTHORS’  REPLY 

I  appreciate  Prof.  Yeung  for  attracting  our  attention  to  his  extensive 
works  done  before.  I  understand  the  terms  associated  with  the  change 
in  waterline  width  indicates  a  line  integral  on  the  intersection  of  the 
free  surface  and  the  body  surface.  This  term  is  of  higher  order  in  our 
analysis,  that  is,  of  the  same  order  as  nij.  Our  results  do  not  show 
any  essential  difference  from  the  results  obtained  with  solving  the 
near  field  problem  by  distributing  the  fundamental  sources  on  the  free 
surface  as  well  as  the  body  surface.  This  seems  to  show  that 
inclusion  of  the  line  integral  has  the  secondary  effect  on  the  results. 
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Ship  Motions  by  a  Three-Dimensional 
Rankine  Panel  Method 

D.  Nakos,  P.  Sclavounos  (Massachusetts  Institute  of  Technology,  USA) 


ABSTRACT 

A  Rankine  Panel  Method  is  presented  for  the  solution  of 
the  complete  three-dimensional  steady  and  time-harmonic 
potential  flows  past  ships  advancing  with  a  forward  veloc¬ 
ity.  A  new  free-surface  condition  is  derived,  based  on  lin¬ 
earization  about  the  double-body  flow  and  valid  uniformly 
from  low  to  high  Froude  numbers. 

Computations  of  the  steady  ship  wave  patterns  reveal  sig¬ 
nificant  detail  in  the  Kelvin  wake  a  significant  distance 
downstream  of  the  ship,  permitted  by  the  cubic  order  and 
zero  numerical  damping  of  the  panel  method.  The  wave 
pattern  appears  to  be  sensitive  to  the  selection  of  the  free- 
surface  condition  only  for  full  ship  forms. 

The  heave  and  pitch  hydrodynamic  coefficients,  exciting 
forces  and  motions  of  a  Wigley  and  a  Series-60  hull  have 
been  evaluated  in  head  waves  over  a  wide  range  of  fre¬ 
quencies  and  speeds.  A  robust  treatment  is  proposed  of 
the  m— terms  which  are  found  to  be  critical  importance 
for  the  accurate  solution  of  the  problem.  In  all  cases  the 
agreement  with  experiments  is  very  satisfactory  indicating 
a  significant  improvement  over  strip  theory,  particularly  in 
the  cross-coupling  and  diagonal  pitch  damping  coefficients. 


1.  INTRODUCTION 

Theoretical  methods  for  the  prediction  of  the  seakeeping  of 
ships  have  evolved  in  three  phases  over  the  past  40  years. 
The  first  phase  involved  the  development  of  strip  theory, 
and  was  followed  by  a  series  of  developments  in  slender- 
body  theory  which  formulated  rationally  the  ship  motion 
problem  and  produced  several  refinements  of  strip  theory. 
The  advent  of  powerful  computers  in  the  early  80’s  al¬ 
lowed  the  transition  into  the  third  and  current  phase  of 
seakeeping  research  which  aims  at  the  numerical  solution 
of  the  three-dimensional  problem.  This  paper  presents  our 
progress  in  that  direction. 

The  pioneering  work  of  Korvin-Kroukovsky  (1955)  stimu¬ 
lated  a  number  of  studies  on  the  strip  method  which  led  to 
the  theory  of  Salvesen,  Tuck  and  Faltinsen  (1970).  Its  pop¬ 
ularity  to  date  arises  from  its  satisfactory  performance  in 
the  prediction  of  the  motions  of  conventional  ships  and  its 
computational  simplicity.  Well  documented  are  however 
its  limitations  in  the  prediction  of  the  derived  responses, 


structural  wave  loads  and  in  general  the  seakeeping  char¬ 
acteristics  of  ships  advancing  at  high  Froude  numbers  [e.g. 
O’Dea  and  Jones  (1983)]. 

The  60’s  and  70Js  witnessed  several  analytical  studies  aim¬ 
ing  to  extend  the  slender-body  theory  of  aerodynamics  to 
the  seakeeping  of  slender  ships.  The  rational  justification 
of  strip  theory,  as  a  method  valid  at  high  frequencies  and 
moderate  Froude  numbers,  was  presented  by  Ogilvie  and 
Tuck  (1969).  This  theory  was  extended  to  the  diffrac¬ 
tion  problem  by  Faltinsen  (1971)  and  was  further  refined 
by  Maruo  and  Sasaki  (1974).  The  high-frequency  restric¬ 
tion  in  earlier  slender-ship  theories  was  removed  by  the 
unified  theory  framework  presented  by  Newman  (1978). 
Its  extension  to  the  diffraction  problem  was  derived  by 
Sclavounos  (1984)  and  applied  to  the  seakeeping  of  ships 
by  Newman  and  Sclavounos  (1980)  and  Sclavounos  (1984). 
Subsequent  slender-ship  studies  by  Kim  and  Yeung  (1984) 
and  Nestegard  (1986),  accounted  directly  for  convective 
forward-speed  wave  effects  near  the  ship  hull  and  repre¬ 
sented  the  transition  to  numerical  studies  aiming  at  the 
solution  of  the  three-dimensional  ship-motion  problem. 

By  the  mid-80’s,  the  performance  of  slender-body  theory 
for  the  seakeeping  problem  could  only  be  validated  from 
experimental  measurements.  Moreover,  it  had  become  ev¬ 
ident  that  end-effects  at  high  Froude  numbers  cannot  be 
modelled  accurately  by  slender-body  approximations  and 
the  need  for  a  numerical  solution  of  the  complete  three- 
dimensional  had  emerged.  Early  efforts  towards  this  goal 
by  Chang  (1977),  Inglis  and  Price  (1981)  and  Guevel  and 
Bougis  (1982)  were  not  conclusive  because  the  significant 
computational  effort  necessary  for  the  evaluation  of  the 
time-harmonic  forward-speed  Green  function  limited  the 
total  number  of  panels  used  on  the  ship  surface.  More 
recently,  King,  Beck  and  Magee  (1988)  circumvented  this 
difficulty  by  solving  the  same  problem  in  the  time  domain, 
therefore  making  use  of  the  zero-speed  transient  Green 
function  which  is  easier  to  evaluate. 

The  last  decade  witnessed  the  growing  popularity  of  Rank¬ 
ine  Panel  Methods  for  the  solution  of  the  steady  poten¬ 
tial  flow  past  ships.  The  success  of  the  early  work  of 
Gadd  (1976)  and  Dawson  (1977)  motivated  several  anal¬ 
ogous  studies  which  concentrated  upon  the  prediction  of 
the  Kelvin  wake  and  evaluation  of  the  wave  resistance.  The 
principal  advantages  of  the  method  are  twofold  -  the  Rank¬ 
ine  singularity  is  simple  to  treat  computationally  and  the 
distribution  of  panels  over  the  free  surface  allows  the  en¬ 
forcement  of  more  general  free-surface  conditions  with  vari- 
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able  coefficients.  A  drawback  of  Rankine-panel  methods  is 
that  they  require  about  twice  as  many  panels  as  methods 
based  on  the  distribution  of  wave  singularities  over  the  ship 
surface  alone.  The  resulting  computational  overhead  is  as¬ 
sociated  with  the  solution  of  the  resulting  matrix  equation, 
but  may  not  be  significant  if  an  out-of-core  iterative  solu¬ 
tion  method  is  available. 

This  paper  outlines  the  solution  of  the  three-dimensional 
time-harmonic  ship  motion  problem  by  a  Rankine  Panel 
Method.  For  the  steady  problem,  the  theory  for  the  anal¬ 
ysis  of  the  properties  for  such  numerical  schemes  was  in¬ 
troduced  by  Piers  (1983)  and  generalized  by  Sclavounos 
and  Nakos  (1988).  The  extension  of  this  numerical  anal¬ 
ysis  to  the  time-harmonic  problem  is  presented  in  Nakos 
and  Sclavounos  (1990).  In  this  reference  the  convergence 
properties  of  a  new  quadratic-spline  scheme  are  derived, 
which  has  been  found  to  be  accurate  and  robust  for  the  so¬ 
lution  of  both  steady  and  time-harmonic  free-surface  flows 
in  three  dimensions.  This  scheme  is  applied  in  this  paper 
to  the  solution  of  the  time-harmonic  radiation/diffraction 
potential  flows  around  realistic  ship  hulls  and  the  evalu¬ 
ation  of  the  hydrodynamic  forces  and  motions  in  regular 
head  waves. 

A  new  three-dimensional  free-surface  condition  is  derived, 
using  the  double-body  flow  as  the  base  disturbance  due  to 
the  forward  translation  of  the  ship.  This  is  shown  to  be 
valid  uniformly  from  low  to  high  Froude  numbers  and  over 
the  entire  frequency  range.  Known  low-Frou de-number 
conditions  for  the  steady  problem,  as  well  as  the  Neumann- 
Kelvin  condition,  are  obtained  as  special  cases.  The  ship- 
hull  condition  includes  the  m-terms  which  are  evaluated 
from  the  solution  of  the  three-dimensional  double-body 
flow.  An  important  property  of  the  solution  scheme  is  that 
the  evaluation  of  the  double  gradients  of  the  double-body 
flow  is  circumvented  by  an  application  of  Stokes  theorem. 

Computations  are  presented  of  the  steady  wave  patterns 
trailing  a  fine  Wigley  model  and  a  fuller  Series-60  hull. 
The  cubic  order  and  zero  numerical  damping  of  the  free- 
surface  discretization  allows  the  prediction  of  significant 
detail  of  the  Kelvin  wake  at  a  large  distance  downstream 
of  the  ship.  A  comparison  of  the  wave  patterns  obtained 
form  the  Neumman-Kelvin  and  the  more  general  double 
body  free-surface  conditions  reveals  good  agreement  for 
the  Wigley  hull,  while  evident  differences  appear  in  the 
respective  Series-60  wakes. 

Predictions  of  the  heave  and  pitch  added-mass  and  damp¬ 
ing  coefficients  and  exciting  forces  are  found  to  be  in  very 
good  agreement  with  experimental  measurements  both  for 
the  Wigley  and  the  Series-60  hull.  The  contribution  of 
the  complete  m— terms  is  found  to  be  important,  partic¬ 
ularly  in  the  cross-coupling  coefficients.  The  validity  of  a 
more  general  set  of  Timman-Newman  relations  is  observed 
and  conjectured  in  connection  with  free-surface  conditions 
based  on  the  double-body  flow. 

The  heave  and  pitch  motion  amplitudes  and  phases  pre¬ 
dicted  by  the  present  method  are  found  in  very  good  agree¬ 
ment  with  experiments  and  present  an  improvement  over 
strip  theory. 


2.  THE  BOUNDARY  VALUE  PROBLEM 

Define  a  Cartesian  coordinate  system  x  =  (x,y,z)  fixed 
on  the  ship  which  translates  with  a  constant  speed  U . 
The  positive  x— direction  points  upstream  and  the  posi¬ 
tive  z  —  axis  upwards.  The  boundary-value  problem  will  be 
expressed  relative  to  this  translating  coordinate  system, 
therefore  the  flow  at  infinity  is  a  uniform  stream  and  the 
ship  hull  velocity  is  due  to  its  oscillatory  displacement  from 
its  mean  position. 

The  fluid  is  assumed  incompressible  and  inviscid  and  the 
flow  irrotational,  governed  by  a  potential  function  \&(:r,  t) 
which  satisfies  the  Laplace  equation  in  the  fluid  domain 

V2  *(£,*)  =  0  .  (2.1) 

Over  the  wetted  portion  of  the  ship  hull  (B),  the  compo¬ 
nent  of  the  fluid  velocity  normal  to  (B)  is  equal  to  the 
corresponding  component  of  the  ship  velocity  VB ,  or 

rl\h 

—  (x,t)  =  (VB-n)(x,t),  (2.2) 

where  the  unit  vector  n  points  out  of  the  fluid  domain. 

The  fluid  domain  is  also  bounded  by  the  free  surface,  de¬ 
fined  by  its  elevation  z  =  f  (x,  y,  t)  and  subject  to  the  kine¬ 
matic  boundary  condition, 

(^  +  v*’v)  =  0  on  z  =  s(x>y>t)  ■ 

(2.3) 

The  vanishing  of  the  pressure  on  the  free  surface  combined 
with  Bernoulli’s  equation,  leads  to  the  dynamic  free  surface 
condition 

f(*,»,0  =  +  .  (2.4) 

The  elimination  of  f  from  (2.3)  and  (2.4)  leads  to 

+2V^- V^t  +  iv*-V(V*-V*)  +  <7*z  =  0  on  2  —  f  . 

(2-5) 

If  the  fluid  domain  is  otherwise  unbounded,  the  additional 
condition  must  be  imposed  that  at  finite  times  the  flow 
velocity  at  infinity  tends  to  that  of  the  undisturbed  stream. 

Linearization  of  the  free  surface  condition 

Physical  intuition  suggests  that  linearization  of  the  pre¬ 
ceding  boundary  value  problem  is  justified  when  the  dis¬ 
turbance  of  the  uniform  incoming  stream  due  to  the  ship 
is  in  some  sense  small.  Small  disturbances  may  be  justi¬ 
fied  by  geometrical  slenderness,  slow  forward  translation, 
or  a  combination  of  the  above.  Full-shaped  ships  typically 
advance  at  low  speed  and  cause  a  small  steady  wave  distur¬ 
bance.  Fine-shaped  ships,  on  the  other  hand,  often  advance 
at  high  Froude  numbers.  Yet  the  steady  disturbances  they 
generate,  is  small  if  their  geometry  is  sufficiently  thin  or 
slender.  Linearization  may  therefore  be  justified  both  at 
low  and  high  Froude  numbers  F,  as  long  as  it  is  tied  to  the 
hull  slenderness  e.  Linearization  of  the  unsteady  flow  is 
also  supported  by  the  assumption  of  a  small  ambient  wave 
amplitude. 

The  linearized  free  surface  condition  derived  next  is  uni¬ 
formly  valid  between  these  two  limits,  and  its  validity  is 
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heuristically  justified  if  the  parameter  eF2  is  sufficiently 
small.  The  details  of  the  derivation  outlined  below  are 
given  in  Nakos  (1990).  The  total  flow  field  is  de¬ 

composed  into  a  basis  flow  $(z),  assumed  to  be  of  0(1),  the 
steady  wave  flow  <p(x ),  and  the  unsteady  wave  flow  i p(x,t) 

*(£,0  =  «(f)  +  ^(5)  +  ^(*,t)  •  (2.6) 


The  double-body  flow  is  chosen  as  the  basis  flow,  a  selection 
primarily  motivated  by  the  body  boundary  condition  as 
well  as  the  simplifications  it  allows  in  the  ensuing  analysis. 
Thus,  <3>  is  subject  to  the  rigid  wall  condition  : 


=  0  ,  on  z  —  0  .  (2.7) 


subject  to 


dn 


=  0 


on  (B)  . 


(2.10) 


Consequently,  the  steady  wave  flow  also  satisfies  the  homo¬ 
geneous  condition 


=  0  ,  on  (B)  ,  (2.11) 

leaving  the  right-hand-side  of  (2.8)  as  the  only  forcing  of 
the  steady  wave  problem. 

The  unsteady  forcing  due  to  the  oscillatory  motion  of  the 
vessel  is  accounted  for  by  the  unsteady  wave  flow  tp.  If  a 
is  the  oscillatory  displacement  vector  measured  from  the 
mean  position  of  the  vessel  (B),  it  follows  by  substituting 
of  (2.6)  in  (2.2)  that 


The  wave  disturbances  <p  and  ip  are  superposed  upon  the 
double-body  flow  and  are  taken  to  be  small  relative  to  the 
$.  Linearization  of  (2.4-5),  correct  to  leading  order  in  <p 
and  ip,  leads  to  the  conditions  : 


V$  *  V  (V$  •  V<£)  +  ~  V(V$  •  V$)  •  V<p  +  g<pz- 

Z 

-  $«(V$  •  V^)  =  -iv(V$  •  V$)  •  V$- 

-  i(tf2  -  V$-V$)$«,  on  2  =  0 

f(x>V)  =  -i(iv$.V$-i^2  +  V$.V^) 

'  ip„  +  2V$  •  Vt/>t  +  •  V  (V#  •  Vi/-)  ' 

+  ^V(V$  •  V*)  •  Vt p  +  gipz- 
i  —  $Xz{*Pt  +  •  Vxp)  =  0  ,  on  z  =  0  ► 


(2.9) 


($(x,y,t)  =  -i(^  +  V$.V^=0  J 

for  the  steady  and  unsteady  flows,  respectively. 

For  slender/thin  ships  with  c  small,  and  for  Froude  num¬ 
bers  of  0(1),  the  uniform  incident  stream  —  Ux  may  be  used 
as  the  basis  flow.  In  this  case,  (2.8-9)  reduce  to  the  well- 
known  Neumann-Kelvin  conditions.  In  the  opposite  limit 
of  bluff  ships  with  e  of  0(1)  advancing  at  low  Froude  num¬ 
bers,  (2.8-9)  reduce  to  the  conditions  of  slow-ship  theory. 
The  condition  (2.8)  contains  all  terms  present  in  Dawson’s 
(1977)  condition,  and  it  is  closest  to  the  one  proposed  by 
Eggers  (1981).  This  property  may  explain  the  fact  that, 
even  though  Dawson’s  and  Egger’s  conditions  have  been 
derived  as  low  Foude  number  approximations,  they  have 
been  found  to  perform  satisfactorily  over  a  wider  range  of 
forward  speeds. 


Linearization  of  the  body  boundary  condition 

The  linearization  of  the  ship  hull  boundary  condition  may 
also  be  derived  from  the  decomposition  (2.6).  By  defi¬ 
nition,  the  velocity  potential  of  the  double-body  flow  is 


=  ff  •«  -  V($  +  0)-n  ,  on  (B)  .  (2.12) 

Assuming  that  the  magnitude  of  the  displacement  vector 
a  is  small  and  comparable  to  the  ambient  wave  amplitude, 
the  boundary  condition  (2.12)  may  be  linearized  about 
the  mean  position  of  the  hull  surface  [Timman  and  New- 
man(1962)], 


§£  =  fj-s-  [(3-V)V$  +  (V$-V)o]-n  , on  (B)  . 

(2.13) 

The  last  term  in  (2.13)  accounts  for  the  interaction  be¬ 
tween  the  steady  and  unsteady  disturbances  in  a  manner 
consistent  with  the  assumptions  underlying  the  derivation 
of  the  free-surface  conditions  (2.8).  An  alternative  form 
of  (2.13)  may  be  derived  in  terms  of  the  rigid-body  global 
displacements  (£i , £2 , £3)  and  rotations  (^4,^5,^),  along 
the  axes  ( x,y,z )  respectively, 

^  =  +  &m>)  >  on(B)  >  (214) 
3  =  1  '  ' 

where  rrij  ,  j  =  1,  ...6,  denote  the  so-called  m-terms  [Ogilvie 
and  Tuck  (1969)]. 

If  the  basis  flow  is  approximated  by  the  uniform  stream  the 
only  non-zero  m-terms  are  ms  =  Un3  and  m6  =  —Un2  , 
which  merely  account  for  the  ‘angle  of  attack  effect’  due 
to  yaw  and  pitch.  This  approximation  of  the  m-terms  has 
been  employed  in  most  previous  studies  of  the  ship  motion 
problem,  consistently  with  the  linearization  steps  leading 
to  the  Neumann-Kelvin  free  surface  boundary  condition. 
The  performance  of  this  linearization  in  practice  will  be 
the  subject  of  numerical  experiments  presented  in  section 
7. 

Frequency  domain  formulation  of  the  unsteady  problem 

The  unsteady  excitation  is  due  to  an  incident  monochro¬ 
matic  wave  train.  The  frequency  of  the  incident  wave,  as 
viewed  from  the  stationary  frame  is  o>0 ,  while  in  the  trans¬ 
lating  frame  of  reference  x,  the  incident  wave  arrives  at 
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the  frequency  of  encounter  w.  If  ft  is  the  angle  between 
the  phase  velocity  of  the  incident  wave  and  the  forward 
velocity  of  the  ship,  oj  is  given  by 

2 

u;  =  |w0-tfycos/?|  .  (2.15) 

In  the  frame  x,  the  velocity  potential  of  the  incident  wave 
of  unit  amplitude,  in  deep  water,  is  given  by  the  real  part 
of  the  complex  potential  (po  : 


*1(0  =  9* 


where, 


6 

AX{  4-  fy  {u}2 aij\ujbij  -  c,y) 

3  =  i 


* 


+  V5?)  +  •  V(y?o  +  )]  Kids 


t  -t  ,\  •  9  — Mz  —  iac  cos  fi  —  iy  a 

<po{x,t)  =  i  —  e  *  1 
Wq 


(2.16) 


The  linearity  of  the  Boundary  Value  Problem  that  gov¬ 
erns  the  physical  system,  along  with  the  form  of  the  body 
boundary  condition  (2.14),  suggest  the  decomposition  of 
the  wave  flow  as  follows, 


\p(x,  t)  —  9? 


A{<p o  +  <Pj)  + 


3  =  1 


(2.17) 


where  A  is  the  amplitude  of  the  incoming  wave  train,  <p7 
is  the  complex  diffraction  potential,  and  <Pj>  3  =  I,-®, 
are  the  complex  radiation  potentials  due  to  the  harmonic 
oscillation  of  the  ship  in  each  of  the  six  rigid-body  degrees 
of  freedom,  at  frequency  w  and  with  unit  amplitude. 

Upon  substitution  of  the  linear  decomposition  into  (2.9), 
the  free  surface  conditions  for  <p3  i  j  =  1,...7,  are  derived. 
It  is  important  to  point  out  that  the  free  surface  condition 
for  the  diffraction  problem  is  inhomogeneous,  the  forcing 
arising  from  the  interaction  of  the  incoming  wave  train  with 
the  double-body  flow.  In  the  limit  of  slender/thin  ships, 
where  the  uniform  stream  may  be  taken  as  the  basis  flow, 
this  inhomogeneity  vanishes. 


3.  THE  HYDRODYNAMIC  FORCES 


c.y  =  p  J J(a-V)(^V$  -V$  +  gz)  n,  ds  , 

0 B ) 

for  i,j  =  1,  ...,6. 

The  exciting  forces  Xi  and  the  added  mass  and  damping  co¬ 
efficients,  o,*y  and  bi3  are  therefore  functions  of  the  forward 
speed  and  the  frequency  of  oscillation  w.  The  restoring 
coefficients  c,-y,  on  the  other  hand,  include  the  classical  hy¬ 
drostatic  contribution  augmented  by  a  dynamic  term  due 
to  the  gradients  of  the  double-body  flow.  The  latter  con¬ 
tribution  depends  linearly  upon  the  deflection  of  the  ship 
surface  from  its  mean  position  and  quadratically  on  the 
ship  speed.  It  is  therefore  expected  to  be  substantial  at 
high  Froude  numbers. 

The  equations  governing  the  time-harmonic  responses  of 
the  ship  follow  from  Newton’s  law.  Using  the  definitions 
(3.5)  of  the  forces  acting  on  the  hull,  the  familiar  six-degree 
of  freedom  system  of  equations  is  obtained 


Given  the  solution  of  the  potential  flow  problem  formu¬ 
lated  in  the  preceding  section,  the  hydrodynamic  pressure 
follows  from  Bernoulli’s  equation.  Of  particular  interest, 
in  practice,  is  the  pressure  distribution  on  the  ship  wetted 
surface  and  resultant  forces  and  moments  necessary  for  the 
determination  of  the  ship  motions. 

The  pressure  on  the  hull  is  given  by 


P=-P 


¥t  +  iv*-V¥-i£72+jz 

L  L 


Z€(B) 


(3.1) 


The  unsteady  portion  of  (3.1),  correct  to  leading  order  in 
ip,  may  be  expressed  as  follows  : 


p  =  -  p  (ipt  +  •  V^) 


~  P 


se{B) 

(a- V)(iv$- V$  +  jz) 


(3.2) 


fS(B) 


Under  the  assumption  of  small  monochromatic  motions  at 
the  frequency  of  encounter  w,  the  components  of  the  un¬ 
steady  force  F  =  (F1,F2i  F3)  and  moment  M  =  (F4,F5iF6) 
acting  on  the  ship,  accept  the  familiar  decomposition 


y]  [-w2(miy  +  aiy)  4-  iujbij  4-  ct*y]  ^  —  X{  ,  *  =  1,  ...,6, 

,=1  {36) 
where  m,y  is  the  ship  inertia  matrix,  £y  the  complex  ampli¬ 
tudes  of  the  oscillatory  ship  displacements,  and  the  restor¬ 
ing  coefficients  cty  are  modified  to  include  the  moments  in 
pitch  and  roll  due  to  the  corresponding  displacement  of  the 
center  of  gravity. 


4.  THE  INTEGRAL  FORMULATION 


Green’s  second  identity  is  applied  for  the  unknown  poten¬ 
tials,  $,  <p  or  <pj-  j  —  1,  ...,7,  using  the  Rankine  source 
potential, 

««*>  =  s  wm  •  (,1) 


as  the  Green  function.  The  fluid  domain  is  bounded  by 
the  hull  surface  (B),  the  free  surface  ( FS )  and  a  cylindri¬ 
cal  ‘control’  surface  (S^).  The  resulting  integral  equation 
takes  the  form 
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m  -  If  ^pG(x;  x')dx'  +  JJ  </>{£') 


ndG(x;x'] 


dn ' 


dxl 


(FS) 


(FS)U(B) 


=  J I  ?^p-Gftx')dx'  ,  x  €  (FS)  U  (B)  .(4.2) 

(B) 

where  <j>  stands  for  any  of  the  potentials  $,  <j> ,  <Pj  ,  j  = 
1,...,7,  introduced  in  the  preceding  sections.  The  surface 
integrals  over  the  control  surface  (£«,)  can  be  shown  to 
vanish  in  the  limit  as  (£«, )  is  removed  to  infinity  with  |x| 
kept  finite. 

The  derivatives  of  $,  <j>  and  <p3  normal  to  the  ship  surface 
(2?)  are  known.  The  corresponding  vertical  derivative  on 
the  free  surface  ( FS )  is  replaced  by  the  appropriate  com¬ 
bination  of  the  value  and  tangential  convective  derivatives, 
according  to  the  corresponding  free  surface  condition. 

Of  particular  interest  is  the  treatment  of  the  integral  over 
the  ship  hull  which  accounts  for  the  m— terms  in  the  bound¬ 
ary  condition  (2.14).  This  is  of  the  form  : 

J  J  m3  G(x-,x')  dx'  ,  j  =  1 . 6  .  (4.3) 

(B) 


The  evaluation  of  the  m— terms  in  (4.3)  requires  the  com¬ 
putation  of  second  order  derivatives  of  the  double-body  po¬ 
tential  3>  on  the  ship  hull.  When  it  comes  to  the  evaluation 
of  gradients  of  the  solution  potential,  low-order  panel  meth¬ 
ods  are  known  to  be  sensitive  to  discretization  error,  unless 
their  implementation  and  panel  distribution  is  carefully  se¬ 
lected.  The  evaluation  of  double  gradients  of  the  solution 
are  known  to  introduce  serious  difficulties,  as  illustrated  by 
Nestegard  (1984)  and  Zhao  and  Faltinsen  (1989). 

Here,  an  alternative  expression  for  the  evaluation  of  the  in¬ 
tegral  (4.3)  is  derived  by  an  application  of  Stokes’  theorem. 

Given  that  the  basis  flow  $  satisfies  a  zero  flux  condition 
on  the  ship  hull  and  the  *  =  0  plane,  it  follows  that,  for 
j  =  1 . 6, 


J  j  m,  G(x;  x')dx'  =  -JJ  [V$(x ')  •  V*-G(x;  x')]  »y  dx‘ 


<B) 


(B) 


(4.4) 

The  right-hand  side  of  (4.4)  involves  only  first  derivatives 
of  $  on  the  hull,  consequently  it  is  clearly  superior  from 
the  computational  standpoint. 


The  integral  equation  (4.2)  will  not  accept  unique  solutions 
unless  a  radiation  condition  is  imposed  enforcing  no  waves 
upstream.  In  practice  the  solution  domain  of  (4.2)  on  the 
z  —  0  plane  will  be  truncated  at  a  rectangular  boundary 
located  at  some  distance  from  the  ship  where  appropriate 
‘end  conditions’  will  be  imposed  enforcing  the  radiation 
condition.  Due  to  the  convective  nature  of  the  flow,  the 
condition  at  the  upstream  boundary  is  the  most  critical 
and  takes  the  form 


where  <\>  stands  for  either  the  steady  or  the  unsteady  wave 
disturbance.  The  origin  and  physical  interpretation  of  these 


two  upstream  conditions  are  discussed  in  detail  in  Sclavouno 
and  Nakos  (1988)  for  a  two-dimensional  steady  flow,  and 
are  extended  to  time-harmonic  flows  in  Nakos  (1990).  It  is 
shown  that  both  are  necessary  in  order  to  ensure  physically 
meaningful  numerical  solutions  of  the  steady  and  unsteady 
problems.  For  t  =  uU/g  >  1/4  no  wave  disturbance  is 
present  upstream  of  the  ship  and  the  conditions  (4.5)  can 
be  shown  to  enforce  this  property  of  the  flow.  For  r  <  1/4 
and  with  increasing  Froude  numbers,  the  amplitude  of  the 
waves  upstream  of  the  ship  decreases  relative  to  that  of  the 
trailing  wave  pattern  and  conditions  (4.5)  perform  well  if 
the  truncation  boundary  is  sufficiently  removed  from  the 
ship.  No  conditions  are  necessary  on  the  transverse  and 
downstream  truncation  boundaries. 


5.  THE  NUMERICAL  SOLUTION  ALGORITHM 


The  solution  of  integral  equation  (4.2)  for  the  steady  and 
unsteady  flows  is  obtained  using  a  Panel  Method.  The  sys¬ 
tematic  methodology  for  the  study  of  the  numerical  proper¬ 
ties  of  Rankine  Panel  Methods  for  free  surface  flows  devel¬ 
oped  in  Sclavounos  and  Nakos  (1988)  led  to  the  design  of  a 
bi-quadratic  spline-collocation  scheme  of  cubic  order,  zero 
numerical  dissipation  and  capable  to  enforce  accurately  the 
radiation  condition  (4.5). 

The  boundary  domain  -  including  the  ship  hull  and  the 
free  surface  solution  domain  -  is  discretized  by  a  collection 
of  plane  quadrilateral  panels  [see  Figure  1] .  The  unknown 
velocity  potential  is  approximated  by  the  linear  superposi¬ 
tion  of  bi-quadratic  spline  basis  functions  B(x),  as  follows 

-  Y  a>  >  (5-1) 

3 

where  By  is  the  basis  function  centered  at  the  j’th  panel 
and  ay  is  the  corresponding  spline  coefficient.  By  collocat¬ 
ing  the  integral  equation  (4.2)  at  the  panel  centroids  and 
enforcing  the  upstream  condition  (4.5),  the  discrete  for¬ 
mulation  follows  in  the  form  of  a  system  of  simultaneous 
linear  equations  for  the  coefficients  ay.  The  relation  (5.1) 
provides  a  Cl -continuous  representation  of  the  velocity  po¬ 
tential  and  may  be  differentiated  to  give  the  velocity  field 
on  the  domain  boundaries.  The  free  surface  elevation  and 
hydrodynamic  pressure  are  evaluated  using  the  relations 
(2.8-9)  and  (3.1-2),  respectively. 

The  error  and  stability  analysis  of  the  bi-quadratic  spline 
scheme  is  presented  in  Nakos  and  Sclavounos  (1990).  It  is 
based  on  the  introduction  of  a  discrete  dispersion  relation 
governing  the  wave  propagation  over  the  discretized  free 
surface.  Comparison  of  the  continuous  and  discrete  dis¬ 
persion  relations  allows  the  rational  definition  of  the  con¬ 
sistency,  order  and  stability  properties  of  the  numerical 
solution  scheme.  It  is  shown  that  the  numerical  dispersion 
is  of  0(h5)  where  h  is  the  typical  panel  size  and  that  no 
numerical  dissipation  is  present.  Both  are  valuable  prop¬ 
erties  for  the  computation  of  ship  wave  patterns  which  are 
not  substantially  distorted,  damped  or  amplified  by  the 
numerical  algorithm. 

Essential  for  the  performance  of  the  method  is  a  stability 
condition  restricting  the  choice  of  the  grid  Froude  number, 
Fh  =  U/yJghx  relative  the  panel  aspect  ratio,  a  =  hx/hy) 
where  hx,hy  are  the  panel  dimensions  in  the  streamwise 
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and  transverse  directions,  respectively.  This  condition, 
derived  and  discussed  in  detail  in  Nakos  and  Sclavounos 
(1990),  establishes  ‘stable’  domains  on  the  {Fh,a)  plane 
with  boundaries  dependent  on  the  frequency  of  oscillation. 

For  a  given  a  Froude  number,  a  stable  discretization  for  the 
highest  frequency  of  oscillation  is  stable  for  all  lowest  fre¬ 
quencies.  Therefore,  no  regridding  of  the  ship  hull  and  free 
surface  is  necessary  for  the  solution  of  the  time  harmonic 
problem  over  a  range  of  frequencies.  The  resulting  complex 
linear  system  is  solved  by  an  accelerated  block  Gauss-Siedel 
iterative  scheme  which  makes  extensive  use  of  out-of-core 
storage  therefore  permitting  the  use  of  discretizations  with 
several  thousand  panels. 

Experimental  verification  of  the  convergence  of  the  solu¬ 
tion  algorithm  has  been  established  by  comparing  com¬ 
putations  of  ‘elementary’  flows  around  singularities  and 
thin-struts  with  analytical  solutions  [Nakos  and  Sclavounos 
(1990)  and  Nakos  (1990)].  The  convergence  of  the  hydro- 
dynamic  added-mass  and  damping  coefficients  is  discussed 
in  Section  7. 


6.  STEADY  AND  UNSTEADY  SHIP  WAVE 
PATTERNS 

The  forward-speed  ship  wave  problems  formulated  in  Sec¬ 
tion  2  have  been  solved  for  two  hull  forms  using  the  nu¬ 
merical  algorithm  outlined  in  the  preceding  section.  This 
section  presents  converged  computations  of  the  steady  and 
time  harmonic  wave  patterns  around  a  Wigley  and  a  Series- 
60  hull. 

The  Wigley  model  has  parabolic  sections  and  waterlines, 
a  length-to-beam  ratio  L/B=  10  and  beam-to-draft  ratio 
B/T  =  1.6.  The  grid  used  for  the  solution  of  the  steady 
problem  consists  of  40x10  panels  on  half  the  hull,  providing 
adequate  resolution  of  the  geometry,  while  the  panels  on 
the  free  surface  are  aligned  with  those  on  the  hull  and  have 
a  typical  aspect  ratio  is  a  =  hx/hy  =  I.  The  grid  Froude 
number  is  Fh  ~6.3  •  F ,  allowing  an  adequate  resolution  of 
the  steady  wave  flow  for  Froude  numbers  as  low  as  E  =  0.20 
[see  Nakos  (1990)].  The  free  surface  domain  is  truncated 
at  a  distance  xup  =  0.2 L  upstream  of  the  bow  and  one  ship 
length  downstream  of  the  stern.  The  truncation  in  the 
transverse  direction  is  selected  at  yout  =0.75 L,  so  that  the 
entire  wave  sector  is  included  in  the  computational  domain. 
The  total  number  of  panels  in  the  grid  is  2020. 


Figure  1  :  Discretization  of  the  free  surface  and  the  hull  for  a  modified  Wigley  model,  using  1110 
panels  on  half  the  configuration. 
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Figure  2  shows  contour  plots  of  the  wave  patterns  resulting 
from  the  steady  forward  translation  of  the  Wigley  model 
at  F  =  0.25,0.35,0.40  .  Predictions  based  on  both  the 
Neumann-Kelvin  and  the  double-body  linearizations  are 
presented.  Due  to  the  slenderness  of  this  Wigley  model, 
the  two  wave  fields  agree  well  even  at  high  speeds.  Small 
differences  are  visible  along  the  diverging  portion  of  the 
wave  system  which  originates  from  the  stern,  where  the 
Neumann-Kelvin  solution  tends  to  generate  steeper  waves, 
particularly  along  the  caustic.  The  opposite  appears  to  be 
true  in  the  ‘bow  wave  system’.  For  all  Froude  numbers, 
the  ^calculated  wavelengths  are  not  affected  significantly  by 


the  selected  linearization. 

The  second  ship  tested  is  the  Series-60-Cf,  =  0.6  hull  which 
is  significantly  fuller  than  the  Wigley  model,  with  length- 
to-beam  and  beam-to-draft  ratios  L/B =  7.5  and  B/T  — 
2.5,  respectively.  The  principal  characteristics  of  the  grid 
used  for  the  computations  are  the  same  to  those  employed 
for  the  Wigley  model. 

Figure  3  illustrates  the  wave  patterns  around  the  Series- 
60  model  for  F  =  0.20,0.25,0.35  ,  respectively.  At  low 
speeds  ( F  <  0.30)  the  amplitude  of  the  generated  waves 
are  comparable  -  if  not  smaller  -  than  the  ones  computed 
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Figure  2  :  Contour  plots  of  the  steady  wave  patterns  due  to  the  parabolic  Wigley  model  advan-  :ug 
at  Froude  numbers  F~  0.25, 0.35, 0.40. 
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around  the  Wigley  model,  despite  the  increase  in  the  ‘full¬ 
ness5  of  the  hull  shape.  For  the  Wigley  model  the  bow-  and 
stern-wave  systems  are  well  formed  while  the  correspond¬ 
ing  wave  pattern  around  the  Series-60  hull  appears  to  be 
more  ‘confused5. 

Differences  between  the  steady  wave  pattern  computations 
from  the  Neumann-Kelvin  and  double-body  linearizations 
are  here  clearly  noticeable.  Again,  significant  discrepan¬ 
cies  occur  along  the  diverging  portion  of  the  stern-wave 
system,  where  the  Neumann-Kelvin  solution  shows  larger 
amplitudes  and  shorter  wavelengths.  Moreover,  the  caustic 


lines  originating  from  the  bow  and  stern  appear  at  a  larger 
angle  in  the  solution  based  on  the  double-body  lineariza¬ 
tion.  The  differences  between  the  two  solutions  become 
more  pronounced  as  the  speed  increases,  resulting  in  quite 
different  wave  patterns  at  F  —  0.35  (see  Figure  3c). 

Figure  4  is  a  snapshot  of  the  time-harmonic  wave  pattern 
around  a  modified  Wigley  model  translating  at  F  —  0.2 
and  oscillating  in  heave  at  frequencies  u)\J L/g  —  3  and 
ujy/L/g  —  S.  The  grid  used  for  this  flow  field  has  the  same 
density  as  that  in  Figure  1.  Both  frequencies  are  over- 
critical  ( T  —  ojU/g  >  0.25),  thus  two  wave  systems  appear 


Figure  3  :  Contour  plots  of  the  steady  wave  patterns  due  to  the  Series-60-cb  —  0.6  vessel  advancing 
at  Froude  numbers  F  =  0.20, 0.25, 0.35. 
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downstream.  At  F  =  0.3,  the  time-harmonic  wave  fields 
around  the  modified  Wigley  model  are  illustrated  in  Fig¬ 
ure  5  and  are  obtained  from  the  same  grid  as  for  F  =  0.2. 
For  this  larger  Froude  number,  the  wavelengths  appearing 
in  Figure  5  are  larger  than  their  counterparts  of  Figure  4, 
although  the  general  structure  of  the  wave  field  is  similar. 

Figure  6  illustrates  the  wave  patterns  around  the  Series- 
60-Cfe  =  0.7  hull  advancing  at  F  —  0.2  and  heaving  at  fre¬ 
quencies  vy/Z/g  =  *  and  =  Native  to  the  cor¬ 

responding  patterns  generated  by  the  Wigley  hull,  the  di¬ 
verging  wave  system  originating  from  the  stern  is  more  pro- 
nounced  and  is  attributed  to  the  more  three-dimensional 
shape  of  the  Series-60  geometry.  In  all  cases  the  steady 
wave  pattern  has  been  removed. 

Certain  common  features  of  these  three-dimensional  time 
harmonic  wave  patterns  are  worth  emphasizing.  The  short¬ 
est  wavelength  scales  are  associated  with  the  transverse 
wave  system  which  appears  downstream  of  the  stern  and 


propagates  in  the  streamwise  direction.  Along  the  ship 
length,  on  the  other  hand,  the  wave  field  is  dominated 
by  relatively  long  divergent  waves  which  propagate  in  the 
transverse  direction  and  tend  to  be  become  more  two  di¬ 
mensional  as  the  frequency  increases.  This  character  of 
the  time  harmonic  wave  pattern  therefore  appears  to  sup¬ 
port  the  ^  ?VnHcr-hodv  theorv  Nesr  *he 

ship  hull  the  wave  disturbance  is  convected  primarily  in  the 
transverse  direction  and  becomes  more  focused  as  the  fre¬ 
quency  increases.  Its  variation  in  the  lengthwise  direction 
is  gradual  since  cancellation  effects  appear  to  significantly 
reduce  the  amplitude  of  the  short  transverse  waves  which 
are  clearly  visible  downstream  of  the  stern. 


Figure  4  s  Snapshots  of  the  time-harmonic  wave  patterns  dueto  a  modified  Wigley  model  ad¬ 
vancing  at  F= 0.20  while  oscillating  in  heave  at  frequencies 
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7.  HYDRODYNAMIC  FORCES  AND  MOTIONS! 
IN  HEAD  WAVES 

The  unsteady  hydrodynamic  pressure  on  the  hull  is  eval¬ 
uated  from  expression  (3.2).  The  restoring  component  of 
the  pressure  which  depends  on  the  ship  displacement  and 
the  gradients  of  the  steady  flow  has  been  neglected  since 
it  been  found  to  be  small  for  the  ship  hulls  and  Froude 
numbers  considered  below.  The  gradients  of  the  steady 
and  time-harmonic  potentials  are  obtained  from  the  formal 
differentiation  of  the  spline  representation  of  the  velocity 
potential  (5.1).  Integration  of  the  pressure  over  the  hull 
according  to  expressions  (3.5),  allows  the  determination  of 
the  added-mass,  damping  coefficients  and  exciting  forces 
from  expressions  (3.5),  and  Response  Amplitude  Opera¬ 
tors  from  the  solution  of  the  linear  system  (3.6).  Only  the 
coupled  heave  and  pitch  modes  of  motion  in  head  waves 
are  considered  in  this  paper. 


In  order  to  establish  the  convergence  of  the  solution  algo¬ 
rithm,  a  systematic  study  of  the  effect  of  grid  density  on 
the  computations  of  the  hydrodynamic  coefficients  was  car¬ 
ried  out  for  a  modified  Wigley  model  with  L/B  —  10  and 
R/T  — 1.6.  The  time-harmonic  wave  flow  was  solved  at  a 
Froude  number  F  —  0.3  for  several  frequencies  of  oscillation 
in  the  range  of  practical  interest  uy/L/ge  [2. 5,5.0]  . 

The  free  surface  domain  was  truncated  at  a  distance  0.25L 
upstream  of  the  bow,  0.5L  downstream  of  the  stern  and 
L  in  the  transverse  direction.  Four  different  grids  were 
considered,  resulting  in  a  systematic  increase  of  the  dis¬ 
cretization  density  on  both  the  free  surface  and  the  hull. 
These  grids  use  20,  30,  40  and  50  panels  along  the  length 
of  the  hull,  respectively,  while  for  all  of  them  the  aspect 
ratio  of  the  free  surface  panels  is  equal  to  1. 

Computations  of  the  heave  and  pitch  added-mass  and  damp¬ 
ing  coefficients  obtained  from  these  grids,  are  illustrated  in 
Figure  7.  The  convergence  rate  is  very  satisfactory  and 


Figure  5  :  Snapshots  of  the  time- harmonic  wave  patterns  due  to  a  modified  Wigley  model  ad¬ 
vancing  at  F  =  0.30  while  oscillating  in  heave  at  frequencies  U\J L/g  —  3.0, 5.0. 
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appears  not  to  depend  strongly  on  the  frequency. 

Having  established  the  convergence  of  the  numerical  algo¬ 
rithm,  the  hydrodynamic  coefficients  and  ship  motions  are 
next  compared  to  experimental  measurements  and  strip 
theory.  A  systematic  set  of  experiments  for  a  modified 
Wigley  hull  were  recently  conducted  by  Gerritsma(l986). 
The  diagonal  heave  and  pitch  added-mass  and  damping 
coefficients  at  F  =  0.3  are  illustrated  in  Figure  8.  The 
experimental  measurements  are  compared  to  strip  theory 
and  the  present  method.  The  solid  line,  hereafter  denoting 
results  from  SWAN  (Ship Wave ANalysis),  is  based  on  the 
double-body  free-surface  condition  (2.9)  and  the  complete 
treatment  of  the  m— terms.  The  Neumman- Kelvin  curve  is 
obtained  from  the  solution  of  the  linearized  problem  using 
the  present  Rankine  panel  method  and  is  obtained  by  ap¬ 
proximating  the  steady  flow  by  the  uniform  stream  —  Ux 
both  in  the  free-surface  and  body  boundary  conditions. 


The  agreement  between  SWAN  and  experiments  is  quite 
satisfactory  and  represents  an  improvement  over  strip  the¬ 
ory.  For  the  diagonal  coefficients,  SWAN  and  the  Neumman 
Kelvin  problem  are  in  good  qualitative  and  quantitative 
agreement. 

Significant  differences  between  the  three  theoretical  pre¬ 
dictions  occur  in  the  heave  and  pitch  cross-coupling  co¬ 
efficients  illustrated  in  Figure  9.  These  coefficients  are 
known  to  be  sensitive  to  end-effects,  therefore  their  ac¬ 
curate  prediction  requires  the  complete  treatment  of  the 
m-terms  which  attain  large  values  near  the  ship  ends. 
This  is  confirmed  by  the  very  good  agreement  between 
SWAN  and  the  experimental  measurements.  In  spite  of  its 
three-dimensional  character,  the  departure  of  the  Neumman 
Kelvin  solution  from  the  experiments  is  mainly  attributed 
to  the  incomplete  treatment  of  the  m— terms. 


Figure  6  :  Snapshots  of  the  time-harmonic  wave  patterns  due  to  the  Series-60-Cb  =  0.7  vessel 
advancing  at  F  =  0.20  while  oscillating  in  heave  at  frequencies  uy/L/g  =  3. 0,4.0. 
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Figure  7  :  Numerical  convergence  study  for  the  heave  and  pitch  hydrodynamic  coefficients  of  a 
modified  Wigley  model  advancing  at  F  =  0.3. 


Of  interest  is  also  the  observed  symmetry  of  the  experimen¬ 
tal  measurements  and  the  SWAN  predictions  of  the  cross¬ 
coupling  coefficients.  The  modified  Wigley  hull  is  sym¬ 
metric  fore  and  aft  and  a  generalization  of  the  Timman- 
Newman  symmetry  relations  appears  to  hold.  The  origi¬ 
nal  Timman-Newman  relations  were  shown  to  be  exact  for 
submerged  vessels  and  the  Neumman-Kelvin  free-surface 
condition.  It  is  here  conjectured  that  they  are  also  exactly 
valid  for  surface  piercing  vessels  when  the  free-surface  con¬ 
dition  is  based  on  the  double-body  flow.  No  proof  has  yet 
been  attempted  using  the  condition  (2.9). 


Figure  10  compares  experimental  measurements  with  the 
strip-theory  and  SWAN  and  predictions  for  the  heave  and 
pitch  exciting-force  and  motion  modulus  and  phase.  The 
pitch  radius  of  gyration  of  the  modified  Wigley  hull  is  ky  = 
0.25 L,  and  the  center  of  gravity  is  taken  at  x  =  y  =  z  —  0. 
The  agreement  of  SWAN  with  the  experiments  is  in  all 
cases  very  satisfactory.  The  strip-theory  predictions  have 
been  obtained  from  the  MIT  5-D  Ship  Motion  program 
which  is  regarded  a  standard  strip-theory  code.  The  dis¬ 
crepancy  between  the  strip-theory  and  experimental  heave 
and  pitch  resonant  frequencies,  is  attributed  to  the  poor 
prediction  of  the  &66  and  the  cross-coupling  coefficients  by 
strip  theory  (Figures  8  and  9). 
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Figures  11  and  12  compare  experiments  with  the  strip  the¬ 
ory  and  SWAN  predictions  of  the  heave  and  pitch  added- 
mass  and  damping  coefficients  of  the  Series-60-Cb  =  0.7 
model,  advancing  at  Froude  number  F  =  0.2.  The  experi¬ 
mental  data  are  due  to  Gerritsma,  Beukelman  and  Glans- 
dorp  (1974).  The  performance  of  SWAN  is  in  all  cases  very 
satisfactory,  offereing  a  significant  improvement  over  strip 
theory. 

Due  to  the  fore-aft  asymmetry  of  the  Series-60  model,  the 
Timman-Newman  relations  for  the  cross-coupling  coeffi¬ 
cients  do  not  hold.  It  is  interesting,  however,  to  notice 
that  the  curves  corresponding  to  a33  and  &33  are  very  close 


to  being  mirror  images  of  the  those  corresponding  to  a63 
and  a63 ,  respectively  about  a  non-zero  value.  In  strip  the¬ 
ory,  for  example,  it  may  be  shown  easily  that  a35  —  a63 
and  t36  —  653  are  symmetric  about  the  corresponding  co¬ 
efficients  at  zero  forward  speed  (F  =  0),  but  no  such  proof 
is  yet  available  in  three  dimensions. 

The  Series-60  heave  and  pitch  motion  amplitude  and  phase 
are  shown  in  Figure  13.  The  agreement  between  theory  and 
experiments  is  again  satisfactory  for  both  strip-theory  and 
SWAN,  with  a  slight  detuning  of  the  strip-theory  predic¬ 
tions  again  attributed  to  its  discrepancies  with  experiments 
in  the  cross-coupling  coefficients  and  655 . 
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Figure  9  :  Cross-coupling  hydrodynamic  coefficients  between  heave  and  pitch  for  a  modified 
Wigley  model  advancing  at  Froude  number  F  —  0.3. 


8.  CONCLUSIONS  AND  FUTURE  WORK 

A  new  three-dimensional  Rankine  Panel  Method  method, 
referred  to  as  SWAN,  has  been  developed  for  the  solution  of 
the  complete  three-dimensional  steady  and  time-harmonic 
ship-motion  problem.  Its  principal  attributes  are: 


•  The  use  of  a  new  free-surface  condition  based  on  the 
double-body  flow  and  valid  uniformly  from  low  to  high 
Froude  numbers. 

•  The  complete  and  accurate  treatment  of  the  m— terms. 

•  A  high-order  non-dissipative  numerical  algorithm  for  the 
enforcement  of  the  free-surface  and  radiation  conditions. 
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Figure  10  :  Heave  and  pitch  exciting  forces  and  motions  of  a  modified  Wigley  model  advancing  at 
Froude  number  F  =  0.3  through  regular  head  waves. 
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Figure  11  :  Diagonal  hydrodynamic  coefficients  in  heave  and  pitch  for  the  Series-60-Cf>=0.7  vessel 
advancing  at  Froude  number  F  =  0.2. 


Computations  of  steady  and  time-harmonic  ship  wave  pat¬ 
terns  illustrate  the  capability  of  the  method  to  resolve  con¬ 
siderable  detail  in  the  wave  disturbance  and  at  a  significant 
downstream  of  the  ship. 

Predictions  of  the  heave  and  pitch  added-mass,  damping 
coefficients,  exciting  forces  and  motions  of  a  Wigley  and 
the  Series-60  hull  are  found  to  be  in  very  good  agreement 
with  experiments  and  present  a  significant  improvement 
over  strip  theory.  A  complete  treatment  of  the  m— terms 


has  been  developed  and  found  to  be  essential  for  the  accu¬ 
rate  prediction  of  the  cross-coupling  coefficients  and  ship 
motions. 

In  summary,  all  important  features  of  the  three-dimensional 
time-harmonic  flow  around  the  ship  appear  to  be  well  pre¬ 
dicted  by  the  present  method.  This  will  permit  the  accu¬ 
rate  prediction  of  the  hydrodynamic  pressure  distribution, 
wave  loads,  derived  responses  and  added-resistance  by  di¬ 
rect  use  of  the  velocity  potential  and  its  gradients  on  the 
ship  hull  and  the  free  surface. 
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Figure  12  :  Cross-coupling  hydrodynamic  coefficients  between  heave  and  pitch  for  the  Series-60- 
cb  =  0.7  vessel  advancing  at  Froude  number  F  =  0.2. 


Future  research  towards  the  further  development  of  the 
present  rankine  panel  method  in  the  steady  problem,  will 
concentrate  upon  the  determination  of  the  ship  wave  spec¬ 
trum  from  the  available  numerical  data  over  the  discretized 
portion  of  the  free  surface.  This  information  is  useful 
for  the  characterization  of  ships  from  their  Kelvin  wake 
and  the  accurate  and  robust  evaluation  of  the  wave  resis¬ 
tance.  The  proper  implementation  of  the  present  numeri¬ 
cal  scheme  to  hull  forms  with  significant  flare  will  also  be 
studied  in  both  the  steady  and  time-harmonic  problems. 


The  application  is  also  planned  of  the  same  method  to  the 
prediction  of  the  seakeeping  properties  of  unconventional 
ship  forms  (e.g.  SWATH  ships  and  SES’s)  the  hydrody¬ 
namic  analysis  of  which  is  particularly  amenable  by  the 
present  three-dimensional  panel  method. 
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Figure  13  :  Heave  and  pitch  motions  of  the  Series-60-C{,  =  0.7  vessel  advancing  at  Froude  number 
F—  0.2  through  regular  head  waves. 
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DISCUSSION 


William  R.  McCreight 

David  Taylor  Research  Center,  USA 

Your  predictions  of  added  mass  and  damping  for  the  Series  60  hull 
are  better  than  those  for  the  Wigley  hull,  yet  the  motion  predictions 
are  not  as  good.  Could  you  describe  the  accuracy  on  the  Series  60 
exciting-force  computations,  which  are  not  shown.  If  this  does  not 
account  for  the  discrepancy,  what  do  you  believe  is  the  cause  of  this? 

AUTHORS’  REPLY 

In  response  to  Dr.  McCreight’ s  question  we  want  to  state  that  the 
calculation  of  the  heave/pitch  exciting  forces  typically  compare  very 
well  with  corresponding  experimental  data.  Discrepancies  between 
the  numerical  and  experimental  results  for  the  motions  of  the 
Series-60  may  be  partly  attributed  to  the  speed  dependent  portion  of 
the  restoring  force,  which  was  not  included  in  the  presented 
calculations.  Additional  differences  may  also  arise  due  to  ambiguities 
about  the  appropriate  values  for  the  pitch  moment  of  inertia  and  the 
vertical  position  of  the  center  of  gravity,  as  well  as  about  the  location 
of  the  point  about  which  the  heave/pitch  motions  are  referenced. 


DISCUSSION 

Hoyte  Raven 

Maritime  Research  Institute  Netherlands,  The  Netherlands 

This  paper  is  very  interesting  for  me,  in  particular,  as  it  addresses 
some  points  studied  in  my  paper.  I  have  a  question  on  the  steady 
wave  resistance.  You  found  differences  in  the  remote  wave  pattern 
between  the  Kelvin  and  the  show-ship  condition.  These  may, 
however,  be  due  to  subtle  changes  in  interference  between  wave 
components.  Did  you  find  any  substantial  difference  in  wave 
resistance?  Secondly,  as  you  noticed  your  free  surface  condition  is 
intermediate  in  form  between  those  of  Dawson  and  Eggers,  1979.  I 
have  implemented  your  FSC  in  our  code  to  make  the  same 
comparisons  as  in  my  paper,  and  found  that  the  result  was  also 
intermediate  for  the  Series  60  CB=0.60  model:  the  predicted  Rw  is 
6-8%  lower  than  with  Dawson’s  condition,  while  Eggers  is  20% 
lower.  For  a  full  hull  form,  again  the  resistance  is  lower  than 
Dawson,  but  better  behaved  than  Egger’s  condition.  Ref.  Raven, 
H.C.,  "Adequacy  of  Free  Surface  Conditions  for  the  Wave  Resistance 
Problem,"  this  volume. 

AUTHORS’  REPLY 

We  would  like  to  thank  Dr.  Raven  for  implementing  and  testing  the 
free  surface  condition  proposed  in  this  paper.  The  differences  of  the 
wave  patterns,  as  predicted  by  different  free  surface  linearization 
models  are  indeed  reflected  on  the  corresponding  wave  resistance 
calculations.  We  strongly  believe,  however,  that  "numerical" 
evaluation  of  the  relative  performance  of  different  linearization 
models  is  still  clouded  due  to  the  delicate  nature  of  the  underlying 
calculations.  The  robustness  of  each  scheme  ought  to  be  established 
individually  before  comparison  arguments  can  be  stated.  We  are 
currently  working  towards  this  direction  by  employing  the 
conservation  of  momentum  as  the  self-consistency  criterion  ([1]). 

[1]  Nakos,  D.E.,  1991,  "Transverse  Wave  Cut  Analysis  by  a 
Rankine  Panel  Method,"  6th  Int.  Workshop  on  Water  Waves  and 
Floating  Bodies,  Woods  Hole,  MA,  USA. 
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Numerical  Solutions  for  Large- Amplitude 
Ship  Motions  in  the  Time  Domain 

W.-M.  Lin  (Science  Applications  International  Corporation,  USA) 
D.  Yue  (Massachusetts  Institute  of  Technology,  USA) 


ABSTRACT 

A  three-dimensional  time  domain  approach  is  used 
to  study  the  large-amplitude  motions  and  loads 
of  a  ship  in  a  seaway.  In  this  approach,  the  ex¬ 
act  body  boundary  condition  is  satisfied  on  the 
instantaneous  wetted  surface  of  the  moving  body 
while  the  free-surface  boundary  conditions  are  lin¬ 
earized.  The  problem  is  solved  using  a  transient 
free-surface  Green  function  source  distribution  on 
the  submerged  hull. 

Extensive  results  are  presented  which  validate  and 
demonstrate  the  efficacy  of  the  method.  These  re¬ 
sults  include  linear  and  large-amplitude  motion  co¬ 
efficients  and  diffraction  forces  with  and  without 
forward  speed,  calm-water  resistance  and  added- 
resistance  with  waves  and  motions,  the  large- 
amplitude  motion  history  of  a  ship  advancing  in  an 
irregular  seaway,  as  well  as  load  distributions  on 
the  changing  submerged  hull.  Most  of  the  large- 
amplitude  results  we  obtained  are  new  and  illus¬ 
trate  the  importance  of  nonlinear  effects  associated 
with  the  changing  wetted  hull.  Of  special  signifi¬ 
cance  are  the  dramatic  changes  of  the  added  mass, 
the  steady  resistance,  and  sinkage  and  trim  forces 
as  the  motion  amplitudes  increase. 

The  present  method  is  a  major  step  forward  in 
the  development  of  design  and  prediction  tools  for 
ship  motions  and  loads,  and  represents  a  signifi¬ 
cant  milestone  towards  a  /u//^nonlinear  capability 
in  the  forseeable  future. 

1  INTRODUCTION 

The  accurate  prediction  of  wave-induced  motions 
and  hydrodynamic  loads  is  of  crucial  importance 
in  ship  design.  In  addition  to  concerns  such  as 


efficiency  and  comfort,  severe  motions  can  limit 
operability  and  affect  safety,  while  extreme  loads 
may  lead  to  structural  failure.  Thus  the  general 
problem  of  a  moving  body  interacting  with  waves 
has  been  pursued  actively  since  at  least  the  time 
of  Froude  (1868)  and  Michell  (1898). 

Traditionally,  the  problem  is  linearized  and  formu¬ 
lated  in  the  frequency  domain,  by  assuming  the 
motions  to  be  small  and  time  harmonic,  and  the 
resulting  boundary- value  problem  is  solved  using  a 
singularity  distribution  on  the  mean  body  bound¬ 
ary.  For  zero  speed  problems,  this  approach  is 
quite  successful  and  has  become  a  standard  tool 
for  the  design  of  large  offshore  structures  (e.g.,  Ko- 
rsmeyer,  et  al ,  1988).  In  the  presence  of  forward 
speed,  the  so-called  Neumann- Kelvin  problem  is 
significantly  more  difficult  due  primarily  to  the 
complexity  of  the  corresponding  Green  function. 
Thus,  despite  several  earlier  attempts  (e.g,,  Chang, 
1977;  Inglis  &  Price,  1981;  Guevel  &  Bougis,  1982), 
a  truly  satisfactory  numerical  solution  is  as  yet 
unavailable.  A  promising  variation  due  to  Gadd 
(1976)  and  Dawson  (1977)  is  the  use  of  Rankine 
sources  on  the  body  surface  as  well  as  a  portion 
of  the  free  surface  on  which  more  general  quasi- 
linearized  free-surface  conditions  can  be  specified. 
Such  approaches  have  been  developed  actively  in 
the  past  5  or  6  years  (e.g.,  Chang  &  Dean,  1986; 
Xia,  1986;  Larsson,  1987;  Boppe,  et  al,  1987; 
Jensen,  et  al,  1988;  Letcher,  et  al,  1989;  Bertram, 
1990;  Nakos  &  Sclavounos,  1990),  with  increasingly 
encouraging  results.  In  all  of  these  methods,  how¬ 
ever,  the  free  surface  and  body  geometry  remain 
fixed  in  the  undisturbed  positions,  and  geometric 
nonlinearities  are  not  included. 

An  alternative  to  the  frequency-domain  approach 
is  to  formulate  the  time-domain  initial-value  prob¬ 
lem  (c/.,  Finkelstein,  1957;  Cummins,  1962).  The 
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requisite  time-dependent  Green  function  which 
satisfies  the  linearized  free-surface  boundary  condi¬ 
tion  is  simpler  than  the  corresponding  ones  in  the 
frequency  domain,  yet  is  capable  of  describing  ar¬ 
bitrary  (large-amplitude)  motions  when  the  proper 
free-surface  memory  effects  are  included.  While 
linearized  and  even  fully  nonlinear  time-domain  re¬ 
sults  have  been  available  for  problems  in  two  di¬ 
mensions  (or  with  vertical  axisymmetry)  for  some 
time,  developments  for  three-dimensional  problems 
have  been  relatively  recent.  Such  work  include  Ko- 
rsmeyer  (1988)  for  the  linearized  radiation  problem 
without  forward  speed,  and  Liapis  (1986),  Beck  & 
Liapis  (1987),  King  (1987),  King  et  al.  (1988)  for 
the  general  linearized  problem  with  constant  for¬ 
ward  speed.  For  submerged  bodies,  results  for  lin¬ 
earized  free  surface  but  large  body  motions  have 
been  obtained  by  Ferrant  (1988)  and  recently  by 
Beck  &  Magee  (1990).  We  remark  that  for  lin¬ 
earized  (small-amplitude)  motions  with  zero  or 
constant  forward  speed,  these  time-domain  solu¬ 
tions  are  formally  related  to  the  frequency- domain 
results  via  Fourier  transforms. 

In  this  paper,  we  extend  the  time-domain  approach 
to  arbitrary  large- amplitude  motions  of  a  surface¬ 
piercing  body  in  a  seaway.  The  exact  body  bound¬ 
ary  condition  is  applied  on  the  instantaneous  sub¬ 
merged  hull  surface  while  a  linearized  free-surface 
condition  is  used.  This  approximation  can  be  jus¬ 
tified  in  principle  upon  the  assumptions  of  small 
incident  wave  slopes  and  slenderness  of  the  body 
geometry  in  the  directions  of  the  (large-amplitude) 
motions.  The  practical  utility  of  this  approach 
must,  in  the  final  analysis,  be  demonstrated  by  the 
validity  and  accuracy  of  its  predictions.  This  is  the 
focus  of  much  of  the  present  work. 

In  a  boundary-element  approach,  the  submerged 
body  surface  at  each  time  step  is  divided  into  a 
number  of  panels  over  which  linearized  transient 
free-surface  sources  are  distributed.  In  contrast 
to  earlier  work,  the  problem  is  formulated  in  a 
coordinate  system  fixed  in  space.  This  is  clearly 
necessary  for  the  case  of  arbitrary  large- amplitude 
motions  and  excursions  which  is  the  primary  ob¬ 
jective  of  the  present  code.  Under  this  formula¬ 
tion,  a  general  and  concise  waterline  integral  term 
can  be  derived  to  account  for  arbitrary  transla¬ 
tions  and  distortions  of  the  body  waterplane,  and 
the  diffraction  problem  can  be  included  straight¬ 
forwardly  by  adding  the  incident  wave  contribu¬ 
tion  to  the  body  boundary  condition.  For  gen¬ 


eral  nonlinear  calculations,  the  position  and  ori¬ 
entation  of  the  body  is  updated  (by  solving  the 
equations  of  motion  or  as  prescribed)  and  the  un¬ 
derwater  body  surface  is  repanelized  at  each  time 
step.  Since  the  body  boundary  condition  is  satis¬ 
fied  on  the  exact  instantaneous  hull,  the  so  called 
“ra- term”  effects  associated  with  forward  speed 
(Ogilvie  &  Tuck,  1969)  are  automatically  and  ex¬ 
actly  included.  For  the  special  case  of  constant 
forward  speed  and  small  oscillatory  motions  (the 
linearized  seakeeping  problem),  the  traditional  lin¬ 
earization  (and  decoupling)  of  the  latter  is,  how¬ 
ever,  less  explicit  in  the  earth-fixed  (time-domain) 
formulation.  For  these  linear  forward-speed  cal¬ 
culations,  the  quadratic  terms  are  included  in  the 
force  calculations  to  account  for  the  forward-speed 
couplings  but  the  m- terms  are  otherwise  neglected 
in  the  body  boundary  conditions. 

Linear  and  large- amplitude  computational  results 
are  presented  for  a  floating  sphere,  two  Wigley 
hulls,  and  the  Series  60  ( Cb  =  0-7)  hull  under¬ 
going  free  or  captive  motions  and  with  or  with¬ 
out  forward  speed  or  incident  seas.  The  program 
is  applicable  for  general  six- degree- of- freedom  mo¬ 
tions  (without  lift)  but  we  restrict  ourselves  to 
vertical  plane  motions  in  head  seas  in  this  paper. 
For  the  linear  problems  without  forward  speed, 
(time)  impulse  response  functions  are  computed 
from  which  the  requisite  motion  coefficients  are 
obtained  via  Fourier  transforms.  For  the  nonlin¬ 
ear  cases  and  for  problems  with  forward  speed, 
the  bodies  are  started  from  rest  and  computations 
typically  continued  until  steady  states  (limit  cy¬ 
cles)  are  achieved.  Where  available,  the  results  are 
compared  with  other  time-  and  frequency-domain 
calculations  and  experimental  data.  In  all  cases, 
the  importance  of  the  nonlinear  effects  due  to  ge¬ 
ometry  variation  is  identified. 

2  MATHEMATICAL  FORMULATION 

We  consider  a  general  three-dimensional  body 
floating  on  a  free  surface  and  undergoing  arbitrary 
six-degree-of-freedom  motion  in  the  presence  of  in¬ 
cident  waves.  An  earth-fixed  Cartesian  coordinate 
system  is  chosen  with  the  x-y  plane  coincident  with 
the  quiescent  free  surface,  and  z  is  positive  upward. 
The  fluid  is  assumed  to  be  homogeneous,  incom¬ 
pressible,  inviscid  and  its  motion  irrotational.  Sur¬ 
face  tension  is  not  included  and  the  water  depth  is 
infinite. 
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The  fluid  motions  can  be  described  by  a  velocity 
potential 


$t(z,0  =  $l(x,t)+  ,  (1) 

where  is  the  incident  wave  potential,  $  =  ~ 

the  total  disturbance  potential,  t  is  time,  and  x 
is  the  position  vector.  In  the  fluid  domain  V(£),  $ 
satisfies  Laplace’s  equation 

V2$  =  0  .  (2) 

On  the  mean  free  surface  P(t)y  we  impose  the  lin¬ 
earized  condition 

$tt  +  g$z  =  0  on  P(t),  t  >  0,  (3) 

where  g  is  the  acceleration  due  to  gravity.  On  the 
instantaneous  body  boundary  B(t ),  we  require  no 
normal  flux: 

s  =  onB(,)'  <>0’  (4) 

where  the  unit  normal  vector  to  the  body  n  is  pos¬ 
itive  out  of  the  fluid  and  Vn  is  the  instantaneous 
body  velocity  in  the  normal  direction.  For  finite 
time,  the  conditions  at  infinity,  Sqo,  are 

0  on  Soo,  t  >  0,  (5) 

and  the  initial  conditions  at  t  =  0  are 

$  =  =  0  on  t  =  0.  (6) 

We  introduce  the  transient  free-surface  Green  func¬ 
tion  for  a  step-function  source  below  the  free  sur¬ 
face  (see,  e.<j.,  Stoker,  1957): 

G(P,t,Q,T)  =  G°  +  Gf  = 

2  f  [1  —  cos  (y/gk(t  -  r))]  e^’+Ujo {kR)dk 
Jo 

for  P  ^  Q,  t  >  r,  (7) 

where  P  =  (x,y,z)  and  Q  =  (£,??, ()  are  the  source 
and  field  points,  r  =  \P  -  Q |,  r'  =  \P  -  Q* |,  Qf  = 
(£>  */,-<)>  R 2  =  (*-02  +  (y-??)2.  6,0  =  l/r-l/r' 
is  the  Rankine  part  of  the  Green  function,  G^  — 
G  —  G°  is  the  free-surface  memory  part,  and  Jo 
Bessel  function  of  order  zero.  Eq.  (7)  satisfies  the 
following  initial-boundary- value  problem: 


v2g  =  0 

in  V(<), 

t  >  r 

Gtt  +  gGz  =  0 

on  Jr(t), 

t  >  r 

O 

T 

for  t  >  r 

O 

11 

<5 

11 

on  P{t), 

t  —  r 

Note  that  G®  =  0,  so  that 

GT  =  Gl  = 

-2  r^ksm(^{t-T))ekG+Oj0(kR)dk.  (8) 
Jo 


To  obtain  a  boundary  integral  formulation  for 
$,  we  apply  Green’s  identity  to  $(Q,r)  and 
Gr(P,i\Q,T)  in  a  fluid  domain  V(r)  bounded  by 
J^r),  B(t ),  tSoo,  and  a  small  surface  Sp  excluding 
point  P : 


Slkr^-G^i)iV 


JJSn+f  I 


Soo+^(t)+0(t)+Sp 


($GTng-GT*ng)dS,  (9) 


where  V(r),  .F(r),  P(r)  are  respectively  V(r)  , 
F(r),  B(t)  with  the  exclusion  of  possible  point  P. 


The  left-hand  side  of  (9)  and  the  integrals  over  Soo 
and  Sp  on  the  right-hand  side  are  all  zero.  In¬ 
tegrating  the  resulting  equation  with  respect  to  r 
from  0  to  t,  we  obtain 


t  dr  ff  _  ($GTng  -  Gr$ng)  dS  =  0. 

Jo  JJ^(r)+5(r)  * 

(10) 

To  eliminate  the  integral  over  P(r)y  it  is  neces¬ 
sary  to  exchange  the  time  and  surface  integrals 
involving  J-'(r).  It  should  be  noted  that  T(t )  is 
time-dependent  in  the  earth-fixed  coordinate  sys¬ 
tem.  Applying  the  linearized  free-surface  condition 
(3)  and  the  transport  theorem  we  obtain  finally, 


JJ_  (*Gr»g  -  GT$no)  dS 


=  --{4-1  L  {$GrT-Gr$T)dS 

g  [OT  J  Jp(T) 

-  /  (<DGTT  -  Gr<l>r)F,v  dl)  ,  (11) 

Mr)  ) 

where  T(r)  is  the  instantaneous  intersection  of 
the  body  with  the  free  surface  (excluding  possi¬ 
ble  point  P),  N  the  unit  normal  to  T(r)  on  the 
free  surface,  positive  out  of  the  fluid  domain,  and 
VN  the  normal  velocity  of  T(r)  in  the  N  direction. 

Combining  (10)  and  (11)  and  applying  the  free  sur¬ 
face  condition  on  G  and  the  initial  conditions  on 
$,  we  obtain 


Jjj(t}  dS  +  Jo  dT  /X(r)(*GTn«  "  Gr*n*  }  dS 
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+  -  fdT  [  {$Gtt  ~  Gt$t)VN  dL  =  0.  (12) 
9  Jo  Jr(r) 


The  integral  over  the  free  surface  P(r)  can  now  be 
eliminated  by  applying  Green’s  identity  again  to 
$(Q,tf)  and  G°  in  V(<)  and  combining  the  result 
with  (12).  Finally,  we  have  for  P  on  B(t): 

2 +  ff  (*<%*  -  qG°)dS 

■  Iodr{lUK'-~^Gi)iS 

+  -  I  (*<?'T  -  $ TG{)VN  dl)  .  (13) 

9  Jr(r)  ) 

The  overhead  bars  on  the  integration  surfaces  are 
dropped  since  the  integration  over  Sp  on  these  sur¬ 
faces  gives  no  contribution.  The  waterline  memory 
integral  over  T(r)  in  (13)  is  the  general  form  for  ar¬ 
bitrary  large  motions  in  the  earth-fixed  coordinate 
system.  For  a  submerged  body,  this  term  vanishes. 
For  the  special  case  of  horizontal  planar  motions 
only,  this  integral  reduces  to  a  similar  term  formu¬ 
lated  in  a  body-fixed  coordinate  system  given  by 
Liapis  (1986)  . 

For  large-amplitude  problems,  the  evaluation  of 
the  tangential  velocities  on  the  body  is  of  critical 
importance,  and,  in  the  absence  of  lift,  a  source 
formulation  is  preferred.  To  obtain  the  equation 
for  the  source  distribution,  we  formulate  the  inte¬ 
rior  problem  governed  by  an  equation  similar  to 
(13),  which  upon  combining  with  (13)  yields 


where  a (Q,r)  is  the  source  strength  at  point  Q 
at  time  r,  and  Vjv  and  Vn  are  related  by  V)v  = 
Vn/N  *  ft. 


Finally,  we  apply  the  body  boundary  condition  for 
P  on  B(t)  to  obtain: 


<jjL  =  Vn(P9t)-V*i{P,t)-itp 


crCr^p  dS  +  /  dr 


■r* 

Jo 


-i{IL 


Eq.(15)  can  be  solved  for  the  unknown  cr{P,t) 
given  B(t ),  V„(f),  $/(*),  and  a(^T)  and  B(t)  for 
0  <  t  <  t.  Once  the  source  strength  is  found,  $  is 
evaluated  by  (14),  and  the  velocity  on  the  body, 
V4>,  is  obtained  using  a  vector  form  of  (15). 

The  total  pressure  is  given  by  Bernoulli’s  equation, 

P=-P(^f+\\V*T\2  +  9Z),  (16) 

and  the  force  on  the  body  is  obtained  by  inte¬ 
grating  (16)  over  the  instantaneous  submerged  hull 

m- 

The  formulation  for  the  general  arbitrary  motions 
problem  is  thus  complete.  For  linear  (small  mo¬ 
tions)  problems  without  forward  speed,  the  body 
boundary  condition  is  linearized  by  applying  (15) 
on  the  mean  body  position  Bo  (the  waterline  term 
is  absent)  and  the  quadratic  term  is  neglected  in 
integrating  (16)  on  Bo  for  the  forces.  For  the  lin¬ 
earized  problem  with  forward  speed  (the  linear  sea¬ 
keeping  problem)  in  the  present  earth- fixed  coor¬ 
dinate  system,  the  quadratic  contributions  are  in¬ 
cluded  in  the  pressure  integration  (Eqs.  16  and 
19  )  to  account  for  forward- speed  effects,  but  the 
body  boundary  condition  (15)  on  Bo  is  otherwise 
not  further  expanded.  The  formulation  is  thus  nei¬ 
ther  strictly  linearized  (in  terms  of  the  motion  am¬ 
plitudes)  nor  consistent  (in  that  the  associated  m- 
terms  are  not  included).  This  is  a  consequence  of 
the  fact  that  a  formal  decomposition  of  the  prob¬ 
lem  in  terms  of  the  steady  forward-speed  distur¬ 
bance  and  the  (small)  oscillatory  disturbance  is 
no  longer  straightforward  in  the  earth-fixed  time- 
domain  system.  (In  this  system,  the  forward  speed 
is  in  fact  a  large- amplitude  motion.)  A  more  con¬ 
venient  formulation  for  the  linearized  constant  for¬ 
ward  speed  problem  is,  of  course,  to  adopt  a  coor¬ 
dinate  system  translating  with  the  ship  (c/.,  Liapis 
h  Beck,  1985). 

3  NUMERICAL  METHOD 

3.1  Solution  of  the  Integral  Equation 

A  panel  method  is  used  for  the  solution  of  the  in¬ 
tegral  equation  (15).  The  body  surface  B(t)  is  di¬ 
vided  into  N(t)  quadrilateral  elements  over  which 
the  source  strength  is  assumed  constant.  Non- 
planar  quadrilaterals  are  mapped  to  planar  ele¬ 
ments  by  fitting  to  the  corner  points  in  a  least- 
squares  sense  (Hess  &  Smith,  1964).  Similarly,  the 
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body  waterline  T(t)  is  divided  into  Nw(t)  straight 
line  segments  on  which  the  source  strength  o*  is 
assumed  to  be  the  same  as  that  of  the  adjacent 
body  panel.  The  equation  is  satisfied  at  collocation 
points  corresponding  to  null  points  of  the  panels.  A 
forward  Euler  scheme  with  constant  time  step,  At, 
is  used  to  integrate  forward  in  time  and  the  con¬ 
volution  integral  is  computed  using  a  trapezoidal 
rule. 

The  discretized  form  of  (15)  is  given  by: 
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t 

rr*171 

~  k 

/  Gfnpt(Pi,Qk;t-T)VNkVnkdL 

k= i 

k 

for  1  =  1,2,...,^.  (17) 

In  the  above,  M  and  m  are  the  indices  for  t  and 
r  respectively  where  t  =  MAt  and  r  =  mAt\  i , 

j  are  respectively  the  panel  indices  for  collocation 
points  P  and  field  points  Q  (k  is  the  index  for  the 
waterline  field  points);  and  £o  —  1/2  and  em  =  1 
for  m  >  0.  Note  that  the  convolution  summation 
ends  at  m  =  M  -  1  due  to  a  property  of  G* . 

Eq.  (17)  is  in  the  form  of  a  system  of  linear  equa¬ 
tions: 

nm 

£  AtJ  <rf  =  £,•  i  =  1,2 . NM  ,  (18) 

j=l 

which  can  be  solved  for  the  unknown  panel  source 
strengths,  a™ ,  by  standard  means. 

3.2  Evaluation  of  the  Free  Surface  Tran¬ 
sient  Green  Function 

The  integrals  involving  the  Rankine  part  of  the 
Green  function  G°  are  evaluated  using  a  method 
similar  to  Hess  k  Smith  (1964).  Special  efforts 
have  been  made  to  completely  vectorize  these  eval¬ 
uations,  resulting  typically  in  several  factors  of  sav¬ 
ings  on  vector  processors. 


The  numerically  more  time  consuming  task  is  the 
evaluation  of  the  memory  term  G *  and  its  deriva¬ 
tives  which,  because  of  the  convolution  integrals, 
must  be  evaluated  a  large  number  of  times.  There 
has  been  much  effort  in  recent  years  to  develop 
efficient  and  accurate  numerical  methods  for  cal¬ 
culating  G f  and  its  derivatives,  including  Newman 
(1985,  1990),  Liapis  k  Beck  (1985),  and  Magee  k 
Beck  (1989).  The  present  approach  is  an  improve¬ 
ment  upon  the  method  given  in  Newman  (1985). 
The  domain  for  G *  is  divided  into  a  number  of 
regions  wherein,  depending  on  the  arguments,  as¬ 
cending  series,  asymptotic  series  or  a  combination 
of  these  and  two-dimensional  economized  (Cheby- 
shev)  polynomial  approximations  are  utilized.  The 
final  results  are  maintained  to  a  minimax  accuracy 
of  6D  for  G*  and  5D  for  its  first  and  second  deriva¬ 
tives.  The  entire  procedure  is  completely  vector¬ 
ized  and  the  average  computing  time  required  for 
the  evaluation  of  G *  and  its  two  first  and  two  sec¬ 
ond  derivatives  is  0(1-3)  microseconds  on  a  Cray- 
Y /MP  depending  on  the  relative  frequency  of  eval¬ 
uations  in  the  different  regions.  Details  can  be 
found  in  Lin  k  Yue  (1990). 

The  numerical  integration  of  G*  and  its  deriva¬ 
tives  over  the  quadrilateral  panels  is  performed 
using  two-dimensional  Gauss- Legendre  quadrature 
after  mapping  the  general  quadrilaterals  into  unit 
squares.  A  similar  one-dimensional  quadrature  is 
used  for  the  waterline  elements. 

3.3  Implementation  &  Force  Evaluation 

The  present  method  is  general  for  arbitrary  large- 
amplitude  six-degree-of-freedom  motions  which  in 
general  requires  the  modelling  of  a  changing  un¬ 
derwater  body  geometry.  Depending  on  the  type 
and  amplitude  of  the  motions,  different  numerical 
treatments  are  required: 

1.  Linear  motions  with  zero  or  constant  forward 
speed  —  In  this  case,  the  underwater  geome¬ 
try  does  not  change  with  time  and  the  matrix 
Aij  in  (18),  which  represents  the  Rankine  in¬ 
fluences  and  depends  only  on  the  relative  dis¬ 
tances  between  P,-  and  Qj ,  is  constant.  Thus, 
Aij  needs  to  be  evaluated  and  inverted  only 
once  at  the  beginning  of  the  computations. 
Furthermore,  since  G?  and  its  derivatives  de¬ 
pend  only  on  |  Pi  -  Qj  |  and  t  -  r,  for  zero  or 
constant  horizontal  velocity,  the  previous  val¬ 
ues  of  Gf  can  be  reused  at  each  time  step. 
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Thus  only  one  new  set  of  evaluations  for  G* 
and  its  derivatives  is  necessary  at  a  new  time 
step,  and  the  rest  can  be  obtained  from  pre¬ 
vious  calculations.  The  main  differences  be¬ 
tween  zero  and  constant  forward  speed  prob¬ 
lems  are  the  absence  of  the  waterline  contri¬ 
bution  in  the  former,  and  the  need  to  include 
quadratic  terms  in  the  force  evaluation  to  ac¬ 
count  for  forward-speed  cross-coupling  contri¬ 
butions  in  the  latter. 

2.  Linear  motions  with  arbitrary  horizontal  ex¬ 
cursions  —  The  body  moves  with  variable 
speed  on  a  straight  course  or  perform  arbi¬ 
trary  excursions  in  the  horizontal  plane.  In 
this  case,  the  underwater  body  geometry  still 
does  not  change  in  time  and  A{j  needs  to 
be  evaluated  and  inverted  only  once.  How¬ 
ever,  the  fixed  relationships  of  \P{  -  Qj\  and 
t  —  r  between  time  steps  no  longer  exist  and 
evaluations  of  G *  and  its  derivatives  have  to 
be  done  for  different  r’s  at  every  time  step. 
This  increases  the  computational  burden  sig¬ 
nificantly. 

3.  Arbitrary  large-amplitude  motions  —  In  this 
case,  the  underwater  body  geometry  changes 
with  time,  and  both  Aij  and  all  values  of  Gf 
and  its  derivatives  must  be  reevaluated  at  each 
time  step. 

For  large- amplitude  motions,  a  robust  geometry 
processing  capability  is  essential  and  an  automatic 
repan elizer  was  developed  for  this  task.  The  orig¬ 
inal  input  geometry  must  now  include  the  above¬ 
mean-waterline  portion.  At  each  time  step,  the  un¬ 
derwater  geometry  is  represented  by  a  number  of 
vertical  strips  with  each  strip  having  a  fixed  num¬ 
ber  of  panels  along  its  girth.  As  the  body  moves, 
its  new  location  and  orientation  is  updated  in  the 
global  coordinate  system  and  the  new  waterline  is 
found  from  the  intersection  with  the  mean  free  sur¬ 
face.  The  underwater  portion  of  each  strip  is  then 
repanelized  using  a  spline  curve  fitting.  For  sim¬ 
plicity,  the  number  of  panels  in  each  strip  is  kept 
the  same  but  any  particular  vertical  strip  may  be 
eliminated  completely  if  it  is  out  of  the  water. 

The  force  evaluation  follows  from  integration  of 
(16)  over  the  instantaneous  or  mean  submerged 
hull  for  the  nonlinear  and  linearized  problems  re¬ 
spectively.  The  quadratic  terms  are  included  in  the 
nonlinear  and  forward-speed  calculations  and  are 
evaluated  directly  given  the  normal  and  tangential 


velocities  on  the  body.  The  calculation  of  d^x/dt 
is  separated  into  two  parts:  d$i/dt  is  given  from 
the  incident  waves,  and  d$/dt  is  evaluated  by 


where  V,m,  the  ‘grid’  velocity  at  point  Pi,  is  equal 
to  ( Pp  -  P™~l)/At  for  the  nonlinear  problem,  and 
is  simply  the  forward  speed,  17,  in  the  linearized 
forward- speed  problem.  We  remark  that  because 
of  repanelization  for  the  nonlinear  problems,  the 
control  points  Pt-  in  general  do  not  represent  the 
same  global  points  or  the  same  body  points.  When 
the  number  of  panels  changes  between  time  steps, 
(19)  can  not  be  used  in  a  straightforward  manner 
and  special  care  must  be  taken.  This  is  not  con¬ 
sidered  in  the  present  code. 

4  RESULTS 

Numerical  computations  were  performed  for  lin¬ 
earized  radiation  and  diffraction  problems;  large- 
amplitude  forced  motions  and  free  motions  of  a 
floating  body  with  and  without  forward  speed  and 
the  presence  of  ambient  waves;  as  well  as  wave  re¬ 
sistance  and  added  resistance  problems.  For  sim¬ 
plicity  we  limit  ourselves  to  heave/pitch  motions 
in  head  seas  although  the  present  code  is  capable 
of  general  six  degree-of-freedom  motions  (without 
lift).  A  sphere,  two  Wigley  hull  forms,  and  the 
Series  60  (Cb= 0.7)  hull  were  used  for  this  study. 

The  first  Wigley  form  was  used  by  Gerritsma 
(1988)  in  his  seakeeping  experiments  and  has 
a  beam-to-length  ratio  26/T=0.1,  and  draft-to- 
length  ratio  H/L-QM25.  This  is  designated  as 
the  “ Wsk ”  hull  hereafter.  The  half  beam  y  is  given 
by: 

y-  =  (1  -  X)(l  -  Z){\  +  0.2X)  +  Z(1  -  Z4)(l  -  X )“ 
b 

where  X  =  (2 x/I)2  and  Z  =  ( z/H )2.  The  other 
Wigley  hull  is  commonly  used  for  wave  resistance 
studies  which  we  designate  the  “Writ”  hull.  This 
hull  has  2i>/i=0.1,  and  H/L= 0.0625  with  half 
beam  given  by  y/b=(  1  -  A’)(l  -  Z). 

For  convenience,  unless  otherwise  noted,  all  quan¬ 
tities  in  the  following  are  nondimensionalized  by 
fluid  density  p ,  gravitational  acceleration  g,  and 
body  length  L  (or  radius  a  for  the  sphere).  The 
panel  numbers,  N,  indicated  are  always  for  half 
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Fig.  1:  Impulse  response  function  for  the  heave 
force  on  a  hemisphere,  V  —  27ra3/3. 

of  the  (submerged)  body.  The  present  compu¬ 
tational  results  are  referred  to  as  SAMP  (Small- 
Amplitude  Motion  Program)  when  the  linear  op¬ 
tion  (fixed  underwater  geometry)  is  used,  and  as 
LAMP  (Large-Amplitude  Motion  Program)  when 
the  large-amplitude  capability  with  changing  sub¬ 
merged  geometry  is  employed.  Where  available, 
numerical  calculations  from  the  linearized  time- 
domain  method  developed  at  the  University  of 
Michigan  (Magee  &  Beck,  1988)  are  included  and 
denoted  as  “Michigan”.  Strip  theory  results  are 
based  on  Salvesen,  Tuck  &  Faltinsen  (1970).  Those 
used  in  Secs.  4.1  and  4.2  are  taken  from  Magee  & 
Beck  (1988). 

4.1  Linear  Radiation  Problem 

Fig.  (1)  shows  the  impulse- response  function,  L(2), 
for  the  heave  force  on  a  hemisphere,  radius  a,  as 
a  function  of  time,  obtained  using  SAMP  with 
A2=0.05.  Here  L(t)  is  defined  as 

m  =  pJJB  *tnzdS,  (20) 

for  an  impulse  (delta  function)  acceleration  at 
t= 0.  The  curve  for  Hulme  (1982)  is  obtained  from 
Fourier  transform  of  his  analytic  frequency-domain 
results.  The  time-domain  results  show  the  charac¬ 
teristic  oscillations  at  larger  times  which  are  caused 
by  the  presence  of  irregular  frequencies  of  the  in¬ 
terior  problem  (Adachi  &  Ohmatsu,  1982).  Note 
that  the  amplitudes  of  these  spurious  oscillations 
decrease  as  the  number  of  panels  is  increased. 


Fig.  2:  Heave  added-mass  and  damping  coefficients 
for  a  hemisphere. 

The  added  mass  and  damping  coefficients  are  re¬ 
lated  to  the  cosine  and  sine  transforms  respectively 
of  the  impulse-response  function.  These  are  shown 
in  Fig.  (2)  as  compared  to  the  frequency-domain 
result  of  Hulme  (1982).  For  illustration  the  loca¬ 
tion  of  the  lowest  irregular  frequency  (ufrra/g  « 
2.56,  Hulme,  1983)  is  also  indicated.  It  is  seen 
that  the  oscillations  in  Fig.  (1)  are  directed  related 
to  the  irregular  behavior  near  t although  the 
singular  nature  is  not  fully  captured  because  of  the 
finite-time  truncation  of  L(t)  (at  2=20  in  this  case). 
We  note  again  the  smaller  and  more  confined  os¬ 
cillations  for  larger  N. 

For  radiation  problems  with  forward  speed,  a 
forced  oscillatory  motion  is  superimposed  on  a 
step-function  jump  of  the  forward  velocity  to  the 
prescribed  value.  The  force  coefficients  are  then 
obtained  from  Fourier  transforms  of  the  SAMP 
force  time  histories  after  steady  state  is  reached. 
In  the  presence  of  forward  speed,  quadratic  con¬ 
tributions  must  be  retained  in  the  present  space- 
fixed  formulation  and  the  impulse-response  func¬ 
tion  is  not  generally  useful.  This  computational 
inefficiency  for  the  special  case  of  linearized  sea¬ 
keeping  is  the  main  (in  fact  only)  disadvantage  of 
the  spaced-fixed  formulation. 

Figs.  (3,4)  show  the  heave  and  pitch  diagonal 
and  off-diagonal  added-mass  and  damping  coeffi¬ 
cients  of  the  Wsk  hull  at  Froude  number  Fn  = 
U /\/^r=0.2.  The  SAMP  calculations  use  iV=120 
and  A2=0.1.  These  results  are  considered  to  have 
converged  in  that  selected  calculations  (not  shown) 
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Figs.  4:  Off-cliagonal  heave  and  pitch  added-mass  and  damping  coefficients  of  a  W sk  hull  at  Fn  = 0.2 
For  values  at  r0  =  1/4,  (\\O.A):  SAMP  N  =  120,  10,20,40) 


using  7V=200  and  A<=0.05  show  changes  of  less 
than  1%  in  the  force  coefficients.  As  pointed  out 
earlier,  the  SAMP  calculations  do  not  contain  the 
contributions  of  the  m-terms  while  the  general 
LAMP  computations  do.  To  gauge  the  importance 
of  these  effects,  we  include  in  the  figures  the  small- 
amplitude  limits  of  the  large- amplitude  LAMP  re¬ 
sults  (see  Sec.4.5).  These  values  are  obtained  from 
extrapolations  of  the  small  finite-amplitude  LAMP 
results  to  zero  amplitude  and  are  denoted  hereafter 
as  LAMP0.  From  Figs. (18),  it  is  seen  that  LAMP 
approaches  the  LAMP0  limit  very  smoothly  so  that 
the  estimates  are  reliable. 

For  the  diagonal  coefficients  (Fig.3),  the  LAMPo 
and  SAMP  results  are  both  reasonably  satisfactory 
although  the  m-term  effects  appear  to  play  an  ap¬ 
preciable  role  as  the  relative  frequency,  r0  =  Uu/g, 
decreases  and  especially  for  the  pitch  coefficients. 
On  the  other  hand,  the  Michigan  results  (which 
include  m-terms)  using  the  same  N  show  unex¬ 
plained  deviations  for  intermediate  values  of  t0. 
Not  surprisingly,  strip  theory  performs  better  for 
larger  r0  but  appears  to  be  affected  significantly 
only  for  S55  at  lower  frequencies. 

The  results  are  much  more  interesting  for  the  off- 
diagonal  coefficients.  For  the  added-mass  terms 
A35  and  A 53,  the  SAMP  calculations  compare  well 
to  measured  data.  When  effects  of  the  m-term  are 
included,  the  deviations  of  LAMPo  from  SAMP 
are  primarily  at  lower  frequencies  but  the  com¬ 
parison  to  experiments  is  otherwise  not  improved. 
For  the  damping  terms  B35  and  B53,  the  SAMP 
results  are  inadequate,  showing  a  large  somewhat 
constant  shift,  and  indicate  that  the  m-term  effects 
may  play  an  important  role  for  these  coefficients. 
Indeed,  when  the  m-term  effects  are  included,  the 
LAMPo  and  Michigan  results  are  both  reasonably 
close  to  experimental  measurements. 

In  summary,  we  see  that  the  SAMP  results  are 
satisfactory  for  the  off-diagonal  added  mass  coef¬ 
ficients,  and  generally  acceptable  for  the  diagonal 
coefficients.  Taken  together,  the  LAMPo  predic¬ 
tions  provide  overall  good  agreement  with  exper¬ 
iments  and  are  clearly  superior.  By  comparing 
SAMP  and  LAMPo  results,  the  effect  of  the  m- 
terms  is  quantified  and  shown  to  be  important  for 
pitch-related  coefficients  at  lower  frequencies  and 
especially  for  the  off-diagonal  damping  terms.  In 
is  noteworthy  that  since  LAMP  uses  a  linearized 
free-surface  condition,  the  present  results  suggest 
that  nonlinear  free-surface  terms  such  as  those  that 


may  be  included  in  Dawson-type  codes  (e.g.,  Nakos 
&  Sclavounos,  1990)  may  otherwise  not  be  as  im¬ 
portant  in  the  prediction  of  the  motion  coefficients. 

A  well-known  theoretical  difficulty  of  the  linear 
seakeeping  problem  is  the  singularity  at  the  critical 
relative  frequency  r0  =1/4  (e.g.,  Dagan  &  Miloh, 
1980).  Physically,  this  may  be  explained  by  the 
simple  fact  that  at  r0  =  1/4  the  group  velocity 
of  the  waves  generated  by  the  oscillatory  motion 
matches  the  ship  speed  U  and  resonance  occurs.  In 
the  frequency  domain,  the  linearized  result  is  un¬ 
bounded  while  in  the  time-domain  the  resonance 
is  manifest  as  a  slow  unbounded  growth  of  the  so¬ 
lution  with  time. 

While  actual  predictions  at  the  critical  frequency 
may  not  be  contemplated  in  the  context  of  lin¬ 
earized  theory,  it  is  useful  to  be  able  to  avoid 
the  undesirable  growing  solution  in  general  time- 
dependent  simulations.  An  obvious  idea  (also  sug¬ 
gested  by  Beck  &  Magee,  1990)  is  to  simply  trun¬ 
cate  the  duration  of  the  memory  effect  convolution 
terms  in  (15)  by  requiring  t-r  <  Tcut,  say.  This  is 
illustrated  in  Fig.  (5)  which  shows  the  time  history 
of  the  vertical  force  on  a  Wsk  hull  starting  from 
rest  with  a  heaving  frequency  of  w=1.25  and  a  for¬ 
ward  speed  corresponding  to  t0  =  1/4  ( F ,=0.2). 
When  the  memory  effect  is  not  limited,  the  force 
grows  slowly  without  reaching  steady-state.  When 
we  set  Tcut=10,  however,  steady-state  is  quickly 
reached  resembling  the  results  at  non-critical  t0's. 
We  point  out  that  because  of  the  relatively  slow 
growth  and  the  effective  truncation  of  Tcut  by  the 
total  duration  of  the  simulation,  the  problem  of 
the  critical  frequency  may  not  pose  a  severe  limi¬ 
tation  in  practice  for  general  (not  critically  forced) 
time-domain  applications.  The  motion  coefficients 
obtained  from  SAMP  calculations  using  different 
values  of  Tcut  are  presented  as  separate  symbols 
on  the  r0  =  1/4  vertical  in  Figs.  (3,4).  We  cau¬ 
tion  that  these  results  should  not  be  considered  as 
‘predictions’  at  the  critical  frequency  despite  the 
fact  that  they  are  now  finite  and  appear  to  give  a 
roughly  continuous  trend. 

4.2  Linear  Diffraction  Problem 

The  presence  of  incident  waves,  4>/(z,t),  can  be 
included  into  the  governing  equation  (15)  in  a 
straightforward  manner.  In  practice,  this  is  intro¬ 
duced  instantaneously  at  t=0  and  the  diffraction 
effects  evaluated  after  the  transients  vanish  typi- 
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Fig.  5:  Peaks  of  the  heave  force  history  for  a  Wsk 
hull  at  Fn  — 0.2,  r0= 1/4. 

cally  in  a  very  short  time.  In  the  case  of  no  forward 
speed,  the  linear  diffraction  problem  is  validated 
for  a  floating  hemisphere.  The  SAMP  results  are 
indistinguishable  from  the  earlier  computations  of 
Cohen  (1986)  and  King  (1987)  and  the  compar¬ 
isons  are  not  shown  here. 

Figs.  (6)  shows  the  amplitude  and  phase  of  the 
wave  exciting  forces  on  a  Wsk  hull  moving  with 
forward  speed,  Fn= 0.2,  in  head  seas.  For  the 
SAMP  results,  A=120  and  30  time  steps  per  inci¬ 
dent  wave  period  is  used.  The  comparisons  to  the 
time- domain  results  of  Michigan,  strip  theory  and 
experiments  are  overall  satisfactory.  The  Michi¬ 
gan  calculations  underpredict  the  secondary  hump 
at  high  frequency  although  both  of  the  3D  time- 
domain  calculations  show  better  correlations  to  the 
experiments  than  strip  theory. 

For  a  more  realistic  and  complicated  geometry,  we 
consider  the  Series  60  (Cb=0.7)  hull  form  for  which 
extensive  experimental  data  are  available.  Figs.  (7) 
show  a  complete  set  of  results  for  Fn=0.2  in  head 
seas.  The  SAMP  results  with  TV =180  and  250  have 
clearly  converged  (30  time  steps  per  incident  wave 
period  are  found  to  be  more  than  adequate)  and 
compare  very  well  with  experimental  data.  Not 
surprisingly,  strip  theory  results  are  generally  ac¬ 
ceptable  compared  to  SAMP  predictions  at  higher 
frequencies.  On  the  other  hand,  the  Michigan  re¬ 
sults  do  not  indicate  convergence  and  appear  to  un¬ 
derpredict  the  amplitudes  especially  at  the  higher 
frequency  second  hump. 


4.3  Large-Amplitude  Motions  at  Zero 
Speed 

As  a  first  example,  we  study  the  large-amplitude 
heaving  of  a  (complete)  sphere.  The  sphere  is  ini¬ 
tially  semi-submerged  with  its  center  at  the  ori¬ 
gin  and  a  forced  heaving  motion  with  z(t)  = 
—  Ahsmutt  is  imposed  at  <=0.  We  set  cj=1  and 
use  7V=150  and  wA t  =  27t/30.  As  pointed  out 
earlier,  at  each  time  step,  the  submerged  portion 
of  the  sphere  is  repanelized,  the  Rankine  influence 
matrix  reevaluated  and  solved,  and  the  memory 
terms  recalculated  from  r=0  to  r  =  t. 

Fig.  (8)  shows  the  different  components  of  the  ver¬ 
tical  force  on  the  sphere  as  a  function  of  time  for 
the  case  of  Ah/a- 0.5.  Steady-state  (limit  cycle)  is 
rapidly  reached  (within  one  period)  for  all  the  com¬ 
ponents.  For  this  geometry,  the  hydrostatic  force 
is  a  large  part  of  the  total.  The  inertia  (—d$/dt) 
term  shows  distinct  higher-harmonic  components 
while  the  quadratic  (-|V$|2/2)  component  is  pri¬ 
marily  at  the  second  harmonic,  as  expected.  Sur¬ 
prisingly,  these  higher  harmonic  contributions  ap¬ 
pear  to  cancel  closely  so  that  the  total  force  oscil¬ 
lates  primarily  at  forcing  frequency  together  with 
a  negative  (suction)  steady  component. 

To  validate  the  large- amplitude  capability  of 
LAMP,  systematic  convergence  tests  were  per¬ 
formed  for  this  case.  A  typical  example  is 
Fig.  (9)  which  shows  the  hydrodynamic  force  his¬ 
tory  (Fhd)  for  varying  N  and  u>A t  for  Ah/a= 0.5. 
The  results  are  indistinguishable  indicating  that 
N  =  150  and  uAt  =  27t/30  are  more  than  adequate. 

Fig.  (10)  shows  the  time  history  of  the  vertical  hy¬ 
drodynamic  forces  on  the  sphere  for  different  Ah/ a. 
As  expected,  the  nonlinear  curves  approach  the 
linear  one  as  Ah /a  decreases.  For  larger  heaving 
amplitudes,  the  peaks  become  sharper  and  higher, 
while  the  troughs  become  shallower.  The  nonlin¬ 
ear  effect,  however,  is  relatively  small  even  when 
the  heaving  amplitude  is  50%  of  the  radius.  This 
was  found  also  in  earlier  /u//t/-nonlinear  simulations 
for  heaving  axisymmetric  bodies  (Lin,  et  al,  1984; 
Dommermuth  &  Yue,  1986). 

A  detailed  analysis  of  the  frequency  components  of 
the  force  can  be  obtained  from  Fourier  transform 
of  the  steady-state  (limit-cycle)  time  history.  For 
convenience,  we  define  the  frequency  components 
of  the  vertical  force: 

Fz(t)  =  &  [/o  +  heiwt  +  f2ei2ut  +  ...]. 
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Table  1:  Frequency  component  amplitudes 
of  the  vertical  force  on  a  sphere  undergoing 
large- amplitude  heaving  motion,  i4^/a=0.5. 


Ah/  a 

fo/pgiraAl 

\fi\/pg*a2Ah 

Ihl/pgxdAl 

dynamic 

dynamic 

total 

dynamic 

linear 

— 

0.3351 

0.7427 

— 

0.125 

-0.0085 

0.3331 

0.7328 

0.1813 

0.250 

-0.0105 

0.3285 

0.7269 

0.1779 

0.375 

-0.0129 

0.3229 

0.7161 

0.1771 

0.500 

-0.0144 

0.3129 

0.7010 

0.1758 

0.625 

-0.0182 

0.3026 

0.6834 

0.1748 

o 


Fig.  8:  Components  of  the  vertical  force  on  a 
sphere  undergoing  large- amplitude  heaving  motion 

(Afl/a= 0.5).  - total;  ■  •  •  hydrostatic;  — - 

inertia  (- d$/dt ); - quadratic  (-|V4>|2/2). 


o 


Fig.  10:  Hydrodynamic  vertical  force  on  a  sphere 

undergoing  large- amplitude  heaving  motion.  - 

linear;  •  •  •  Ah/a— 0.125;  —  •  —  Ah/a= 0.25; - 

Ah/a- 0.5. 


wt/ 2x 

Fig.  9:  Convergence  of  the  hydrodynamic  force  on 
a  sphere  undergoing  large- amplitude  heaving  mo¬ 
tion  (Ah/ a=0.5).  -  N— 150,  u;Ai=27r/30;  + 

A  =  150,  u;A*=27r/40;  X  :  iV=200,  u;A^2tt/30. 
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Fig.  11:  Excitation  frequency  components  of 
the  limit-cycle  hydrodynamic  vertical  force  on  a 
sphere  undergoing  large- amplitude  heaving  motion 
(u;=1.0).  ■  in-phase  with  acceleration  (“added- 

mass”);  □  out-of-phase  with  acceleration  (“damp¬ 
ing”)  coefficients  using  LAMP  jV— 150. 
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These  are  given  in  appropriately  normalized  form 
in  Table  1  for  the  hydrodynamic  as  well  as  the  total 
force  for  different  Ah  fa.  The  hydrostatic  force  is 
given  analytically  by: 


FHs(t)  =  PS? ra3 


2  z(t) 

3  a 


1 

3 


which  contains  both  linear  and  nonlinear  first- 
harmonic  and  nonlinear  third-harmonic  compo¬ 
nents.  The  mean  (steady)  hydrodynamic  suction 
force,  /o,  is  caused  primarily  by  an  approximately 
180°  phase  shift  between  the  heaving  and  wave  mo¬ 
tions.  Interestingly,  its  amplitude  increases  more 
than  quadratically  with  Ah  fa.  For  the  reaction  at 
forcing  frequency,  /i,  the  large- amplitude  results 
match  the  linear  limit  smoothly  for  small  Ah  fa  but 
increases  slower  than  linearly  with  Ah  fa  as  the  am¬ 
plitude  increases.  For  the  hydrodynamic  second- 
harmonic  (double-frequency)  component,  the  nor¬ 
malized  amplitude  \f2\IA\  remains  nearly  constant 
for  the  heaving  amplitudes  considered. 

Fig.  (11)  plots  as  a  function  of  Ah/a ,  the  normal¬ 
ized  components  of  f\  in  phase  and  out  of  phase 
with  the  acceleration.  These  quantities  can  be 
considered  the  large-amplitude  “added-mass”  and 
“damping”  coefficients  respectively  as  they  would 
be  in  the  linearized  limit.  Here,  the  “added-mass” 
coefficient  shows  a  clear  decreasing  trend  as  heave 
amplitude  increases.  This  is  a  new  result  and  has 
important  implications  to  the  overall  dynamics  of 
the  body.  On  the  other  hand,  the  “damping”  co¬ 
efficient  remains  almost  constant  over  the  range 
of  heaving  amplitudes.  This  behavior  of  the  wave 
damping  term  may  be  partly  a  result  of  the  lin¬ 
earized  free  surface  condition  used  in  the  present 
approach.  We  caution,  however,  that  the  depen¬ 
dencies  of  the  motion  coefficients  on  amplitude  can, 
in  general,  be  sensitive  to  the  forcing  frequency 
(Ferrant,  1988). 

The  linearization  of  the  free  surface  conditions  can¬ 
not  in  principle  be  justified  as  the  motion  ampli¬ 
tudes  become  very  large.  For  many  body  geome¬ 
tries  and  motions,  however,  the  nonlinear  effects 
associated  with  the  geometry  alone  play  a  predom¬ 
inant  role  so  that  the  neglect  of  free-surface  non- 
linearities  may  be  acceptable.  This  was  indicated, 
for  example,  by  many  of  the  fully- nonlinear  simu¬ 
lations  of  Dommermuth  &  Yue  (1986). 


4.4  Steady  Forward  Speed  Without  Mo¬ 
tions  —  The  Wave  Resistance  Problem 

The  idea  that  the  steady-state  limit  of  the  time- 
domain  approach  may  be  useful  for  the  steady  re¬ 
sistance  problem  (and  thereby  circumventing  the 
difficulties  of  the  Neumann-Kelvin  formulation) 
was  one  of  the  motivations  for  its  development.  In 
any  event,  it  certainly  seems  valuable  to  validate 
the  method  for  the  case  of  steady  forward  speed 
without  motions  as  a  basis  for  general  motion  ap¬ 
plications  with  forward  speed.  Despite  the  above, 
the  resistance  prediction  for  ship  hulls  using  a  time- 
domain  calculation  does  not  appear  to  have  been 
systematically  performed  before. 

As  an  illustration,  we  show  in  Fig.  (12)  the  horizon¬ 
tal  force  (wave  resistance)  coefficient,  Cx,  as  a  func¬ 
tion  of  time  for  the  ‘resistance’  Wigley  hull,  Wrt • 
The  body  is  started  abruptly  from  rest  to  a  con¬ 
stant  forward  speed  corresponding  to  Tn=0.3.  The 
resistance  coefficient  is  defined  as  Cx  =  Fxf  |p(/2S, 
where  S  is  the  (mean)  wetted  surface  area  of  the 
hull.  For  the  SAMP  calculation,  N=16S  and  A t  = 
27r/40  are  used.  The  Cx  curve  shows  sharp  ini¬ 
tial  transients  which  settle  rapidly  to  a  decaying 
oscillation  of  period  T  «  To  =  8t rU/g  around  a 
constant  mean  value.  The  period  and  rate  of  de¬ 
cay  of  this  oscillatory  behavior  is  consistent  with 
the  asymptotic  result  given  by  Wehausen  (1964). 
(These  qualitative  features  can  in  fact  be  deduced 
by  considering  the  group  velocity  and  dispersion  of 
the  ‘start-up’  transient.) 

To  obtain  a  prediction  of  the  steady  wave  re¬ 
sistance,  we  average  the  large-time  value  of  Cx 
over  a  period  of  To  (Dommermuth  &  Yue,  1988). 
The  SAMP  predictions  are  compared  with  ITTC 
experimental  data  (McCarthy,  1985)  as  well  as 
steady  calculations  based  on  a  Dawson-type  pro¬ 
gram  (Letcher,  et  al.,  1989)  hereafter  designated 
as  SLAW.  The  SLAW  results  use  a  total  of  240 
panels  on  the  body  and  1380  panels  on  the  free 
surface  (assuming  port-starboard  symmetry).  The 
comparison  between  SAMP  and  SLAW  predictions 
is  remarkably  good  although  both  results  slightly 
over-predict  the  wave  resistance  given  by  the  band 
of  experimental  measurements. 

In  a  similar  manner,  the  steady  sinkage  force  and 
pitch  moment  can  be  estimated  from  the  vertical 
force  and  pitch  moment  time  histories.  These  are 
shown  in  Figs.  (13,14)  respectively  and  again  com¬ 
pared  to  SLAW  calculations.  The  comparison  for 
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o 


Fig.  12:  Horizontal  force  time  history  for  a  Wrt 
hull  moving  at  Fn~ 0.3. 


o 


Fig.  13:  Vertical  force  time  history  for  a  Wrt  hull 
moving  at  Tn=0.3. 


o 


Fig.  14:  Pitch  moment  time  history  for  a  WRT  hull 
moving  at  jFn=0.3. 


the  pitch  moment  is  very  good  while  the  two  re¬ 
sults  differ  by  about  15%  for  the  steady  vertical 
force. 

To  evaluate  the  dependence  of  SAMP  predictions 
on  panel  size  and  time  steps,  systematic  conver¬ 
gence  tests  were  performed  for  different  numbers 
of  panels  and  time  steps  for  Fn=0,3  and  0.4.  These 
results  are  summarized  in  Tables  2  and  3.  Three 
different  grid  distributions  —  uniform,  cosine  and 
‘geometric’  spacing  —  are  considered  in  the  lon¬ 
gitudinal  direction  while  the  girth-wise  grid  sizes 
are  kept  constant.  The  so-called  ‘geometric’  spac¬ 
ing  is  based  on  the  criterion  that  the  projection  of 
each  panel  on  the  y-z  plane  be  constant.  For  the 
parabolic  Wrt  hull,  this  corresponds  to  a  square 
root  grid  distribution  in  the  longitudinal  direction. 
From  the  tables,  some  indication  of  convergence  is 
observed,  although  a  definite  trend  is  still  difficult 
to  obtain.  This  suggests  that  possibly  larger  num¬ 
bers  of  panels  may  be  required  for  more  accurate 
predictions  at  these  Froude  numbers.  Comparing 
the  three  grid  distributions,  the  geometric  grids 
seem  to  give  the  best  and  most  consistent  results. 
For  the  calculations  in  this  and  later  sections,  a 
geometric  grid  with  A  =  168  (28x6)  and  A<=27r/40 
was  used. 

To  obtain  a  complete  resistance  curve,  the  calcu¬ 
lation  of  Fig.  (12)  was  repeated  for  Froude  num¬ 
bers  ranging  from  0.2  to  0.45.  The  final  results 
are  shown  in  Fig.  (15)  together  with  the  ITTC  ex¬ 
perimental  data.  The  overall  comparison  is  quite 
satisfactory. 

Finally,  we  evaluate  the  possible  effect  of  the  start¬ 
up  velocity  profile  on  the  steady-state  force  predic¬ 
tions.  For  illustration,  three  velocity  profiles  were 
considered  with  V(t)=0  for  t  <  0,  V(t)  =  V  for 
t  >  Ti,  and  for  0  <  t  <  Tx  :  (i)  impulsive  start, 
V(t)  =  U ;  (ii)  ramp  start,  V(t)  =  Ut/T\;  and  (iii) 
cosine-function  start,  V(t)  =  U[l  —  cos(nt/2Ti)]/2. 
Fig.  (16)  shows  the  horizontal  force  time  histories 
for  these  three  cases  with  Ti/To=0.6.  The  initial 
transients  and  the  phases  of  the  later  oscillations 
differ  appreciably  between  (i)  and  (ii),(iii)  but  the 
same  steady-state  value  is  reached.  As  expected, 
the  smoother  ramp  and  cosine-function  profiles 
produce  smaller  transient  and  To  oscillations  (asso¬ 
ciated  with  milder  start-up  disturbances)  and  are 
preferred  for  practical  resistance  predictions  using 
SAMP. 
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Table  2:  Wave  resistance  coefficients  Cx  X  103  of  the  Wrt  hull  at  Fn=0.3 
as  a  function  of  grid  size  ana  distribution. 


At/2?r 

un. 

iform  grid 

cosine  grid 

geometric  grid 

20x6 

28x6 

36x6 

20x6 

28x6 

36x6 

20x6 

28x6 

36x6 

1/20 

2.53 

2.84 

1.70 

2.82 

1.99 

1.48 

1.20 

1.48 

2.50 

1/30 

2.50 

1.37 

1.58 

1.82 

1.87 

0.94 

1.57 

1.62 

1.60 

1/40 

1.68 

2.79 

1.26 

1.22 

1.84 

1.78 

1.29 

1.64 

1.75 

Table  3:  Wave  resistance  coefficients  Cx  X  103  of  the  Wrt  hull  at  Fn=0.4 
as  a  function  of  grid  size  and  distribution. 


At/2n 

uniform  grid 

cosine  grid 

geometric  grid 

20x6 

28x6 

36x6 

20x6 

28x6 

36x6 

20x6 

28x6 

36x6 

1/20 

1.32 

1.56 

1.53 

1.43 

1.62 

1.71 

1.42 

1.68 

2.07 

1/30 

0.33 

2.50 

1.96 

1.68 

1.98 

2.12 

2.24 

2.07 

1.94 

1/40 

4.22 

1.24 

2.24 

1.61 

2.33 

2.10 

2.05 

2.15 

2.09 

o 


K 

Fig.  15:  Wave  resistance  coefficient  for  the  Wrt 
hull  as  a  function  of  Froude  number. 


4.5  Large- Amplitude  Motions  with  For¬ 
ward  Speed 

A  main  objective  of  this  work  is  to  evaluate  and 
quantify  the  importance  of  large-amplitude  mo¬ 
tions  on  seakeeping  characteristics.  While  the 
change  of  such  relevant  quantities  as  added  mass 
(and  hence  natural  frequencies  and  response  ampli¬ 


o 


Fig.  16:  Horizontal  force  time  history  for  a  Wrt 
hull  moving  at  Fn=0.3  using  different  start-up  ve¬ 
locity  profiles  (7\/To=0.6  ). 


tudes)  due  to  large-amplitude  motions  can  be  ex¬ 
pected  on  physical  grounds,  and  has  been  reported 
in  experiments  (e.g.,  O’Dea  &  Troesch,  1987),  the 
precise  magnitudes  or  even  dependencies  are  as  yet 
not  well  known. 

To  address  this  problem,  the  LAMP  program 
was  applied  to  the  large-amplitude  forced  heav- 
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Figs.  17:  Steady  surge,  heave  and  pitch  forces  and 
moment  on  a  heaving  (frequency  cj=1.0,  amplitude 
Ah)  Wrt  hull  moving  with  constant  forward  speed 

(,Fn=0.2).  ■  :  LAMP  (#=160); - :  ‘calm-water’ 

(,4^=0)  value  obtained  with  SAMP. 


ing  of  a  Wrt  hull  moving  with  constant  forward 
speed.  Specifically  we  chose  a  Froude  number 
Fn=0.2,  a  heaving  frequency  cj=1.0,  and  consid¬ 
ered  a  range  of  heaving  amplitudes  correspond¬ 
ing  to  Ah/H  -7.5  -  45%  where  H  is  the  draft. 
Figs. (17)  show  the  added  resistance,  added  sinkage 
and  added  trim  forces  as  a  function  of  the  heave 
amplitude.  For  contrast,  the  ‘calm-water’  values 
(cf.  Sec.4.4)  are  also  indicated.  For  small  Ah/H, 
the  results  are  close  to  the  calm-water  values  as 
expected  and  the  approach  to  this  limit  is  very 
smooth.  As  the  amplitude  increases,  however,  the 


Fig.  18:  Excitation  frequency  components  of  the 
limit-cycle  forces  and  moment  on  a  heaving  ( 
o?=1.0,  amplitude  Ah  )  WRT  hull  moving  with  con¬ 
stant  forward  speed  (Fn— 0.2).  ■  in  phase  with 
acceleration  (“added-mass”  );  □  out-of-phase  with 
acceleration  (“damping”)  coefficients  using  LAMP 
(#  =  160).  Also  indicated  are  T,  V  :  small- 
amplitude  limits  (LAMPo);  and  A,  A  :  SAMP 
added  mass  and  damping  coefficients. 

added  resistance  increases  rapidly  and  is  as  much 
as  0(5)  or  more  times  the  calm-water  value  for  the 
larger  amplitudes  considered.  The  picture  is  sim¬ 
ilar  for  the  mean  vertical  force  and  moments  but 
somewhat  less  dramatic. 

By  analysing  the  limit-cycle  force  and  moment  his¬ 
tories  for  the  frequency  components  at  the  forc¬ 
ing  frequency  that  are  in  phase  and  out  of  phase 
respectively  with  the  acceleration,  the  so-called 
large-amplitude  “added-mass”  and  “damping”  co¬ 
efficients  with  forward  speed  can  again  be  identi¬ 
fied  (cf.  Sec. 4. 3).  These  diagonal  and  off-diagonal 
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seakeeping  coefficients  are  shown  in  Figs. (18)  as 
a  function  of  Ah/H.  For  small  amplitudes,  the 
approaches  to  the  linear  (zero  amplitude)  limits 
are  very  smooth  allowing  accurate  extrapolation 
for  the  linearized  LAMPo  estimates.  As  noted 
in  Figs. (3, 4),  this  small- amplitude  limit  of  LAMP 
differs  from  the  linearized  SAMP  prediction  (also 
shown  in  Figs.  18)  because  of  the  absence  of  the 
effect  of  the  m- terms  in  the  latter. 

As  in  the  case  for  the  heaving  sphere  with  no  for¬ 
ward  speed  (Figs. 11),  the  large- amplitude  added 
mass  shows  a  clear  dependence  on  the  amplitude 
and  decreases  appreciably  as  Ah  increases.  As  an 
illustration,  when  the  heave  amplitude  is  ~40%  of 
the  draft,  A33  has  decreased  to  about  60%  of  the 
small- amplitude  value.  For  the  present  Wrt  hull, 
the  waterplane  area  changes  very  little  with  heave 
amplitude  and  consequently  the  relevant  heave 
natural  frequency  would  increase  by  ~20%  com¬ 
pared  to  the  linear  value  in  this  case.  This  may 
explain  some  of  the  “unexpected”  dependencies  of 
the  response  amplitude  functions  on  forcing  ampli¬ 
tude  observed  in  experiments.  As  with  the  sphere 
with  no  forward  speed,  the  LAMP  damping  coef¬ 
ficients  here  are  less  sensitive  to  heave  amplitude 
probably  due  to  the  fact  that  nonlinear  radiation 
mechanisms  are  absent  in  the  present  approxima¬ 
tion. 

4.6  Motions  of  a  Floating  Body  and  Un¬ 
steady  Loads 

With  the  ability  to  determine  the  relevant  hydro- 
dynamic  forces  at  any  given  instant,  the  complete 
six  degree-of-freedom  motion  history  of  the  body 
can  be  obtained  by  a  direct  integration  of  the  dy¬ 
namical  equations.  Thus  LAMP  can  be  employed 
to  study  general  time-dependent  motions  such  as 
in  the  case  of  a  ship  advancing  in  an  irregular  sea¬ 
way.  Indeed,  one  of  the  important  applications  is 
the  study  of  episodic  events  involving  large  loads 
and  motions  in  the  time  domain. 

To  validate  the  motions  solver,  we  consider  first 
the  decaying  motions  of  a  freely-floating  sphere  re¬ 
leased  from  rest  with  a  given  initial  vertical  dis¬ 
placement.  As  a  test,  we  integrate  the  problem  di¬ 
rectly  in  time,  although  for  the  linearized  problem 
the  solution  can  be  obtained  by  a  Laplace  trans¬ 
form  involving  the  force  impulse-response  function 
of  Fig.  (1)  (Liapis,  1986).  Consistent  with  the  open 
time  quadrature  formula  of  (17),  we  employ  an  ex- 
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Fig.  19:  Vertical  displacement  history  of  a  float¬ 
ing  hemisphere  released  from  rest  with  an  initial 
height  Ah* 


plicit  multi-step  scheme  for  the  motion  time  inte¬ 
gration. 

First,  SAMP  computations  were  performed  and 
compared  to  the  linearized  calculations  and  small- 
amplitude  experiments  of  Liapis  (1986).  The  re¬ 
sults  are  indistinguishable  and  very  close  to  the 
measurements  and  are  not  shown.  Fig.  (19) 
shows  the  SAMP  and  LAMP  (for  initial  ampli¬ 
tude  A^/a=0.5)  results  with  iV=15G  and  Af=0.1. 
The  difference  in  the  (normalized)  amplitudes  is 
small  but  it  is  of  interest  to  note  that  the  LAMP 
oscillation  periods  are  longer  than  the  linearized 
values  by  about  5%.  This  is  caused  by  the  com¬ 
peting  effects  of  added-mass  decrease  due  to  large- 
amplitude  motions  (cf.  Fig.  (11))  which  tends  to 
decrease  the  period,  and  the  reduction  in  the  av¬ 
erage  waterplane  area  (and  hence  the  hydrostatic 
force)  which  tends  to  increase  the  period  of  oscil¬ 
lation.  In  this  case,  the  latter  effect  is  greater  and 
consequently  an  increase  in  natural  period  is  ob¬ 
served.  This  again  underscores  the  importance  of 
nonlinear  geometry  effects. 

An  interesting  application  of  the  motion  program 
is  to  reexamine  the  calm-water  resistance  problem 
of  Sec.4.4  but  this  time  allowing  the  body  to  freely 
sink  and  trim  until  steady-state  values  are  reached. 
Starting  from  rest,  the  ship  is  held  to  a  constant 
forward  speed  but  is  otherwise  free  to  heave  and 
pitch.  In  the  large-amplitude  simulation,  the  un¬ 
derwater  geometry  is  allowed  to  change  as  steady- 
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Fig.  20:  Wave  resistance  coefficient  for  the  Wrt 
hull  as  a  function  of  Froude  number. 

o 

o 


Fn 

Fig.  21:  Sinkage  (a)  and  trim  (b)  of  the  Wrt  hull 
as  a  function  of  Froude  number.  8  a  =  draft  at  AP , 
8p  =  draft  at  FP.  Positive  trim  means  bow  up. 


state  is  attained  by  an  equilibrium  between  hydro¬ 
static  forces  of  the  final  geometry  and  the  steady 
vertical  force  and  pitch  moment. 

Fig.  (20)  shows  the  free  sinkage  and  trim  wave 
resistance  of  the  Wrt  hull  as  compared  to  cor¬ 
responding  experimental  measurements  as  well  as 
the  fixed  body  resistance  results  of  Fig.  (15).  The 
present  LAMP  calculations  use  At=27r/40  and 
N  =  196  (28 X  7)  where  an  extra  horizontal  row  of 
panels  is  added  to  the  grid  of  Fig.  (15)  to  model 
the  extra  draft  due  to  sinkage.  From  the  figure, 
the  increase  in  wave  resistance  due  to  sinkage  and 
trim  is  clearly  predicted.  Comparisons  between  the 
LAMP  results  and  experiments  are  excellent. 

The  comparison  for  sinkage  and  trim  is  shown  in 
Figs.  (21).  The  LAMP  predictions  are  again  sat¬ 
isfactory  both  in  the  magnitude  and  the  forward 
speed  dependence.  The  results  are  somewhat  bet¬ 
ter  for  the  sinkage  and  show  a  slight  underpredic¬ 
tion  of  the  trim  at  higher  speeds.  Since  sinkage 
is  the  main  reason  for  the  resistance  increase,  the 
under-prediction  of  trim  at  high  Fn  does  not  affect 
the  resistance  prediction  significantly. 

Finally,  we  applied  LAMP  to  study  free  vertical- 
plane  motions  of  a  ship  advancing  in  irregular  head 
seas.  A  time  record  of  the  free  surface  was  con¬ 
structed  using  a  two-parameter  Pierson-Moskowitz 
spectrum  with  a  significant  wave  height  H1/3=  10 
feet  and  a  modal  period  rm=12  seconds  with  low 
and  high  frequency  cutoffs  at  0.1  and  4.25  rad/sec 
respectively. 

A  400  foot  long  Wrt  hull  with  constant  forward 
speed  corresponding  to  Fn= 0.2  was  first  chosen. 
Figure  (22)  shows  the  time  history  of  the  inci¬ 
dent  wave  elevation  at  the  ship  center  of  gravity, 
along  with  the  pitch  and  heave  displacements  from 
LAMP  calculations  (A=160,  Af=0.3526  seconds). 
For  contrast,  strip  theory  predictions  obtained  by 
superposition  of  the  linear  frequency-domain  re¬ 
sponses  at  the  component  incident  frequencies  are 
also  included.  To  be  consistent  with  the  strip  the¬ 
ory  program  used  here,  the  LAMP  calculations  in¬ 
clude  the  hydrostatic  (and  Froude- Krylov)  forces 
only  up  to  the  mean  waterline.  To  remove  the  ef¬ 
fects  of  starting  transients,  the  LAMP  simulation 
has  been  started  from  rest  at  f=— 10  seconds. 

As  can  be  seen  in  Fig.  (22),  the  differences  between 
LAMP  and  strip  theory  are  small  for  the  pitch  dis¬ 
placement,  with  the  exception  of  apparent  mem¬ 
ory  (transient)  effects  around  10  <  t  <  60  and 
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Fig.  22:  Incident  wave  elevation  (77/)  at  the  ship’s  center  of  gravity,  pitch  angle  ( 0 ),  and  heave  displacement 
(z)  of  a  Wrt  hull  at  0.2  in  irregular  head  seas. 
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t=0.9305  second 


Fig.  24:  Non-dimensional  dynamic  pressure  distribution  on  a  Wrt  bull  at  two  time  instances. 


80  <  t  <  90.  The  same  is  true  for  the  heave  dis¬ 
placement  except  for  a  nearly  constant  downward 
shift  of  the  nonlinear  result.  This  is  caused  by  the 
steady  sinkage  force  associated  with  forward  speed 
which  is  present  in  LAMP  but  absent  in  the  strip 
theory  (from  Fig.  21,  this  is  estimated  at  about 
0.53  feet  for  a  400  foot  hull).  Overall,  the  rela¬ 
tive  good  performance  of  the  strip  theory  is  not 
unexpected  for  the  mathematical  Wr t  hull  (with 
relatively  small  geometry  changes  near  the  water 
line)  and  for  head  seas. 

For  a  more  realistic  geometry,  we  show  in  Fig.  (23) 
the  corresponding  case  for  a  400  foot  long  Series  60 
(Cb= 0-7)  hull  at  Fn=0.2.  In  this  case,  strip  the¬ 
ory  overpredicts  the  pitch  motion  significantly,  in 
some  instances  by  over  50%  (e.^.,  near  t— 75  sec). 
For  the  heave  displacement,  there  are  appreciable 
underpredictions  of  the  troughs  in  addition  to  the 
absence  of  the  steady  downward  sinkage.  These  de¬ 
ficiencies  of  strip  theory  for  the  more  complicated 
Series  60  hull  are  consistent  with  the  observations 
of  Frank  &  Salvesen  (1970). 

As  a  final  illustration,  we  display  the  pressure 
distribution  on  the  hull  as  output  from  LAMP. 
Fig.  (24)  shows  the  dynamic  pressure  distribution 
on  the  Wrt  bull  at  f=0.9305  and  4.4564  seconds 
respectively  corresponding  to  the  case  in  Fig.  (22). 
Note  that  the  pressures  are  given  on  the  actual  sub¬ 
merged  surface.  The  complete  unsteady  loads  on 
the  ship  hull  can  now  be  obtained  from  the  pres¬ 
sure  distribution  and  motion  histories. 


5  CONCLUSIONS 


A  time-domain  method,  LAMP  (Large- Amplitude 
Motion  Program),  was  developed  for  the  general 
large-amplitude  motions  of  a  three-dimensional 
surface-piercing  body  in  a  seaway.  The  body 
boundary  condition  is  satisfied  exactly  on  the  in¬ 
stantaneous  underwater  body  surface  while  a  lin¬ 
earized  free-surface  condition  is  used. 

To  validate  the  approach  and  evaluate  its  accu¬ 
racy,  the  method  was  applied  extensively  to  obtain 
linearized  motion  coefficients  for  a  number  of  dif¬ 
ferent  geometries  with  or  without  forward  speed. 
The  results  include  added-mass  and  damping  coef¬ 
ficients,  wave  exciting  forces  and  steady  wave  resis¬ 
tance,  sinkage  and  trim  forces  and  moments.  These 
are  compared  to  experimental  measurements  and 
existing  linear  time-  and  frequency- domain  calcu¬ 
lations.  The  comparisons  are  overall  satisfactory 
for  all  the  results  and  show  that  LAMP  is  equal 
or  superior  to  any  of  the  existing  computational 
methods  in  terms  of  accuracy. 

The  main  feature  and  purpose  of  LAMP,  however, 
is  for  general  nonlinear  large- amplitude  motions. 
To  illustrate  its  effectiveness,  we  apply  LAMP 
to  study  the  large-amplitude  forced  heaving  of  a 
(complete)  floating  sphere;  the  large  vertical-plane 
motions  and  the  free  sinkage  and  trim  of  a  Wigley 
hull  moving  with  constant  forward  speed;  and  the 
general  time-dependent  large-amplitude  motions  of 
a  Series- 60  ship  advancing  in  an  irregular  seaway. 
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Some  of  the  main  findings  are  the  importance 
of  (added)  steady  (and  higher-harmonic)  compo¬ 
nents,  and  the  modifications  of  the  first-harmonic 
(excitation  frequency)  motion  coefficients.  In  the 
first  case,  the  presence  of  large- amplitude  heaving 
motions  is  shown  to  result  in  significant  increases 
of  the  wave  resistance  and  steady  sinkage  and  trim 
forces.  In  the  latter,  the  nonlinear  “added-mass”  is 
found  to  decrease  markedly  with  increasing  heave 
amplitude.  The  consequent  reduction  of  inertia 
and  increase  in  natural  frequency  may  have  impor¬ 
tant  implications  to  the  motion  dynamics  of  the 
ship.  This  may  also  explain  some  of  the  exper¬ 
imentally  observed  dependencies  on  amplitude  of 
normalized  motion  response  functions.  When  ap¬ 
plied  to  general  time-dependent  motions  in  irregu¬ 
lar  waves,  LAMP  demonstrates  the  importance  of 
transient  (memory)  and  nonlinear  geometry  effects 
especially  for  realistic  ship  geometries  where  strip 
theory  is  found  to  be  inadequate.  The  road  is  now 
laid  for  nonlinear  simulations  of  extreme  episodic 
events  and  complete  load  and  motion  predictions. 

The  current  version  of  LAMP  is  fully  vectorized 
for  high-speed  vector  processors.  For  a  nonlinear 
(large- amplitude)  simulation  using  0(150-200)  un¬ 
knowns  on  the  body  and  a  similar  number  of  time 
steps,  the  typical  CPU  time  on  a  single  Cray  Y-MP 
processor  is  0(1-2)  hours.  Further  code  optimiza¬ 
tion  may  reduce  this  requirement  by  a  small  factor. 
For  applications  involving  significantly  larger  num¬ 
ber  of  unknowns  and  time  steps,  the  time  domain 
formulation  may  be  particularly  suited  for  parallel 
algorithms  on  multiple  processors. 
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DISCUSSION 


Pierre  Ferrant 
Sirehna  S.A.,  France 

I  would  like  to  make  a  comment  on  your  results  about  the  heaving 
sphere.  I  do  not  completely  agree  with  your  analysis  of  the 
behaviour  of  the  damping  coefficient  which  you  show  to  remain 
constant  when  amplitude  is  varied.  My  own  results  show  that  at  least 
for  a  submerged  body,  the  nonlinear  phenomena  associated  to  the 
body  boundary  condition  are  very  frequency-sensitive.  In  fact,  when 
dealing  with  oscillatory  motions,  even  in  the  time  domain,  one  cannot 
ignore  the  importance  of  frequency  and  this  parameter  must  be  varied 
before  drawing  conclusions.  I  would  therefore  be  very  interested  if 
you  could  give  result  for  the  surface-piercing  heaving  sphere  at  lower 
frequencies,  say  about  R/g=0.4. 

AUTHORS’  REPLY 

We  have  preliminary  results  for  the  heaving  (surface-piercing)  sphere 
for  normalized  frequencies  ranging  from  w  —  0.4  to  ~  3  and 
amplitudes  ranging  from  Ah/a  —  0  to  ~  0.5  or  higher.  In  contrast 
to  your  results  for  the  submerged  sphere,  the  damping  coefficient 
remains  relatively  independent  of  amplitude  for  lower  frequencies  (o> 
<  —  1)  and  shows  some  sensitivity  only  for  intermediate  frequencies. 
The  precise  mechanisms  for  these  dependencies  (an  amplitude  and 
frequency)  are  as  yet  not  completely  understood. 

The  following  table  lists  the  results  for  the  frequency  w  =  0.4  you 
suggested.  For  comparison,  the  data  for  Fig.  (1)  at  w  =  1.0,  as  well 
as  w  =  1.5  and  3.0  are  also  included.  Again,  we  note  that  these 
results  are  only  preliminary. 


Normalized  damping  coefficients  for  a  (surface-piercing)  heaving 
sphere. 
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A  Coupled  Time  and  Frequency  Approach 
for  Nonlinear  Wave  Radiation 

P.  Ferrant  (Laboratoire  d’Hydrodynamique  Navale,  France) 


ABSTRACT 

In  this  paper  we  report  on  computations  using  a  semi 
nonlinear  time  domain  formulation  for  the  threedimensional 
wave  radiation  problem  with  a  free  surface.  The  body 
boundary  condition  is  applied  at  the  actual  time-depending 
body  surface,  and  the  free  surface  conditions  are  linearized. 
An  initial  value  problem  is  solved  for  the  potential  on  the 
moving  body,  using  a  boundary  elements  method.  The 
method  allows  the  hydrodynamic  forces  on  bodies  of  arbitrary 
geometry  undergoing  large  amplitude  forced  motions  in  six 
degrees  of  freedom  to  be  determined,  as  well  as  the  unsteady 
wave  field  generated  by  the  body  motions. 

Two  different  applications  are  presented.  The  first 
one  refers  to  the  problem  of  a  sphere  undergoing  large 
amplitude  periodic  motions  below  the  free  surface.  A 
thorough  parametrical  study  (amplitude  -  frequency)  has 
been  completed  in  this  first  case,  and  the  influence  of  the 
body  nonlinearity  is  clearly  highlighted  both  on  the 
hydrodynamic  forces  and  on  the  structure  of  the  radiated 
wave  field,  which  is  investigated  using  specific  frequency 
domain  Green  functions  associated  to  the  body-nonlinear 
problem.  Some  results  on  a  submerged  spheroid  starting 
from  rest  with  a  constant  velocity  parallel  to  the  free  surface 
are  also  presented,  as  an  unsteady  approach  to  the  wave 
resistance  problem. 


INTRODUCTION 

Time  domain  modelization  of  free-surface 
hydrodynamics  is  all  but  a  new  subject.  Some  time  before  the 
publication  of  the  commonly  quoted  paper  by  Finkelstein 
(1957)  on  the  time-domain  Green  function,  Brard  (1948)  gave 
the  expression  of  the  time  depending  free-surface  potential 
generated  by  a  submerged  source  of  arbitrary  path  and 
strength.  The  formulation  of  the  integral  equations  of  the 
linearized  wave-body  interaction  problem  in  the  time  domain 
has  been  presented  by  many  authors,  including  Stoker  (1957) 
and  Wehausen  (1967),  the  latter  with  a  clear  presentation  of 
the  connection  between  frequency  and  time  domain  solutions 
for  fully  linearized  problems. 

With  the  increasing  power  of  computers,  practical 
numerical  solutions  of  linearized  time  domain  formulations 
have  become  available,  starting  with  2D  problems  with  for 
example  Adachi  &  Ohmatsu  (1980)  or  Yeung  (1982)  with 
boundary  elements  methods  (BEM).  Jami  (1982)  solved  the 
2D  problem  using  a  mixed  formulation  associating  finite 
elements  and  integral  representation,  and  formulated  the 
solution  of  the  3D  problem,  giving  practical  expressions  for 


the  computation  of  the  3D  time  domain  Green  function. 
Newman  (1985-a)  solved  the  problem  of  the  impulsive 
heaving  motion  of  a  floating  cylinder,  using  time  depending 
ring  sources.  Some  time  later,  the  3D  problem  was  solved 
numerically,  both  for  forced  and  free  motions  of  a  floating 
sphere  by  Jami  &  Pot  (1985),  whereas  Liapis  (1985) 
presented  the  first  results  of  a  time-domain  BEM 
formulation  for  the  radiation  problem  with  forward  speed. 
Specific  algorithms  for  the  computation  of  the  3D  time 
domain  Green  function  were  given.  Newman  (1985-b) 
presented  his  own  algorithms  for  the  Green  function 
computation.  The  solution  of  the  forward  speed  problem  was 
extended  to  diffraction  by  King  &  al  (1988). 

The  accurate  numerical  schemes  for  the  computation 
of  the  time-domain  Green  function,  developed  at  that  time, 
were  a  prerequisite  for  the  reliable  solution  of  the  time 
domain  wave  body  interaction  problem,  and  besides  academic 
applications,  computations  on  realistic  bodies  such  as  Tip's 
became  possible  and  demonstrated  the  interest  of  time 
domain  methods  for  industrial  applications,  compared  with 
more  conventional  frequency  domain  methods  (Korsmeyer  & 
al  1988).  Nevertheless,  the  Cpu  requirements  of  the  model, 
mainly  due  to  Green  function  evaluations,  restricted  the  use 
of  the  corresponding  codes  to  vector  computers,  with  Cpu 
times  much  higher  than  for  linear  frequency  domain 
analysis,  on  equivalent  cases.  A  considerable  speed-up  was 
obtained  by  Ferrant  (1988-a),  using  a  tabulation- 
interpolation  procedure  for  the  evaluation  of  the  time-domain 
Green  function  in  infinite  depth.  The  power  of  the  method 
was  demonstrated  on  the  linear  time  domain  analysis  of  the 
ISSC  Tip,  discretized  by  1200  panels.  The  results  were 
obtained  on  a  scalar  computer  (Vax8700)  with  moderate  Cpu 
times. 

Besides  its  interest  for  linear  time-domain  analysis, 
the  tabulation-interpolation  procedure  puts  Cpu 
requirements  at  a  sufficiently  low  level  to  allow  the  so-called 
body-nonlinear  problem  to  be  solved  in  the  time  domain.  In 
such  a  formulation,  a  linearized  free  surface  condition  is 
maintained,  but  the  body  boundary  condition  is  applied  at 
the  exact  time-depending  body  surface.  This  leads  to  an 
integral  formulation  very  similar  to  the  fully  linearized  one, 
except  for  a  line  integral  appearing  in  certain  cases  for 
surface-piercing  bodies.  The  additional  difficulty  mainly  lies 
in  the  numerical  implementation,  for  the  Green  function 
terms  in  the  convolution  integrals  have  to  be  entirely 
recomputed  at  each  time  step,  due  to  the  changing  position  of 
the  body  surface  on  which  the  integral  equations  are  solved. 
This  results  in  0(Nt2)  Cpu  times,  where  Nt  is  the  number  of 
time  steps,  to  be  compared  with  O(Nt)  when  the  body 
boundary  condition  is  linearized. 
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A  first  experience  on  the  solution  of  the  body- 
nonlinear  problem  in  the  frequency  domain  was  reported  in 
Clement  &  Ferrant  (1987),  where  partial  results  were  given 
on  a  submerged  sphere  with  forced  heaving  motion.  Although 
results  were  successfully  compared  with  the  experiments  of 
Dassonville  (1987),  the  formulation  was  very  heavy  and  the 
resulting  code  was  not  considered  to  be  fully  reliable,  due  to 
problems  of  convergence  of  the  influence  coefficients  at  large 
amplitude.  Furthermore,  the  extension  of  the  formulation  to 
arbitrary  motions  was  not  possible.  The  only  alternative  was 
to  solve  the  problem  in  the  time-domain,  but  intensive 
computations  with  the  basic  code  based  on  conventional 
schemes  for  the  Green  function  were  practically  impossible, 
with  about  12  Cpu  hours  on  a  Vax  8700  to  reach  steady-state 
with  sufficiently  fine  time  and  space  discretizations.  This  was 
in  fact  our  main  motivation  for  the  development  of  the 
tabulation-interpolation  procedure  for  the  evaluation  of  the 
time-domain  Green  function.  With  simple  arrangements  in 
the  convolution  computations  leading  to  O(Nt)  Cpu  times,  the 
resulting  code  is  considerably  faster,  and  a  typical  run  on  the 
heaving  sphere  as  presented  in  this  paper  requires  now 
about  10  minutes. 

Intensive  runs  of  the  program  being  possible,  a 
complete  parametrical  study  (amplitude-frequency)  in  the 
case  of  a  submerged  heaving  sphere  has  been  undercome,  the 
results  of  which  are  presented  in  this  paper.  Time-depending 
forces  and  wave  elevation,  as  well  as  the  results  of  the 
harmonic  analysis  of  steady-state  are  given  for  various 
values  of  the  amplitude,  over  the  whole  significant  frequency 
range.  A  method  for  the  fast  analysis  of  the  steady- state 
radiated  wave  field,  based  on  frequency  domain  Green 
functions  for  the  body-nonlinear  problem  is  also  presented. 

A  few  additional  results  are  given  on  the  time  domain 
approach  of  the  wave  resistance  problem,  in  order  to 
demonstrate  the  versatility  of  the  time-domain  body 
nonlinear  formulation,  which  is  basically  able  to  cope  with 
any  free-surface  linear  problem. 


TIME  DOMAIN  FORMULATION 
Basic  Assumptions 

The  fluid  domain  D(t)  is  bounded  by  a  free  surface 
SfU) ,  the  body  surface  Sb(t) ,  and  is  unbounded  in  horizontal 
directions.  The  fluid  depth  is  infinite.  A  fixed  coordinate 
system  is  chosen  so  that  the  z-axis  points  upwards,  and  the 
origin  lies  in  the  mean  free  surface.  An  ideal  fluid  is 
assumed,  with  irrotational  flow,  so  that  the  fluid  velocity 
derives  from  a  potential  satisfying  Laplace’s  equation: 

AO(x,y,z,t)  =  0  in  D(t)  (D 

U (x,y,z,t)  =  Vd>(x,y,z,t)  in  D(t)  (2) 

The  body  boundary  condition  is  applied  at  the  actual 
time  depending  body  surface,  while  the  perturbation  at  the 
free  surface  is  assumed  to  remain  sufficiently  small  for  a 
linearized  condition  to  be  valid,  so  that: 


and: 


32<X>  3fl> 

- +  g— =  0  on  Sf  (z  =  0) 

3t  3z 


(4) 


with: 

n  unit  normal  on  Sb(t)  pointing  out  of  the  fluid 
domain  D(t) 

V  local  velocity  of  the  body  surface 


Additionally,  the  fluid  velocity  must  vanish  at  spatial 
infinity: 


VO(x,y,z,t) - »0 


for  (x2+y2)- 


(5) 


and  the  fluid  is  supposed  to  be  initially  at  rest: 


<&,  Ot  =  0  for  t  =  0 


(6) 


Integral  Equation 

The  fluid  problem  being  now  completely  defined, 
various  integro-differential  representations  of  the  solution 
may  be  derived,  either  for  the  potential  on  the  moving  body 
(distribution  of  sources  and  normal  dipoles),  or  for  the  source 
density  on  the  body  (sources  only),  using  Green's  theorem 
and  the  threedimensional  time  domain  Green  function 
G(M,P,t)  (see  Appendix  1).  In  the  first  case,  we  obtain  after 
some  transformations  the  following  integral  equation  to  be 
solved  for  the  velocity  potential  4>(M,t)  on  the  moving  body 
surface: 


fXM) 

4tc 


<D(M,t)- 


<&(P,t)^Go(M,P)dSp 


Sb(t) 

:  -  Go(M 
*^Sb(t) 
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dx 
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Go(M,P)  — fc(P)  dSp 
9n  p 


a  a 

[<fc(P  j)^F(P(t),M(t),t-x)-F(P, M.t-T)^,!)]  dSp 
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[<£(P,t) — F(P(t),M(t),t-T)-F(P,M,t-T) — <J>(P,t)]  (n  a<*1).V c(P,t) 

a-t  ax 


Cb(T) 


where  Cb(t)  is  the  the  closed  line  defined  by  the  intersection 
between  the  instantaneous  body  surface  Sb(t)  and  the  X-Y 
plane,  Vc  is  the  velocity  of  a  point  on  Cb  and  G(M)  is  the 
solid  angle  under  which  the  fluid  domain  D(t)  is  seen  from  M. 
Go  and  F  (see  Appendix  1)  are  defined  by: 

(8) 

G(M,P,t)  =  Go(M,P) .  S(t)  +  H(t) .  F(M,P,t) 


(3)  The  actual  occurence  of  the  line  integral  in  (7)  is 

—  =  V.n  on  Sb(t)  governed  by  Vc.  For  example,  this  term  is  zero  for  the 

^  linearized  problem  without  forward  speed  (see  e.g.  Ferrant 
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1988),  where  Cb  is  time  invariant.  In  the  applications 
presented  in  this  paper,  the  body  is  fully  submerged,  and  the 
line  integral  obviously  vanishes. 

Hydrodynamic  Forces. 

The  unsteady  hydrodynamic  pressure  (without 
hydrostatics)  in  the  fluid  domain  is  given  by: 

It  is  more  convenient  for  the  present  study  to 
introduce  the  total  derivative  of  the  potential  on  the  body, 
yielding  for  M  on  Sb(t): 


periodic  steady-state  which  is  Fourier-analyzed  for  a 
quantification  of  nonlinearities. 

On  the  contrary,  the  transient  wave  field,  if  computed 
at  some  distance  from  the  body  to  eliminate  near  field 
components,  needs  a  long  simulation  to  reach  the  periodic 
steady-state,  mainly  because  of  the  low  group  velocity  of  the 
higher  harmonics.  This  point  offers  an  opportunity  to  use 
special  Green  functions  already  developped  for  the  solution  of 
the  body-nonlinear  problem  in  the  frequency  domain 
(Clement  &  Ferrant  1985,  1987).  These  Green  functions  are 
shortly  described  in  appendix  2.  Thus,  for  a  direct  and 
economical  computation  of  the  steady  state  wave  field,  we 
first  extract  the  harmonic  components  of  the  singularity 
distribution  on  the  moving  body,  obtained  from  the  time- 
domain  solution  after  a  few  cycles  of  motion.  That  is,  for 
example  in  the  case  of  sources  only  and  periodic  forced 
motion: 


=  .  ^[0(M,  t)]  -  y  I  V<D(M,t)  1 2+  V.  V<D 


GO) 


G(H0 


*  *• 

■»  2,  o  (M)  cos  n  wt  +  an  ( M)  sin ncot 

n=0 


(13) 


The  first  term  in  the  right  hand  side  of  (10)  is  directly 
obtained  by  finite-differencing  in  time  the  potential  on  the 
body.  The  two  other  terms  require  the  computation  of  the 
fluid  velocity  on  the  body.  The  method  used  for  this 
computation  depends  on  the  space  discretization  scheme  and 
will  be  discussed  when  describing  the  numerics. 

Force  computations  follows  by  simply  integrating  (10) 
over  the  discretized  body  surface. 


for  M  on  Sb(t)  and  t - »  °° 

The  steady-state  potential  in  the  fluid  is  then 
obtained  from: 


4>(P,0  =  Z 

n=0 


rr  (14) 

[c*(M)  Gln(M,P,t)  +  o**(M)  G2n(  M,P,  I)  3  dSM 

JJsb 


Free  Surface  Elevation 

According  to  the  linearized  condition  (4),  the  free 
surface  elevation  is  given  by  linearized  Bernoulli's  equation: 

i  ao(H0 

(id 


and  the  corresponding  free-surface  elevation,  for  P  on  the 
free -surface: 

(15) 


W7& 


[o*<M>  £c,„<M,P,l)  .o"<M>  Jo„(M.Pj)  ]dS„ 


Sb 


T|  may  be  computed  by  finite  differencing  in  time  the 
velocity  potential  at  the  free  surface,  or  directly  from  an 
integral  representation  of  Oj.  which  for  a  submerged  body  (no 
line  integral)  and  M  on  the  free  surface  shrinks  to: 


0  Sb(T) 


STEADY-STATE  COMPONENTS  FOR  PERIODIC  FORCED 
MOTIONS 

In  the  body-nonlinear  problem  of  the  forced 
oscillations  of  a  submerged  body  about  a  fixed  mean  position, 
the  influence  of  the  body  boundary  condition  nonlinearity  on 
forces  and  free-surface  elevation  is  investigated. 

First,  the  time  depending  forces  on  the  body  are 
straightforwardly  computed  from  (10),  after  solution  of  the 
transient  integral  problem.  These  forces  tend  rapidly  to  a 


For  harmonic  heave  motion,  the  expressions  of  Gin 
are  simplified,  and  for  fixed  points  P  on  the  free-surface,  the 
harmonic  components  of  <t>s  and  r|s  are  directly  calculated  by 
eliminating  the  time  variable  from  the  expressions  of  Gin 
(A2.10),  (A2.ll). 

When  only  the  far  field  is  to  be  computed,  which  is 
sufficient  to  study  the  structure  of  the  radiated  wave  field 
(amplitudes  of  harmonics,  dispersion  of  energy  on  the 
components  of  t\),  asymptotic  expressions  of  Gin  are  used. 
Again,  the  computation  is  drastically  simplified  in  the 
present  case  of  the  heave  motion,  Gin  reducing  to  the  very 
simple  expressions  (A2.12),  (A2.13).  No  numerical 
integration,  but  only  computations  of  modified  Bessel 
functions  are  involved. 


NUMERICAL  IMPLEMENTATION 


The  major  part  of  the  numerical  results  given  in  this 
paper  have  been  obtained  using  a  first  version  of  the 
computer  code  completed  in  1988.  In  this  version,  a  very 
classical  discretization  scheme  is  used.  The  body  surface  is 
discretized  into  plane  polygonal  panels  over  which 
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singularity  distributions  are  assumed  to  be  constant.  The 
impulsive  part  of  the  Green  function  (Go)  is  integrated 
analytically  over  the  panels,  and  the  memory  part  F  is 
integrated  using  a  variable  order  Gaussian  quadrature. 
Numerical  tests  have  proved  that,  at  least  for  submerged 
bodies,  one  single  point  of  integration  per  panel  is  sufficient 
for  a  good  accuracy,  the  local  flow  being  dominated  by  the 
singular  part  of  Go.  Thus,  wave  terms  are  treated  as 
monopoles  situated  at  panel  centroids,  which  greatly  reduces 
computational  requirements.  Note  that  such  a  mixed 
procedure  for  the  space  integration  of  a  Green  function  as 
also  been  proved  to  be  a  valuable  compromise  for  the  solution 
of  the  steady  wave  resistance  problem  (Doctors  &  Beck, 
1987).  The  time  variable  is  discretized  into  constant  time 
steps  and  the  convolutions  integrals  are  evaluated  using  a 
trapezoidal  rule. 

At  each  time  step  the  convolution  terms  at  the  right- 
hand  side  of  the  linear  system  of  equations  are  actualized  by 
computing  and  assembling  the  corresponding  wave  terms, 
and  a  new  kernel  is  obtained  by  computing  the  motion- 
dependent  part  of  Go.  The  linear  system  is  then  solved  using 
a  standard  Gauss  solver.  Faster  solvers  are  obviously 
available,  but  in  fact  the  computing  time  is  dominated  by  the 
evaluation  of  the  convolution  terms. 

Actually,  two  integral  equations  are  solved  at  each 
time  step.  First  a  mixed  distribution  of  sources  and  dipoles  is 
used  for  a  direct  computation  of  the  potential  on  the  body. 
Then  the  integral  equation  for  sources  only  is  solved,  and  the 
result  is  used  for  the  computation  of  the  fluid  velocity  at 
panels  centroids.  Although  increasing  the  computer  time,  the 
method  allows  the  fluid  velocities,  and  thus  the  full 
hydrodynamic  pressure  to  be  obtained  without  having  to 
calculate  the  second  spatial  derivatives  of  the  Green  function. 

At  the  end  of  the  simulation,  the  different  terms  in 
the  hydrodynamic  pressure  are  computed  at  panels  centroids. 
<£>t  is  obtained  by  finite  differencing  the  time  depending 
potential,  and  the  quadratic  terms  are  computed  from  the 
previously  computed  fluid  velocity.  Forces  are  then  obtained 
by  integrating  the  pressure  which  is  assumed  to  be  constant 
on  each  panel.  The  time  depending  wave  elevation  at 
prescribed  points  is  also  available.  For  simplicity,  this 
computation  is  based  on  the  source  solution. 

In  the  case  of  a  periodic  forced  motion,  the  solution  of 
the  time-domain  problem  is  followed  by  the  computation  of 
the  harmonic  components  of  the  steady  state  part  of  the 
response.  For  reasons  initially  related  to  an  economical 
computation  of  the  convolution  terms,  the  time  step  is 
adjusted  to  obtain  an  integer  number  of  steps  per  period,  and 
the  harmonics  can  be  accurately  computed  by  simple 
trapezoidal  rule  over  one  single  period,  typically  the  last,  in 
order  to  provide  the  best  approximation  of  the  steady  state. 
The  harmonic  analysis  is  applied  first  to  the  time  depending 
forces,  and  then  to  the  source  solution.  The  latter  results  are 
used  for  the  computation  of  the  steady-state  periodic  wave 
field  using  the  Gip  functions  described  in  appendix.  In 
consistancy  with  the  method  used  for  the  solution  of  the 
time-depending  problem,  this  computation  is  based  on  a 
monopole  approximation  of  the  source  distribution  on  the 
body.  In  the  case  of  the  heave  motion,  the  computation  of  the 
harmonic  components  of  the  far  field  wave  system  is 
straightforward  and  of  negligible  CPU  cost. 

At  last,  for  a  quantification  of  the  influence  of  the 
body  boundary  condition  nonlinearity,  the  linear  solution  is 
systematically  computed  for  comparison. 


REDUCTION  OF  COMPUTING  TIME 

Apart  from  the  use  of  frequency  domain  Green 
functions,  the  numerical  implementation  as  described  in  the 
preceding  paragraph  is  very  classical.  In  fact,  the  main 
difficulty  is  related  to  the  extensive  Cpu  and  mass  storage 
requirements  of  the  body-nonlinear  time-domain 
formulation.  These  requirements  may  be  lowered  first  by 
accelerating  the  Green  function  computations,  and  secundly 
by  reducing  the  number  of  Green  function  computations 
necessary  to  the  evaluation  of  the  convolutions.  These  two 
points  have  been  addressed  in  the  present  study. 

Tabulation-Interpolation  of  the  Green  Function 

The  well-known  time  domain  Green  function  for  a 
source  of  impusive  strength  in  infinite  depth  is  given  in 
Appendix,  with  the  following  notation: 

G(HP.t)  =  8(t) .  Go(M,P)  +  H(t)  .  F (M,  P,t)  (16) 

The  memory  part  F  of  that  Green  function  can  be 
easily  put  under  the  following  form: 


i/2r.3/2 

F(M,P,t)  =  -*4F- 


(17) 


1/2  2  1/2  y  „  1/2 

sin(\  p)  J0[(3(l-g)  ]e~^  dX 


F(M,P,t)  =  g1/2r'3/2F(p,p) 


(18) 


with  p  =  -(z+zO/r  and  P  =  Ug/r')1^2  . 

The  first  parameter  is  linked  to  the  relative  positions 
of  points  M  and  P,  and  varies  from  0  to  1.,  whereas  p  is  an 
essentially  positive  time  parameter. 

Thus,  the  only  non  trivial  terms  to  be  evaluated 
during  the  computation  of  the  convolution  integrals  are 
reduced  to  the  bivariate  function  F  and  its  first  derivatives. 

This  fact  can  be  exploited  for  deriving  a  very  fast 
procedure  for  the  evaluation  of  the  wave  terms.  This 
procedure,  based  on  very  simple  principles,  has  been  already 
been  described  in  Ferrant  (1988).  The  2D  domain  described 
by  p  and  p  is  truncated  at  a  large  value  Pm  ax,  and  the 
remaining  bounded  domain  is  mapped  by  a  discrete  set  of 
equispaced  points  for  which  F  and  its  first  derivatives  are 
computed  by  numerical  schemes  very  similar  to  the  ones 
described  by  Newman(1985)  or  King  &  al  (1988).  This 
computations  are  performed  once  for  all,  and  the  results  are 
stored  on  permanent  disk  files.  When  a  simulation  has  to  be 
performed,  the  resulting  evaluations  of  the  memory  part  of 
the  Green  function  are  based  on  linear  bivariate 
interpolations  of  the  stored  data.  Note  that  the  content  of  the 
file  is  read  once  for  all  at  the  beginning  of  the  simulation,  so 
that  no  disk  access  is  necessary  during  the  time-stepping 
procedure.  The  tabulated  part  of  the  (p,p)  domain  is 
sufficiently  extended  to  allow  the  use  of  simple  large-time 
asymptotic  expressions  when  p>pmax.  In  a  very  thin  layer 
near  p=0  where  the  function  presents  large  oscillations,  the 
precision  of  the  interpolation  may  be  unsufficient  and  we 
simply  return  to  the  original  numerical  schemes.  However, 
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for  the  forced  motions  of  a  submerged  body  about  a  fixed 
mean  position,  computations  never  occur  in  this  part  of  the 
domain  and  the  interpolation  is  used  throughout  the 
simulation.  The  use  of  a  regular  tabulation  grid  allows  for  a 
very  quick  search  in  the  tables,  and  the  resulting  code  is  very 
fast:  less  than  30  ps  are  necessary  for  one  evaluation  of  the 
Green  function  and  its  first  space  derivatives,  on  a  Vax  8700 
computer,  from  and  back  to  physical  variables.  This  is  about 
the  time  needed  for  one  evaluation  of  the  sine  function.  The 
grid  is  composed  of  200x1200  points  in  the  rectangular 
domain  defined  by  0  <  p  <  1.  and  0  <  ft  <  30.  For  the  Green 
function  and  its  gradient,  3  tables  have  to  be  stored,  resulting 
in  about  720Kwords  or  2.9  Mbytes  on  a  32  bit  computer.  Note 
that  we  do  not  pretend  to  have  an  optimized  set  of  tabulation 
parameters.  Such  an  optimization  could  be  necessary  to 
reduce  memory  requirements  for  a  given  accuracy,  but  the 
present  size  of  the  tabulation  files  is  not  a  problem  on  the 
computer  we  use. 

When  the  problem  to  be  treated  leads  to  large 
horizontal  displacements,  as  it  happens  with  forward  speed, 
a  substantial  number  of  computations  may  occur  near  p  =  0, 
and  a  special  scheme  is  needed  to  maintain  both  precision 
and  low  Cpu  in  this  portion  of  the  computational  domain. 

Such  a  refined  procedure  has  been  subsequently 
derived  by  Magee  &  Beck  (1989),  exploiting  an  analytical 
approximation  of  the  Green  function  in  the  vicinity  of  the  p=0 
axis,  and  a  higher  order  interpolation  scheme  for  the 
remaining  part  of  the  Green  function  on  various  subdomains. 
Although  more  precise  for  a  given  number  of  tabulated 
points,  their  method  is  certainly  a  bit  less  efficient  in  terms 
of  computing  time,  but  comparisons  are  delicate  between 
runs  on  scalar  and  vector  computers.  The  use  of  an  analytical 
approximation  is  a  very  clever  idea  for  reducing  the 
oscillations  of  the  function  near  p  =  0,  and  we  intend  to  adopt 
a  similar  scheme,  but  in  our  opinion,  bilinear  interpolation 
should  be  preferred  for  the  interpolation  of  the  remaining 
smooth  function,  whenever  a  very  high  precision  is  not 
necessary.  We  are  not  sure  that  the  precision  of  10'®  obtained 
by  Magee  &  Beck  is  necessary  when  the  overall  accuracy  of 
the  computations  is  dominated  by  space  &  time  discretization 
errors.  A  precision  of  about  10'5,  easily  obtained  by  a  simple 
bilinear  interpolation  method  in  the  major  part  of  the 
computational  domain  is  certainly  sufficient  for  most 
applications. 

Reduction  of  the  Number  of  Green  Function  Evaluations 

Basically,  during  one  run  of  the  program,  Np2(It-l) 
computations  of  the  Green  function  are  required  at  time  step 
It  for  the  evaluation  of  the  convolution.  This  results  in  a  total 
of  Np2.Nt(Nt-l)  computations  for  a  simulation  over  Nt  time 
steps,  if  Np  is  the  number  of  panels.  A  crude  method  for 
reducing  this  number  is  to  truncate  the  convolution  integrals, 
considering  that  the  influence  of  the  past  history  of  the 
solution  tends  to  zero  for  large  time  delays.  However,  such  an 
approach  is  not  safe,  for  it  is  very  difficult  to  estimate  the 
influence  of  the  truncation  on  the  final  results. 

In  many  particular  problems  of  forced  motions,  an 
adequate  choice  of  the  time  step  allows  a  substantial 
reduction  of  the  number  of  Green  function  evaluations 
without  affecting  the  numerical  results.  The  idea  is  as 
follows: 

The  Green  function  terms  to  be  computed  in  the 
convolution  depend  essentially  on  MP  and  t-x,  where  M(t)  is 


a  point  on  the  body  at  time  t  (field  point),  P(x)is  the  position 
of  a  point  on  the  body  at  time  x  (source  point),  and  t-x.is  the 
time  delay.  The  idea  is  to  ajust  the  time  step  At,  i.e.  the 
positions  of  the  body  at  times  iAt  to  reduce  the  number  of 
combinations  of  MP  and  t-x  to  be  considered  in  the 
computation  of  the  discretized  convolution. 

For  clarity,  let  us  illustrate  the  procedure  on  the  case 
of  forced  motions  of  period  T  about  a  fixed  mean  position,  for 
which  the  appropriate  choice  is  At  =  T/Nper.  Consider  the 
discretized  convolution  to  be  computed  at  time  step  it,  it  > 
Nper.  The  Green  function  terms  to  be  evaluated  may  be 
schematically  written  G[MP(it,ix),(it-ix)At],  with  ix  <  it.  For 
ix  >  Nper,  we  have  obviously: 

(19) 

G[MP(it,iT),(it-h)]  =  G[MP(it-Nper,ix-Nper),(it-Nper)-(ii-Nper)] 

The  term  at  the  right-hand  side  has  already  been 
necessary  for  the  computation  of  the  convolution  at  time  step 
it-Nper,  and  thus  has  already  been  computed  and  stored. 
Thus  the  only  new  terms  to  be  computed  correspond  to  the 
influence  at  time  step  it  of  the  Nper  time  steps  of  the  first 
period.  The  total  number  of  NpxNp  sets  of  terms  to  be 
computed  is  now: 


Nt(Nt-l) 

Ncail= - 2  for  Nt  <  Nper 

NperOVD 

N,.-  /  -KNt-N-)Np. 


=  n,n 


V(Nper-  1) 


forNt  > 


(20) 


(21) 


The  resulting  total  number  of  Green  function 
evaluations  is  now  a  linear  function  of  the  number  of  time 
steps,  as  opposed  to  the  quadratic  behaviour  obtained  when 
At  is  arbitrary.  The  ratio  of  reduction,  after  a  few  periods  of 
simulation  is  approximately: 

Nt  NT 

a~JK^  =  -r  (22) 

where  Nt  is  the  number  of  simulated  periods.  For  the 
computations  presented  in  this  paper,  4  to  8  periods  are 
simulated,  and  the  Green  function  computations  are  reduced 
by  a  factor  2  to  4  using  this  artifice. 

The  procedure  that  we  have  illustrated  in  the  case  of 
periodic  motions  is  also  applicable  when  a  constant  forward 
speed  is  superimposed  to  the  oscillations.  In  the  case  of  a 
smooth  starting  of  duration  Nstart  >  the  gain  is  lower,  but  a 
linear  law  is  maintained: 


N  zN  (N  +N  )  - 

call  t  ‘  ^ pc start' 


(Nper+  Nitart)(N  +Nstart+  1) 


(23) 


For  problems  with  constant  forward  speed  without 
superimposed  oscillations  (unsteady  approach  of  the  wave 
resistance  problem),  simulations  with  an  abrupt  start  lead  to 
the  same  number  of  computation  as  for  a  linear  code.  If  a 
smooth  start  is  chosen,  Ncall  is  given  by  (23),  with  Nper  =  0. 
In  this  case,  the  introduction  of  a  smooth  start  of  duration 
Nstart  multiplies  the  number  of  Green  function  evaluations 
by  the  factor  Nstart- 
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NUMERICAL  RESULTS 


Submerged  Heaving  Sphere 


We  give  in  this  section  the  results  obtained  on  the 
problem  of  a  submerged  heaving  sphere,  with  a  mean  depth 
of  submergence  equal  to  the  diameter  (Zo/R  =  2.,  Figure  1). 
Starting  from  rest,  the  body  is  given  a  purely  harmonic 
motion,  with  frequency  to. 

SL 


Kl^R/g 

Z  =  Zo  +  A  cos  cot 


Time  Domain  Results 

We  first  give  in  figures  2  to  9  a  sample  of  the 
unsteady  (vertical)  force  signals  computed  form  the  time 
domain  formulation.  The  results  of  the  fully  linearized 
formulation  (dashed  line)  have  been  systematically 
computed  for  comparison  with  the  body-nonlinear 
formulation.  The  difference  of  the  two  results  is  also  plotted. 

Results  are  given  for  two  values  of  the  amplitude, 
A/R  =  0.50  and  A/R  =  0.70,  and  four  values  of  the 
fundamental  wavenumber  Ki  =  co2R/g=0.1,  0.25,  0.50,  2.0.  A 
periodic  steady-state  is  very  rapidly  obtained,  and  a 
significant  influence  of  the  body  boundary  condition 
nonlinearity  is  observed,  mainly  for  Ki  =  0.25  ,  the 
difference  between  the  two  results  being  weaker  at  low  and 
high  frequency.  This  difference  mainly  appear  in  the  form  of 
higher  harmonics  in  the  response,  the  fundamental  being 
apparently  not  much  modified.  At  high  and  low  frequency, 
the  superharmonics  tend  to  be  in  phase  with  the 
fundamental.  The  analysis  will  be  easier  on  the  harmonic 
components  of  the  steady  state  response,  given  in  a  following 
section. 


Then,  in  figures  10  to  17,  for  the  same  two  values  of 
the  amplitude,  and  for  Ki  =  0.2,  0.4,  0.7,  1.0,  we  give  the 
transient  wave  elevation  computed  at  a  distance  20R  from 
the  sphere.  Again,  the  linearized  solution  in  dashed  line  is 
given  for  comparison.  At  low  frequency,  the  influence  of  the 
nonlinearity  is  much  stronger  than  on  forces,  but  the 
difference  between  linear  and  body-nonlinear  solutions  tends 
to  zero  at  high  frequency,  at  least  for  the  smaller  amplitude, 
A/R  =  0.50.  For  A/R  =  0.7  and  Ki  =  1.0,  a  small  second 
harmonic  component  remains  sensible.  At  low  frequency,  the 
influence  of  the  body  boundary  condition  nonlinearity  is 
already  very  sensible  for  a  moderate  amplitude,  as 
demonstrated  by  figure  18  giving  the  wave  elevations  for 
A/R  =  0.30.  For  such  an  amplitude,  a  linear  analysis  is 
commonly  considered  to  give  correct  results.  The  present 
results  prove  that  at  least  for  wave  generation,  a  linear 
analysis  is  inadequate,  the  body  nonlinearity  having  a  very 
strong  influence  on  the  structure  of  the  radiated  wave  field. 


This  phenomenon,  already  highlighted  using  a  frequency 
domain  analysis  of  the  problem  by  Clement  &  Ferrant 
(1987),  has  been  fully  confirmed  by  the  experiments  of 
Dassonville  (1987).  Comparisons  were  made  over  a  wide 
frequency  range,  but  we  simply  give  in  figure  19  a 
comparison  between  experiments  and  time  domain  body- 
nonlinear  analysis  for  A/R  =  0.50,  and  Ki  =  0.28,  i.e.  in  the 
vicinity  of  the  maximum  nonlinear  behaviour  given  by  the 
numerical  model.  Due  to  experimental  constraints,  the 
distance  from  the  sphere  is  here  equal  to  16. 5R.  A  small 
difference  in  the  starting  transients  is  observed,  due  to  the 
imposed  smooth  start  of  the  experimental  apparatus.  During 
the  steady-state  part  of  the  response,  the  wave  elevation  is 
slightly  overestimated  by  the  numerical  model,  but 
harmonic  content  as  well  as  phases  are  perfectly  recovered. 
At  large  time,  the  comparison  is  not  significant,  the 
experiments  being  affected  by  tank  wall  reflexions. 

Harmonic  Components 

Concerning  the  hydrodynamic  forces  exerted  on  the 
moving  body,  the  harmonic  analysis  is  performed  after 
obtention  of  the  steady-state,  and  the  results  are  given 
under  the  form: 


F(t)  = -  V  F*  cos  ncot  +  F„  sin  ncot  (24) 

pgKjR2A  n=0 

Full  results  may  be  found  in  table  1,  where  the 
harmonic  components  of  the  vertical  force  on  the  sphere, 
from  the  constant  term  to  the  fifth  harmonic,  are  given  for 
three  values  of  the  amplitude,  over  the  whole  frequency 
range  of  interest  ,  together  with  the  purely  harmonic 
frequency  domain  linear  results.  A  part  of  these  results  is 
graphically  represented  in  figures  20  to  27,  for  the  two 
largest  amplitudes,  and  up  to  the  fourth  harmonic.  The 
results  being  scaled  in  the  usual  manner  of  frequency 
domain  analysis,  the  first  harmonic  components  tend  to  the 
usual  linear  added  mass  and  damping  coefficients  when  the 
amplitude  tends  to  zero.  In  figures  22  and  23,  the  linear 
hydrodynamic  coefficients  are  plotted  together  with  the  first 
harmonic  components  of  the  body-nonlinear  results.  The 
stronger  relative  difference  lies  in  the  damping  coefficient, 
especially  between  0.2  and  0.9,  in  the  ascending  part  of  the 
curve. 

At  low  and  high  frequency,  F**  components  tend  to 
zero.  At  high  frequency,  F*  components  tend  to  a  constant. 
This  behaviour  cannot  be  observed  at  low  frequency,  the 
frequency  range  being  insufficient.  These  observations  agree 
with  the  asymptotic  analysis  of  the  problem,  which  gives 
predominent  added  mass  effects  at  low  and  high  frequency, 
where  the  steady-state  flow  is  in  phase  with  the  body 
motion. 


The  steady-state  far-field  wave  elevation  harmonic 
components  are  computed  from  equation  (15),  after  an 
harmonic  analysis  of  the  singularity  distribution  on  the 
body.  This  procedure  avoids  the  computation  of  the 
transient  wave  field,  and  is  of  negligible  Cpu  cost.  The 
results  are  given  in  the  form  of  the  distribution  of  the  total 
radiated  energy  over  the  different  harmonics  of  the  wave 
field,  in  figures  28  and  29,  for  A/R  =  0.50  and  A/R  =  0.70,  as 
a  function  of  frequency.  The  very  strong  deviation  from  the 
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linear  analysis  already  observed  on  time  domain  results  is 
confirmed,  with  a  maximum  about  (u.sqrt(R/g)  =  0.2  (Ki  = 
0.4)  where  for  A/R  =  0.50  only  60%  of  the  total  energy  input 
by  the  moving  body  is  recovered  on  the  first  harmonic  of  the 
wave  field.  This  phenomenon  appears  approximately  in  the 
same  frequency  range  as  the  maximum  deviation  from 
linear  results  of  the  damping  coefficient  FI**.  For 
confirmation,  we  give  in  figures  30  and  31  the  damping 
coefficient  computed  from  the  body  nonlinear  formulation, 
together  with  linear  results.  The  difference  is  also  plotted,  as 
a  function  of  frequency. 

Results  on  the  sphere  have  been  obtained  with  a 
discretization  of  200  panels  on  the  entire  body. 

Time  Domain  Wave  Resistance  of  a  Submerged  Ellipsoid. 

Results  are  now  given  on  the  problem  of  a 
submerged  ellipsoid  of  beam/length  ratio  B/L  =  0.2,  and 
submergence  Zo/L  =  0.16.  Two  different  discretizations  are 
used,  with  respectively  60  and  168  panels  on  the  half-body, 
and  the  simulations  were  run  over  150  time  steps.  Starting 
from  rest,  the  body  is  abruptly  given  a  constant  velocity  in 
the  positive  X  direction,  parallel  to  the  free  surface.  We  give 
in  figures  32  to  34  the  transient  horizontal  force  on  the 
body,  for  three  values  of  the  Froude  number,  Fr  =  0.4,  0.45, 
0.5.  After  some  oscillations,  the  force  tends  to  a  constant, 
which  actually  is  the  wave  resistance  of  the  body.  We  give  in 
table  2  the  Cw  wave  resistance  coefficient  estimated  from 
the  ultimate  value  of  the  transient  force,  compared  with  the 
results  of  a  conventional  Neumann -Kelvin  wave  resistance 
code  (Delhommeau  1987),  obtained  with  a  192  panels 
discretization.  The  results  of  a  semi-analytical  formulation, 
deduced  from  curves  given  in  Farell  (1973),  are  also 
presented.  With  the  finest  discretization,  Npan=168,  the 
agreement  between  time-domain  analysis  and  steady-state 
results  is  correct.  The  influence  of  the  time-step  has  not  been 
investigated.  A  smaller  time  step  would  certainly  lead  to  a 
better  agreement,  especially  for  larger  Froude  numbers. 


Fr 

Cw  (time  domain) 

(Np=60)  (Np=168) 

Cw  (N-K) 
(Np=192) 

Cw  (Farell) 

0.40 

0.01226 

0.01267 

0.01175 

0.01320 

0.45 

0.01592 

0.01667 

0.01734 

0.01713 

0.50  0.01619 

Table  2 

0.01671 

0.01775 

0.01822 

Note  that  the  oscillations  are  greater  for  smaller 
Froude  numbers.  At  Fr  =  0.8  (figure  35),  only  a  small 


overshoot  is  observed  during  the  transients,  a  constant 
resistance  being  very  rapidly  obtained. 

Similar  results  on  the  transient  approach  of  the  wave 
resistance  problem  have  already  been  published  by  Jami  & 
Gelebart  (1987),  and  more  recently  by  Magee  &  Beck  (1990), 
with  comments  on  the  oscillatory  behaviour  of  the  time 
depending  wave  resistance  and  its  connection  with  the 
critical  parameter  x  =  0.25  of  the  forward  speed  seakeeping 
problem.  Present  computations  simply  intend  to  demonstrate 
the  versatility  of  the  body-nonlinear  time  domain 
formulation. 


CONCLUSION 

A  systematic  attention  on  computational  efficiency 
has  led  to  a  time  domain  body-nonlinear  code  with  Cpu 
requirements  sufficiently  low  for  intensive  computations  to 
become  possible,  as  demonstrated  on  the  problem  of  the 
heaving  sphere.  Strong  nonlinear  effects,  both  on  forces  and 
wave  field,  already  detected  using  a  frequency  domain 
approach  (Clement  &  Ferrant  1987)  have  been  confirmed  and 
their  validity  extended  to  the  whole  frequency  range  and  to 
larger  amplitudes.  Furthermore,  the  time  domain 
formulation  can  cope  with  arbitrary  motions  and  is 
absolutely  robust.  Future  computations  will  be  undercome 
with  a  refined  version  of  the  code  based  on  a  linear 
representation  of  the  velocity  potential  on  the  body. 

Other  researchers  are  also  working  on  the  time 
domain  body-nonlinear  problem,  and  for  example  a 
considerable  experience  has  been  gained  on  the  time  domain 
seakeeping  problem  with  forward  speed  by  Professor  Beck's 
team.  The  variety  of  possible  applications  will  certainly 
motivate  many  interesting  studies  in  the  future.  The 
extension  to  finite  depth  depends  on  the  development  of  fast 
algorithms  for  the  computation  of  the  corresponding  Green 
function,  on  which  preliminary  results  have  been  obtained  by 
Newman  (1990). 
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Harmonic  Components 


Fo 

FI* 

FI** 

F2* 

F2*  * 

F3* 

F3** 

F  4  * 

F  4  *  * 

F5* 

F3*« 

K 1  ■ 

on* 

0.025 

0.136 

1  A=0 . 00 

1  A-0 . 30 

1  A*0 . 30 

I  A*Q . 70 

1 

1  0.0104 

1  0.0194 

1  0.0324 

2.  1290 
2. 1356 
2.1489 
2.1739 

0.0003 

0.0003 

0.0003 

0.0004 

0.0364 

0.0668 

0.1093 

0.0005 

0.0009 

0.0015 

0.0081 

0.0249 

0.0575 

0.0004 

0.0013 

0.0031 

0.0014 

0.0075 

0.0248 

0.0002 

0.0012 

0.0044 

0.0002 

0.0019 

0.0090 

0.0001 

0.0007 

0.0040 

K  I  * 
Ortc 

0.050 

0.224 

1  A-O. 00 

I  A-O. 30 

1  A=0 . 50 

1  A-O. 70 

t 

1  0.0125 

1  0.0237 

1  0.0411 

2.1478 
2.1568 
2.  1752 
2.2115 

0.0020 

0.0022 

0.0026 

0.0039 

1  0.0524 

0.0973 
0.163  1 

0.0052 

0.0100 

0.0182 

0.0129 

0.0399 

0.0936 

0.0037 
0.01  U 
0.0306 

0.0021 

0.0109 

0.0333 

0.0013 

0.0073 

0.0270 

0.0002 

0.0019 

0.0074 

0.0003 

0.0028 

0.0149 

K  1  - 

on= 

0.100 

0.316 

1  A=0 . 00 

1  A-O. 30 

1  A=0 . 50 

1  A=0 . 70 

1 

1  0.0137 
t  0.0305 

1  0.0554 

2.1807 

2.1941 

2.2222 

2.2732 

0.0130 

0.0156 

0.0217 

0.0364 

0.0749 

0.1383 

0.2281 

0.0372 

0.0717 

0.1292 

0.0122 

0.0366 

0.0788 

0.0138 

0.0497 

0.1209 

0.0008 

0.0033 

0.0052 

0.003! 

0.0164 

0.0549 

-o.ooot 

-0.0011 

-0.0084 

0.0004 

0.0036 

0.0156 

K 1  = 

on* 

0.200 

0.447 

1  A=0 . 00 
[  A=0 . 30 

1  A-O. 30 

1  A-O. 70 

t 

l  0.0223 

1  0.0433 

1  0.0770 

2.2319 

2.2465 

2.2737 

2.3236 

0.0711 
0.0857 
0. 1139 
0. 1747 

0.0354 

0.0606 

0.0853 

0.1062 

0.1948 

0.3186 

-0.0029 

-0.0107 

-0.0325 

0.0187 

0.0565 

0.1254 

-0.0016 

-0.0084 

-0.0293 

0.0021 

0.0102 

0.0286 

-0,0002 

-0.0021 

-0.0096 

0.0001 

0.0007 

0.0010 

Kl* 

cm= 

0.300 

0.548 

1  A-O. 00 

1  A-O. 30 

1  A=0 . 50 

1  A-O. 70 

1 

1  0.0281 

1  0.0512 

1  0.0829 

2.2333 

2.2587 

2.2696 

2.2888 

0. 1624 
0. 1830 
0.2234 
0.2950 

-0.0267 

-0.0490 

-0.0821 

0.1026 

0.1857 

0.2939 

-0.0035 

-0.0266 

-0.0624 

0.0153 

0.0447 

0.0933 

-0.0013 

-0.0079 

-0.0247 

0.0010 

0.0048 

0.0118 

-0.0002 

-0.0014 

-0.0054 

0.0000 

0.0000 

-0.0012 

Kl- 
0M  = 

0.400 

0.632 

1  A=0 . 00 

1  A-O. 30 

I  A-0.50 

1  A=0 . 70 

1 

1  0.0310 

1  0.0530 

1  0.0781 

2.2287 

2.2263 

2.2219 

2.2147 

0.2570 

0.2744 

0.3084 

0.3675 

-0.0512 

-0.0927 

-0.1477 

0.0701 

0.1287 

0.2060 

-0.0123 

-0.0363 

-0.0780 

0.0115 

0.0336 

0.0699 

-0.0014 

-0.0068 

-0.0196 

0.0009 

0.0040 

0.0101 

-0.0001 

-0.0008 

-0.0030 

0.0000 

0.0000 

-0.0004 

K 1  - 
0M- 

0.500 

0.707 

1  A-O. 00 

1  A=0 . 30 

I  A-O. 50 
t  A=0 . 70 

1 

1  0.0305 
!  0.0500 

1  0.0686 

2.1567 
2.1520 
2. 1422 
2.  1240 

0.3296 

0.3411 

0.3640 

0.4046 

-0.0489 

-0.0906 

-0.1471 

0.0444 

0.0823 

0.1334 

-0.0127 

-0.0373 

-0.0788 

0.0062 

0.0188 

0.0410 

-0.0013 

-0.0060 

-0.0166 

0.0005 

0.0027 

0.0076 

-0.0001 

-0.0004 

-0.0011 

0.0000 

0.0001 

0.0006 

Kl- 

Ott- 

0.600 

0.775 

1  A-O. 00 

1  A-O. 30 

1  A-O. 30 

I  A-O. 70 

t 

1  0.0269 

1  0.0435 

1  0.0576 

2.0784 

2.0750 

2.0666 

2.0486 

0.3730 

0.3805 

0.3957 

0.4227 

-0.0397 

-0.0753 

-0.1257 

0.0350 

0.0633 

0.1002 

-0.0!  15 
-0.0343 
-0.0737 

0.0030 

0.0095 

0.0224 

-0.0013 

-0.0063 

-0.0177 

0.0003 

0.0018 

0.0061 

-0.0001 

-0.0005 

-0.0016 

0.0000 

0.0003 

0.0015 

Kl- 

0M- 

0.700 

0.637 

1  A-0.00 

1  A-O. 30 

I  A-O. 50 

1  A-O. 70 

1 

I  0.0208 

1  0.0337 

1  0.0444 

1.9976 

1.9959 

1.9905 

1.9769 

0.3863 

0.3923 

0.4041 

0.4241 

-0.0332 

-0.0631 

-0.1062 

0.0347 

0.0604 

0.0912 

-0.0096 

-0.0291 

-0.0639 

0.0014 

0.0045 

0.0114 

-0.0012 

-0.0061 

-0.0177 

0.0001 

0.0009 

0.0038 

-0.0001 

-0.0006 

-0.0023 

0.0000 

0.0003 

0.0017 

K 1  = 
0M  = 

0.800 

0 . 8?  4 

1  A-0.00 

1  A-O. 30 

1  A-O. 50 

1  A-O. 70 

1 

!  0.0131 

1  0.0215 

1  0.0287 

1.9247 

1.9238 

1.9204 

1 .9106 

0.3763 

0.3821 

0.3930 

0.4107 

-0.0314 

-0.0583 

-0.0958 

0.0376 

0.0642 

0 .0938 

-0 . 0080 
-0.0242 
-0.0339 

0.0009 

0.0029 

0.0070 

-0.0011 

-0.0055 

-0.0167 

0.0000 

0.0002 

0.0017 

-0.0001 

-0.0007 

-0.0029 

0.0000 

0.0002 

0.0015 

Kl- 
0H  = 

1.000 

1.000 

1  A-0.00 

1  A-O. 30 

1  A-O. 50 

1  A-0.70 

1 

1-0.0034 

1-0.0032 

1-0.0066 

1.8190 

1.8168 

1.8121 

1.8033 

0.3148 

0.3214 

0.3333 

0.3520 

-0.0370 

-0.0650 

-0.0991 

0.0420 

0.0717 

0.1040 

-0.0062 

-0.01S5 

-0.0408 

0.0017 

0.0046 

0.0090 

-0.0009 

-0.0043 

-0.0135 

-0.0001 

-0.0002 

-0.0001 

-0.0001 

-0.0007 

-0.0032 

0.0000 

0.0001 

0.0008 

Ki  = 
OM  = 

1.200 
1.095  ! 

1 

1  A-0.00 

1  A-O. 30 

1  A-O. 50 

1  A-O. 70 

I 

1-0.0172 

1-0.0283 

1-0.0391 

1.7659 

1.7604 

1.7305 

1.7336 

0.2361 

0.2429 

0.2333 

0.2749 

-0.0460 

-0.0795 

-0.1172 

0.0403 

0.0697 

0.1033 

-0.0060 

-0.0173 

-0.0370 

0.0026 

0.0072 

0.0143 

-0.0007 

-0.0036 

-0.0110 

0.0000 

0.0001 

0.0004 

-0.0001 

-0.0006 

-0.0028 

0.0000 

0.0000 

0.0003 

K  1  - 

on* 

1.400  1 
1.183  1 

1  A-0.00 

1  A-O. 30 

1  A-O. 30 

1  A-O. 70 

1 

1-0.0264 

1 -0.0443 

1 -0.0630 

1.7303 

1.7413 

1.7237 

1 . 7023 

0. 1648 
0.1711 
0.1326 
0.2012 

-0.0331 
-0.0918 
-0 .1352 

0.0342 

0.0602 

0.0917 

-0.0063 
-0.0187 
-0 . 0383 

0.0029 

0.0083 

0.0179 

-0.0007 

-0.0033 

-0.0099 

0.000! 

0.0006 

0.0017 

-0.0001 

-0.0003 

-0.0024 

0.0000 

0 . 0000 
0 . 0003 

Kl  - 
0M  = 

1 

1.600  i 
1.265  1 

I 

1  A-0.00 

1  A-O. 30 

1  A-O. 50 

1  A-O. 70 

1 

1-0.0312 

1-0.0535 

1-0.0775 

1.7363 

1.7449 

1.7244 

1.6933 

0.1092 
0.1145 
0. 1245 
0.  1407 

-0.0568 

-0.0990 

-0.1475 

0.0266 

0.0477 

0.0748 

-0.0071 

-0.0204 

-0.0419 

0.0028 

0.0084 

0.0183 

-0.0007 

-0.0034 

-0.0099 

0.0002 

0.0009 

0.0027 

-0.0001 

-0.0005 

-0.0022 

0.0000 

0.0001 

0.0005 

Kl* 

dh- 

1 

1.800  1 
1.342  1 
1 

A-0.00 
A-O. 30 
A-O. 50 
A-O. 70 

1 

1-0.0327 

1-0.0570 

1  -0.0843 

1.7723 

1.7594 

1.7337 

1.6987 

0.0694 

0.0737 

0.0818 

0.0951 

-0.0576 

-0.1015 

-0.1333 

0.0194 

0.0355 

0.0373 

-0.0075 

-0.0218 

-0.0450 

0.0024 

0.0073 

0.0163 

-0.0008 

-0.0036 

-0.0104 

0.0002 

0.0010 

0.0032 

-0.0001 

-0.0005 

-0.0021 

0.0000 

0.0002 

0.0006 

Kl  = 

on* 

1 

2.000  1 
1.414  1 
1 

A-O. 00 
A-O. 30 
A-O. 50 
A-O. 70 

1 

1-0.0323 
1-0. 0568 

1  -0.0B56 

1.7914 

1.7777 

1.7524 

1.7121 

0.0427 

0.0460 

0.0522 

0.0626 

-0.0365 

-0.1003 

-0.1339 

0.0134 

0.0252 

0.0419 

-0.0077 

-0.0223 

-0.0471 

0.0019 

0.0058 

0.0137 

-0.0008 

-0.0038 

-0.0111 

0.0002 

0.0009 

0.0031 

-0.0001 

-0.0005 

-0.0022 

0.0000 

0.0002 

0.0007 

Kl- 
OM  = 

1 

2.500  1 
1.511  1 
1 

A-0.00 
A-O. 30 
A-O. 50 
A-O. 70 

1 

1-0.0279 

1-0.0500 

1-0.0778 

1.8333 

1 . 8202 
1.7950 
1.7533 

0.0110 

0.0123 

0.0153 

0.0201 

-0.0308 

-0.0918 

-0.1443 

0.0045 

0.0091 

0.0165 

-0.0073 

-0.0223 

-0.0481 

0.0007 

0,0026 

0.0068 

-0.0008 

-0.0041 

-0.0121 

0.0000 

0.0005 

0.0020 

-0.0001 

-0.0006 

-0.0023 

0.0000 

0.0001 

0.0006 

Kl* 

on- 

1 

3.000  1 
1.732  I 
I 

A-0.00 
A-O. 30 
A-O. 30 
A-O. 70 

r 

1-0.0236 

1  -0.0426 
1-0.0674 

1.8603 

1.8487 

1 . 8261 

1 . 7875 

0.0021 

0.0026 

0.0037 

0.0056 

-0.0434 

-0.0826 

-0.1316 

0.0011 

0.0026 

0.0035 

-0.0070 

-0.0211 

-0.0462 

0.0001 

0. 0008 
0.0026 

-0.0008 

-0.0040 

—0.0121 

-0.0001 

0.0001 

0.0008 

-0.0001 

-0.0006 

-0.0026 

-0.0001 

0.0000 

0.0002 
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PULSATION  W*SGRT(R/G) 
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PULSATION  W*SQRT(R/G) 
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PULSATION  W*SQRT(R/G) 


Figure  26 


Figure  27 


REFERENCES: 

Abramowitz  M.,  Stegun  I. A.,  "Handbook  of  mathematical 
functions".  Dover  Publications,  New  York,  1965. 

Adachi  H.,  Ohmatsu  S.,  "On  the  time-dependent  potential 
and  its  application  to  wave  problems".  Proc.  13th  ONR 
Symposium  on  Naval  Hydrodynamics.  Tokyo,  1980. 

Brard.  R.,  "Introduction  a  l'etude  theorique  du  tangage  en 
marche"  Bulletin  de  I'ATMA,  1948. 

Clement  A.,  Ferrant  P.,  "Free  surface  potential  of  a  pulsating 
singularity  in  harmonic  heave  motion".  Proc.  Fourth  Int. 
Conf.  on  Num.  Ship  Hydrodynamics.  Washington,  1985. 

Clement.  A,  Ferrant.  P.,  "Superharmonic  waves  generated  by 
the  large  amplitude  motion  of  a  submerged  body".  IUTAM 
Symposium  on  Nonlinear  Waves.  Tokyo,  1987. 

Dassonville  B.,  "Etude  experimental  des  effets  non-lineaires 
du  mouvement  de  grande  amplitude  d'un  corps  faiblement 
immerge”,  these  de  Docteur-Ingenieur.  Universite  de  Nantes, 
1987. 

Delhommeau  G.,  "Les  problemes  de  diffraction-radiation  et 
de  resistance  de  vagues:  Resolution  numerique  par  la 
methode  des  singularites".  These  de  Doctorat  es  Sciences, 
Nantes,  1987. 

Doctors  L.J.,  Beck  R.F.,  "Convergence  properties  of  the 
Neumann-Kelvin  problem  for  a  submerged  body".  Journal  of 
Ship  Research,  Vol.  31,  n°  4,  pp.  227-234,  1987. 

Farell  C.,  "On  the  wave  resistance  of  a  submerged  spheroid". 
Journal  of  Ship  Research,  Vol.  17,  n°  1,  pp.  1-11,  1973. 

Ferrant  P.,  "An  fast  computational  method  for  transient  3D 
wave-body  interactions".  Proc.  Int.  Conference  on  Computer 
Modelling  in  Ocean  Engineering.  Balkema  Publishers,  1988. 

Ferrant  P.,  "Radiation  d'ondes  de  gravite  par  les 
deplacements  de  grande  amplitude  d'un  corps  immerge: 
Comparaison  des  approches  frequentielle  et  instationnaire", 
these  de  Doctorat,  Universite  de  Nantes,  1988. 

Finkelstein  A.B.,  "The  initial  value  problem  for  transient 
water  waves".  Comm,  on  Pure  and  Applied  Maths.,  vol.  10, 
pp  511-522,  1957. 

Gradshteyn  I.S.,  Ryzhyk  I.W.,  "Tables  of  integrals,  series  and 
products",  Academic  Press,  New  York,  1965. 

Jami  A.,  "Etude  theorique  et  numerique  de  phenomenes 
transitoires  en  hydrodynamique  navale."  these  de  Doctorat  es 
Sciences.  ENSTA,  1982. 


Jami  A.,  Gelebart  L.,  "Une  approche  transitoire  des 
mouvements  de  translation  de  corps  immerges".  Premieres 
Journees  de  VHydrodynamique,  Nantes,  1987. 

Jami  A.,  Pot  G.,  "Finite  element  solution  for  the  transient 
flow  past  a  freely  floating  body".  Proc.  Fourth  Int.  Conf.  on 
Num.  Ship  Hydrodynamics.  Washington,  1985. 

King  B.K.,  Beck  R.F.,  Magee  A.R.,  "Seakeeping  calculations 
with  forward  speed  using  time-domain  analysis".  Proc.  17th 
ONR  Symposium  on  Naval  Hydrodynamics.  The  Hague, 
1988. 

Korsmeyer  F.T.,  Lee  C.H.,  Newman  J.N.„  Sclavounos  P.D., 
"The  analysis  of  wave  effects  on  tension-leg  platforms". 
OMAE  Conference.  Houston,  1988. 

Liapis  S.,  Beck  R.F., "Seakeeping  computation  using  time 
domain  analysis".  Proc.  Fourth  Int.  Conf.  on  Num.  Ship 
Hydrodynamics.  Washington,  1985. 

Magee  A.R.,  Beck  R.F.,  "Vectorized  computation  of  the  time- 
domain  Green  function".  Fourth  Int.  Workshop  on  Water 
Waves  and  Floating  Bodies.  Oystesee,  Norway,  1989. 

Magee  A.R.,  Beck  R.F.,  "Time  domain  analysis  for  predicting 
ship  motions".  Iutam  Symposium.  London,  1990. 

Newman  J.N.,  "Transient  axisymmetric  motion  of  a  floating 
cylinder".  J.F.M.,  Vol.  157,  pp.  17-33,  1985. 

Newman  J.N.,  "The  evaluation  of  free  surface  Green 
functions".  Proc.  Fourth  Int.  Conf.  on  Num.  Ship 
Hydrodynamics.  Washington,  1985. 

Newman  J.N.,  "The  approximation  of  free-surface  Green 
functions".  F.  Ursell  Retirement  Meeting,  Manchester,  1990. 

Pot  G.,  "Etude  theorique  et  numerique  des  mouvements 
libres  de  corps  flottants  ou  immerges.  Extension  au  cas  des 
grands  mouvements  de  corps  immerges".  These  de  Docteur- 
Ingenieur,  ENSTA,  1986. 

Stoker  J.J.,  "Water  Waves",  Interscience  Publishers,  New 
York,  1957. 

Webster  W.C.,  "The  flow  about  arbitrary,  three-dimensional 
smooth  bodies".  Journal  of  Ship  Research,  Vol.  19,  n°  4,  pp. 
206-218,  1975. 

Wehausen  J.V.,  Laitone  E.V.,  "Surface  Waves"  in  Handbuch 
der  Physik.,  Springer  Verlag  Ed.,  Berlin,  1960. 

Yeung  R.W.,  "The  transient  heaving  motion  of  floating 
cylinders".  Journal  of  Engineering  Mathematics,  Vol.  16,  pp. 
97-119,1982. 


80 


APPENDIX  1 

INTEGRAL  REPRESENTATION  OF  THE  VELOCITY 
POTENTIAL 


Q(M) 

S(t-X). - 0(M lT)  = 

47T 


(A1.10) 


[®(P,t)  -i-G(M,P,t  -X)  -  g^OKP.x)  G(M,P,t  -x)]  dS„ 


S(T) 


1.  Green  function 

Let  us  first  introduce  the  threedimensional  Green 
function  for  a  point  source  of  impulsive  strength: 

G(M,  P,t)  =  S(t) .  Go(M,P)  +  H(t)  .  F(M,  P,t)  (Al.  1) 

with  the  notations: 


Go(M,P)  =  -  —  +  —  (A1'2) 

4rrr  4Jtr' 


F(M,P,t)  = 


2tc 


(gk)w  sin[(gk)1/2t]  J0(kR)  ek(2+z,)dk  <A1'3) 


where  G(M)  is  the  solid  angle  under  which  D  is  seen  from  M, 
when  M  is  in  D  or  S.  (1.10)  is  then  integrated  with  respect  to 
x  from  0  to  t,  giving,  due  to  the  fundamental  property  of  8: 


G(M)  (Al.ll) 

- 0(M,t)  = 

4jc 


O  being  bounded  at  infinity  (finite  energy),  and 
accounting  for  (Al.8),  the  integral  over  S°°  in  the  right  hand 
side  of  last  equation  vanishes.  Next  step  is  to  transform  the 
integral  over  Sf: 


M  =  ( x,  y,  z) 

P  =  (x\y\z’) 

r=  [(x-x')2+(y-y’)2+(z-z,)2]l/2 
r1  =  [(x-x')2+(y-y')2+(z+z-)Y/2 
R=[(x-x')1/2+(y-y')1/2] 


* 

* 

*Sf  “ 

dx 

•> 

n 

» 

(A1.12) 

a  a 

(<t(P,x)  — G(M,P,t-x)  -  gj-IKP.t)  G(M,P.t-x)]  dSp 


SKt) 


and  where  8(t)  and  H(t)  are  respectively  Dirac's  delta 
function  and  Heaviside's  step  function. 

G  is  the  potential  induced  at  point  P  by  a  point  source 
of  strength  8(t)  located  at  point  M,  and  can  be  shown  to  have 
the  following  properties: 


AG(M,P,t)  =  8(r)  .  8(t) 


8  G(M,P,t)  8G(M,P,0 

- - - +  g - -  0 


sr 


8z' 


for  P  €  SI  (z'=0) 


G(M,P,0  )  =  Gt(M  )  =  0 
G(M,P,0  =  G(P,M,t) 

G  =  Q(r'2);  VG  =  Q(r'3)  whcnr - > 


(A1.4) 

(A1.5) 


(A1.6) 

(A1.7) 

(Al.8) 


2.  Green's  identity 

Applying  Green’s  identity  in  the  fluid  domain  at  time  x 
to  0(P,x)  and  to  G{M(t),P(x),t~x)  yields: 


j  j  I  [0(P,x)  AG(M(t),P(x),  t-x)  -  AO(P,x)  G(M(t),P(x),t-x)]  d Vp  = 

D(t) 

(A1.9) 

f  d  d 

to)  -  zm*™  GMP.t-c)i  dsp 

S(t) 

with  S(x)  =  Sb(T)  +  sm  +  Soc 

Left  side  of  equation  (Al.9)  is  a  Stieltjes  integral 
which  can  be  reduced  accounting  for  (A1.4)  and  (1),  to  give: 


On  Sf,  O  and  G  both  satisfy  the  linearized  free 
surface  condition,  so  that: 


«frn(M,  P,x)  =  -  j  <MM,P,x ) 

1 

G_(M,  P,t-x)  = - G  (M,P,t-x) 

g  TC 

and: 


(A1.13) 


rsf  = 


1 

7 

i 

7 


[OG  -GO  ]  dSp 

XT  XT  P 


[OG  -GO]  dSp 

X  X  x  r 


(A1.14) 


then,  introducing  the  total  derivative  in  x  of  the  integral  over 
Sf: 


D 

Dr 


[OG  -  GO  ]  dS  = 

t  X 


[OG  -  GO  ]  dS 

X  X  X 


Sf(x) 


Sf(x) 


(A1.15) 


+  0  [OG  -  GO  ]  (n  a  dl)  .  Vc 
T  x  x 

Cb(T) 


where  Cb  is  the  curve  defined  by  the  intersection  of  the 
instantaneous  body  surface  Sb  and  the  free  surface  z=0  and 
Vc  is  the  velocity  of  a  point  on  Cb,  we  may  write  for  Igf : 
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(A1.16) 


D 

dx  — 
Dx 


[<D(P(x),x)G  (HP,  t-x)  -  G(M,P,t -x)<t>  (P,x)]  dSp 


Sj<T) 


1 

+  — 
g 


dx  j>  [<D(P(t),  x)  FT(M(t),P(t),t-x)  -  F4>J  (npAdI  p).Vc(P) 

0  Cb(T) 


The  first  term  is  zero,  due  to  the  initial  conditions  for 
G  and  O,  and  gathering  terms,  we  finally  obtain  the  following 
integral  representation  of  the  velocity  potential  in  the  fluid 
domain  D(t),  in  terms  of  a  mixed  distribution  of  sources  and 
normal  dipoles  on  Sb.  (Go  terms  in  the  integral  over  Sb  have 
been  extracted  accounting  for  the  integral  property  of  8(t), 
and  eliminated  from  the  line  integral,  for  Go  is  identically 
zero  at  the  free  surface) 


fi(M) 

4k 


O(H0  = 


(A1.17) 


[4>(P,t)^-G0(HP)  -  G0(M,P)^U>(P,l)]  dSp 


sb(t) 

t 

dx 


d  d 

WP.x) - F(HP,  t-x)  -  —MPtx)  F(HP,t-x)]  dS 

3n(P)  dn(P) 


1 

+  — 
g 


Sb(T) 

1  r 

dx  ( )  [<t(P(T).  x)  FT(M(t),P(x),t-x)  -  FO  ]  (npAdl  p).Vc(P) 

0  Cb(T) 


When  M  is  on  Sb,  G(M)  =  2k  (if  the  normal  is 
continuous  in  M)  and  (Al.17)  gives  the  integral  equation  to 
be  solved  for  O  on  Sb,  considering  dO/3n  to  be  known  (forced 
motions).  After  solution,  (Al.17)  may  be  used  to  compute  O 
everywhere  else  in  the  fluid  domain  D,  where  £2(M)  =  4tc. 
When  the  body  is  fully  submerged  or  when  Cb  is  time 
invariant,  the  line  integral  in  (Al.17)  simply  vanishes. 

At  last,  note  that  the  solution  may  also  be 
represented  by  a  distribution  of  sources  only.  The  derivation 
of  the  corresponding  integral  representation  follows 
comparable  steps  and,  for  brevity,  will  not  be  given. 


FREQUENCY  DOMAIN  GREEN  FUNCTIONS  FOR 
THE  BODY-NONLINEAR  PROBLEM 

We  are  interested  here  in  the  steady-state  periodic 
free-surface  potential  generated  by  a  submerged  point  source 
following  an  arbitrary  periodic  motion  of  frequency  co,  with  a 
source  strength  of  frequency  pco,  p  >  0,  i.e.  solution  of  the 
following  problem: 


„  cospot  (i=l) 

AG.  (M(t),P,t)  *=  5(r(t)) .  F  (A21) 

v  sinpcot  (i=2) 

a2G.  3g. 

— ^  +  g^  =  0  for z'  =  0  (A2.2) 

at2  dz 

VGlp - >0  forr - (A2.3) 

+  radiation  condition  (A2.4) 

for  M(t)  =  [x(t),y(t),z(t)]  prescribed  motion  of  frequency  o> 
p  =  [x\y',z'  ]  fixed  point 

rft)  =  [(x(t)  -X'  )2  +  (y(t)  -Y  )2  +  (z(t)  -  z'  )2] 1/2  (A2.5) 

An  exhaustive  study  of  the  solutions  of  this  problem 
may  be  found  in  Ferrant  (1988),  where  these  Green  functions 
were  initially  developed  for  the  solution  of  the  body-nonlinear 
problem  in  the  frequency  domain.  Only  the  results  liable  to 
be  useful  for  the  present  paper  will  be  repeated  in  this 
appendix. 

1.  General  case  -  Arbitrary  periodic  motion 


The  preceding  problem  may  be  solved  using  different 
methods  (Fourier  transform,  time  asymptotic  limit  of 
unsteady  solution,...),  the  details  of  which  being  given  in 
Ferrant  (1988).  Although  involving  some  tedious  algebra,  the 
results  may  be  expressed  in  a  very  concise  form,  involving 
the  frequency  domain  Green  function  for  a  fixed  point  source. 
In  the  general  case  of  an  arbitrary  periodic  motion,  Gip  and 
G2P  are  given  by: 


Glp(mp,t)^ 


cospx  [  G^o,  M(x/«),P) 


(A2.6) 


+  2ReI,  Gm0(lm,M(iyra),P)e~il(“<l  ]  dx 


G2f(M(t),P,t)  =  25 


sinpx  [  G  J0,M(x/O)),P) 


(A2.7) 


+  2  R  y  c.  .(lco,  M(xto),P)  e  ',K“  T>  ]  dx 


where  Gok/cOjMjP)  is  the  complex  Green  function  for  the 
frequency  domain  diffraction-radiation  problem.  G^OjMjP) 
is  the  zero  frequency  limit  of  this  function,  i.e.  for  infinite 
depth: 


G  TO, M,P)  =  -  -L  -  -L 
(*>Q  4rcr  4?cr 


(A2.8) 
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Nota :  Although  initially  derived  for  the  infinite  depth  case, 
expressions  (A2.6),  (A2.7)  can  be  easily  shown  to  hold  for 
finite  depth  too,  provided  the  finite  depth  diffraction- 
radiation  Green  function  is  substituted  to  Gox,. 

2.  Sine  heave  motion 

2.1  Basic  formulations 


expressions  for  Gip  are  easily  derived,  for  a  source  motion 
being  given  by  (A2.9): 

Glp(M(t),P,t)  =  (A2.12) 

-  ,  k  y/2 

£  bik  J  ek"(Z  °+Z  )[V"(ak")+IP"(  akn>1  •sin(knR-«Dt-7C/4) 

+  OCR'1)  forR - >oo 


Explicit  forms  of  the  body-nonlinear  frequency 
domain  Green  functions  may  be  derived  by  first  imposing  the 
analytic  form  of  the  source  path,  and  then  introducing 
appropriate  formulations  of  G ^  (Near- Field,  Haskind, ...).  In 
the  case  of  a  time-harmonic  heaving  motion,  we  have: 

M(t)  =  (Xp  ,  y Q,  zQ  +  a  cosox)  (A2.9) 

Then,  substituting  for  example  the  Near-Field 
formulation  of  G(oo  in  (A2.6),  (A2.7),  we  get,  after  some 
transformations: 

cos  peat  r  l  11 

Clp[M(t),P, t]  =  -  .  [_  +  _J  (A2.10) 

r  -ic/ 2  i 

s  px .  cos  ntRe< 

+  ~x  z°(Z°  >[  Vn(akn)+IP-n(akn)  ] .  [  H0(  k„R )  cos  ncot  -  J0(knR)  sin  not] 


C(VO$ 

e  E  [£  (t/co)]  d0  >  dx  .  cos  ncot 


and: 

G2p(M(t),P,t)  =  (A2.13) 

«  ,  k  xl/2 

ek"<Zo+Z,[Ip.n(ak„)-I[>tn(ak„)].cos(knR-nmMi/4) 

+  o(R‘1)  forR - ><» 

As  can  be  deduced  from  these  expressions,  the  far- 
field  is  a  superposition  of  regular  circular  waves  of  velocities 
Cn  =  g/nco,  1  <  n  <  «>.,  the  amplitudes  of  the  harmonics  being 
explicitly  given  by  the  coefficients  in  front  of  the  sine 
functions,  involving  modified  Bessel  functions  of  arguments 
akn. 


and: 


sin  pcot  r  i  ii 

(A2.ii) 


-i 


2k„ 


sinpt .  sinnxRe 


'o 


r(0  r’(t)J 

i  i 

C(T/Ci>) 

e  E^[  ^(t/co)]  d9  cdx.  sin  ncot 


+  T  e 


n  kn(z0  +  z’) 


[  Vn^n)- *  [H0&nR)  sin  nCOt  +  VW  005 


where  H0  and  J0  are  respectively  the  Struve  and  Bessel 
functions  of  order  0,  Ip  is  the  modified  Bessel  function  of 
order  p,  Ei  is  the  exponential -integral  function,  and  : 

kn  =  (nco)2/g 

R=[(x0-x’)2  +  (y0-/)2]1/2 
Cn(0  =  kn  [zd)  +  z’  +  j  R  cos  0] 


These  expressions  are  mostly  appropriate  for  the 
computation  of  Gjp  when  R  is  small.  For  larger  radial 
distances,  formulations  based  on  the  modified  Haskind  form 
of  Gqx,  are  to  be  preferred;  see  details  in  Ferrant  (1988). 

2.2  Far-field  behaviour 

Accounting  for  the  asymptotic  behaviour  of  the 
special  functions  H0,  J0  and  Ej,  the  following  far-field 
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Nonlinear  and  Linear  Motions 
of  a  Rectangular  Barge  in  a  Perfect  Fluid 

R.  Comte',  P.  Geyer2,  B.  King1,  B.  Molin2,  M.  Tramoni2 
('Bassin  d’Essais  des  Caitnes,  France), 

(2Institut  Frangais  du  Petrole,  France) 


1  Abstract 

The  motion  of  a  rectangular  barge  in  beam  seas 
is  studied  within  the  framework  of  potential 
flow  theory. 

A  simulation  technique  based  on  the 
Mixed  Eulerian-Lagrangian  method  is  de¬ 
scribed.  It  allows  the  simulation  of  the  flow  and 
the  resulting  barge  motions  to  be  performed 
with  either  linear  or  fully  nonlinear  boundary 
conditions  on  the  hull  and  on  the  free  surface. 
Efficient  artificial  boundary  conditions  are  im¬ 
plemented  that  allow  nonlinear  and  linear  sim¬ 
ulations  to  be  performed  over  a  large  number  of 
wave  periods.  Results  from  linear  frequency  do¬ 
main  theories  are  recovered  and  nonlinear  phe¬ 
nomena  are  presented. 

2  Introduction 

Numerical  models  based  on  linear  potential 
theory  have  proved  themselves  to  be  efficient 
tools  to  predict  the  seakeeping  behavior  of 
floating  structures.  As  a  matter  of  fact,  very 
often  they  have  been  found  to  perform  surpris¬ 
ingly  well  given  all  the  limitations  of  the  the¬ 
oretical  framework  (small  motion,  small  wave 
steepness,  no  viscous  effects). 

A  known  exception  is  the  roll  motion  of 
ships  and  barges  at  or  near  resonance,  where 
difTraction-radiation  codes  are  known  to  over¬ 
predict  the  response.  Addition  of  a  supplemen¬ 
tary  damping  (accounting  for  the  vortex  shed¬ 
ding  at  the  bilge  corners)  to  the  motion  equa¬ 


tion  usually  notably  improves  the  prediction. 
For  barges  however,  it  has  been  argued  that 
the  nonlinearity  of  the  exciting  forces  (due  to 
the  large  variations  of  the  wetted  part  of  the 
hull)  should  also  be  taken  into  account  (e.g.  see 
Denise  [1]).  The  relative  importance  of  these 
two  factors  (viscous  damping  and  nonlinear  ex¬ 
citation)  has  led  to  some  controversy. 

In  past  years  some  attempts  have  been 
made  at  modeling  the  vortex  shedding  from 
the  bilge  corners  within  linear  potential  flow 
models.  Excellent  agreement  has  been  reported 
with  available  experimental  data  [2],  [3]. 

This  success  seems  to  rule  out  the  possibil¬ 
ity  of  the  nonlinearity  of  the  potential  loading 
playing  an  important  role  [4].  It  is  our  feel¬ 
ing  however  that  the  published  numerical  and 
experimental  results  are  too  scarce  to  entitle 
any  general  conclusions  to  be  drawn.  Obvi¬ 
ously,  many  parameters  such  as  the  shape  of 
the  bilge  corners  (sharp  or  rounded),  the  beam 
over  draft  ratio,  the  amount  of  potential  damp¬ 
ing  present  at  resonance,  etc.,  are  to  play  a  role. 
(We  are  currently  performing  extensive  experi¬ 
ments  to  forge  our  own  religion,  by  varying  all 
these  parameters).  It  seems  therefore  to  be  of 
interest  to  quantify  the  amount  of  nonlinearity 
present  in  the  excitation  forces,  and  this  is  the 
aim  of  the  numerical  technique  described  in  the 
present  paper. 

To  investigate  this  problem  we  make  use 
of  a  time  domain  numerical  model,  Sind- 
bad,  based  on  the  so-called  Mixed  Eulerian- 
Lagrangian  method,  which  simulates  a  two- 
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dimensional  wavetank.  Sindbad  has  been  val¬ 
idated  on  such  problems  as  sloshing  in  tanks, 
wave  generation  by  piston  type  wave  makers, 
and  wave  diffraction  over  submerged  cylinders, 
[5],  [6],  [7].  Two  difficulties  had  to  be  solved 
in  order  to  extend  its  capabilities  to  the  wave 
response  of  a  freely  floating  body  : 

•  a  means  must  be  devised  so  that  the 
waves  reflected  by  the  body  do  not  reflect  again 
on  the  wavemaker  and  pollute  the  incident 
waves.  In  wave  basins  this  problem  is  avoided 
by  locating  the  body  far  enough  from  the  wave 
maker,  so  that  a  steady  state  can  be  reached 
prior  to  contamination  of  the  incident  waves. 
In  the  numerical  model  it  is  necessary  to  re¬ 
strict  the  length  of  the  tank  in  order  to  limit 
the  size  of  the  problem; 

•  the  hydrodynamic  loading  on  the  hull 
needs  to  be  calculated  carefully  in  such  a  way  to 
permit  a  simultaneous  integration  of  the  body 
motion  equations. 

Section  3  is  devoted  to  a  short  description 
of  the  model  and  to  the  way  these  two  problems 
have  been  solved. 

Even  though  Sindbad  can  be  run  to  solve 
both  the  nonlinear  and  linear  problems,  it  was 
felt  that  a  proper  assessment  of  the  validity 
of  its  results  required  some  confrontation  with 
more  traditional  linear  frequency  domain  mod¬ 
els.  Comparisons  have  been  made  with  two 
such  models,  one  based  on  matching  of  eigen¬ 
function  expansions  of  the  potential  in  the  three 
sub-domains  limited  by  a  rectangular  barge 
(left,  right,  and  underneath),  and  the  other  on 
a  Rankine  source  distribution  on  the  hull  and 
free  surface.  Both  models  are  briefly  described 
in  section  4. 

The  last  part  of  the  paper  (section  5)  is 
devoted  to  the  presentation  of  some  numeri¬ 
cal  results.  First  the  linear  option  of  Sindbad 
is  checked  by  recovering,  once  a  steady  state 
has  been  reached,  the  frequency  domain  results 
to  a  satisfactory  accuracy.  Results  from  non¬ 
linear  simulations  are  then  presented  for  the 
diffraction  problem  (fixed  barge)  and  for  the 
diffraction-radiation  problem. 


3  Nonlinear  and  Linear  Tran¬ 
sient  Solutions 

3.1  Introduction 

Since  the  work  of  Longuet-Higgins  and 
Cokelet  [8]  that  pioneered  the  Mixed  Eulerian- 
Lagrangian  method  (MEL),  this  method  has 
been  widely  used  for  the  simulation  of  two- 
dimensional  free-surface  flows;  numerous  im¬ 
plementations  exist.  Many  authors  have  been 
interested  in  the  description  of  steep  waves  and 
the  MEL  has  proven  very  successful  in  describ¬ 
ing  the  flow  up  to  overturning,  see  for  instance 
[9].  Vinje  and  Brevig  [10]  first  modelled  waves 
interacting  with  rigid  obstacles,  either  fixed,  in 
forced  motion,  or  in  free  motion.  This  prob¬ 
lem  has  since  been  addressed  by  several  authors 
(e.g.  [11],  [12],  [13],  [14]).  The  motions  of  a 
rectangular  barge  have  been  studied  using  an 
implementation  of  the  MEL  at  St  John’s  [15]. 
However,  many  of  these  studies  were  somewhat 
qualitative  and  it  appears  that  little  attention 
has  been  given  to  the  validation  of  the  resulting 
codes  by  proper  comparisons  with  other  theo¬ 
ries  and  experiments.  For  instance,  if  computa¬ 
tions  of  the  free  motion  of  floating  bodies  have 
been  performed,  systematic  comparisons  with 
results  from  linear  theory  are  almost  nonexis¬ 
tent.  In  our  opinion,  it  is  now  time  to  validate 
the  MEL  and  to  use  it  to  provide  quantitative 
results. 

An  implementation  of  the  MEL  at  the 
Institut  Fran^ais  du  Petrole,  and  in  cooper¬ 
ation  with  DGA,  led  to  the  development  of 
the  code  Sindbad  (for  Simulation  numerique 
d’un  bassin  de  houle).  Developments  concern¬ 
ing  this  code  are  presently  under  way  at  both 
organisms.  Its  application  to  the  simulation 
of  two-dimensional  flows  in  the  presence  of  a 
submerged  or  surface-piercing  body  in  forced 
motion  has  been  described  elsewhere  in  some 
detail  (e.g.,  [5],  [7]). 

In  the  next  sections  attention  will  focus  on 
the  new  developments  that  have  been  necessary 
to  deal  with  a  freely  floating  body  of  arbitrary 
shape.  First  some  indications  concerning  the 
principle  of  the  simulation  will  be  given. 
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Wave  maker  &  Flouting  Absorbing  zone 

absorbing  zone  body 

Figure  1:  Sindbad  wave  basin  geometry 

3.2  Outline  of  the  Method 

The  main  idea  of  the  numerical  procedure  is  to 
choose  markers  initially  at  the  free  surface  and 
to  follow  them  in  their  motion. 

We  use  a  coordinate  system  The 

rc-axis  coincides  with  the  reference  position  of 
the  free  surface  and  the  y- axis  is  oriented  ver¬ 
tically  upwards  —  see  figure  1  for  geometric 
definitions.  The  fluid  is  assumed  to  be  incom¬ 
pressible  and  the  (low  irrotational  so  that  the 
velocity  field  v  is  given  by: 

«  =  V<£,  (1) 

with: 

A  <f>  =  0.  (2) 

The  computation  is  performed  in  a 
bounded  domain.  Along  rigid  boundaries  (x  £ 
Fn(<)),  the  normal  velocity  in  the  fluid  is  equal 
to  the  normal  velocity  of  the  boundary:  a  Neu¬ 
mann  boundary  condition. 

Along  the  free  surface,  we  use  Bernoulli’s 
equation  and  the  fact  that  the  free  surface  is  a 
material  surface.  The  corresponding  equations 
are  written  for  a  marker  x  on  the  free  surface 
( x  €  F <*(/))  and  the  associated  value  of  the  po¬ 
tential,  This  yields1: 

^  =  -v  -  -  0  <f>]  +  \  <f>l  -p  +  c(t)  (3) 

^or  the  sake  of  simplicity,  we  use  units  such  that 
the  acceleration  of  gravity,  <7,  the  specific  mass  of  water, 
p,  and  the  depth  of  the  tank,  h ,  are  equal  to  1. 


jjj  =  (  <t>*  «  +  4>n  »,  (4) 

where  D  is  used  to  indicate  a  material  deriva¬ 
tive,  9  and  n  are  vectors  tangent  and  normal 
to  the  free  surface,  respectively,  and  (  is  an  ar¬ 
bitrary  constant.  This  constant  specifies  the 
tangential  motion  of  the  markers:  (  =  1  iden¬ 
tifies  markers  as  particles  while  (  =  0  yields 
a  zero  tangential  motion  of  the  markers.  This 
last  choice  allows  a  current  to  be  simulated  in 
the  tank.  For  the  applications  discussed  here, 

C  =  !• 

The  pressure  is  assumed  constant  along 
the  free  surface;  it  can  thus  be  included  in 
the  function  of  time  c(t).  With  an  appropriate 
choice  of  the  velocity  potential,  this  function 
can  be  taken  equal  to  zero. 

The  kinematic  constraint  A <f>  =  0,  associ¬ 
ated  with  the  boundary  condition  on  Fn,  per¬ 
mits  the  free  surface  boundary  conditions  (3)- 
(4)  to  be  expressed  as  an  evolution  equation 
for  ( </>,£ ).  This  stems  from  the  fact  that  if, 
at  a  given  instant  £,  <f>  is  known  along  F <*(<) 
and  <f)n  is  known  along  Fn(J),  then  <f>n  can 
be  computed  along  the  free  surface  and  the 
right-hand  sides  of  (3)-(4)  can  be  evaluated. 
These  equations  can  be  solved  numerically  us¬ 
ing  standard  time-stepping  procedures,  such  as 
a  fourth-order  Runge-Kutta  algorithm. 

The  main  numerical  task  is  to  solve  for  the 
harmonic  function  <f>  at  each  time-step  knowing 
<f>  along  Yd{t)  an(l  along  Fn(<).  We  use  the 
integral  equation: 

-  0(P)<f>(P)-\-  [  <KQ)Gn(l\Q)dsq 

*0  d  -f  I  n 

=  /  MQ)G(p,Q)4*q,  (5) 

where  P  is  a  point  on  the  boundary,  G  is  the 
simple  source  Green  function,  6(P)  the  angle 
between  two  tangents  of  the  boundary  at  P 
(equal  to  n  for  a  smooth  curve)  and  s  a  curvi¬ 
linear  abscissa  along  F.  Equation  (5)  is  dis¬ 
cretized  using  a  standard  collocation  method. 
The  boundary  of  the  domain  is  approximated 
by  segments  and  (f>  and  <f>n  are  assumed  to  vary 
linearly  along  each  segment.  This  allows  an  an¬ 
alytical  integration  of  the  Green  function,  its 
normal  derivative  and  their  products  by  the 
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curvilinear  abscissa  so  that  the  calculation  of 
the  matrix  elements  is  rather  simple  and  vec¬ 
torizes  well. 

Special  care  has  to  be  taken  at  corners 
of  the  fluid  boundary  and  more  particularly  at 
the  intersections  between  the  free  surface  and  a 
piercing  body.  The  numerical  treatment  that  is 
used  there  is  based  on  a  local  asymptotic  anal¬ 
ysis  in  the  weakly  nonlinear  regime  that  corre¬ 
sponds  to  a  small  acceleration  (relative  to  grav¬ 
ity)  of  the  body.  This  numerical  treatment  is 
discussed  in  more  details  in  [G]  and  [7). 

3.3  Wave  Generation  and  Absorp¬ 
tion 

3.3.1  Generalities 

We  are  interested  in  computing  the  motions 
of  a  floating  body  in  the  open  ocean,  submit¬ 
ted  to  a  given  incident  wave  field,  over  several 
wave  periods.  Since  the  boundary  of  the  en¬ 
tire  fluid  domain  has  to  be  discretized,  artificial 
boundaries  must  be  introduced.  For  the  nu¬ 
merical  procedure  to  be  efficient,  the  fluid  do¬ 
main  should  be  as  small  as  possible.  It  is  there¬ 
fore  necessary  to  generate  the  incident  waves 
and  to  avoid  their  reflection  on  the  artificial 
boundaries  introduced.  Difficulties  in  reaching 
a  steady-state,  even  for  waves  of  small  steep¬ 
ness,  probably  explain  why  comparisons  with 
linear  results  have  not  been  more  systemati¬ 
cally  performed. 

When  the  steady-state  linear  solution  is 
computed,  an  incident  wave  is  prescribed  and 
a  radiation  condition  is  written  that  transmit¬ 
ted  and  reflected  waves  must  satisfy.  Writing  a 
proper  radiation  condition  for  the  second-order 
problem  has  long  been  a  matter  of  controversy. 
For  the  transient  problem,  the  proper  behav¬ 
ior  at  infinity  can  be  accounted  for  by  using 
a  proper  elementary  solution,  the  Green  func¬ 
tion.  This  approach  requires  a  convolution  in 
time  and  is  only  possible  if  the  problem  is  lin¬ 
ear  (at  least  in  an  outer  domain  extending  to 
infinity). 

In  the  absence  of  any  mathematically  sat¬ 
isfying  answer  yielding  perfectly  transparent 
boundary  conditions,  we  have  chosen  a  prag¬ 
matic  solution  similar  to  that  used  for  an  ex¬ 


periment  in  a  tank.  This  approach  does  not  in¬ 
volve  any  hypothesis  concerning  the  steepness 
of  the  outgoing  waves.  Waves  are  generated  by 
a  piston- type  wavemaker  and  the  tank  is  closed 
at  the  other  end  by  a  vertical  wall.  Two  damp¬ 
ing  zones,  one  at  each  end  of  the  tank,  are  used 
for  the  absorption  of  the  parasitic  waves  that 
are  generated  in  the  tank  —  see  figure  1.  This 
is  equivalent  to  having  an  absorbing  beach  at 
one  end  and  an  absorbing  wavemaker  at  the 
other  end. 

3.3.2  Absorbing  beach 

This  absorbing  beach  is  a  damping  zone,  sim¬ 
ilar  to  that  used  in  [16].  In  this  zone,  the  free 
surface  boundary  conditions  are  modified  by 
adding  a  damping  term.  We  write: 

(G) 

Dx 

-jjj  =  C  <t>>  «  +  K  n  -  v(xe)  (x  -  xe),  (7) 

where  the  subscript  e  corresponds  to  the  refer¬ 
ence  configuration  for  the  fluid  (here,  the  fluid 
at  rest). 

The  principle  of  this  damping  zone  is  to 
absorb  the  incident  wave  energy  before  it  can 
reach  the  wall.  It  may  be  seen  intuitively  that, 
if  the  absorption  is  too  weak,  part  of  the  inci¬ 
dent  wave  energy  will  reach  the  wall  and  be 
reflected.  Inversely,  if  the  absorption  is  too 
strong,  part  of  the  energy  will  be  reflected  by 
the  damping  zone  itself. 

The  choice  of  the  damping  coefficient  v(x) 
is  crucial  to  its  efficiency.  This  coefficient  is 
equal  to  zero  except  in  the  damping  zone  (a?o  < 
x  <  x\).  In  this  zone  it  is  chosen  to  be  con¬ 
tinuous  and  continuously  differentiable,  and  is 
“tuned”  to  a  characteristic  wave  frequency  u; 
and  a  characteristic  wave  number  k: 

v(x)  =  a  w  \~  (x  -  z0)]2  (8) 

,  .  2*  /? 

Xo  <  X  <  Xi  =  Xo  +  - , 

k 

where  a  and  (3  are  dimensionless  parameters. 
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3.3.3  Absorbing  Wavemaker 

The  absorbing  beach  allows  long  simulations 
to  be  performed  in  the  numerical  tank  when 
the  generation  and  the  propagation  of  surface 
waves  are  the  only  concerns.  A  difficulty  ap¬ 
pears  for  the  simulation  of  the  free  motions  of  a 
body  in  the  tank.  Waves  are  partly  reflected  by 
the  body  and  then  reflected  back  by  the  wave- 
maker.  In  a  real  tank,  this  problem  is  overcome 
by  locating  the  tested  body  sufficiently  far  from 
the  wavemaker.  For  the  numerical  tank,  this 
would  imply  too  large  a  number  of  discretiza¬ 
tion  points.  It  is  therefore  crucial  to  develop 
a  method  to  avoid  this  reflection  on  the  wave- 
maker. 

The  method  that  has  been  developped  is 
similar  to  that  used  for  the  absorbing  beach: 
the  energy  corresponding  to  the  reflected  wave 
has  to  be  damped  before  it  can  reach  the  wave- 
maker.  This  reflected  wave  is  defined  as  the 
difference  between  the  actual  wave  and  the  in¬ 
cident  wave,  i.e.  the  wave  that  would  exist  in 
the  absence  of  the  body.  The  damping  term  is 
thus  applied  to  the  difference  between  the  so 
lution  at  time  /  and  the  solution  that  would  be 
obtained  at  time  l  without  the  body. 

This  solution  can  either  be  computed  nu¬ 
merically  (by  running  the  code  for  calibra¬ 
tion  without  the  body)  or,  if  the  steepness  of 
the  incident  wave  is  sufficiently  small,  quasi- 
analytically  by  computing  the  linear  solution. 
This  last  method  appears  to  be  easy  to  imple¬ 
ment,  cheap  to  run,  and  surprisingly  efficient 
to  use,  even  for  moderate  steepnesses.  In  fact, 
it  is  not  even  necessary  to  compute  the  tran¬ 
sient  linear  solution;  the  steady  state  solution  is 
used  (damping  being  only  applied  once  a  steady 
state  is  reached  in  the  damping  zone). 

In  equation  (8),  values  of «  and  ft  equal  to 
1  are  appropriate  for  the  absorption  of  a  wave 
train  of  wave  frequency  u  and  wave  number  k 
—  see  figure  2  where  the  reflection  coefficient 
(ratio  of  the  reflected  wave  amplitude  to  the  in¬ 
cident  wave  amplitude)  is  plotted  as  a  function 
of  the  wave  number  for  these  values  of  a  and 
ft\  and  for  the  finer  computation.  The  compu¬ 
tation  is  performed  for  a  tank  length  equal  to 
5  wave  lengths  with  200  nodes  on  the  free  sur- 
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Figure  2:  Reflection  coefficient  vs.  wave  num¬ 
ber 


face  and  10  on  each  wall.  The  wave  elevation 
is  analyzed  near  the  middle  of  the  tank  over  10 
periods  after  the  15th.  Note  that  the  reflection 
coefficient  is  always  less  than  2%,  showing  the 
excellent  performance  of  the  absorbing  zone. 
Even  though  systematic  tests  have  not  yet  been 
performed  (they  are  underway  for  bichromatic 
waves),  it  seems  that  a  damping  zone  of  given 
characteristics  absorbs  reasonably  well  over  a 
rather  large  range  of  frequencies. 

3.4  Free  Motions  of  a  Body 

Sindbad  was  first  devised  to  study  the  flow 
around  a  body  which  is  fixed  or  in  forced  mo¬ 
tion.  For  a  freely  floating  body,  the  body 
boundary  conditions  are  not  known  a  priori.  In 
this  case  it  is  necessary  to  solve  the  equations 
governing  the  body  motion  and  those  governing 
the  motion  of  the  fluid  in  parallel. 

The  body  motion  is  specified  by  the  three 
degrees  of  freedom  xq,  ya ,  and  6  that  give  the 
povsition  of  the  center  of  mass  and  the  angle 
between  an  axis  linked  to  the  body  and  a  fixed 
axis  (see  figure  1). 

Let  M  be  the  mass  of  the  floating  body 
and  /  the  moment  of  inertia  relative  to  the  cen¬ 
ter  of  mass.  The  equations  of  motion  for  the 
body  can  then  be  written  as: 


Mxa  =  rx 

(9) 

Mfh  =  Fy 

(10) 

II 

(U) 
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This  equation  can  also  be  written  using  matri- 
cial  notations  as: 

M  £a  =  P.  (12) 

External  forces  applied  to  the  body,  F,  are 
written  as  the  sum  of  hydrodynamic  forces  and 
other  external  forces.  No  distinction  is  made 
between  hydrodynamic  and  hydrostatic  forces 
because,  in  the  nonlinear  case,  there  is  no  ob¬ 
vious  way  to  distinguish  them.  For  instance,  if 
hydrostatic  forces  are  defined  as  those  resulting 
from  the  integration  of  the  hydrostatic  pressure 
over  the  wetted  part  of  the  body,  they  are  seen 
to  depend  on  the  dynamics  of  the  (low  through 
the  variation  of  the  position  of  the  waterline. 
Hydrodynamic  forces  are  obtained  by  integrat¬ 
ing  the  pressure  over  the  body.  This  pressure 
is  obtained  from  Bernoulli’s  equation: 

p=  -h-fa-Vi-y.  (13) 

The  potential  <f>  is  the  solution  of  the 
Laplace  equation  together  with  the  free  surface 
boundary  conditions  and  the  kinematic  bound¬ 
ary  condition  on  the  body: 

<f>n  =  V  *  U,  (14) 

where  v  is  the  velocity  of  a  point  moving  with 
the  body.  The  pressure  over  the  body  depends 
on  the  body  dynamics  through  this  boundary 
condition. 

At  a  given  instant  we  assume  that  X(j 
and  .T(;  are  known  as  well  as  the  position  of  the 
free  surface  and  the  value  of  the  potential  along 
it.  The  velocity  of  a  point  a  =  (o-,/?)  linked  to 
the  body  is  easily  computed: 

a  =  -(/?“! !g)0  (15) 

P  =  ya  +  (a  -  &g)  0  (16) 

The  kinematic  boundary  condition  along 
the  body  bounday  can  thus  be  written.  As  seen 
previously,  the  velocity  of  the  markers  along 
the  free  surface  and  the  time  derivative  of  the 
velocity  potential  associated  to  these  markers 
can  then  be  computed. 

In  order  to  proceed  with  the  numerical 
time-stepping,  it  is  necessary  to  compute  the 


acceleration  of  the  body.  To  determine  the  ac¬ 
celeration  of  the  body,  the  forces  acting  on  the 
body  may  be  computed  and  equation  (12)  can 
be  solved. 

For  the  force  determination,  the  potential 
<f)  and  (j>t  are  required  for  the  Bernoulli  equa¬ 
tion.  The  simplest  method  for  determining  <f>t 
on  the  body  boundary  is  by  a  finite  dilference 
scheme  in  time,  using  the  result  of  the  previous 
time  step.  The  material  derivative  may  be  cal¬ 
culated  following  the  body  from  which  <j)t  may 
be  determined. 

This  approach  is  quite  satisfactory  for  the 
calculation  of  forces  on  fixed  bodies  or  bodies 
with  prescribed  motions.  However,  it  appears 
to  be  inadequate  for  the  time  stepping  of  the 
free  motion  equations.  Most  time-stepping  pro¬ 
cedures  treat  each  time  step  as  a  new  initial- 
value  problem  and  a  dependence  on  the  past 
via  a  finite  difference  is  not  permitted. 

Since  <f>t  is  harmonic  in  the  fluid  domain, 
it  has  to  satisfy  an  integral  equation  similar  to 
(5): 

-  9(P)MP)+  f  MQ)Gn(P,Q)dsQ 

'O'd  +  I  n 

-  /  MQ)G(P,Q)dsq.  (17) 

JVd+Vn 

where  <f>tn  designates  the  normal  component  of 
the  gradient  of  </>t  along  the  body  boundary,  i.e. 
(V<j>t)  *  n.  The  value  of  <j)t  may  be  determined 
much  more  accurately  by  solving  this  integral 
equation.  This  approach  is  similar  to  what  was 
done  in  [10]  for  the  problem  in  </> 

At  a  point  a  linked  to  the  body,  it  can  be 
shown  [6]  that: 

<f>tn  =  o  •  n  +  9  (a  •  s  -  (f)9 ) 


^  (f>3  +  <f>sn  J  a  *  9 


where  s  is  a  curvilinear  abscissa  along  the  body 
(oriented  as  shown  on  figure  1).  The  radius  of 
curvature  R  is  taken  positive  when  the  center  of 
curvature  is  inside  the  body.  Tangential  deriva¬ 
tives  of  the  potential  appear  in  this  expression 
because,  in  potential  flow  theory,  the  no-slip 
condition  is  not  enforced. 
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In  equation  (18),  the  velocity  a  is  given  by 
equations  (15)  and  (16).  The  acceleration  «  is 
given  by: 

a  =  xG  -  {ft  -  Vg)  9  -  (a  -  xG)  07  (19) 
P  =  ya  +  (a  -  xG)  9  -  (0  -  ya)  «*.(20) 

A 8  a  consequence  of  these  equations,  <f>tn 
depends  linearly  on  xq.  As  a  result,  hydro¬ 
dynamic  forces  applied  to  the  body  at  a  given 
instant  t  can  finally  be  written  as: 

l\  =  M'  iG  +  f0.  (21) 

The  vector  Fq  corresponds  to  the  forces  applied 
to  the  body  when  its  acceleration  is  equal  to 
zero.  The  matrix  M'  is  similar  to  an  added 
mass  matrix.  Its  coefficients  can  be  evaluated 
by  computing  the  forces  corresponding  to  a  unit 
acceleration  of  each  degree  of  freedom. 

It  should  be  noted  that  in  order  to  esti¬ 
mate  the  right  hand  side  of  (18),  it  is  necessary 
to  compute  the  derivatives  of  <f>  and  <f>n  with 
respect  to  the  curvilinear  abscissa  s.  These 
derivatives  are  computed  numerically  using  fi¬ 
nite  differences. 

By  combining  the  equation  of  motion  for 
the  body  (12)  with  the  result  for  the  fluid  forces 
(21)  the  acceleration  of  the  body,  xq  may  be 
determined.  The  evolution  equation  for  the 
free  surface  variables  (<^,  x)  is  replaced  by  an 
evolution  equation  for  (</>,  x,  xg,  xq).  The 
same  time-stepping  procedure  is  used  for  the  six 
degrees  of  freedom  corresponding  to  the  rigid 
body  motion  and  for  those  corresponding  to  the 
free  surface. 

3.5  Linear  Version  of  the  Code 

Mainly  for  validation  purposes,  it  was  deemed 
necessary  to  develop  a  linear  version  of  the 
code.  This  linear  version  differs  from  the  non¬ 
linear  version  only  by  the  boundary  conditions 
that  are  used;  linear  boundary  conditions  are 
written  on  the  mean  position  of  the  boundaries. 
Since  the  geometry  of  the  computational  do¬ 
main  stays  the  same  as  time  proceeds,  it  is  only 
necessary  to  compute  and  invert  the  matrix 
corresponding  to  the  boundary  integral  equa¬ 
tion  once.  Only  the  right  hand  side  has  to  be 
computed  at  each  time  step.  As  a  result,  the 


Figure  3:  Geometric  definitions  for  the 

eigen  function  expansion 

computational  cost  of  the  linear  computation  is 
an  order  of  magnitude  smaller  than  that  of  the 
nonlinear  computation. 

For  free  motions,  a  linear  stiffness  matrix 
is  computed  from  the  body  geometry.  The 
corresponding  linear  hydrostatic  force  is  added 
to  the  linear  hydrodynamic  force  computed  at 
each  time-step. 

It  is  also  possible  to  account  for  some  non¬ 
linear  effects  at  little  additional  computational 
cost.  For  instance,  nonlinear  hydrostatic  forces 
(corresponding  to  the  mean  or  instantaneous 
free  surface  position)  or  nonlinear  hydrody¬ 
namic  forces  (obtained  by  keeping  the  V<f>  •  V<f> 
term  in  Bernoulli's  equation)  can  be  accounted 
for.  At  the  present  stage,  our  main  purpose  was 
to  compare  the  fully  linear  and  the  fully  nonlin¬ 
ear  solutions.  It  is  obvious,  however,  that  once 
some  understanding  of  the  phenomena  will  be 
gained,  it  might  be  appropriate  to  use  a  par¬ 
tially  nonlinear  code  that  would  be  much  less 
expensive  to  run  than  the  fully  nonlinear  one. 

4  Linear  Frequency-domain 
Computations 

4.1  Eigen-function  Expansions 

This  method  takes  advantage  of  the  geome¬ 
try  of  the  fluid  domain  which,  for  a  rectan¬ 
gular  barge,  consists  of  three  rectangular  sub- 
domains:  underneath  the  barge  (domain  A), 
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right  of  the  barge  (H)  and  left  (C)  —  see  fig¬ 
ure  3.  It  has  already  been  applied  to  the 
same  problem,  see  for  instance  Mei  and  Black 

[17] .  (Onr  matching  procedure  differs  some¬ 
what  from  their’s,  and  is  inspired  from  Garrett 

[18] ). 

'Hie  total  velocity  potential  is  written  in 
the  classical  form: 


<f>  =  3?  yVl  +  VD  +  XJ  %Wt 

(22) 

where  xy  ~  xq,  x2  —  t/<7  and  x$  =  6. 

The  diffraction  potential  vd  and  radiation 
potentials  <pnj  admit  the  following  decomposi¬ 
tions: 

•  Domain  B: 


VB  = 

cosh  ko.it 


+  y:  bn  cos  knz  e  kn^x  ^  (23) 


n= 1 


•  Domain  C: 

Vc  - 


=  cosh  kpz  iko{x+b) 

0  cosh  Ar„// 

OO 

+  £c„  cosJfe„ zek"lx+V  (24) 

n~  1 


The  coefficients  any,an2J>n,cn  are  deter¬ 
mined  by  truncating  the  infinite  series  at  some 
finite  orders  7Vn,7V&  =  Nc,  and  equating  the 
potential  expansions  and  their  x  derivatives  at 
x  =  b  and  x  =  —b.  Considering,  for  instance, 
the  diffraction  problem,  equating  <pn  +  vi  a,K* 
<fA  in  x  =  b  yields,  after  taking  advantage  of 
the  orthogonality  of  the  cos  \nz  functions  over 
[0  h]  by  integrating  in  z: 

Ay  +  A2  =  A  B  +  Ry  (26) 

where  Ai  =  7(no.,-,«w„.), 

B  =  r(60,  ...,6/vJ,  and  A  is  a  Na  •  TV*  matrix. 

Similarly  equating  vc  +  VI  a**d  VA  at  x  ” 
~b  yields  : 


Al-M  =  AC  +  R i  e“2,A:o6  (27) 

Similar  considerations  on  the  x  derivatives 
in  x  =  6  and  a;  =  —6,  combined  with  integra¬ 
tions  in  2  over  [0  //],  yield  : 

B  -  B  (TxAy  +  T2A2)  +  R2  (28) 

C  =  B(T1Al-T2A2)-  R2e-2ikob  (29) 

where  B  is  a  TV*  •  Na  matrix,  and  Tj  T2  are  two 
diagonal  matrices. 


where  ko,kn  are  the  roots  of  the  equation  : 
to7  —  gk0  tanh  k0H  =  ~gkn  tan  kn  H 


•  Domain  A: 


fA  (1  V5/)  = 


+ 

+ 


VP  +  a«l  +  ai)2T 
b 


(25) 


£ 


n  - 1 


E 


A  n  1 


«u2 


cosh  \nx 
cosh  An/; 

si nh  Xnx 
sinh  A nb 


cos  An2 
cos  \nz 


where  An  —  nn/h  and  tpp  is  a  particular  so¬ 
lution  which  is  zero  for  the  diffraction  and 
sway  radiation  potentials,  and  is  equal  to  (z7  ~ 
x2)/2h  for  heave  and  to  (x/2h)  (,t2/3  -  z7)  for 
roll. 

In  the  previous  expressions  7/  is  the  to¬ 
tal  waterdepth,  b  the  half  width  of  the  barge, 
2  =  y  -f  /f ,  and  h  —  U  ~  d  the  waterdepth 
underneath  the  barge,  d  being  the  draft. 


Some  manipulation  of  these  4  vectorial 
equations  yields  the  final  system  in  B  +  C  and 

ll-C: 

[I-BTi  A}{U  +  C)  =  (30) 

B  TtRi(l  +  e-7ikob)  +  Rj(l  -  e~2ik°b) 


[1  -  B  T2  A]{B  -  C)  =  (31) 

B  T2Ri(l  -  e~7ikob)  +  R2{1  +  e~2ikob) 

The  resolution  of  this  system  yields  trun¬ 
cated  series  expansions  for  the  potentials  in 
each  domain  and  allows  the  hydrodynamic  co¬ 
efficients  and  the  diffraction  forces  to  be  com¬ 
puted. 


4.2  Linear  Integral-equation 

The  radiation  and  diffraction  potentials  are 
found  by  the  solution  of  an  integral  equation 
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may  be  shown  that: 


Figure  4:  Geometric  definitions  for  the  linear 
integral  equation 

resulting  from  the  application  of  Green’s  third 
identity.  The  approach  used  follows  that  of 
Nostogn.nl  and  Sclavounos  [1.9],  where  a  closed 
domain  il  is  used  for  the  problem  solution; 
the  radiation  condition  is  satisfied  by  matching 
with  the  multipole  solution  of  Ursell  [20].  The 
approach  is  free  of  irregular  frequencies  and  is 
useful  for  careful  calculation  of  linear  hydrody¬ 
namic  properties.  The  integral  equation  for  an 
unknown  potential  y>/j  or  <fnj  takes  the  form: 


where  the  Green  function  is  a  simple  source: 

C  =  log(r/-g), 

and  ,So  in  the  body  boundary,  Sj  the  free  sur- 
face  and  Sn  an  artificial  boundary  of  circular 
shape  see  figure  4. 

The  normal  derivative  of  tp  is  known  along 
S{).  The  normal  derivative  on  the  surface  Sn  is 
eliminated  by  the  coupling  with  the  multipole 
solution.  'This  coupling  is  accomplished  by  en 
forcing  continuity  of  the  potential  and  its  nor¬ 
mal  derivative  across  the  circular  contour.  It 


DA-iv=?r  (33) 

On 

where  the  operator  1)A~X  can  be  expressed  in 
terms  of  the  multipoles  [19].  My  substitution 
of  the  operator  /M_l  equation  for  the  normal 
derivative  of  the  potential  on  Sn  into  (32),  an 
integral  equation  for  the  unknown  potential 
is  obtained.  The  discretization  is  implemented 
using  Ng,  Nr  and  Nn  segments  on  So*  Sj  and 
S/i,  respectively.  The  multipole  series  appear 
ing  in  the  operator  l) A~ 1  is  truncated  and  Nn 
terms  are  retained. 

5  Numerical  Results 

5.1  Parameters  for  the  Numerical 
Computations 

We  are  mainly  interested  in  assessing  the  ca¬ 
pability  of  the  time  domain  simulation  to  deal 
with  the  prediction  of  the  seakeeping  behavior 
of  a  barge.  We  will  therefore  only  present  re¬ 
sults  for  a  particular  configuration,  show  that 
the  linear  frequency  domain  results  can  be  re¬ 
covered,  and  present  some  nonlinear  simula¬ 
tions  performed  over  a  large  number  of  wave 
periods  (about  40).  Model  tests  for  differ¬ 
ent  configurations  are  presently  under  way  and 
systematic  comparisons  between  computations 
and  experiments  will  be  reported  later. 

For  the  numerical  compulations  presented 
here,  two  geometries  were  considered:  a  rectan¬ 
gular  barge  with  sharp  corners  and  a  rectangu¬ 
lar  barge  with  rounded  corners.  In  either  case, 
the  draft  is  equal  to  (>  m,  the  beam  to  30  m  and 
the  center  of  gravity  is  located  4.45  in  above 
the  undisturbed  free  surface.  The  inertia  of  the 
barge  (relative  to  the  center  of  mass)  is  equal 
to  2.18  106  kg.m.  This  value  of  the  inertia  was 
chosen  in  order  to  have  a  natural  peiiod  in  roll 
close  to  8  s  in  the  sharp  corners  case.  The  barge 
wi  ih  rounded  corners  has  a  bilge  radius  equal 
to  1.5  m  and  its  natural  period  in  roll  is  close 
to  7.5  s. 

lloth  the  transient  computation  and  the 
eigen  function  expansion  are  performed  in  fi 
nite  depth.  In  order  to  avoid  finite  depth  ef¬ 
fects,  a  depth  of  150  m  was  used.  The  linear 
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integral  equation  method  in  performed  in  in fi- 
nite  depth. 

To  account  for  some  viscous  damping  and 
to  avoid  very  long  transient  phenomena  in  the 
unsteady  computation,  a  linear  damping  co¬ 
efficient  equal  to  5  105  kg.m.s-1  (and  corre¬ 
sponding  to  less  that  2.5%  of  critical  damping) 
was  added  to  the  equations  of  motion.  Since  a 
non  zero  horizontal  drift  force  is  expected  for 
the  nonlinear  computation,  a  linear  restraint  in 
sway  was  also  added.  The  corresponding  stiff¬ 
ness  is  equal  to  5  1()B  Nm-2  and  the  damping 
coefficient  is  equal  to  5  1U3  kg.s-1!!!-1.  This 
leads  to  a  natural  period  in  sway  larger  than 
five  times  the  natural  period  in  roll. 

5.2  Linear  Computation 

The  linear  version  of  Sindhad  was  used  to  com¬ 
pute  the  transient  tesponse  of  a  lectangular 
barge  submitted  to  an  incident  regular  wave. 
Computations  were  performed  for  a  fixed  barge 
(diffraction  problem)  and  for  a  freely  float¬ 
ing  barge  (diffraction-radiation  problem)  re¬ 
st  rain  e<l  in  sway. 

f  igure  5  shows  the  moment  about  the 
center  of  gravity  as  a  function  of  time  for 
the  diffraction  problem  and  for  a  barge  with 
rounded  corners.  The  wave  period  is  equal  to 
8  s  and  the  length  of  the  tank  is  equal  to  COO  in 
(for  a  depth  of  150  m).  200  nodes  are  used  on 
the  free  surface  and  80  on  the  barge.  We  use  40 
time  steps  per  period.  A  steady  state  is  rapidly 
reached,  showing  the  efficiency  of  the  damping 
zones.  Note  that  the  steady  state  moment  is 
very  small  (in  fact,  the  linear  transfer  function 
for  this  moment  shows  that  it  becomes  equal  to 
zero  around  8  s). 

Figure  G  shows  convergence  results  for  the 
diffraction  moment  about  the  center  of  gravity 
for  the  two  barges  with  and  without  rounded 
corners,  for  the  transient  computation  and  the 
linear  integral-equation  method,  this  moment 
is  plotted  as  a  function  of  the  total  number 
of  panels  on  the  barge.  For  the  eigen  function 
expansion  method,  it  is  plotted  as  a  number 
of  terms  in  the  series  (with  Nn  —  Nf,  =  7VC). 
Note  that  for  the  rectangular  barge,  the  con¬ 
vergence  is  rather  slow:  about  150  panels  are 
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Figure  6:  Convergence  curve  for  the  moment 


n 


Figure  7:  Dynamic  pressure  along  the  barge 


needed  for  the  integral-equation  method2.  The 
very  poor  convergence  of  the  results  from  the 
transient  simulation  for  the  barge  with  sharp 
corners  probably  stems  from  the  pressure  inte¬ 
gration  that  assumes  the  normal  to  be  contin¬ 
uous. 

Figure  7  shows  a  comparison  of  the  ampli¬ 
tude  of  the  pressure  variation  in  the  sharp  cor¬ 
ner  case  as  a  function  of  the  curvilinear  abscissa 
along  the  barge.  The  results  from  the  transient 
simulation  are  obtained  through  a  Fourier  anal 
ysis  of  the  calculated  transient  pressure.  Note 
that,  even  though  only  80  nodes  are  used  on 
the  barge,  an  excellent  agreement  is  obtained 
with  the  frequency  domain  results.  This  con¬ 
firms  the  accuracy  of  the  simulation  technique. 

7  For  the  radiation  problem,  it.  wa«?  suggested  in  [19] 
to  use  a  value  of  Nn  —  20. 


94 


HEAVE/ AMPLITUDE  (m/m)  SWAY/ AMPLITUDE  (m/m) 


PERIOD  (s) 


■9  0. 


•  Sindbod  (rounded  corners) 

_ Integral  Equation  (rounded  corners) 

...  Integral  Equation  (sharp  corners) 
__Elgen  Functions  (sharp  corners) 


7.0  8.0 

PERIOD  (s) 


9.0 


Figure  8:  Sway  transfer  function 


Figure  9:  Jieave  transfer  function 


Figure  10:  Roll  transfer  function 

Figures  8  to  10  show  the  sway,  heave, 
ami  roll  transfer  functions  for  the  barge  with 
rounded  corners.  The  transient  simulation  is 
performed  with  200  nodes  on  the  free  surface 
and  80  on  the  barge.  The  length  of  the  tank  is 
approximately  equal  to  6  wave  lengths  and  the 
barge  is  located  at  midtank.  Fourty  time  steps 
per  period  were  used.  A  good  agreement  is 
obtained  between  the  transient  simulation  and 
the  frequency-domain  result.  The  coupling  be¬ 
tween  the  motion  of  the  fluid  and  that  of  the 
barge  is  properly  modeled. 

5.3  Nonlinear  Motions  of  a  Rectan¬ 
gular  Barge 

The  same  computations  as  before  have  been 
performed  using  the  fully  nonlinear  version  of 
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Sindbad.  Due  to  difficulties  related  to  the 
sharp  corners3,  only  the  rectangular  barge  with 
rounded  corners  will  be  considered  here. 

Figure  11  shows  the  moment  about  the 
center  of  gravity  as  a  function  of  time  for  the 
diffraction  problem,  the  incident  wave  ampli¬ 
tude  being  equal  to  2  m  (the  wave  period  is  still 
equal  to  8  s  and  the  same  discretization  as  in 
the  linear  case  in  used).  As  in  the  linear  case,  a 
steady  state  is  reached  rapidly.  However,  non¬ 
linear  effects  are  very  strong  and  the  presence 
of  higher  harmonics  is  obvious.  A  Fourier  anal¬ 
ysis  of  the  signal  reveals  that  even  the  ampli¬ 
tude  of  the  first  harmonic  is  not  well  predicted 
by  linear  theory  and  that  the  second  harmonic 
is  twice  as  large  in  magnitude. 

Figure  12  and  13  show  the  sway  and  roll 
displacements  (xq  and  0 )  as  a  function  of  time 
for  a  floating  barge  restrained  in  sway.  The 
wave  period  is  equal  to  7.5  s  (corresponding  to 
the  resonance)  and  the  wave  amplitude  is  equal 
to  1  m.  The  same  discretization  as  in  the  lin¬ 
ear  case  is  used.  A  graphical  representation  of 
the  free-surface  profiles  during  the  simulation  is 
shown  in  figure  14.  There  are  much  less  higher 
harmonics  than  in  the  diffraction  case,  the  body 
presumably  acting  as  a  “filter”.  The  response 
amplitude  in  roll  is  significantly  modified,  indi¬ 
cating  that  the  nonlinear  potential  flow  effects 
are  important. 

6  Conclusion 

A  simulation  technique  based  on  the  Mixed 
Eulerian-Lagrangian  method  has  been  de¬ 
scribed.  It  allows  the  simulation  of  the  flow  and 
the  resulting  barge  motions  to  be  performed 
with  either  linear  or  fully  nonlinear  boundary 
conditions  on  the  hull  and  on  the  free  sur¬ 
face.  Efficient  artificial  boundary  conditions 
have  been  implemented  that  allow  long  simu¬ 
lations  of  diffraction-radiation  problems. 

Linear  frequency  domain  results  have  been 
recovered  using  the  linear  version  of  the  code. 

3As  shown  before,  the  convergence  is  very  poor  for 
the  barge  with  sharp  corners.  Note  moreover  that  the 
singularity  for  the  complex  potential  is  expected  to  be 
in  z 2^3  yielding  an  infinite  pressure  due  to  the  V(f>  ■  V<j> 
term. 


Comparisons  have  been  performed  not  only  for 
global  quantities,  such  as  transfer  functions, 
but  also  for  local  quantities,  such  as  pressures. 
This  linear  version  appears  to  be  well  validated. 

Nonlinear  simulations  have  been  per¬ 
formed,  lasting  for  a  large  number  of  wave  pe¬ 
riods.  Even  though  these  nonlinear  results  are 
difficult  to  validate,  the  accuracy  of  the  linear 
version  of  the  code  gives  some  confidence  con¬ 
cerning  the  validity  of  the  model. 
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DISCUSSION 

J.  Nicholas  Newman 

Massachusetts  Institute  of  Technology,  USA 

This  type  of  complete  fully-nonlinear  analysis  seems  to  show  very 
different  results  for  the  roll  response  compared  to  the  simplified 
(hydrostatic)  analyses  described  in  the  papers  by  Sanchez  and  Nayfeh 
or  Francescutto  and  Nabergoj .  Perhaps  this  is  due  to  the  large  beam- 
draft  ratio  of  this  barge  and  its  large  damping?  If  so,  it  would  be 
very  interesting  to  apply  the  Sindbad  program  to  a  vessel  with  smaller 
roll  damping. 

AUTHORS’  REPLY 

The  question  of  Prof.  Newman  is  very  interesting  but  we  fear  that  we 
cannot  give  a  satisfactory  answer  at  this  stage  of  our  study.  Our 
motivation  for  performing  fully  nonlinear  simulations  of  the  roll 
motion  of  barges  certainly  stems  from  our  desire  to  get  a  better 
understanding  of  nonlinear  phenomena  involved.  In  particular,  we 
would  like  to  use  such  simulations  to  assess  the  validity  of  models 
using  different  levels  of  approximation.  In  this  paper,  however,  we 
describe  the  method  that  has  been  devised  to  perform  the  simulation 
and  we  insist  on  the  procedure  that  is  used  to  validate  it.  We 
understand  that  is  somehow  frustrating  to  discuss  more  the  tool  than 
its  results,  but  we  strongly  feel  that  nonlinear  simulations  can  only  be 
useful  if  carefully  validated. 

The  result  we  presented  is  for  a  barge  having  a  large  beam  to  draft 
ratio,  a  very  small  radiation  damping  and  an  important  roll-sway 
coupling.  It  does  not  seem  obvious  to  us  why,  in  this  particular  case, 
it  should  be  very  different  from  that  of  a  simplified  analysis,  as  long 
as  the  roll-sway  coupling  is  properly  accounted  for.  The  fully 
nonlinear  computation  is  still  quite  time  consuming  (it  took  several 
hours  on  an  Alliant  FX80  for  the  example  shown)  and  it  cannot  be 
used  for  a  systematic  investigation  in  the  phase  plane.  It  is  our 
feeling  that  intermediate  models  might  be  better  suited  to  check  if  the 
analyses  performed  on  a  simple  single  degree  of  freedom  system 
apply  to  real  situations. 

We  are  currently  performing  experiments  and  we  will  use  the  Sindbad 
program,  as  well  as  more  less  sophisticated  simplified  models,  to 
make  comparisons.  We  shall  report  the  results  in  the  future  and  we 
hope  that  we  will  then  be  able  to  answer  this  question  more 
satisfactorily. 


DISCUSSION 

Ronald  W.  Yeung 

University  of  California  at  Berkeley,  USA 

I  find  it  puzzling  how  you  could  eliminate  the  reflected  waves  in  the 
upstream  zone  by  applying  the  damping  layer  to  (^-</>i)>  &  being  the 
incident  wave  potential.  The  difficulty,  as  I  see  it,  is  that  the 
reflected  wave  from  the  body  does  not  occupy  the  same  fluid  domain 
as  the  incident  waves  since  the  problem  is  nonlinear.  You  must  have 
made  additional  assumptions  in  applying  this  procedure.  Perhaps  you 
can  clarify  this  point. 

AUTHORS’  REPLY 

We  thank  Prof.  Yeung  for  his  question  that  will  allow  us  to  clarify 
some  points  concerning  the  absorption  mechanism  we  use.  The 
method  we  propose  is  based  on  physical  considerations  rather  than  on 
a  rigorous  mathematical  analysis.  As  a  consequence,  it  is  not  clear 
to  us  what  is  meant  by  "additional  assumptions."  We  substitute  the 
original  problem  with  another  problem  with  different  boundary 
conditions.  As  for  a  real  tank  with  an  absorbing  beach  or  an 
absorbing  wavemaker,  the  only  way  to  assess  the  efficiency  of  the 
method  is  to  perform  tests  to  quantify  the  reflection. 

As  pointed  out  by  Prof.  Yeung,  the  reflected  wave  does  not  occupy 
the  same  fluid  domain  as  the  incident  wave.  The  definition  of  the 
reflected  wave  that  we  give  is  therefore  difficult  to  interpret  is  one 
refers  to  the  Eulerian  velocity  potential  in  the  fluid  domain. 
However,  as  we  use  a  Lagrangian  specification  for  the  time-stepping 
procedure,  there  is  no  ambiguity  for  the  implementation  of  the 
method;  we  refer  to  the  potentials  attached  to  a  marker  labeled  by  its 
abscissa  xc  along  the  reference  position  of  the  free  surface  (that 
coincides  with  the  x-axis).  Similarly,  the  damping  coefficient  v(xe) 
is  that  attached  to  the  same  marker. 
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Nonlinear  Body- Wave  Interactions 
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ABSTRACT 

This  paper  presents  numerical  research 
results  of  nonlinear  body-wave  interactions. 
The  body-wave  interaction  is  treated  as  a 
transient  problem  with  known  initial  condi¬ 
tions.  The  development  of  the  flow  can  be 
obtained  by  a  time-stepping  procedure,  in  which 
the  velocity  potential  of  the  flow  at  any 
instant  is  obtained  by  utilizing  a  source 
density  distribution  on  all  boundary  surfaces. 
The  Orlanski's  method  is  used  to  implement  the 
boundary  condition  at  the  open  boundary.  The 
position  of  intersection  points  are  determined 
by  a  direct  method. 

The  contents  of  this  paper  are:  (1) 

A  study  of  the  nonlinear  radiation  problem  of  a 
floating  body;  (2)  A  study  of  nonlinear  wave 
diffraction  problem  around  large  structures; 
(3)  Interaction  of  nonlinear  waves  with  a  free 
floating  body;  (4)  An  attempt  in  generating  a 
numerical  wave  tank.  Pretty  good  agreement  is 
met  between  the  numerical  results  and  the 
analytical  solution. 

NOMENCLATURE 

a  cylinder  radius 

d  still  water  depth 

F,  six  components  of  force/moment  acting 

K  on  the  body. 

g  the  acceleration  due  to  gravity 

H  incident  wave  height 

Ix,  Iy,  Iz  moment  of  inertia  about 
x,y  and  z  axes 
K  wave  number 

K  wave  number  of  the  wave  envelope 

m  mass  of  the  body 

N  number  of  elements  on  Sb+Sc+Sb+Sf 

Mb, Mc  number  of  elements  on  Sb»  Sc 
NrftNf  number  of  elements  on  S^.Sf 
Sb  wetted  body  surface 

Sc  outer  boundary  or  control  surface 

5^  bottom  surface 

Sf  free  surface 

Zg  vertical  position  of  the  body  centre 

r|  wave  elevation 

p  fluid  density 

<j>  total  wave  potential 

Zhenquan  Zhou  and  Maoxiang  Gu, 

China  Ship  Scientific  Research  Center,  P.Q.  Box  1 


cpo  velocity  potential  of  incident  waves 
0S  scattered  wave  potential 

I.  INTRODUCTION 

The  interactions  between  large  floating 
structures  and  the  sea  wave  are  generally 
predicted  on  the  basis  of  linear  ship  motion 
theories,  which  are  formally  valid  for  small — 
amplitude  sinusoidal  waves.  For  nonlinear  wave 
forces,  the  methods  which  have  been  applied  so 
successfully  to  the  linear  predictions  are  no 
longer  available.  Therefore  much  attention  has 
been  paid  to  perturbations  involving  second 
order  potential  in  the  past  few  years.  However, 
when  the  wave  is  very  steep  and  the  nonlinear 
effects  more  serious,  it  may  not  be  appropriate 
to  consider  only  second  order  forces. 

An  alternative  approach  to  the  nonlinear 
body-wave  interaction  problem  has  been  adopted 
by  Isaacson  [1],  in  his  model,  the  nonlinear 
wave-body  interaction  is  solved  numerically  by 
a  time  stepping  procedure.  In  this  field,  Lin, 
Newman  and  Yue  [2]  have  presented  a  method  of 
matching  the  finite  computational  domain  to  a 
linear  outer  solution  for  the  transient  heaving 
motion  of  an  axisymmetric  cylinder.  Liu  and 
Yang[3]  have  presented  the  study  results  for 
nonlinear  three-dimensional  but  axisymmetric 
free-surface  problems  using  a  mixed  Eulerian — 
Lagrangian  scheme. 

The  main  difficulties  in  simulating  fully 
three-dimensional  nonlinear  interactions 
between  a  free-surface  and  a  body  are  as 
follows:  (1)  The  treatment  of  the  body  and 
free-surface  interface.  A  confluence  of 
boundary  conditions  exists  at  the  line  of 
intersection  of  the  free-surface  and  the  body 
surface.  As  a  result,  the  panel  solution 
exhibits  a  singularity  at  points  on  that  line, 
which  is  the  one  of  the  main  causes  of  diver¬ 
gence.  (2)  The  selection  of  suitable  outer 
boundary  condition  or  radiation  condition.  The 
outer  boundary  in  a  numerical  model  is  a 
control  surface  surrounding  the  body  and  waves 
which  reflect  the  requirement  at  the  far  field 
in  guaranteeing  for  the  uniqueness  of  solution. 
To  accomplish  this  the  outer  boundary  condition 
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is  made  to  fulfil  the  function  of  allowing  all 
the  outgoing  radiated  and  scattered  waves  to 
pass  through  without  any  reflections  into  the 
inner  wave  field.  (3)  Stability  of  the  free 
surface.  In  the  case  of  nonlinear  waves 
the  wave  slope  is  large,  which  is  conducive  to 
unsteadiness,  and  hence  disrupt  the  computa¬ 
tional  effort  to  reach  a  steadystate  solution. 
(4)  The  interaction  of  the  body  motion  and  wave 
motion.  For  each  time  step,  it  is  necessary  to 
re-determine  the  relative  positions  of  the  body 
and  the  wave,  which  in  turn  needs  high  computa¬ 
tional  accuracy. 

It  is  realized  from  the  very  beginning 
that  in  dealing  with  nonlinear  computations  of 
body-wave  problems,  the  method  adopted  at  the 
present  state-of-the-art  depends  on  the 
target  aimed  for  investigation,  if  it  were  the 
local  phenomenon  such  as  the  nature  of  singu¬ 
larity  at  the  body-wave  intersection  and  of 
wave  breaking  and/or  spray  formation  were  aimed 
at,  then  full  attention  should  be  paid  to 
the  treatment  of  the  local  singularity. 
However,  if  it  were  the  global  forces  and 
moments  acting  on  the  body  that  is  aimed  at, 
then  the  method  should  adopt  a  pragmatic 
treatment  of  local  singularities,  which  paying 
attention  to  the  rest  of  the  problems  to  keep 
the  computational  treatment  robust  and  effic¬ 
ient.  The  method  outlined  in  the  present  paper 
follows  the  latter  philosophy.  In  the  present 
method,  the  body  wave  interaction  is  treated  as 
a  transient  problem.  The  development  of 
the  flow  is  obtained  by  a  time  stepping 
procedure,  the  velocity  potential  is  obtained 
by  utilizing  a  panel  method,  in  which  simple 
source  are  distributed  over  all  boundary 
surfaces,  including  the  free  surface,  the 
immersed  surface  of  the  body  and  the  bottom 
surface.  Plane  quadrilateral  surface  elements 
are  used  to  approximate  those  surfaces, 
and  the  physical  variables  are  assumed  to  be 
constant  at  each  element.  The  center  of  each 
element  is  used  as  the  pivotal  point.  The 
integral  equation  for  the  source  density  is 
replaced  by  a  set  of  algebraic  equations.  When 
this  set  of  equations  are  solved,  velocities 
at  and  off  the  surfaces  are  obtained. 

The  contents  of  this  paper  are: 

(1)  A  study  of  the  nonlinear  radiation  problem 
of  a  floating  body.  (2)  A  study  of  the  non¬ 
linear  wave  diffraction  problem  around  large 
structures.  (3)  Interactions  of  nonlinear  waves 
with  a  free  floating  body.  (4)  An  attempt  in 
generating  a  3-D  numerical  wave  tank. 

2.  MATHEMATICAL  FORMULATION 

As  in  Fig.1,  an  arbitrary  body  is  shown 
floating  at  the  free  surface  and  moving  in 
large  amplitude  in  waves. 

Let  x,y,z  from  a  cartesian  coordinate 
system  as  indicated  in  Fig. 1 ,  with  x  measured 
in  the  direction  of  incident  wave  propagation 
and  z  measured  upwards  from  the  still  water 
level.  The  fluid  motion  is  described  by  a 
velocity  potential  <j>  which  satisfies  the  lap- 


Fig-1  Coordinates  systems 
lace's  equation  within  the  fluid  domain, 


V2<t>(x,y,z,t)  =  0 


O) 


the  boundary  conditions  are  as  follow: 


|^(x,y,z,t)  =  v*n  on  Sb 


34>  3n  <y>  3n  . 

3z  “  3t  +  3x  3x  +  3y  3y 


on  S ^ 


(2) 

(3) 


+  gq  +  -^(V<f)« V(j))  -0  on  (4) 

(x,y,z,t)  =0  at  z  -d  (5) 
4>  also  satisfies  a  suitable  radiation  condi¬ 
tion  to  be  discussed  later  and  a  proper  initial 
condition. 


In  order  to  solve  nonlinear  interaction  of 
the  Body  and  wave,  The  development  of  the  flow 
is  obtained  by  a  time  stepping  procedure,  with 
the  velocity  potential  field  at  any  one 
instant  obtained  by  a  panel  source  method. 

In  this  method,  <j>  is  represented  as  the 
velocity  potential  of  the  field  point  which  is 
evaluated  by 

4>(x,y,z)  =  ||o(q)T^yds  (6) 

where  r(  p  ,  q)  is  the  distance  between  the 
points  p  and  q.  The  normal  derivative  of  the 
integral  in  (6)  at  p  of  the  surface  2ft  is 

Vn  =  -[2Trg(p)+n(p)jJq(q)r3|P-|^ds]  (7) 


where  the  unit  vector  n  is  normal  to  the  body 
surface  and  pointing  outwards  into  the  fluid. 

In  order  to  make  the  computer  program 
extensible  to  arbitrary  bodies  of  3  dimensions, 
the  surface  Su,  Sc,  Sf  are  divided  into  finite 
number  of  elements.  Assuming  that  the  source 
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density  is  taken  as  constant  over  each  element, 
the  potential  at  p  of  Eq.  (6)  may  be  written  in 
a  discretized  form  as: 

N 


4).  =  T.  4>.  .0.  1=1.2 . N 

i  j=1  10  0 

where 

(8) 

4.  .  = 

TJ  J 

[f  d?dn 

'sj  [(x-5)2+(y-n)2+z2]2 

(9) 

The  normal  induced  velocity  is  then 

N 

V  = 
n . 

i  ■ 

where 

2  .0  i-l,2,...,M 

j=l  J 

-2tt  i=j 

OO) 

i! 

•r-> 

■"i-lls.^ds  ^ 

J 

(ID 

In  conducting  the  time  stepping  procedure,  the 
boundary  conditions  at  each  time  interval  t+At 
are  established  in  explicit  forms  containning 
quantities  at  times  At  and  t-  At  which  are 
knov/n  from  previous  iterations,  e.g: 


/A[4\d  rd/rf)  /Kj. 

(3n't+At  "  F  (V  ^t-AfSn 

"  FV  H-At’fn 
<*>U  ■  FV  w  i 


3<t> 

t’  8n 

t’  3n 
t*  3n 


t“At)  °Sd 
t-At)  on 


t-At)  on^ 


^  3  n '  t+At 


4). 


3  4) 

't-At*  3n 


34 
t’  3n 


t-At)  on 
SL 


(12) 

Takinginto  account  of  (8)  and  (10)  above,  and 
the  boundary  conditions  (12),  a  set  of  surface 
integrals  on  source  density  o(t+  At)  may  be 
up-dated  to  the  advanced  time  interval  t+At, 
thus: 


^M^x.y.z.t+At)  =  G.f  t+At  i=i<2 
in  which,  the  matrix  of  coefficients  are 


and, 


K.  . 

4.  . 

iJ 
K.  . 


i=1*2 . Nd 

i=Nd+1,...,Nd+Nc+Mf  (14) 

i=M  ,+N  +N,+1 . M 

□  C  T 


G.  = 

i 


(M\d 

v3n'i , t+At 

<♦>;.«« 

<<»At 

/9<Kb 

^3n'i, t+At 


i=l,  2 . Md 

i=N,+l . N  ,+N 

d  d  c 

i  — N  ,+N  +1 , . . . ,  N  ,+N  +M  r 
d  c  d  c  T 


i=Nd+Nc+Nf+1 . N 


05) 


the  velocity  of  a  point  in  the  field  may  be 
expressed  as 


Whenever  the  velocity  potential  4  and  the 
velocity  v  as  well  as  the  body  motions  are 
known  at  time  t,  the  quantities  of  these 
variables  at  the  advanced  time  interval  t+At 
may  be  evaluated  according  to  the  following 
process.  Update  the  wave  elevation  over 
the  free  surface  Sf  at  time  t+  At;  according  to 
the  motion  of  the  body,  determining  the  new 
position  of  the  body,  which  modifies  the 
immersed  body  surface  at  interval  t+At  under 
the  new  free  surface  Sf(t+At);  in  the  new  fluid 
domain  ft(t+  At),  re-calculate  the  coefficient 
matrix  M-jj,  and  update  the  matrix  of  boundary 
conditions  G-j f t+At? ^ na^Y  find  the  solution  of 
source  density  c^t+At)  at  the  interval  t+At 
from  (13).  The  pressure  p  over  the  body  surface 
is  obtained  by  the  unsteady  Bernoulli^ 
equation: 

P=-P  [gz+d)t+TV<J)*V<t)  ]  (17) 

The  force  components  F|<  may  be  calculated  as 
appropriate  integrations  of  pressure 

Fk  =-{|pnkdS  (18) 

where  subscript  K=1,2,...,6  and  correspond 
to  fores  in,  and  moments  about  x,y,z  direction 
respectively. 

3.  THE  NONLINEAR  RADIATION  PROBLEM  OF  A 
FLOATING  BODY 

3.1  Formulation 

As  indicated  in  Fig. 1 ,  consider  the  forced 
heaving  motion  of  an  arbitrary  floating  body  on 
the  free  surface,  a  Lagrangian's  description  is 
used,  the  kinematic  and  dynamic  boundary  condi¬ 
tions  (3), (4)  are  rewritten  as: 

Dx  =  3£_.  Dy  =  3$.  Dz  =  3$. 

Dt  3  x’  Dt  3  y*  Dt  3zf  (ig) 

=  iV4*V(j)  -  gq 

The  above  free-surface  conditions  are  discre¬ 
tized  by  an  explicit  time-step  scheme  as 
follows: 

xp(t+At)  =  xp(t)+iAt{3(|f)t-(|J)t_At}p 

yp(t+At)  =  yp(t)HAt(3(g)t-(g)t_At}p 

zp(t+At)  =  Zp(t)HAt{3(||)t-(||)t_At}p 


(20) 


On  the  pivotal  point,  the  potential  is  : 

4k  ( t+At  )=<t)j(t  )+*At{  3(  V<t>-gn)  t 

-(|v4-V  4>-gn)t^At}  (21) 

Let  the  body  be  surrounded  by  a  vertical 
control  surface  Sc  .  Within  the  immediate 
vicinity  of  Sc  ,  the  scattered  wave  element  may 
be  approximated  as  a  plane  wave,  propagating 
outwards  with  celerity  along  a  direction  t. 
Assuming  that  the  scattered  wave  near  the  outer 
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boundary  satisfies  the  Orlanski's  [4]  condi¬ 
tion,  one  have 

|$+Cp(t)^=0  (22) 

dt  K  gp 

where  Cr  is  the  phase  velocity  for  potential 
function.  Let  R  denote  the  intersection  point 
of  the  free  surface  and  the  outer  boundary,  and 
point  R-l  a  neighbouring  point  AR  distant  from 
point  R  along  the  radial  direction,  the  phase 
velocity  Cp  is  then  obtained  from  <J)  of  the 
free-surface  as: 


C 


t 

R 


2At(vr)j:; 


(23) 


Considering  that  the  scattered  wave  should  be 
outgoing  waves,  CR  £  0.  In  practical  computa¬ 
tions,  the  limits  on  CR  may  be  set  as  [4] 


CR(t) 


AR 

At 

cR(t) 


if 

if 


>M 

R=At 

<r 

“4 


At 


(24) 


0  if  CR<0 


where  Cp(t)  is  obtained  from  Eq.  (23). 

The  solution  of  the  radiation  problem  may  be 
obtained  from  (13),  together  with  the  boundary 
conditions  listed  in  (19)-(24). 


Fig.  2:  Nodal  points  on  the  intersected 
body  panel. 

Let  (x*j  ,yi  ,z*j  )  and  (x2  .y?  *Z£  )  be  two 
nodes  on  a  panel  line,  which  are  located  under 
and  above  the  wave  surface  Ti(t)  respectively, 
thus,  the  new  node  on  the  wave  surface  n(t)  is: 


Zo 


Yo 

Xo 


-  n(t) 

»  y*i  +  (y2“Yi) 

=  x1  +  (x^x^ 


z-|-n(t) 


Z1  z2 
z1-n(t) 


zrz2 


(25) 


3.2  The  Panelling  of  The  Instantaneous  Wetted 
Surface  Wear  The  Free  Surface. 


3.3  Numerical  Examples  of  Large  Amplitude 
Radiation  Problems  and  Discussion 


At  intersection  line  of  the  body  and  the 
free-surface  a  confluence  of  boundary  condition 
exists.  As  a  result,  the  solution  exhibits  a 
singularity  at  the  line.  To  accommodate  this, 
we  determine  the  position  of  intersection 
points  by  a  direct  method.  From  a  physical 
point  of  view,  the  fluid  particle  may  not 
penetrate  into  the  body  ,  it  may  only  slide 
along  the  body  surface.  Therefore,  in  the 
numerical  model,  the  vertical  position  of  the 
intersection  point  is  obtained  by  interpolation 
along  the  radius  form  wave  elevations.  The 
horizontal  positions  (x,y)  of  the  intersection 
point  may  be  obtained  by  setting  their  absolute 
increments  as  zero.  Another  advantage  of  this 
method  is  in  using  the  centre  point  of  the 
panel  as  the  pivotal  point,  this  avoiding 
singularity  at  the  intersection  point  of  the 
body  and  the  free  surface. 

At  the  intersection  of  the  freesurface  and 
the  outer  boundary,  the  vertical  position  of 
the  intersection  point  is  determined  by 
allowing  it  to  be  the  same  as  the  v/ave  eleva¬ 
tion  calculated  at  the  outer  boundary  surface. 


In  this  section,  results  are  presented  for 
the  case  of  forced  heaving  motion  of  a  floating 
truncated  vertical  circular  cylinder  of  radius 
a  and  mean  draft  a/2  .  The  length,  time 
and  mass  units  are  so  chosen  that  the  radius  a, 
gravity  g  and  density  p  all  equal  unity.  The 
vertical  velocity  of  the  body  is  prescribed  to 
be 

V(t)  =  Hoosinojt  (26) 
with  the  body  draft 

h(t)  =  -1  -  Hcoswt  (27) 

The  total  number  of  panels  is  232,  with 
Nd=26,  Nc«48,  Nf»84,  Nb=74. 

Let  the  radius  of  outer  boundary  be  R*5.0, 
amplitude  be  H  =0.05,  frequency  w*iir,  time 
increment  be  At=0.1,  and  water  depth  be  d=4, 
T=24,  i.e.  a  total  of  6  periods. 

The  comparison  between  Lin's  results[2] 
and  our  results  for  the  above  problem  is  shown 
in  Fig.  3,  it  seems  agreement  is  good. 


For  each  time  step,  the  immersed  body 
surface  changes  in  accordance  to  the  motion  of 
the  body  and  of  the  wave  surface.  There  are 
several  configurations  which  the  panel  on  the 
body  may  be  intersected  by  the  free  surface 
n(t).  Fig. 2. 


3.3.1  The  Effect  of  Different  Radiation 
Conditions  Adopted  for  The  Nonlinear 

Rad i at ion  5o I uti on.  ~ 

Two  groups  of  computations  are  carried  out 
to  investigate  the  effect  of  different  radia- 


106 


Fig. 3  Comparison  of  heave  force  history 

-  present  result;  ***  Lin's  result 

[2]. 

tion  conditions.  Here,  the  time  interval  T=16.0 
.  In  group  A,  radiation  condition  as  proposed 
by  Isaacson[1]  is  adopted. 

<t>  =  0.  |^=0  (28) 

In  group  3,  the  radiation  condition  of  Eq.  (22) 
is  adopted. 


Fig.  4:  Comparison  of  heave  force  for  different 
radiation  conditions,  v  v  v 
group  A;  -  group  R. 


A  comparison  of  vertical  force  acting  on 
the  cylinder  in  both  cases  is  shown  in  Fig. 4. 
In  the  first  one  and  half  period,  the  result 
of  group  A  is  consistent  with  that  of  group  B. 
But  as  the  time  increases,  there  begins  a 
difference  between  them;  the  period  of  group  A 
becomes  gradually  less  than  that  of  group  3. 
This  phenomenon  arises  from  the  reflection  of 
scattered  waves  in  group  A.  At  the  beginning, 
the  scattered  waves  did  not  reach  the  outer 
boundary  Sc  »  therefore  results  of  the  two 
groups  are  consistent.  V'hen  the  scattered  waves 
reach  the  boundary  Sc.  in  the  case  of  group  A 
the  condition  of  (2S)  induces  a  ingoing 


reflection  of  the  scattered  waves.  It  is  the 
interference  of  the  scattered  waves  that  causes 
the  chage  in  the  period  of  the  wave  forces. 

3.3.2  The  Effect  of  Changing  The  Distance  of 
The  Outer  Boundary  Surface  from  The 
Origin. 


A  comparison  of  three  groups  of  calcula¬ 
tion  using  different  radii  of  the  outer 
boundary  surface  are  carried  out  to  investigate 
the  effect  of  changing  distances  of  outer 
boundary  surface.  Here  (a)  R=5.0,  (b)  R=3.0, 
(c)  R=1 0.0.  Fig.  5  shows  the  time  history  of 
wave  elevation  at  an  intersection  point  of  the 
body  and  free  surface.  Here,  the  result  of 
R=3.0  is  consistent  with  that  of  R=10.0,  but 
the  result  for  R=5.0  is  different.  For  the 
first  cycle,  (a)  is  consistent  with  (b) 
and  (c),  but  difference  of  amplitude  appear 
when  time  interval  increases. 


Fig.  5  History  of  an  intersection  point.  - 

group  a;  ***  group  b;  o  oo  group  c. 

The  free  surface  profiles  in  the  radial 
direction  correspondi ng  to  groups  (a),  (b), 
(c),  for  t=6.0,  8.0,  14.4  .  are  shown  in  Fig. 
5-8.  For  t=6.0,  groups  (a),  (b)anc!  (c)  are 
consistent.  For  t=3.Q,  a  slight  reflection 
causes  the  difference  between  group  (a)  and 
group  (b),  (c).  For  t=14.4  .  inconsistencies 

developed  even  between  R=8,  and  R— 1 0.  Hear  the 
body  surface,  the  wave  profiles  are  consistent, 
but  near  the  boundary  Sc  they  are  different. 
Fig.  9  is  the  pressure  on  the  bottom  center 
panel.  Fig.  10  is  the  vertical  forces  acting 

on  the  cylinder  of  group  (a),  (b),  (c). 

It  is  shown  that  by  changing  the  distance  of  ^ 
form  the  origin  little  effect  is  introduced  as 
far  as  the  hydrodynamic  forces  are  concerned. 
From  the  above  comparisons  a  conclusive 
remark  may  be  drawn:  For  the  Orlanski's 

condition,  changing  the  radius  of  the  outer 
boundary  causes  little  influence  to  the  wave 
force  but  may  have  a  large  influence  to  the 
wave  profiles.  For  computational  stablity  it 
is  advisable  that  the  outer  boundary  surface  be 
placed  at  a  distance  sufficiently  far  from  the 
body. 
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Fig.  6  Free  surface  profiles  (t=6) 
-*_group  a;-o-group  b;  —  a  — 
group  c. 


Fig.  9  Pressure  on  the  central  element 
***  group  a;  o  0  o  group  bt 
-  group  c. 


Fig. 7  Free  surface  profiles  (t=3.0). 
-*-group  a;~0^group  b;  _  a  - 
group  c. 


Fig. 10  Heave  forces  for  different 
radii.  *****  group  a; 
oo  o  group  b;  -  group  c. 


Fig. 8  Free  surface  profiles  ( t=l 4.4) 

-  *  -  group  a;  -  o  -  group  b;  -A  - 
group  c. 


3.3.3 


Generally,  large-ampl itude  motions  result 
in  nonlinear  phenomena.  Four  cases  of  large 
amplitude  forced  heaving  motions  are  investi¬ 
gated  in  which  R=S.O,  w=4ff,  d-4.0,  T=16.0, 
t=0.1  and  in  case  (a)  H  =0.05,  6a=hU>=10%,  h  is 
the  mean  draft,  (b)  H  =0.10,  6b=20%,  (c) 

H=0. 15,  6C=30%.  (d)  H=0. 25,  6d=50%. Fig. 1 1-1 4 

show  the  radial  free  surface  profiles  for  the 
above  four  cases.  With  increasing  amplitude, 
the  wave  profiles  change  drastically  as 

steeper  waves  appear  and  greater  amount 
of  wave  energy  are  transported  outwards.  Fig. 15 
shows  wave  surface  profiles  of  four  cases  of  H 
(at  t=  9.0  )  respectively.  In  each 

figure,  configuration  and  phase  of  wave 
profiles  for  these  four  cases  are  the  same,  but 
the  greater  the  oscillation  amplitude,  the 
steeper  the  wave  and  the  stronger  the  non- 
1 inearity. 


The  Effect  of  Changing  the  Amplitude  of 
Body's  Oscillation. 
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Fig.  16  is  the  time  history  of  a  body  wave 
surface  intersection  point  which  is  the  same  as 
the  wave  elevation  on  the  body  surface.  It  is 
shown  that  a  larger  wave  motion  appears  for  a 
larger  body  oscillation  amplitude,  but  the 
period  and  trend  are  the  same.  In  the  case  of 
the  larger  amplitudes,  there  appears  more 
asymmetry  in  the  curves  which  easily  results  in 
instability  of  the  numerical  process.  Fig. 17 
shows  the  pressure  acting  on  the  bottom  centre 
panel.  A  distortion  at  the  peak  of  the  pressure 
history  as  a  result  of  strong  nonlinearity 
appears  when  the  oscillation  amplitude  becomes 
too  large,  while  a  drop  in  pressure  appears  in 
the  very  beginning.  Since  the  body  starts  to 
rise  from  rest  and  form  its  initially  displaced 
position  at  the  botoom  of  the  stroke.  The 
comparison  of  the  vertical  hydrodynamic  force 
acting  on  the  body  in  Fig.  18  shows  little 
change  for  the  four  cases  considered. 

It  is  shown  that  the  variations  in  the 
radial  free  surface  profiles  and  in  the  local 
pressures  are  much  more  serious  than  in  its 
vertical  forces  for  different  amplitudes  of 
oscillation.  Thus  the  nonlinear  effect  should 
be  considered  when  dealing  with  a  local 
strength  problem  involving  integration  of  local 
pressures. 


Fig. 16  History  of  an  intersection 

point  for  different  amplitudes. 
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Fig. 17  Pressure  on  the  bottom 
central  panel. 


15  Wave  surface  profiles  for  different 
amplitudes  (t=9.0).  — A  —  case  a; 

-  case  b;  — •—  case  c; 

-  case  d. 


4.  NONLINEAR  WAVE  DIFFRACTION  AROUND  LARGE 
STRUCTURES 

4.1  Formulation 

In  approach  to  the  diffraction  problem, 
the  wave  diffraction  is  treated  as  a  transient 
problem  with  known  initial  conditions  corre¬ 
sponding  to  still  water  in  the  immediate 
vicinity  of  the  structure,  and  with  a  pre¬ 
scribed  incident  wave  form  approaching  from  x=-°° 
and  propagating  past  the  structure,  Fig.  19. 


Fig. 18  Heave  Forces  for  different  amplitudes. 
—  case  a;  0  o  o  case  b; 

AAA  case  c;  *  **  case  d. 


Fig.  19  An  isometric  view  of  body-wave 
interaction.  /d=1/3,  t=1.3. 

When  incident  waves  exist,  Lagrangian  free 
surface  conditions  of  the  form  (19)  may  easily 
lead  to  interpenetration  of  the  wave  surface 
panel  and  the  body  surface.  In  order  to  avoid 
the  difficulty  of  shaping  and  rearranging  the 
free  surface  panel,  a  set  of  Eulerian  free — 
surface  conditions  is  proposed  here. 


3t  nz  “  0 


41+9  n  +  t(V4))5 
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(29) 


3<t> 

3n 
34) 

3+  f 

For  the  outer  boundaVy  condition  provided 
that  it  is  lying  at  a  suitable  distance  from 
the  body,  then  in  the  beginning  period  when  the 
scattered  waves  are  still  in  the  inner  domain, 
the  outer  boundary  condition  may  be  written  as 
the  Isaacson's  version,  i.e. 


3cp  3<t>0 
3n  3n 
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(30) 


However,  when  T  ^  Tc,  where  Tc  is  the  time  when 
the  scattered  waves  travelling  at  its  group 
velocity  begin  to  meet  the  outer  boundary,  the 
Qrlanski's  condition  is  adopted: 
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It  is  assumed  here  that  the  scattered  wave  po¬ 
tential 

4>s  *  <t>  -  <t>o  (34) 


It  must  be  mentioned  that  a  note  of  mathemati¬ 
cal  inconsistency  occurs  here  as  for  nonlinear 
wave  dynamics,  the  principle  of  superposition 
is  not  strictly  applicable. 

For  the  initial  condition,  as  there  is 
initially  no  incident  wave  motion  immediately 
adjacent  to  the  body,  so  the  scattered  poten¬ 
tial  is  initially  zero. 

In  our  numerical  procedure,  the  corner 
point  no  of  the  wave  surface  panel  is  deter¬ 
mined  by  the  area  average  of  its  four  surround¬ 
ing  panels,  let  0  ,  s  represent  wave  elevation 
and  area  respectively,  then 

1°  =  - "  _  —  “  (3o) 

^VSb+/S-h^ 

For  each  time  step,  the  adjusted  wave  surface 
will  truncate  a  part  of  the  body  panels  near 
the  free-surface.  If  the  remaining  part  of  the 
body  panel  becomes  smaller  then  £,  a  predeter¬ 
mined  number,  then  it  is  deleted  from  the  body 
surface  to  avoid  divergence. 

4.2  Numerical  Examples 

A  computer  program  which  incorporates  the 
method  described  above  has  been  used  to 
generate  results  for  a  few  specific  situations 
in  order  to  establish  the  practical  viability 
of  the  method  used.  Suitable  comparisons 
with  available  results  may  be  made  only  for 
relatively  few  restricted  cases  for  which  known 
diffraction  solutions  are  avai 1  able. [ 1 ] . 

4.2.1  The  Diffraction  of  Small  Amplitu  de 

Haves  Past  A  Vertical  Circular  Cylinder.. 

A  surface-piercing  vertical  cylinder  is 
subjected  to  a  linear^  incident  wave.  Here, 
d/a=2,  H/a-0. 1 ,  Ka=1.5,  k/k-0. 5- 

Fig.  20  shows  a)  the  incident  wave 
elevation  at  x=Q,  b)  the  time  history  of  the 
horizontal  force  acting  on  the  cylinder.  The 
results  obtained  from  our  program  is  shown  in 
dotted  lines,  the  predicted  force  variation 
agrees  with  that  given  in  [1]. 

The  program  has  also  been  tested  for  the 
case  of  a  surface  piercing  vertical  cylinder 
subjected  to  a  prescribed  solitary  wave  form 
given  by 

n  =  Hsech2 [K(xs~Ct) ]  (36) 

where  T«=  AwfZF  ,  Xs=X+a+3. 0/K,  and  d/a=0.5, 
H/d-0. 1 . 

Comparison  of  results  with  closed-form 
solutions  given  by  Isaacson  [1]  is  presented  in 
Fig.  21.  The  solid  line  indicates  the  closed — 
form  solution  given  by  Isaacson,  the  broken 
line  is  the  numerical  results  calculated  by 
Isaacson's  model  [1],  and  the  dotted  line  is 
the  numerical  result  calculated  by  the  present 
model.  Results  evaluated  by  this  report 
serves  to  highlight  the  fact  that  the  outer 
boundary  condition  presented  in  this  section  is 
capable  of  allowing  the  outgoing  scattered 
waves  to  pass  through  effectively  with  little 
reflection  inwards.  It  also  enables  the 
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computation  of  wave  forces  to  run  on  for  a 
sufficient  duration  of  time  so  that  the  wave 
motion  is  fully  established  at  the  vicinity  of 
the  body. 

4.2.2  The  Diffreaction  of  Large  Amplitude 
Shallow  Water  Waves 

Results  are  presented  for  a  circular  dock 
fixed  at  the  free  surface  subjected  to  a  lrage 
amplitude  shallow  water  wave.  let  d/a=1.5, 


the  solid  line  represent  results  given  by 
the  present  theory  for  H/d-1/4  and  1/3  respec¬ 
tively.  There  is  a  90°  phase  difference 
between  the  wave  force  and  the  incident  wave 
form.  The  maximum  force  coefficient  occurring 
at  t/T=0.488  are  respectively  15%  and  21% 
greater  than  that  of  the  1 i near-theory  predic¬ 
tion. 

The  total  wave  profiles  occurring  for 
diffraction  around  the  fixed  dock  are  presented 
in  Fig.  23.  It  is  noticeable  that  the  steepness 
is  larege.  In  Fig.  23,  it  is  seen  that 
the  incident  waves  diffract  around  the  body, 
and  propagate  past  the  body,  comparing  the  wave 
crests  at  two  sides  of  the  body,  a  little  delay 
of  the  phase  may  be  noticed  found.  It  shows 
that  the  wave  behind  the  body  may  come  from 
diffraction  of  the  wave  in  front  of  the  body. 

Since  the  wave  is  obstructed  by  the  body, 
the  wave  elevation  in  front  of  the  body  swells 
up  to  a  value,  much  higher  than  that  behind  the 
body.  As  a  result,  a  pressure  difference  is 
formed  and  a  periodic  wave  force  is  generated. 

Fig.  19  is  an  isometric  view  of  the 
body-wave  interaction  showing  the  mechanism  of 
diffraction  with  H  /d=1/3,  t=1.3. 


Fig.  20:  a)  The  incident  wave  elevation 

at  X-0.  b)  History  of  horizontal  wave 

force.  -  closed-form  solution  [1]; 

o  o  o  present  results. 


Fig.  21:  Horizontal  wave  force.  -  closed-form 

solution[1];  — *  ♦ —  numerical 
results[1];  •  •  #  present  results. 

h/a=0. 5,  d/gT*  =0.013,  and  H-,  /d=1/4,  H2/d=l/3, 
where  h  is  the  draft  of  the  dock,  T  is  the  wave 
period,  H-j,  H2  are  wave  heights. 

Fig.  22  shows  a)  the  incident  wave 
elevation  at  x=0,  b)  comparison  of  horizontal 
forces  for  cases  of  two  wave  heights.  The 
dot-chain  line  represents  the  result  predicted 
by  liner  wave  theory  [5].  The  broken  line  and 


Fig.  22:  a)  Incident  wave  elevation  at  X=0.  b) 
Horizontal  wave  forces.  — •  — 

linear  diffraction  solution[5];  - 

Hj/d-1/4;  -  H2/d=1/3. 

5.  INTERACTIONS  OF  NONLINEAR  SURFACE  WAVE 
WITH  A  FREELY  FLOATING  BODY 


5.1  Formulation 


In  order  to  consider  the  effects  of  three 
dimensional  nonlinear  interactions  between  wave 
and  body,  the  boundary  conditions  on  the 
immersed  body  surface  are  expressed  in  terms  of 
velocity  Uk  (k=1,2,...6)  which  are  the  six 
velocity  components  in  the  moving  co-ordinate 
system  fixed  to  the  body.  Thus 


9(1) 

9" 


6 

iJlVk 


(37) 


The  six  values  of  Uk  may  be  determined  from  the 
dynamical  equations  of  motion: 
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Fi 

F2 

F3 

F4 

F5 


=  m(u1+u5u3-u6u2) 
=  rn(u2+ugu1-u4u3) 
=  m(Ci3+u4u2-u5u1) 


IxV(Iy-IZ)u5u6 

I  u-(I  -I  )ucu„ 
y  5  z  x  6  4 


F6 


Iz^l6_(  Ix_Iy)u4u5 


or  simply,  (38)  may  be  expressed  as 


(38) 


Fk  =  Vk  +  fk  (39) 

Here  the  external  force  F  £  may  be  grouped  into 
the  following  subgroups 


F*  =  F'  +F*  +F' 
rk  rAk+ rBk+ rCk 


(40) 


where  Fj^  denotes  the  fluid  dynamic  forces  and 
moments  of  potential  nature,  Fg^is  that  due  to 
gravity  of  the  body  and  F£[,  that  due  to 
external  mooring  forces  or  viscous  damping 
forces. 

The  fluid  dynamic  force  components 

are: 


!‘b  s\k 
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(41) 
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ing  (|l)(into  (39),  we  have 

m.  u.  +  P  n,  .AS.  * 
k  k  j=l  3t  kj  j 

Nb 

”  P^1(nkjASj[9z“Ve*V4)+i(V(i))2]^} 

“  fk  +  F8k  +  FCk 


(42) 


In  the  coordinate  system  fixed  to  the  body 
center  G,  nkjA^j  do  not  vary  with  time  for  the 
time  step  considered,  thus,  (42)  may  be  written 
as 

3H 

(t)  “  hk(t)  (43) 

and  for  the  next  time  step  t+At. 


where 


Hk(t+At)  =  Hk(t)+-fAt{3hk(t)-hk(t-At)} 
Nb 

Hk(t)  "  Vk+  Pih^nkj^i 

Nb 

hk  =  -  PjS-|{r>kj  4Sj[gz-ve*V<|)+|(Vtt))2JjJ 
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(45) 


+  FBk 


+  F, 


Ck 


(46) 


Ve  is  the  velocity  at  the  point  considered  on 
the  body. 

V  =  V  +  Sxr  (47) 

eg 

V g  is  the  velocity  of  the  center  G,  r  is  the 
position  vector  relative  to  the  origin  G. 

The  term  -n^AS^  .yt  is  different  from 
the  term  dfn^jASj j/dt  in  Isaacson's  expression 


[5]  which  was  neglected  in  his  numerical 
computations. 

Finally,  substituting  Uk  in  (45)  into  the 
body  boundary  condition  (37),  the  body  surface 
equation  may  be  rewritten  as: 


Ji<Kij-Aij)0j =  JUiVmk 

1-1,2.. ...N 


(48) 


where 
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(49) 


5.2  Numerical  Results 


As  an  illustration  of  the  method,  results 
are  presented  for  the  case  of  a  large  freely 
floating  circular  dock  at  the  free-surface 
subjected  to  a  given  shallow  water  wave  oft 
large  amplitude.  Let  d/a=1.5,  h/a=0.5,  d/gT 

=0.0186,  H  x  / d=l /4,  H  2  /d=l/3.  Initially, 

Zg/h=-l/4,  and  m4  /pa5  =0.47.  Here,  a  circular 
cylindrical  surface  is  adopted  as  the  outer 
boundary,  the  radius  of  which  is  R/a=9.0. 

In  Fig.  24  is  shown  a)  the  incident  wave 
elevation  at  the  centre  of  the  dock  (x=0),  b) 
the  heave  motion  of  the  centre  of  the  dock  G. 
From  Fig. 24  it  is  seen  that  the  heave  motion 
is  essentially  in  phase  with  the  incident  wave 
motion  at  G,  which  means  that  the  static 
restoring  force  terms  still  play  the  dominant 
part.  The  heave  motion  under  Hi  and  H2  are  not 
the  same.  This  is  a  result  of  nonlinear 
action,  because  in  linear  theory,  they  should 
be  same  non-dimensional ly. 

The  horizontal  wave  force  variation  in  the 
case  of  H  /a=l/4  is  shown  in  Fig.  25.  There  is 
a  90°  lag  in  the  phase  between  the  force  and 
the  waves  which  occurs  also  in  the  linear 
theory. 

The  heave  motion  profiles  of  a  free 
floating  dock  in  the  incident  waves  are 
presented  in  Fig.  26.  Under  the  excitation  of 
incident  waves,  the  dock  moves  in  heave  motion, 
but  with  different  degrees  of  phase  lag. 
In  the  case  of  the  large  amplitude  waves,  a 
case  of  180°  difference  in  phase  may  occur, 
which  brings  the  crest  of  heave  motion  to 
correspond  with  the  trough  of  the  wave  and  vice 
versa.  When  this  occurs,  shipping  of  green 
water  and  slamming  may  occur. 
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Fig.  24: 


a)  Incident  wave  elevation  at  X=0.  b) 
Heave  variation  for  a  floating 


dock.  —  H1/d«l /4;  —  H  ^d=1/3. 


Fig.  25:  a)  Incident  wave  elevation  at  X=0.  b) 
Horizontal  wave  force.  H  /d=l/4. 

6.  AN  ATTEMPT  TO  SIMULATE  A  NUMERICAL  WAVE 
TANK 


A  numerical  model  is  constructed  for  a 
cylindrical  wavemaker  operating  in  a  seakeeping 
tank  of  finite  depth  but  of  infinite  dimen¬ 
sions.  Attention  is  focussed  on  numerically 
simulating  the  nonlinear  waves  with  a  wave 
front  and  acting  on  another  body  in  a  numeri¬ 
cal  seakeeping  tank.  The  first  step  is 
to  generate  numerically  the  waves  simulating 
3-D  nonlinear  waves  generated  by  a  wavemaker. 
The  second  step  is  to  simulate  the  tank 
experiment  by  requiring  these  numerical  waves 
with  a  wave  front  to  act  on  computational 
models  of  large  offshore  structures  or  ships. 
The  attempt  to  justify  the  prediction  of 
nonlinear  wave  force  on  an  offshore  structure 
numerically  is  a  realistic  proposition. 

For  illustration,  the  results  of  simulat¬ 
ing  the  diffraction  experiment  of  a  large 
floating  dock  fixed  on  the  free  surface  and 
subjected  to  an  approaching  nonlinear  wave  with 
a  wave  front  generated  by  a  cylindrical  wave 
maker  numerically  are  presented. 

The  computional  model  is  as  Fig.  27.  The 
cylindrical  wavemaker  is  a  circular  floating 
dock  operating  in  a  forced  heave  mode,  the 
instantaneous  draft  of  which  is  expressed  as 


h(t)  =  -DF+Hsinurt 


(50) 


where  the  velocity  of  its  centre  G  is  accord¬ 
ingly: 


V  (t)  «*>•  COSGot 


(51) 


Here,  DF/a=1.0,  H  /a=0.2,  d/a=4. 0.  to  = 

The  generated  wave  time  history  cp( t )  and  wave 
potential  history  n(t)  at  a  point  p  (x/a=-0.8, 
y/a=0)  are  shown  in  Fig.  28.  The  numerically 
generated  wave  along  x  direction  is  a  propagat¬ 
ing  wave  with  a  front,  which  when  acted  on 


a  fixed  dock  would  easily  satisfy  the  initial 
condition  as  required  by  the  present  paper, 
viz.  at  t=0  there  is  no  incident  wave  immedi¬ 
ately  adjacent  to  the  fixed  dock. 

The  history  of  horizontal  wave  force  due 
to  diffraction  by  the  fixed  dock  is  shown  in 
Fig.  29.  Here,  d/a=1.5.  A  maximum  horizontal 
force  coefficient  of  F/  p  glia2  =0.65  seems 
reasonable  compared  to  Fig. 22. 
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Fig.  27:  Computional  model  of  a  numerical  tank. 


Fig.  28:  a)  The  generated  numerical  wave;  b) 
The  generated  wave  potential. 


Fig.  29:  Horizontal  wave  force. 
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Fig.  23  The  wave  profiles  occurring  for  diffraction  around  a  fixed  dock.  H/d=l/4 

(-9.0<r <9.0,  t«0.1,  0.2,  0.3,...) 


Fig.  26  Heave  motion  of  a  floating  dock  in  the  incident  waves.  H/d=1/3 
(-9.0<r<9.0,  t-0.1,  0.2,  0.3,...) 


116 


7.  CONCLUSION 

A  numerical  study  of  body-wave  interaction 
as  an  approach  to  3-0  nonlinear  seakeeping 
problems  has  been  attempted.  For  illustration, 
several  numerical  examples  are  presented  to 
demonstrate  the  influences  of  the  change  of 
different  parameters,  several  interesting 
remarks  may  be  drawn. 

(1)  Regarding  the  treatment  of  the 
outer  boundary  condition,  although  Orlanski's 
equation  is  adopted  as  an  open  boundary 
condition,  the  position  of  the  outer  boundary 
still  counts.  It  results  in  a  more  serious 
influence  on  the  wave  surface  profiles  than  on 
the  forces.  Therefore  for  different  engineer¬ 
ing  problems,  a  different  radius  of  outer 
boundary  may  be  adopted. 

(2)  Generally  there  is  a  difference 
between  the  results  predicted  from  nonlinear 
theory  and  that  from  linear  theory.  Sometimes 
although  this  difference  is  not  large  from  a 
global  point  of  review,  it  may  exhibit  signifi¬ 
cant  differences  at  local  areas. 

(3)  The  blockage  due  to  a  large  fixed  body 
to  the  wave  will  cause  local  swel 1  up.  The 
principal  zone  of  influence  may  be  restricted 
to  a  small  zone  adjacent  the  body.  If  the 
zones  are  a  little  further  from  the  body,  the 
wave  motions  are  rnainly  incoming  waves. 
This  phenomena  may  allow  us  to  treat  the 
body-wave  interaction  by  matching  the  nonlinear 
solution  in  an  inner  domain  near  the  body  with 
a  linear  solution  in  the  outer  domain. 

(4)  An  unfavorable  phasing  of  wave 
and  body  notion  is  demonstrated  in  which 
shipping  of  green  water  or  slamming  may  occur, 
especially  in  the  case  of  large  amplitude 
motions. 

(5)  An  effort  to  simulate  a  numerical  wave 
tank  of  infinite  horizontal  dimensions  by  a 
novel  idea  of  a  heaving  cylinder  is  attempted, 
and  validated  by  computation  that  such  waves 
with  a  wave  front  may  be  brought  upon  an 
offshore  structure  with  proper  initial  condi¬ 
tions  arid  numerically  treated  to  yield  non¬ 
linear  wave  forces  of  the  right  order. 

(5)  Difficulties  associated  with  the 
intersection  points  of  the  body  and  the 
wave-surface  has  been  pragmatically  resolved  by 
the  interpolation  on  the  free-surface  and 
avoiding  the  singularity  at  the  intersection 
point.  This  may  not  be  justified  for  the  local 
phenomena,  but  may  be  applicable  for  global 
force  evaluations. 
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DISCUSSION 


T.  Francis  Ogilvie 

Massachusetts  Institute  of  Technology,  USA 

You  use  the  Orlanski  condition  for  closure  of  the  computational 
domain.  This  is  a  condition  for  hyperbolic  systems.  Please  explain 
how  you  are  able  to  use  it  in  the  water-wave  problem,  which  is 
elliptical. 

AUTHORS*  REPLY 

Orlanski 's  condition  is  a  numerical  condition  on  the  open  boundary. 
So  far,  the  availability  of  Orlanski ’s  condition  cannot  be  proved  in 
mathematics,  however,  it  is  useful  in  numerical  computation. 


DISCUSSION 
Choung  M.  Lee 

Pohang  Institute  of  Science  and  Technology,  Korea 

We  always  find  difficulty  in  determining  the  point  of  intersection  of 
the  free  surface  on  a  body  under  motion.  It  is  mentioned  in  your 
paper  the  free-surface  intersection  was  obtained  by  interpolation  of 
the  free-surface  to  the  body.  Would  it  not  violate  the  kinematic  body 
boundary  condition  at  the  intersection  point?  Since  your  attempt  is 
to  obtain  an  exact  solution  for  nonlinear  body-wave  interaction,  the 
problem  of  finding  the  intersecting  point  should  be  addressed  more 
clearly. 

AUTHORS*  REPLY 

As  mentioned  in  the  first  section  of  this  paper,  the  singularity  of 
intersection  point  is  a  local  problem.  In  our  paper,  we  adopt  a 
pragmatic  treatment  to  local  singularity.  We  have  tested  many 
methods  for  treating  the  intersection  points  in  3-D  problem,  the  direct 
interpolation  method  may  be  the  best  one  in  these  methods  from  our 
numerical  test;  it  keeps  the  computation  robust  and  efficient. 
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The  Influence  of  a  Slowly  Oscillating  Movement 
on  the  Velocity  Potential 

C.  van  der  Stoep,  A.J.  Hermans 
(Delft  University  of  Technology,  The  Netherlands) 


Abstract 


1  Introduction 


The  centred  problem  problem  in  this  paper  will  be  the  deter¬ 
mination  and  calculation  of  the  influence  of  a  slowly  oscillat¬ 
ing  movement  on  the  velocity  potential.  This  is  for  instance 
important  when  you  want  to  calculate  the  dynamic  swell-up 
and  the  added  resistance  of  a  sailing  ship.  Two  boundary 
integral  equations  for  the  velocity  potential  are  derived  to 
solve  the  steady  and  the  insteady  problem.  It  will  be  shown 
that  the  potential  can  be  represented  as  a  area  source  sin¬ 
gularity  distribution  over  the  ship  hull  and  a  source  line 
distribution  on  the  ship  waterline.  The  equations  that  have 
been  obtained  in  this  way  can  be  solved  using  an  iterative 
scheme.  First  and  second  order  solutions  of  the  equations 
have  been  obtained. 

Nomenclature. 

Beam  at  midship 
Wetted  surface  area  at  rest 
Ship  speed 
Ship  block  coefficient 
Gravitational  acceleration 
Pressure 

Wave  elevation  along  hull 
steady  wave  elevation 
unsteady  wave  elevation 
Oscillator  amplitude 
Length  at  water  line 
Draft  at  midship 

coordinate  system  moving  with  velocity  U 
in  forward  direction 
vertically  upward 

unit  vector  normal  to  £  in  outward  direction 
Froude  number(?7/>/gX) 

Green  function 
Free  Surface 
steady  wave  potential 
unsteady  wave  potential 
total  potential 
motion  vector 
frequency  of  motion 
dipole  strength 
source  strength 

Chebychev  polynomial  of  order  n 
Yn  Bessel  functions 
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The  estimation  of  a  ship  speed  and  power  was  usually  based 
on  still  water  performance.  Assuming  a  potential  flow  the 
stationary  problem  of  calculating  the  ship  wave  resistance 
is  described  by  the  Laplace  equation  and  the  conditions  on 
the  ship  hull  and  the  free  surface.  Numerous  computer  pro¬ 
grams  have  been  written  to  tackle  this  problem. 

In  order  to  be  able  to  predict  ship  performance  in  seaway 
it  is  also  desirable  to  be  able  to  calculate  the  instationary 
problem  of  a  sailing  ship.  For  example  a  ship  sailing  in  waves 
or  an  oscillating  vessel.  In  preliminary  design  studies  the  use 
of  a  fast  computer  algorithm  could  help  to  assist  the  tradi¬ 
tional  model  testing  methods.  The  central  problem  in  this 
paper  will  be  the  calculation  of  the  added  resistance  and  the 
dynamic  swell-up  of  a  ship  when  it  is  slowly  oscillating.  Dy¬ 
namic  swell-up  is  the  effect  of  water  being  pushed  up  around 
a  bow  higher  than  can  be  accounted  for  by  considering  heav¬ 
ing,  pitching  and  incident  wave  alone  (see  also  figure  1.1). 
The  swell-up  is  given  by  the  quotient  of  ^(amplitude  of  rel¬ 
ative  motion)  and  ^(oscillator  amplitude). 


Figure  1.1:  The  dynamic  ’swell-up’. 

Some  work  in  this  area  has  been  done  by  Blok  ([1])  and 
Tasaki  ([2]).  Tasaki  was  the  first  to  introduce  the  term  swell- 
up  and  on  the  basis  of  experiments  obtained  some  sort  of 
emperical  formula  for  the  calculation  of  the  dynamic  swell- 
up,  when  the  wave  frequency,  ship  speed  and  ship  block 
coefficient  Cb  are  between  some  give  limits. 

The  problem  will  be  divided  into  several  subproblems: 


•  The  treatment  of  the  free  surface  condition. 

•  The  treatment  of  the  body  boundary  condition. 
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•  The  numerical  treatment  of  the  associated  Green  func¬ 
tion. 

t  The  numerical  solution  of  the  resultant  integral  equa¬ 
tion. 

•  The  calculation  of  the  added  resistance. 

Every  subproblem  will  be  dealt  with  in  this  paper.  The 
research  is  carried  out  in  cooperation  with  MARIN. 

2  Mathematical  formulation 


To  derive  an  approximating  solution  of  the  problem  we  con¬ 
tinue  by  linearizing  the  free  surface  condition  (2.4)  (as  will 
be  done  in  the  next  section)  and  the  body  boundary  condi¬ 
tion  (2.5). 

2.2  Linearizing  the  free  surface  condition 

The  free  surface  condition  consists  of  two  parts: 

The  dynamic  boundary  condition: 

^  +Iy$-V$  +  gz  =  \u2  at  z  =ri(x,y)  (2.6) 
ot  2  2  > 


2.1  Introduction 

We  consider  an  object  moving  horizontally  with  forward 
speed  U  in  an  infinitely  extended  fluid.  Viewed  from  an 
inertial  frame(x,y,z)  attached  to  the  ship,  there  is  an  inci¬ 
dent  stream  of  velocity  U  in  the  positive  direction.  The 
formulation  will  be  done  in  a  Cartesian  coordinate  system 
moving  with  the  object.  With  the  x  coordinate  in  forward 
direction  and  the  z  coordinate  vertically  upward. 

The  free  surface  elevation  77  will  be  given  by: 

z  =  t](x,y)  (2.1) 

The  total  velocity  potential  §  total  can  be  split  in  a  steady 
and  an  unsteady  part : 


3W/(z,  V ,  M)  =  Ux  +  <j>(x ,  y,  z)  +  <f>(xy  y,  z,  t)  (2.2) 

N"  “V—  ■  ’  -rr-S  V 

steady  unsteady 

We  are  especially  interested  in  the  influence  of  the  steady 
part  4>  on  the  unsteady  part  <$>. 

^ total  has  to  satisfy  the  following  three  conditions: 


and  the  kinematic  boundary  condition: 


<9$  drj  d^  dr]  d$  _ 

dz  dt  dx  dx  dy  dy 


at  z  =  r](x,y)  (2.7) 


One  way  of  dealing  with  this  problem  could  be  neglecting 
the  higher  order  terms  in  Then  equation  (2.7)  leads  to: 


d$  __  dr] 
dz  dt 

and  the  linearized  free  surface  height  will  be  given  by: 


(2.8) 


1  d$ 
V  =  -gH 

combining  equations  (2.8)  and  (2.9) 
free  surface  condition: 


(2.9) 

leads  to  the  well  known 


d2$  d$ 

+  9  ITz  =  0  at  2  = 0  (2J0) 

In  this  paper  we  will  obtain  an  asymptotic  solution  for  the 
free  surface  condition.  Let  \e\  <C  1  and  expand  the  free 
surface  elevation  around  a  ’known’  solution  77  =  770: 


A^t0tai  =  0  outside  the  object,  z  <  r](x,y)  (2.3) 

At  the  free  surface  77(2,77)  we  have  the  dynamic  and  the 
kinematic  boundary  conditions: 

.  1  (d$}  .  d±2  1  j_  nz  —  n 

dt  +  2\dx  +  dy  +  dz  )i-gz  -v 

d<P  dy  d$  dy  d$  dr)  _  q 

dz  dt  dx  dx  dy  dy 

and  a  boundary  condition  on  the  ship  hull: 
d& 

—  =  Vn,  at  E  (2.5) 

The  main  difficulty  in  this  problem  is  to  find  a  solution  of  the 
Laplace  equation  using  boundary  conditions  at  a  free  sur¬ 
face  which  is  still  unknown.  Various  attempts  to  solve  this 
problem  have  been  done  by  Brandsma  ([3]+  [4]),  Baba  [5], 
Sakamoto  [6],  Hermans  [7]  and  many  others.  Most  of  them 
are  using  some  sort  of  expansion  in  a  small  parameter  usu¬ 
ally  the  small  ship  velocity  or  some  sort  of  ship  slenderness 
parameter. 


n  =  %  +  «?i  +  -  (2.ii) 

Denote  the  total  velocity  potential  by  $total:  and  split  this 
total  potential  in  a  steady  and  an  unsteady  part  as  follows: 

$total(x,  y,  z,  t)  =  Ux  +  4>(x,y,z)  +  e<j>(x,y,z,t)  (2.12) 

All  the  terms  in  the  free  surface  condition  (2.6)  and  (2.7) 
have  to  be  expanded.  This  leads  to  the  following  free  sur¬ 
face  condition: 

For  the  first  order  problem  (the  steady  state  solution): 


4>z  +  ±v(Ux  +  j>)  -v[v(Ux  +  j>)  -v(Ux  +  $)]  =  o 

at  z  —  770 

(2.13) 

and  for  the  second  order  problem  (the  unsteady  state  solu¬ 
tion): 

g(4>z  -  4>xVox  -  <j>yVay  -  4>zz(4>t  +  v(Ux  +  4>)  •  v<£)+ 

2 V(Ux  +  4>)  ■  V<£,  +  V(17x  +  4>)  ■  V[V(J7x  +  4>)  ■  V<6]+ 

4>tt  =  0  at  z  =  770 

'  .  (2-14) 


at  z  =  77 
at  z  =  77 


(2.4) 
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with  the  function  G  written  as: 


2.3  The  body  boundary  condition 

The  body  boundary  condition  for  the  stationary  potential 
reads  as: 


—  =  Vn  at  the  body  £  (2.15) 

or  equivalently: 

n  •  V (U x  +  <f>)  =  0  at  £  (2.16) 

And  now  the  calculation  for  the  instationary  part  (see  also 
for  instance  Timman  [8]  et  al.).  The  displacement  of  the 
ship  hull  is  given  by: 


x  -  x_  -  ea(x,t)  (2d7) 

where  x  denotes  the  coordinate  system  moving  with  velocity 
17,  and  x!  denotes  the  coordinate  system  fixed  to  the  ship. 
The  body  boundary  condition  states  that:  at  the  momentary 
position  of  the  hull,  the  normal  velocity  of  the  fluid  is  equal 
to  the  normal  velocity  of  the  hull .  Expansion  of  $  round  the 
rest  position  with  a  small  parameter  ea  yields: 

^ momentary  =  Stotal  +  f  (2.18) 

so  for  the  body  boundary  condition  this  leads  to: 

_»  dot 

n-V($/oia/  +  ca-$tota[)  =  e  n  ■  —  (2.19) 

combining  equation  (2.16)  and  (2.19)  leads  to: 

S  =  n'{Tt  "  +  (2.20) 

now  using  the  assumption  of  a(x,t )  and  <i>(x,t)  to  be  oscil¬ 
latory: 


a(z,  t)  =  a(x)  ■  twt 

4>{x,t)  =  4>(x)-,ut  (2.21) 

this  finally  leads  to  the  following  body  boundary  condition: 

di 

—  =  -n  •  (icva  -f  V(a  •  V(Ux  +  <p)))  (2.22) 

and  free  surface  condition  (2.14): 

-u>2<f)  -  2 ivU4>x  +  U2<j>xx  -f  g<f)z  =  C(U;4>){4>} 

at  z  ■-  tjo 

(2.23) 

where  C(U;<f>)  denotes  a  linear  differential  operator  acting 
on  <j>. 

3  The  leading  equations 

3.1  Calculation  of  the  singularity  distributions 

Introduction  of  a  Green’s  function  G  and  application  of 
Green’s  theorem  to  the  domain  as  can  be  seen  in  figure  3.1. 
The  function  G  has  to  fulfill  the  following  condition: 


Figure  3.1:  The  mathematical  domain. 


<?  =  (--  +  --  *(*,f;iO)  (3-2) 

r  r  i  ” 

In  the  same  way  as  Brard  [9]  we  consider  the  following  inte¬ 
gral  formulations: 

II  (3-3> 

ef6*  +  Ee  +  r 

and 


‘■-II  <-«£>" 


84* 


EF;  +  E  i 
then  the  following  is  valid: 


Ie 


h 


{4ir<f)e  x  e  De 

o  x  e  Di 

J  47 r<f>i  x  £  Di 

o  x  e  De 


(3.4) 


(3.5) 

(3.6) 


At  £/r(  and  the  following  equations  (2.23)  and  (3.1)  are 
valid: 


84 

dn 


~{jC(<^)  -j-  oj2 <j>  4*  2iu>17 


-  U2 

dx2* 


(3.7) 


dG 

dn 


~{u2G 


(3.8) 


Combining  equations  (3.7)  and  (3.8)  leads  for  equation  (3.3) 
to: 


dG_  _  d4e 

dne  ^  dn  } 


r  ^Lrr,  9G 

tye  G  U<Pe  n 

g  g  dx 

U2  d2G  1 


;  dx2 


—  lj2G  -j-  ‘liwlJG^  -j-  U2Gu  -j-  gG^  at  £  =0  (3.1) 
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_  ^ G  _  *HLu*kG 

g  g  ox 

+  v-^a  (3.9) 

g  ox 2 

regrouping  the  expressions  at  the  right  hand  side  of  equa¬ 
tion  (3.9)  leads  to  the  following  formulation: 


_  +  -  «•%)  _  iw,)G 

g  dx  g  dx  g 

(31°) 

and  almost  the  same  for  equation  (3.4).  The  E/r,  part  of 
equation  (3.3)  leads  to: 


//<*•£-  °it?ds  =  -/ 


f  U\d^n  8G 

-J  ~  *'te)dy 

C°°  —C  j 

-  -JJ  W>')GdS  (3.11) 


and  for  the  Ef;  part: 


1 1&-* 

Cp 

-  [—U<t>iGdy  (3.12) 
J  9 

CJ 

adding  equations  (3.11)  and  (3.12)  results  in  (with  = 

_ d_  _  d_\. 

dne  dn * 

'• +  '•  -//<!?-  ikaiS  *  tv  / <*•  -  *‘)Gdv 

E  C / 

U 2  [Mi  d<f>e.~,  ,  V 2  [,,  MG, 

+  jJ^-M)Gdy  +  TJi*'-4,i)^dy 

Cf  Cj 

-  JJ  £(d>e)GdS  -  -JJ  C{<j>i)GdS 

+  J  J (<t>i  -  4>e)^dS  (3.13) 

E 

The  source  and  vortex  distribution  are  defined  as: 


7  =  <t>e  ~  <t>i 

d<t>i  d<j>e 
a  dn  dn 

equation  (3.13)  will  now  transform  into: 


-  J  / -  J  J  cr(OG(*,OdSt 

E  E 

+  yJ-V  J M)G(x,0 dr)  +  y-  f  l(09G ^dV 


+  —  J(-at^-aT^  +  an<7(S)G(x,0dv 

9  c, 

-  -  JJ  C(<f>)G(x,OdSi  =  4? r<j>{x)  (3.15) 


at  =  cos  (Ox,t) 
ay  =  cos(Oa;,r) 

an  =  cos(Ox,n)  (3.16) 

with  a  choice  of  7(f)  =  0  the  following  expression  will  be 
obtained: 

4 ir4>{x.)  =  -  J  J  cr(£)G(x,€)dS(  +  —  J  a„a(Z)G(x,Z)dri 

E  9  C) 

+  -JJ  C(4>)G(x,0dSt  (3.17) 


using  the  body  boundary  condition  (2.22)  we  may  obtain  a 
description  of  the  potential  funtion  4>  by  means  of  a  source 
distribution  of  the  following  form: 


—  47m  •  (icja  +  V(a  -  V(U x  +  <j>)))  —  —2tto(x) 

- 

E  Ct 

1  [[  r(l\  OG(x,0 

JC  (9  IQ' 


Remark: 

We  consider  the  following  potential  $: 

$  =  JJ  jdS  (3.19) 

E 

the  following  is  valid  (Kellogg  [10]):  if  the  density  a  of  the 
distribution  on  E  is  continuous  at  x,  the  normal  derivative 
of  the  potential  $  approaches  limits  as  X  approaches  x  along 
the  normal  to  E  at  x  from  either  side. 

These  limits  are: 

(§J)+  =  -5M*)  +  JJ"(0yydS(  (3.20) 

E 

(£)_  .  +  //.(0^f  («» 

E 

So  when  using  the  sources  the  resulting  equations  looks 
like: 

+  2tt<7(x)  -  JJ o9G£'®dSt  +  ...  =  Vn  (3.22) 

and  when  the  sources  are  used  (as  in  Brard  [9])  the 
resulting  equation  transforms  into: 
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-  2tt(t(x)  -  JJ +  ...  =  Vn  (3.23) 

E 

3.2  Calculation  of  source  strength  and  potential 
function 

We  will  use  an  expansion  of  a,  <j>  and  G  in  the  small  param¬ 
eter  u 


a{x)  -  <7q{x)  +  uxti{x)  +  ■■• 

<j>(x)  -  <j>0(x)  +  v<j>i{x)  +  •  *  ■ 

GfaQ  =  G0(x,Q  +  wGxfaQ  +  ••■  (3.24) 

substitution  of  these  expansions  in  equations  (3.17)  and  (3.18) 
leads  for  the  first  order  problem  to: 


-  47rn  •  V(o  •  V(Ux  +  <j>))  -  ~2f(Jq{x 

-  + 7 /«.•>» 


dGo(M) 

dnx 


dr) 


1 

9 


//  4.W 

F.S. 


dG0(x,Q 

dnx 


dSt 


(3.25) 


3.3  The  incorporation  of  the  body  boundary 
condition 

The  right  hand  side  of  equation  (2.22)  contains  a  vector  ak 


ak{x,t) 


ak(t)  if.  k  —  1,2,3 
ak(t)  ( ik  X  x)  k  =  4,5,6 


(3.29) 


here  ak(t)  is  the  deflection  in  translational  motion  for  k  = 
1,2,3  and  for  k  =  4,5,6,  ak(t)  represents  rotation  angles 
about  the  xk-3  -axis.  So  for  example  for  k=l(surge)  this 
looks  like: 


—  =  -iu>n i  -  n\4>xx  -  rt2<j>xy  -  n3<t>xz  (3.30) 
on 

when  <C  1  then  the  expansion  (3.24)  will  start  with 
leading  order  w  (<x  =  wax  +  uP'Oj  +  •  •  ■)  and  then  equa¬ 
tion  (3.25)  will  transform  into: 


E  =0 

when  <f>  —  0(1)  then  the  expansion  will  start  with  leading 
order  zero  and  equation  (3.25)  will  look  like: 


and  is  given  by: 

-  4tt^oU)  = 

-  /  J  oo(OGo{x,Odst  +  —  J  otn<ro(OGo{x,OdV 

E  9  Cj 

+-JJ  Co(j>)Go(x,t)dS(  (3.26) 

9  F.S. 

and  for  order  w: 


-2n(7o- J  J  - =  -ni<j>xx-n2<t>Xy  -n3<pxz  (3.32) 

E 

it  should  also  be  noted  that  for  the  calculation  of  the  steady 
wave  potential  <f>  the  same  matrix  equation  (3.25)  as  for  the 
unsteady  potential  4>  can  be  used!  But  of  course  the  right 
hand  side  for  <j>n  now  looks  like: 

TT  =  -*i  U  (3-33) 


-4W*)  +fj  <ri(0§2^adr,  = 


-47rn  •*«  +  //  MO ^i£^dS(  -  Y  f  an<ro(0 


Of 


;  If  (£i(<£o)  +  ^o(^i)aGa^’^  + 


F.S. 


(3.27) 


and  4> l  is  given  by: 


-  4t = 

-  J  J(o0( 0*i(*,0  +  ^i(OGo(*,0)^€ 

E 

J  an(cr0(£)y i{x>  0  +  0)^V 


U2 


-±JJ  (/^  +  £i)Go(a,0  +  ^o(*)«i(*,0^€ 

(3.28) 


F.S. 


3.4  Solution  of  the  integral  equation. 

The  solutions  obtained  by  the  singularity  distributions  are 
two  coupled  integral  equations.  Equations  (3.25)  and  (3.26) 
will  be  solved  using  an  iterative  scheme.  In  this  scheme  use 
has  been  made  of  the  numerical  evaluation  of  the  wave  re¬ 
sistance  Green  function  as  done  by  Newman  ([11]+  [12]). 

The  numerical  solution  of  equation  (3.25)  and  (3.26)  is  car¬ 
ried  out  using  a  finite  element  method.  The  wetted  body  E 
is  divided  into  N  triangular  panels  and  integration  is  done 
using  a  piecewise  constant  variation  of  the  source  strength 

*(()■ 


v  J— 1  e. 


(3.34) 


In  this  way  a  set  of  N  linear  equations  for  the  N  source 
strengths  Oj  is  obtained.  The  Green  function  contains  a 
1/R-term.  The  integration  of  these  1/R-terms  is  carried  out 
by  a  subroutine  developed  at  MARIN  [13]  using  analytical 
expressions  of  those  integrals  in  order  to  avoid  large  errors 
from  numerical  integration  for  points  close  to  the  panel. 
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4  The  Green’s  function 

4.1  Behavior  of  the  Green’s  function. 

In  Wehausen  and  Laitone  [14]  the  Green’s  funtion  of  an  os¬ 
cillating  source  is  given: 

G(x,t-,U)  =-!  +  --  (4.1) 

-  r  7*1  “ 

with  the  function  $  given  by: 


¥(s,£;t/)  =  ^  J  j F(9,k)d9dk 

0  Iq 

7T 

+  ^  J  J  F(9,k)d9dk  (4.2) 

1x^2 

where  F(0,k)  is  given  by: 

,N  k  ek(*+(+'(x-t)cos6)  cos(k(y  -  77)  sin#) 

F(f)’k)  =  - Yk  ~  (u+kU^ -  (4'3) 

the  paths  L4  and  L2  are  given  in  figure  4.1. 
with  ki  -  k4  the  poles  of  F(0,k): 


, -  1  —  J\  —  4r  cos  9 

\Jgki  =  - - - - - u 

2 r  cos  9 

ee(  o.f) 

(4-4) 

r-r-  1  -j-  Vl  — 4rcos0 

^  -  2r  cos  9  U 

«6(0,f) 

(4-5) 

r——  1  -  y/l  -  4r  cos  0 

Vgk 3  -  0  n  U 

2  r  cos  9 

*e(f,») 

(4.6) 

r—  1  -f  y/l  -  4r  cos  9 

vgk 4  -  -  0  a  v 

2  r  cos  0 

^  £  (f’?r) 

(4.7) 

with  r  =  y,sor<l  this  leads  to: 

Vgk~i  =  '/gki  ^  v  +  0(u2) 

(4.8) 

^k2  _  -y/jfc  ~  Ucosd  +  » 

+  O(oj2) 

(4-9) 

when  for  instance  U  — *  0  then  k2  and  k4  will  go  to  oo  and 
the  paths  Lx  and  L2  will  coincide  with  there  poles  located 
at  k\  ~  kz  =  t o2/g.  see  also  figure  4.2. 

and  when  u>  — ►  0  the  poles  k4  and  k2  will  move  to  the  origin 
and  the  paths  L\  and  L2  will  look  like  as  can  be  seen  in 
figure  4.3. 

However  this  is  not  correct,  when  u>  — ►  0  a  factor  k  can  be 
removed  from  the  function  F(0,k)  and  looks  like  this: 


*1 

k2 

Li 

J> 

K3 

k4 

J-2 

1)  w 

Figure  4.1:  The  contours  L\ 

and  X2- 

K-i  “  K3 

i 

- >  Li  *■  L o 

O 

^  i  ^ 

Figure  4.2:  The  location  of  the  poles  when  U  ->  0. 

k2 

Ki  ^ 

-  L  . 

0 

5  L 1 

k3  k4 

_ >  Lo 

t 

^  2 

Figure  4.3:  The  location  of  the  poles  when  u  — ►  0. 


F“=0^  =  - g  Z  tfp  cos2  9 -  (4'10) 


with  only  one  pole,  located  at  k2  =  k4  =  u2  c^s2  9  • 
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Tn(x)  =  cos (n  arccosx)  -1  <  x  <  +1  (4.14) 


4.2  Calculation  of  the  Green  function. 

Newman  ([11]+  [12])  has  written  two  papers  in  the  Journal 
of  Ship  research  about  the  evaluation  of  the  wave  resistance 
Green  function:  one  of  of  the  calculation  of  the  double  inte¬ 
gral  and  one  for  the  calculation  of  the  single  integral  on  the 
centerplane.  The  Green  function  is  written  in  the  following 
form  (see  Wehausen  and  Laitone  [14]): 

ijr 

1  1  4  V  Je~kz  cos (kx  cos  9)  cos (ky  sin  9) 

G  ~  Ro  ~  R  *  J  7  k  cos2  e  -  1 
0  0 

_  4  J  e~z  sec2  6  sin(x  sec  9)  cos (y  sec2  6  sin  9)  sec2  9d9 
o 

(4.11) 

The  quantities  are  defined  as  can  be  seen  in  figure  4.4. 


ir 

y/l 

iage 

_ >x 

z 

sc 

>urce.  field 

Figure  4.4:  Location  of  field-,  source-  and  image  point, 
with  R  =  >/x2  +  s/2  +  z2. 

As  has  been  done  by  Newman  this  integral  can  be  split  in  a 
Double  and  a  Single  integral  as  follows: 

„-kz+ik\x |  seci p+ky  tan  t p 

- - - - : - dkd'ip 

k  —  COS2  0  +  l€ 

(4.12) 

Single  =  4iH(-x)Tj  sec  2 

-i* 

(4.13) 

4.2.1  Double  integral 

The  double  integral  as  given  by  equation  (4.12)  will  be  ap¬ 
proximated  by  Chebychev  polynomials  as  done  by  Newman. 
In  order  to  approximate  a  function  /  of  one  variable  x  in  the 
normalized  range  [-1,+1]  the  Chebychev  polynomial  of  order 
n  is  defined  by: 


+  f7r  c 


Double  =  J  j  cosV> 


so  the  function  f(x)  is  approximated  by: 

N 

f(X)  =  E  C™Tm(x)  (4.15) 

m= 0 

The  coefficients  cm  can  be  found  according  to: 

c-  =  +  E  V(*»)Tm(*»)  (4-16) 

JV  n=0 

with  Co  =  l,cm  —  2,  the  double  prime  indicates  that  the 
first  and  the  last  terms  in  this  summation  are  multiplied  by 
1.  The  coordinates  xn  are  given  by: 

*n  =  cos(^)  (4.17) 

(see  Fox  and  Parker  [15]) 

For  the  3D-case  the  situation  is  completely  equivalent.  In 
equation  (4.12)  logarithmic  singularities  are  present  when 
R  =  0.  These  singularities  must  be  subtracted  and  approx¬ 
imated  first  in  order  to  improve  convergence  of  the  approx¬ 
imation.  The  final  approximation  is  given  by: 

16  16  8  4  2 

D  -  S  +  E  E  E  1  +  -0)TM(-a) 

t=0j=0k=0 

(4.18) 

The  function  f(R)  is  defined  so  as  to  transform  the  interval 
(0,oo)  into  (-1,+1)  see  figure  4.5. 
a  and  9  are  defined  as: 


x  =  .ft  sin# 

z  +  iy  —  Rcos9eta  =  petot  (4.19) 

Ti ,  Tj  and  T2k  are  Chebychev  polynomials.  S  is  the  loga¬ 
rithmic  part  of  the  double  integral.  The  Chebychev  coeffi¬ 
cients  Cijk  are  calculated  and  tabulated  by  Newman.  Also 
the  differentiated  Green  function  has  to  be  evaluated,  which 
contains  terms  like  dG{x,£)l  dnx  (see  equation  (3.25)  and 


f(R) 


Figure  4.5:  The  transformation  function  f(R). 
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(3.27)).  Each  part  of  the  expansion  (4.18)  has  to  be  differen-  where  Yi(x)  denotes  the  Bessel  function  of  the  second  kind, 

tiated  and  evaluated  analytically.  The  following  terms  have  £  equals  f  ^  and  F(£)  Dawson’s  integral: 

to  be  evaluated: 


dD_  dD_ 

dx  da 


(4.20) 


with  the  transformation  matrix  A  given  by: 


dd 

dx 

da 

dx 

dR 

dx 

\ 

86 

da 

dR 

dy 

dy 

dy 

de 

da 

dR 

dz 

dz 

dz 

) 

and  also  for  the  singular  part  S.  For  example  the  next  fig¬ 
ure  4.6  is  obtained.  The  singular  character  is  well  shown 
here. 


4.2.2  Single  integral 

The  single  integral  as  given  by  equation  (4.13)  is  evaluated 
by  Newman  at  the  centerplane ,  i.e.  a  special  case  where  the 
source  and  field  point  are  in  the  same  longitudinal  plane. 
This  is  especially  important  when  analyzing  thin  ships.  The 


Figure  4.6:  Function  plot  of  the  Double  integral. 

case  y  /  0  will  be  dealt  with  later.  For  instance  with  the 
use  of  Pade  approximations.  The  centerplane  integral  looks 
like  this: 


S(x,y,z)\y=0  -  ~8H(-x)  J  sec 2  Oe  zsec>2d  sin(z  sec  9)d6 

(4.22) 

In  each  of  the  different  x-z  regions  (see  figure  4.7),  the  inte¬ 
gral  will  be  approximated  differently. 

region  A:  (small  z)  an  expansion  involving  differentiated 
Bessel  functions  of  the  second  kind: 


Figure  4.7:  Domains  for  the  approximation  of  the  single 
integral. 


X 

F{x)  =  e-*2  Je(2dt  0  <  x  <  oo  (4.24) 

0 


region  B:  an  expansion  in  Neumann  series,  products  of 
Bessel  functions  of  the  first  kind  and  modified  Bessel  func¬ 
tions  of  the  second  kind: 


1  oo  r  i  l 

S  =  A'n(^)  +  KnJrl{-z) 


(4.25) 


where  Jn(a:)  denotes  the  Bessel  function  of  the  first  kind  and 
Kn(z)  the  modified  Bessel  function  of  the  second  kind. 


Region  C:  large  distances  form  the  origin,  steepest-descent 
expansion.  The  final  expansion  looks  like  this: 


5  ~  -lie M»)+a  £(2b  +  i)B„(-)n+*(/3  +  ia)"r(n  +  i) 

(4.2e) 

where  only  the  coefficient  Bn  has  to  be  evaluated. 

For  all  the  expansions  in  the  different  domains  (A)-(C)  the 
differentiated  Green’s  function  has  to  be  evaluated.  An  ex¬ 
ample  for  the  Green  function  can  be  seen  in  figure  4.8  .  The 
wave  character  is  well  observed  here. 


v  n— 0 


ft  -r.  1 

2Kl(x)+x 


(4.23) 
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Figure  4.8:  The  Single  integral  at  y  =  0. 


5  Pade  Approximations. 

5.1  Introduction 

The  basis  for  the  Pade  approximation  technique  is  the  formal 
Taylor  series  expansion.  From  this  basis  a  Pade  approxima¬ 
tion  can  be  found.  It  is  also  possible  for  a  Taylor  expansion 
to  be  divergent  and  the  Pade  expansion  to  be  convergent 
and  also  vice  versa.  For  instance  the  Taylor  expansion  of 
the  exponential  function: 

00  7*n  11 

ex  =  —r  =  1  +  X  +  -x2  +  -x3  +  ■  ■  ■  rc  =  00  (5.1) 

n=0  n!  2  6 

and  for  instance  the  Euler  function: 

°o  _t 

E(x)  =  /  — - dt  =  1  -  x  +  2x2  -  6a:3  +  •  •  •  rc  =  0(5.2) 

J  1  +  xt 

0 

The  idea  of  Pade  expansion  is  to  approximate  the  function 
by  a  rational  funtion  of  the  following  form: 

Definition:  (see  Baker  [16]+  [17])  We  denote  the  L,M  Pade 
approximant  of  f(x)  by: 

<5-3) 

where  Pl(%)  is  a  polynomial  of  degree  at  most  L  and  Qm{%) 
is  a  polynomial  of  degree  at  most  M.  The  formal  power  series 
of  f(x)  reads  as: 


f(x)  =  YlaiX'  (5-4) 

t=0 

When  we  require: 


f(x)~  [L/M]  =  0(xL+M+1 )  (5.5) 

Then  the  coefficients  of  Pl  and  Qm  can  be  found  according 
to  the  following  scheme  (Baker): 


do 

=  Po 

fll 

+ 

=  Pl 

d2 

+ 

aiQi 

+ 

doQ2 

=  P2 

ai 

+ 

di-iqi 

+ 

a0qi 

=  Pl 

a/+l 

+ 

mi 

+ 

•  •  •  m+l^m 

=  0 

a/+m 

+ 

al+m-l<h 

+ 

mm 

=  0 

an 

S 

0  n  <  0 

?1 

= 

1 

ft 

= 

0  j  >  M 

for  instance  the  [1/1]  approximant  for  ex  reads  as: 


2  +  x 
2  —  x 


(5.7) 


inevitable  a  pole  occurs  at  x  =  2.  So  the  Pade  approximants 
seems  worse  here. 

The  Euler  function  evaluated  at  x  =  1  is  wildly  oscillating 
(  when  using  Taylor  expansion).  The  answer  however  for 
E(l)  is  known:  E(l)  ~  0.5963  .  The  Taylor  expansion  never 
reaches  this  value.  The  Pade  approximants  however  do.  The 
[2/2]  approximant  reads  as: 


[2/2]  (x) 


1  +  +  2  a:2 

1  +  6x  +  6a:2 


(5.8) 


So  E(l)  ~  0.6154  ,  only  five  Taylor  terms  have  been  used  to 
get  this  accuracy.  The  Taylor  expansion  leads  to  the  result: 


Taylors(l)  =  20.  (5.9) 

The  [6/6]  (x)  approximant  is  even  better:  E(l)  ~  0.5968 
So  Pade  approximant  could  lead  to  valuable  results  when 
Taylor  expansion  fails  (see  also  van  Gemert  [18]).  In  the 
next  paragraph  use  will  be  made  of  this  when  evaluating 
the  single  integral  at  y  0. 


5.2  Pade  approximations  in  the  single  integral 

The  single  integral  to  be  approximated  is  given  by  equa¬ 
tion  (4.13)  repeated  here: 


+  5* 


Single  =  4 iH(-x)  J  sec2  0e~z  s'c2  e+,T sec  “c2  e*m(> d6 

(5.10) 


the  real  part  will  be  used: 


—  8 H(—x)  J  sec2  Oe  zsec2  9  sin(x  sec0)cos(ysec2  9  sin  0)d6 
o 

(5.11) 


wich  will  be  denoted  by: 

-  8 H(-x)  f(x,y,z) 


(5.12) 
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changing  of  variable  to  s  =  sec  0  leads  to: 


OO  2 

/Se~zs  _ 

v  ■■  sin(sx)  cos(ys\/s2  -  1  )ds  (5.13) 
yjs2  -  1 


Taylor  expansion  of  f(x,y,z)  leads  to: 


f(x,y,z)  =  /(x,0,z)|v=o  +  i |y=o 


1  2d2/(x,s/,x) 
2y  dy2 


+  i  a..’/’  "  |j/=0+  (5-14) 


applying  this  to  (5.13)  leads  to: 


f(x,y,z)  =  J  ~^==sin{sx)ds 

OO 

—  ^y2  J s3\/s 2  “  le”zs2  sin(sa:)d6  +  0(t/4)  (5.15) 

i 

This  is  the  formal  Taylor  series  expansion.  Numerical  in¬ 
vestigation  reveals  the  fact  that  this  series  is  not  converging 
very  well.  Perhaps  Pade  approximation  could  lead  to  valu¬ 
able  results.  Numerical  experiments  give  raise  to  the  follow¬ 
ing  table  (see  table  1): 


f(x,y,z) 

Taylor 

Pade{  2/2] 

Pade[  0/4] 

(,i,.i,.i) 

.30124 

.5179 

.3019 

.3031 

(.l,.5,.l) 

.0053 

2.7  102 

.0073 

-.0018 

(.l,.9,.l) 

.0029 

1.1  105 

.006 

-.00012 

(,1,.9,.9) 

.00252 

.0044 

.00254 

.00255 

(.5, .1,.9) 

.2132 

.2132 

.2132 

.2132 

(.5, .9, .5) 

.1608 

2.11 

.168 

.177 

Table  1:  comparison  between  different  approximation  tech¬ 
niques. 


So  in  some  cases  Pade  approximation  leads  to  better  results. 


6  Computational  results. 

6.1  Wave  profiles  of  Wigley  Hull. 

Some  examples  for  a  parabolic  Wigley  Hull  (Shearer  [19]) 
will  be  calculated.  The  Wigley  Hull  is  a  mathematically 
defined  form  (see  figure  6.1): 


with  -  77  <  x  <  ^  , —II  <  z  <  0 
2  “  “2  “  ” 
d  rr 

-  =  0.1  —  =  0.0625  (6.1) 

L  Jj 

As  has  been  noted  before,  the  calculation  of  the  steady  and 
the  unsteady  wave  potential  can  be  done  using  the  same 
matrix  kernel. 


Figure  6.1:  one  side  of  Wigley  Hull. 

For  the  steady  wave  potential  <£,  matrix  equation  (3.25)  to¬ 
gether  with  the  right  hand  side  (3.33)  have  been  used.  The 
solution  of  this  matrix  equation  is  the  source  strength  <r(f)  . 
Now  using  equation  (3.26)  the  potential  (f>  can  be  calculated. 
A  first  order  approximation  for  the  wave  height  77(2)  can  be 
found  using  the  following: 


n{x)  =  ~^4>x(x,y,0)  (6.2) 

The  potential  <f>  and  the  source  strength  a  are  known  (have 
been  calculated).  The  wave  height  or  equivalently  <j)x  can  be 
calculated  using  approximately  the  same  formulas  as  Kel- 
log  ((3.20)  and  (3.21)): 


d_$_ 

dx 

d<j> 

dy 

d$ 

dz 


i<r(x)n,  +  J  J °(0^;dSi 

E 

i<7(x)n2  +  J  J  c(0^dS( 

E 

^v(x)n3  +  j  J  aiO^jdSf:  (6.3) 


The  differentiated  Green  functions  dGjdx{  are  known  be¬ 
cause  they  have  also  been  used  in  order  to  calculate  matrix 
equation  (3.25).  So  when  setting  up  the  computer  program 
a  data  set  with  the  dG/dx{  must  be  preserved.  Now  the 
wave  heights  can1  be  calculated  easily. 

For  a  series  of  Froude  numbers  (0.20  -  0.45)  the  steady  wave 
potential  ^  of  a  Wigley  Hull  have  been  calculated  as  can 
be  seen  in  figure  6.3.  The  results  have  been  compared  with 
the  measured  and  calculated  values  of  Kitazawa  and  Kaji- 
tani  [20].  In  our  calculations  a  grid  size  of  24  x  8  has  been 
used,  so  discrepancies  could  be  also  due  to  this  relatively 
large  grid  size.  Especially  near  the  bow  this  could  lead  to 
substantial  errors.  See  for  instance  figure  6.2.  These  calcu¬ 
lations  have  been  performed  on  a  48  x  8  grid.  The  values 
near  the  bow  agree  more  with  the  measured  values.  Starting 
from  the  bow  the  wave  height  first  increases  a  little  and  then 
decreases  rapidly  as  can  be  seen  from  the  measurements  and 
can  also  be  observed  in  figure  6.2. 
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Figure  6.2:  Wave  profile  on  a  48  x  8  grid  (Fn  =  0.20). 

It  can  also  be  observed  that  only  near  the  ship  bow  the  wave 
height  changes  substantially  when  decreasing  the  grid  size. 
So  local  grid  refinement  near  the  ship  bow  will  lead  to  more 
accurate  results. 

For  a  specific  value  for  the  Froude  number  (Fn  =  0.348), 
the  calculation  can  be  compared  with  values  calculated  by 
Tsutsumi  [21]  and  Dawson  [22]  as  can  be  seen  in  figure  6.4. 
In  all  our  calculations  the  wetted  body  £  is  divided  into 
triangular  panels.  This  has  been  done  such  that  to  obtain  a 
symmetrical  grid  with  respect  to  the  y  =  0  plane.  In  order  to 
test  the  grid-independence  of  the  algorithm,  the  symmetry 
with  respect  to  this  y  =  0  plane  has  been  removed.  Results 
of  this  can  be  observed  in  figure  6.5.  The  algorithm  seem  to 
be  relatively  grid-independent. 

For  the  unsteady  motion  the  water  heigths  for  the  six  dif¬ 
ferent  types  of  motion  have  been  calculated  using  the  same 
matrix  equation  (3.25)  as  for  the  unsteady  motion  <j>  but  now 
with  different  right  hand  sides  (for  instance  equation  (3.30)). 
see  figure  6.6. 

For  this  figure  the  following  right  hand  sides  for  the  unsteady 
wave  motion  <j>  have  been  used: 

surge  :  —du\  roll  :  d(zu2  —  ynz) 

sway  :  —du2  pitch  :  - U n$ 

heave  :  —  duz  yaw  :  Un<i  (6.4) 

Of  course  as  mentioned  is  the  paragraph  dealing  with  the 
incorporation  of  the  body  boundary  condition,  these  right 
hand  sides  are  not  complete.  For  instance  when  <j>  —  0(1) 
the  right  hand  side  for  surge  looks  like: 

n\4>xx  ^2  $xy  ft-3  4*xz  (6*5) 

But  already  some  interesting  features  of  the  unsteady  wave 
character  or  the  dynamic  swell-up  factor  can  be  observed 
here.  In  these  figure  there  is  a  sway-yaw  and  a  pitch-heave 
correspondence.  This  can  also  be  seen  from  the  right  hand 
side  of  equation  (6.4).  But  a  different  order  for  the  magni¬ 
tude:  sway  0(d)  and  yaw  0(U)  is  evident. 

6.2  Added  Resistance. 

Once  all  the  charactertic  quantities  are  known,  the  pressure 
can  be  determined  from  Bernoulli’s  equations,  (added)  Re¬ 
sistance  can  be  calculated  directly  by  integration  of  first  and 
second  order  pressure,  or  by  means  of  conservation  of  mo¬ 
mentum,  derived  in  a  similar  way  as  done  by  Huijsmans  [23]. 


Figure  6.4:  Wigley  Hull  -  Wave  Profiles  for  Fn  =  0.348 


Figure  6.5:  Grid  independence  of  the  algorithm  (Fn=0.266). 

7  Concluding  remarks. 

We  presented  an  asymptotic  method  for  the  calculation  fo 
the  influence  of  a  slowly  oscillating  movement  on  the  velocity 
potential.  Especially  the  steady^unsteady  wave  interaction 
is  important.  The  free  surface  condition  for  the  unsteady 
wave  component  was  derived  and  the  body  boundary  con¬ 
dition.  The  potential  function,  source  strength  and  Green 
function  are  expanded  in  the  small  parameter  d.  A  first 
order  approximation  for  the  unsteady  wave  have  been  ob¬ 
tained  using  calculation  that  only  involves  the  evalution  of 
the  steady  wave  Green  function.  This  Green  function  must 
also  be  used  when  calculating  the  steady  state  character¬ 
istics.  Future  plans  involves  the  calculation  of  (added)  re¬ 
sistance  in  the  computer  program  as  well.  Also  at  the  Ship 
Hydromechanics  Laboratory  at  the  Delft  University  of  Tech¬ 
nology  some  model  tests  will  be  performed.  So  the  calcu¬ 
lated  results  can  be  compared  with  these  test. 
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DISCUSSION 
J.  Nicholas  Newman 

Massachusetts  Institute  of  Technology,  USA 

It  is  very  interesting  to  see  this  expansion  about  the  w=0  solution, 
complementing  the  studies  at  Delft  where  0=0  is  the  basis.  But  here 
the  applications  are  less  obvious.  Added  resistance  is  mentioned  by 
the  authors,  but  it  is  generally  negligible  for  small  w.  Perhaps 
seakeeping  problems  in  following  or  quartering  seas  are  more 
appropriate  applications? 

AUTHORS’  REPLY 

We  would  like  to  thank  Professor  Newman  for  this  discussion;  it  will 
give  us  the  opportunity  to  clarify  this.  The  problem  is  not  only  the 
calculation  of  the  added  resistance,  which  can  indeed  be  called  small 
for  small  u  (but  will  be  calculated  just  as  well),  but  also  the 
determination  of  the  dynamic  swell-up.  This  swell-up  is  shown  to  be 
an  important  factor— for  instance,  when  looking  at  the  phenomenon 
of  shipping  of  "green  water".  About  your  last  remark,  seakeeping 
problems  in,  for  instance,  following  seas,  is  also  an  interesting  thing 
to  investigate.  But  when  the  incoming  waves  catch  up  with  the  ship, 
this  ship  is  actually  "riding"  on  a  wave.  A  highly  unstable  situation 
occurs  which  cannot  be  considered  by  us  thus  far. 
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ABSTRACT 

The  equation  governing  the  nonlinear  rolling  of  a 
biased  ship  in  quartering  seas  can  be  reduced  to  a 
nonlinear  ordinary-differential  equation  with  parametric 
and  external  excitations.  The  solutions  of  this  equation 
are  analyzed  by  performing  analog-computer 
simulations  to  locate  bifurcation  points  in  a 
two-dimensional  parameter  space  consisting  of  the 
waveslope  and  encounter  frequency.  The  predicted 
instabilities  for  various  levels  of  the  parametric 
excitation  are  summarized  in  bifurcation  diagrams  that 
display  the  stable  regions  and  the  instabilities  that  take 
the  ship  into  "dangerous"  responses. 


INTRODUCTION 

In  the  study  of  the  roll  motion  of  a  vessel  it  is 
common  to  have  an  equation  of  motion  with 
time-varying  coefficients,  which  arise  Trom 
time-dependent  restoring  moments  due  to  the  ship's 
position  on  the  wave  (1,2)  or  to  changes  in  the 
displacement  volume  resulting  from  coupling  with 
other  modes  (3).  These  time-varying  coefficients 
constitute  what  is  known  as  parametric  excitations  (4). 
A  considerable  number  of  roll  studies  (e  g.,  1-3,  5-10) 
analyzed  the  influence  of  these  excitations  on  the 
stability  of  a  ship  in  the  presence  of  resonances,  which 
can  lead  to  capsizing  under  rather  mild  sea  conditions 
(9,10). 

In  previous  work  (9,10),  we  applied  an 
analytical-numerical  procedure  to  characterize  the 
stability  of  the  steady-state  response  of  a  ship  when  a 
parameter  is  slowly  varied.  Using  this  procedure,  we 
analyzed  the  stability  of  an  approximate  analytical 
solution  by  using  Floquet  theory  and  elementary 
concepts  of  bifurcation  theory.  In  (10),  we  have  shown 
that  a  ship  model  under  a  purely  parametric  excitation, 
which  is  the  case  of  rolling  in  longitudinal  waves  in  the 
absence  of  heeling  moments  and  pitch-roll  coupling, 
displays  self-similar  behavior  near  the  resonances. 
Instabilities  can  lead  to  capsizing  through  two 
scenarios:  one  evolving  from  a  large  oscillation 

through  the  disappearance  of  a  chaotic  attractor 
(crises)  and  a  second,  potentially  more  dangerous, 
developing  from  a  small  oscillation  through  a  sudden 
tangent  instability.  Similar  behaviors  occur  for 
excitation  frequencies  near  the  linear  natural 
frequency,  twice  the  natural  frequency,  and  the 


superharmonic  frequencies  (at  higher  excitation 
levels).  In  (9),  we  treated  the  behavior  of  the  same  ship 
model  under  an  external  excitation;  that  is,  the  case  of 
rolling  in  beam  seas.  In  this  case  we  have  also  found 
a  qualitatively  similar  behavior  in  the  neighborhood  of 
the  primary  resonance.  These  results  are  in  agreement 
with  the  conjecture  of  Parlitz  and  Lauterborn  (11)  that 
this  behavior  represents  a  manifestation  of  some 
fundamental  physical  structure  and  should  be  observed 
in  the  neighborhood  of  every  resonance  of  the  system 
if  the  excitation  amplitude  is  sufficiently  large. 

Wellicome  (7)  and  Feat  and  Jones  (2),  among 
others,  considered  a  second-order  equation  with 
parametric  and  external  excitations.  It  models  the 
rolling  motion  of  a  ship  in  (a)  beam  seas  when  the 
coupling  with  heave  or  the  Smith  effect  is  included  or 
(b)  longitudinal  waves  when  bias  is  included.  One  of 
the  important  features  of  the  nonlinear  motions 
observed  in  these  studies  (2)  is  the  difference  in 
stability  characteristics  between  ships  with  positive  and 
negative  bias  angles,  which  confirms  the  experimental 
observations  of  Wright  and  Marshfield  (12). 

In  this  work  we  expand  the  above  studies  by 
analyzing  the  nonlinear  rolling  response  of  a  biased 
ship  to  both  parametric  arid  external  excitations.  Our 
aim  is  to  gain  general  understanding  of  the  dynamics 
by  identifying  the  instabilities  that  appear  when  a 
parameter  is  slowly  varied  and  characterize  the  locus 
of  these  instabilities  in  a  parameter  spane  of  physical 
significance.  Results  are  presented  for  a  broad  portion 
of  the  amplitude  and  frequency  of  the  external 
excitation,  keeping  the  level  of  the  parametric 
excitation  fixed. 

Following  Wright  and  Marshfield  (12)  and  Feat  and 
Jones  (2),  we  derive  the  equation  of  motion  as  a 
function  of  the  relative  motion  of  the  ship  and  the  wave. 
We  let  <j)  be  the  absolute  roll  angle  and  6  be  the  relative 
roll  angle  with  respect  to  the  local  waveslope  a. 
Applying  Newton's  second  law,  we  find  that  the 
equation  of  motion  can  be  written  as 

(/  +  (5 !)0  +  D(0)  -|-  K(0,  r)  =  B  -  l&  (la) 

6  =  (j?  —  a  (16) 

where  the  overdots  represent  derivatives  with  respect 
to  the  time  r,  I  is  the  roll  moment  of  inertia,  (51  is  the 
added  moment  of  inertia,  which  is  assumed  to  be 
constant  (12),  and  B  is  a  constant  bias  moment,  which 
might  be  due  to  a  steady  wind,  or  a  shift  in  cargo,  or 
water  or  ice  on  deck.  The  righting  moment  K{0,t)  has 
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an  explicit  time  dependence,  which  might  come  from 
two  sources  (2):  the  position  of  the  ship  on  the  wave 
or  variations  in  the  displacement  volume  due  to  heave 
coupling.  We  are  mostly  interested  in  the  latter  effect; 
however,  consideration  of  the  first  effect  only  changes 
the  numerical  values  of  the  coefficients.  The 
righting-moment  function  is  approximated  as  (5,12) 

K(6,  t)  -  col  [ 6  4-  cc303  4-  ol56 5  4-  hO  cos(Qt)]  (2) 

where  o0  is  the  linear  undamped  natural  frequency  of 
the  ship,  the  odd  polynomial  fits  the  ship's  righting 
moment  curve,  and  the  parametric  term  represents 
heave  -  roll  coupling  expressed  by  the  coefficient 


Here,  Kez  is  the  magnitude  of  the  coupling  coefficient 
and  az  is  the  amplitude  of  the  heaving  motion,  which  is 

assumed  to  be  harmonic  with  frequency  Cl.  The 
damping  moment  D(0)  is  expressed  as 

d(8)  =  2  tie  +  he3  (4) 

Assuming  that  the  wavelength  of  the  wave  is  large 
compared  with  the  ship's  beam,  we  can  write  the 
waveslope  of  a  regular  beam  sea  as  a  harmonic 

function  a  -  am  cos  Clt,  where  am  is  the  maximum 
waveslope.  Using  (1b)-(4),  we  rewrite  (la)  as 


0  4-  2 fib  -}■•  /U30  4-  (x)q  £0  4-  oc30  *T  4"  cos(£2r)] 

a  IQ2 

—  ies  4-  4-  a50f]  4-  oos(Clx  4-  y) 


where 

h,  =  3a3(?s  +  5as0*  ,  b2  =  3oc36s  +  10a5^  ,  i>3  =  a3  +  1 0a50l 
bA  =  5as8s  ,  bs  =  a5 

and 

=  ^  —  hds  (11) 

Equation  (10)  is  general  and  can  model  the  roll  motion 
of  biased  and  unbiased  ships  in  a  variety  of  regular  sea 
conditions,  including  beam  seas,  head  or  following 
seas,  and  quartering  seas.  The  cases  treated  in  the 
two  previous  publications  (9,10)  are  particular  forms  of 
this  equation.  When  y  — 0  and  h  —  0,  (10)  models  the 
rolling  of  a  biased  or  an  unbiased  ship  in  beam  seas, 
depending  on  whether  0S  is  zero  or  nonzero.  Similarly, 
when  ocm  —  0  and  0,  =  0,  (10)  models  the  rolling  motion 
of  a  biased  or  an  unbiased  ship  in  head  or  following 
seas.  The  natural  frequency  has  been  scaled  to  unity 
to  make  the  results  applicable  to  a  wide  number  of 
cases.  Because  of  the  generality  of  the  cases  covered, 
we  have  a  large  number  of  excitation  parameters  to 
consider,  namely,  12,  y,  h,  0S,  and  am.  Because  our  goal 
is  to  study  ttje  effect  of  the  parametric  amplitude  h,  we 
study  primarily  the  stability  boundaries  in  the  ol„-C1 
parameter  space  at  a  set  level  of  h.  The  phase  angle 
y  is  set  equal  to  zero  because  this  angle  produces  large 
amplitudes  near  Cl  =  1.  The  bias  angle  is  taken  to  be 
either  +6  or  -6  degrees.  The  combined  effect  of  the 
external  and  parametric  terms  complements  the  results 
previously  shown  (9,10)  for  the  cases  of  a  purely 
parametric  or  external  excitation. 

BIFURCATION  DIAGRAM 


where  y  represents  a  phase  angle  between  the  wave 
and  heave  motions  and  0S  is  the  bias  angle  produced 
by  the  moment  B. 

To  simplify  the  governing  equation,  we  introduce 
the  time  scaling  t  —  a>0r,  which  transforms  (5)  into 


we  rewrite  (6)  as 

....  3  2  3 

u  4*  2 (xu  4-  /u3(/  4(/4b1(/4  b2u  4-  b3u 
4-  b4u4  4-  b5u5  4-  hu  co s(Llt)  —  cos(12f)  —  f2  sin(12f) 


The  results  obtained  by  using  an  analog-computer 
simulation  of  (5)  for  y  =  0,  0S  =  O°,  h  -  0.3,  and  the 
other  coefficients  as  given  in  Table  1  are  shown  in  the 
bifurcation  diagram  in  Figure  1.  In  this  diagram,  we 
present  the  bifurcations  of  three  basic  attractors  which 
are  stable  near  Cl  -  1  and  0  =  2.  Figure  2  shows  the 
phase  portraits  of  the  two  attractors  at  O  =  0.856  and 
am  =  0.048.  The  small  attractor  loses  its  stability  when 
the  parameters  are  varied  across  which  is  the  locus 
of  saddle-node  bifurcations  that  produce  a  jump  to 
another  attractor.  If  the  crossing  occurs  for  values  of 
<xm  >  4,  the  ship  capsizes.  For  crossings  with  values  of 
am<4,  the  jump  is  to  the  large  attractor  in  Figure  2. 
The  curve  S2  is  the  locus  of  saddle-node  bifurcations 
that  produce  a  jump  from  the  large  to  the  small 
attractor.  The  large  attractor  also  undergoes  a 
period-doubling  sequence  to  chaos  in  the  region 
between  P1  and  Jy  Figure  3  shows  phase  diagrams  and 
power  spectra  of  various  attractors  at  selected 
locations  in  this  region.  In  the  dotted  region  all  initial 
conditions  lead  to  capsize.  When  JA  is  crossed  the 
chaotic  attractor  loses  stability  and  the  ships  capsizes 
or  its  response  jumps  to  the  small  attractor,  depending 
on  whether  the  crossing  occurs  above  or  below  /,.  The 
large  attractor  in  Figure  2  also  loses  stability  near  Cl 
—  2.  Between  P3  and  P4  this  limit  cycle  is  unstable. 
When  P3  is  crossed  from  left  to  right  the  attractor 
undergoes  a  period-doubling  bifurcation  and  a  jump  to 
the  subharmonic  response  is  observed.  When  P4  is 
crossed  from  right  to  left  another  period-doubling 
bifurcation  is  observed.  Therefore,  the  period-one 
response  is  unstable  in  the  region  between  P3  and  P4. 
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The  third  attractor  represented  in  the  bifurcation 
diagram  in  Figure  1  is  the  subharmonic  response  near 
£2  =  2,  which  is  stable  in  the  region  between  PA  and 
J2.  Figure  4  shows  selected  attractors  in  this  region:  (a) 
shows  the  period-one  response,  (b)  shows  the 
subharmonic  resonant  response  obtained  after 
crossing  P4  from  right  to  left,  (c)  and  (d)  show 
quantitative  changes  in  the  subharmonic  response,  (e) 
shows  the  subharmonic  response  after  a 
period-doubling  bifurcation  across  P2,  and  (f)  shows  a 
chaotic  attractor  to  the  right  of  J2 

Figure  5  shows  the  bifurcation  diagram  obtained 
from  an  analog-computer  simulation  of  (5)  when  the 
parameters  are  set  at  y  -  0,  0S  —  +  6°,  and  h  =  0.3.  In 
this  case  the  dotted  region  is  much  larger  than  that  for 
the  case  of  an  unbiased  ship.  The  region  of  stability  of 
the  subharmonic  response  shrank  and  the  period-one 
and  subharmonic  responses  only  coexist  in  a  narrow 
region  between  £2  =  1.5  and  2.0.  The  curves  S,  and  S2 
represent  saddle-node  bifurcations  of  the  large  and 
small  attractors  of  the  period-one  resonant  response, 
which  produce  jumps  in  the  corresponding  attractors. 
Figure  6  shows  the  two  attractors  for  Q  =  0.768  and 
am  =  0.217.  In  Figure  5,  S,  represents  a  jump  from  the 
large  to  the  small  attractor;  S2  represents  a  jump  in  the 
small  attractor,  which  takes  the  system  to  the  large 
attractor  if  am  is  below  the  black  dot  or  to  capsize  if  it 
is  above  this  point;  and  P,  represents  period-doubling 
bifurcations,  leading  to  either  chaos  in  the  portion  of 
the  curve  enclosed  by  E1  or  directly  to  an  instability  in 
the  rest  of  the  curve.  The  instability  results  in  either 
capsize  when  v.n  is  above  the  black  dot  on  P,  or  a  jump 
to  the  subharmonic  attractor  when  it  is  below  Pv 
Figure  7  shov/s  the  coexisting  attractors  of  the 
period-one  and  subharmonic  responses  at  £2  =  1.758 
and  am  =  0.046  .  The  curve  E1  in  Figure  5  represents  the 
point  of  capsize.  For  values  of  £2  below  the  black  dot 
on  £1f  a  period-doubling  sequence  to  chaos  such  as  the 
one  shown  in  Figure  8  is  observed.  For  crossings  of 
£,  between  the  black  dot  and  the  point  of  merge  with 
P1s  a  saddle-node  bifurcation  is  observed,  making  the 
period-2T  solution  unstable  and  capsizing  takes  place. 

Figure  5  also  shows  that  the  stability  region  of  the 
subharmonic  response  is  narrower  than  that  in  Figure 

1.  Crossing  P3  from  right  to  left  causes  the  period-one 
response  to  lose  stability  and  the  subharmonic 
becomes  stable.  When  P2  is  crossed,  the  system 
undergoes  a  sequence  of  period-doubling  bifurcations 
leading  to  chaos,  which  disappears  when  Ey  is  reached, 
causing  the  ship  to  capsize.  Figure  9  shows  selected 
phase  portraits  of  the  above  changes  in  the  solution  : 
(a)  shows  the  period-one  response,  (b)  and  (c)  show 
the  subharmonic  response  after  crossing  P3,  (d)  shows 
a  period-doubling  in  the  subharmonic  after  crossing  P2, 
and  (e)  shows  a  second  period  doubling  in  the 
subharmonic  response. 

Figure  10  shows  the  bifurcation  diagram  obtained 
from  an  analog-computer  simulation  of  (5)  when  the 
parameters  are  set  equal  to  :  y  =  0,  0S  —  —  6°,  and  h 
=  0.3.  Figure  11  shows  the  attractors  of  the  primary 
resonance.  Across  curve  S  in  Figure  10,  the  small 
attractor  undergoes  a  saddle-node  bifurcation  that 
produces  capsizing.  Across  P1  the  large  attractor 
undergoes  period-doubling  bifurcations.  In  the  portion 
of  P1  enclosed  by  E \  a  sequence  of  period-doubling 
bifurcations  culminating  in  chaos  is  observed,  in  the 
rest  of  the  curve  capsizing  occurs  after  the  first 
period-doubling  bifurcation.  The  large  attractor  also 


undergoes  period-doubling  bifurcations  across  P4.  The 
subharmonic  response  undergoes  period-doubling 
bifurcations  across  P2  and  P3.  Capsizing  is  observed 
after  crossing  P?  and  E2.  Figure  12  shows  the  coexisting 
attractors  that  are  found  between  P2  and  P4. 


CONCLUSIONS 

The  present  results  show  that  the  dynamics  of  a 
positively  biased  ship  is  different  from  that  of  a 
negatively  biased  ship,  which  confirms  the 
experimental  observations  of  Wright  and  Marshfield 
(12).  However,  it  is  difficult  to  conclude  which  of  the 
two  cases  is  more  stable  because  the  stability  depends 
on  the  region  of  the  parameter  space  under 
consideration.  Nevertheless,  it  is  clear  that  the  motion 
is  very  sensitive  to  bias  and  the  region  where  capsizing 
is  observed  grows  considerably  and  appear  to  be 
bigger  for  positively  biased  ships.  We  have  also  found 
the  bifurcation  diagram  to  be  sensitive  to  changes  in 
the  phase  angle  y.  The  most  interesting  feature  is  the 
major  qualitative  changes  that  the  bifurcation  diagrams 
undergo  as  the  bias  angle  changes.  This  clearly 
suggests  the  need  for  a  complete  analysis  before  a 
particular  design  can  be  considered  safe  to  operate. 
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Figure  1.  Bifurcation  diagram  from  analog-computer 
simulations  of  equation  (5)  for  y  =  0 
0#  =  0°,  and  h  -  0.3. 


Figure  2.  Phase  portraits  of  coexisting  attractors  at 
Q  =  0.856  and  ocm  =  0.048.  Both  attractors 
correspond  to  primary  resonance. 
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Figure  3.  Phase  portraits  and  power  spectra  of  the 
attractor  and  the  excitation  ^at  selected 
locations  near  the  primary  resonance  :  (a) 
T-periodic  solution  for  =  0.983  and  ocm 
=  0.258,  (b)  2T-periodic  solution  for  £2  — 
0.966  and  am  —  0.268,  (c)  4T-periodic 
solution  for  £2  =  0.942  and  am  =  0.282,  (d) 
8T-periodic  solution  for  £2  =  0.939  and  am 
=  0.284,  and  (e)  chaotic  attractor  for  £2  = 
0.937  and  am  =  0.285. 
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Figure  4.  Phase  portraits  and  power  spectra  of  the 
attractor  and  the  excitation  at  selected 
locations  near  the  subharmonic 
resonance  :  (a)  primary  response  for  £2 

=  2.158  and  ccm  ~  0.107,  (b)  subharmonic 
response  for  £2  =  2.102  and  am  =  0.113, 
(c)  subharmonic  response  for  £2  ~  1.920 
and  am  —  0.136,  (d)  subharrnonic  response 
for  £2  =  1.514  and  ocm  =  0.218,  (e) 

2T-periodic  subharmonic  response  for  £2 
=  1.505  and  ocm  =  0.221,  and  (f)  chaotic 
attractor  in  the  subharmonic  response  for 
£2  -  1.480  and  am  =  0.228, 


Q 
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Figure  6.  Coexisting  attractors  near  the  primary 
resonance  for  £2  =  0.768  and  a„7  =  0.217. 
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Figure  7.  Coexisting  attractors  near  the 
subharmonic  resonance  for  £2  1.758 

and  am  =  0.046. 


Figure  5.  Bifurcation  diagram  from  analog-computer 
simulations  of  equation  (5)  for  y  =  0, 
9S  =  4-  6°,  and  h  =  0.3 
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Figure  8. 


Phase  portraits  and  power  spectra  of  the 
response  and  the  excitation  near  the 
primary  resonance  :  (a)  T-periodic 

response  fcr  £2  =  1.098  and  am  =:  0.228, 
(b)  2T- periodic  response  for  £2  1.098 

and  am  —  0.231,  (c)  2T-periodic  response 
for  £2  =  1.098  and  ol„  =  0.245,  (d) 

appearance  of  broad-band  frequency 
content  in  the  2T-periodic  response  for  £2 
=  1.093  and  am  =  0.248,  and  (e)  chaotic 
attractor  for  £2  —  1.067  and  am  =  0.249. 


Figure  9.  Phase  portrait  and  power  spectra  of  the 
response  and  the  excitation  near  the 
subharmonic  resonance  :  (a)  primary 

response  for  £2  =  2.319  and  ocm  =  0.058, 
(b)  subharmonic  response  for  £2  =  1.997 
and  <x.m  —  0.078,  (c)  subharmonic  response 
for  £2  =  1.794  and  am  =  0.097,  (d) 
2T-periodic  attractor  of  the  subharmonic 
response  for  £2  -  1.780  and  a,„  =  0.099, 
(e)  4T-periodic  attractor  of  the 
subharmonic  response  for  £2  =  1.763  and 
cc,  =  0.100. 


fi 

Figure  10.  Bifurcation  diagram  from  analog-computer 
simulations  of  equation  (5)  for  y  --  0, 
0s  =  -6°,  and  h  -  0.3. 
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Table  1.  Coefficients  of  ship  model  considered. 


I  K 
mK 2  110. mm 
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Figure  11.  Phase  portraits  of  the  attractors  near  the 
primary  resonance  and  the  power  spectra 
of  the  response  and  excitation  for  Q.  = 
0.702  and  am  -  0.063  and  Q  =  0.827  and 
am  =  0.057. 


Figure  12.  Coexisting  attractors  near  the 
subharmonic  resonance  for  H  =  1.698 
and  <xm  ~  0.061. 
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DISCUSSION 

Alberto  Francescutto 
University  of  Trieste,  Italy 

First,  I  would  congratulate  the  authors  for  this  very  interesting  paper 
indicating  the  possibility  of  new  terrible  possibilities  in  the  already 
complicated  behaviour  of  a  ship  in  longitudinal  or  quartering  seas. 
The  author,  in  his  presentation,  mentions  the  possibility  of  jumps, 
involving  the  oscillation  amplitude,  taking  place  sharply  in  time.  In 
my  experience,  this  sharpness  indicates  always  a  few  cycles  of  the 
oscillation.  Would  the  author  comment  on  this  point?  Finally,  it 
seems  that  the  consideration  of  the  angle  between  the  wave  train  and 
ship’s  heading  has  been  neglected  in  the  construction  of  the  equation 
of  motion  (5).  This,  in  fact,  would  include  an  explicit  external 
excitation  also  in  the  limiting  case  of  pure  longitudinal  sea. 

AUTHORS’  REPLY 

Dr.  Francescutto’ s  first  question  has  to  do  with  the  time  it  takes  an 
unstable  solution  to  grow  from  a  given  initial  position  to  the  point  of 
capsize.  The  process  may  involve  a  fraction  of  a  cycle  to  many 
cycles  of  oscillation,  depending  on  the  initial  conditions  and  the 
scenario  through  which  the  vessel  capsizes.  In  the  case  of  capsize 
through  saddle-node  bifurcations,  the  captize  time  may  be  very  short. 
On  the  other  hand,  in  the  case  of  capsize  through  period-doubling 
bifurcations  and  chaos,  the  capsize  time  may  be  very  long.  In 
reference  to  the  consideration  of  the  angle  between  the  wavetrain  and 
the  ship’s  longitudinal  axis,  we  agree  that  it  is  not  explicitly  shown 
in  equation  (5).  However,  the  governing  equation  is  general  and  can 
treat  arbitrary  orientations  by  properly  adjusting  the  excitation 
parameters  in  equation  (10). 


DISCUSSION 
Hang  S.  Choi 

Seoul  National  University,  Korea 

The  equation  you  have  used  seems  very  complicated;  duffing 
oscillator  for  righting  moment  and  Van  der  Pol  oscillator  for 
damping.  In  addition  to  these,  the  biased  initial  position  is 
introduced  as  a  control  parameter.  However,  the  resulting  motion  of 
this  complex  system  depends  strongly  on  the  initial  condition  of  the 
motion.  Would  you  comment  how  the  initial  condition  can  be 
determined  in  your  mathematical  model? 

AUTHORS’  REPLY 

Dr.  Choi’s  question  addresses  an  important  aspect  of  the  mathematical 
model.  The  solution  to  the  differential  equation  governing  the 
oscillation  of  the  vessel  depends  on  the  initial  conditions  in  the  form 
of  position  and  velocity.  Furthermore,  there  might  be  many  possible 
solutions  to  the  differential  equation,  depending  on  the  initial 
conditions.  This  is  exactly  the  essence  of  the  basin  of  attraction 
shown  in  the  paper.  Each  set  of  initial  conditions,  as  an  independent 
variable,  is  located  on  the  phase  plane  and  the  solution  reached  from 
that  point  is  determined.  Therefore,  the  motion  is  strongly  dependent 
on  the  initial  conditions. 

In  summary,  the  initial  conditions  are  independent  variables  which 
must  be  specified  for  the  particular  situation.  To  assess  the  stability 
of  the  vessel,  we  have  to  determine  the  solution  for  any  physically 
meaningful  set  of  initial  conditions  in  phase  space.  This  generates  the 
domain  of  attraction  of  all  possible  solutions.  From  this  information, 
we  need  to  determine  which  solutions  pose  risk  and  use  the  analysis 
to  evaluate  the  seaworthiness  of  the  vessel  under  consideration. 


DISCUSSION 
Hongbo  Xu 

Massachusetts  Institute  of  Technology,  USA  (China) 

You  have  shown  that  the  nonlinear  analysis  is  a  very  useful  tool  of 
studying  the  ship  motion.  When  this  one-degree  freedom  system 
(rolling  of  a  ship  in  quartering  seas)  bifurcates,  the  magnitude  of  the 
ship  motion  undergoes  a  jump.  There  must  be  energy  exchanges 
between  the  ship  and  waves  or  energy  transfer  between  the  potential 
component  and  kinetic  component.  I  think  it  is  important  to  identify 
the  energy-sharing  mechanism  in  order  to  understand  the  dynamics  of 
the  system.  Perhaps  you  also  have  this  kind  of  results  to  show  us? 

AUTHORS’  REPLY 

Dr.  Xu’s  question  addresses  the  energy  transfer  mechanism  between 
the  wave  and  boa,  as  well  as  the  exchange  between  the  potential  and 
kinetic  energies.  Understanding  of  these  fundamental  mechanisms  is 
of  primary  importance  as  Dr.  Xu  points  out.  The  basic  mechanism 
is  the  adjustment  of  the  phasing  between  the  vessel  motion  and  the 
wave. 
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A  Stochastic  Analysis  of  Nonlinear  Rolling 
in  a  Narrow  Band  Sea 

A.  Francescutto  and  R.  Nabergoj  (University  of  Trieste,  Italy) 


ABSTRACT 

The  extensive  analysis  carried  out  in  last 
years  on  the  nonlinear  rolling  of  a  ship,  through  the 
use  of  different  versions  of  perturbation  methods, 
allowed  many  researchers  to  discover  some  very 
peculiar  features  of  this  motion.  In  a  deterministic 
beam  sea,  it  appeared  the  possibility  of 
resonances  different  from  synchronism,  in 
particular  subharmonic  oscillations  in  both  the 
upright  and  heeled  conditions.  Moreover,  the 
resonance  peaks  as  a  function  of  tuning  ratio  are 
bent,  mainly  as  a  consequence  of  righting  arm 
nonlinearity,  so  that  in  a  suitable  range  of 
frequencies  the  oscillation  can  have  three  steady 
states  of  very  different  amplitude. 

Later  on,  the  possibility  of  successive 
bifurcations  to  chaotic  behaviour  was  detected  and 
it  is  actually  widely  and  deeply  studied.  This 
"deterministic  chaos"  is  in  fashion  and  is  very 
interesting  in  principle;  on  the  other  hand  it  is  still 
related  to  the  appearance  of  a  strictly  mono¬ 
chromatic  sea,  which  is  a  possibility  that  can  be 
hardly  realized  in  a  real  seaway. 

At  the  other  extremum,  stochastic  nonlinear 
rolling  was  treated  mainly  as  a  process  with 
sufficiently  broad  band  to  have  no  possibility  of 
jump  phenomena  and  no  research  was  carried  out 
taking  the  bandwidth  as  a  parameter.  To  clarify  this 
puzzling  aspect,  the  nonlinear  model  introduced  in 
previous  work  with  the  excitation  represented  by 
white  noise  filtered  through  a  linear  filter  was 
studied  in  detail.  The  filter  was  allowed  to  vary 
centerpeak  and  bandwidth  of  the  excitation.  A 
representation  as  a  sum  of  two  sinusoidal 
processes  with  Gaussian  slowly  varying 
amplitudes  was  introduced.  This  description  is 
particularly  suitable  for  description  of  narrow  band 
processes.  The  system  of  differential  equations 
rolling  motion  plus  filter,  was  solved  by  means  of 
the  perturbation  method  of  multiple  scales.  Several 
curves  roll  variance/tuning  ratio  were  obtained 
varying  the  bandwidth  for  an  excitation  variance 
corresponding  to  a  moderate  sea.  The  results 
indicate  that,  provided  the  bandwidth  of  the 


excitation  is  not  greater  than  a  sharp  JONSWAP 
spectrum,  at  least  in  the  considered  cases,  the 
main  resonance  exhibits  the  same  characteristic 
features  shown  in  the  deterministic,  i.e. 
multivaluedness  and  jump  possibility.  This 
similarity  is  related  to  the  fact  that  narrow 
bandwidth  means  high  autocorrelation. 

The  perturbation  method  allows  to  obtain 
simplified  equations  giving  the  maximum  roll 
variance  as  a  function  of  the  excitation  variance. 

These  results  are  confirmed  through  the 
envelope  analysis  of  a  preliminary  stochastic  time- 
domain  numerical  simulation.  The  curve  giving  the 
probability  density  as  a  function  of  the  variance  of 
the  motion,  appears,  in  fact  bimodal.  Finally,  the 
region  of  the  first  subharmonic  has  been  analysed 
giving  the  response  curves  for  the  roll  variance  of 
the  subharmonic  component  and  the  excitation 
variance  threshold  for  its  onset. 

INTRODUCTION 

The  connection  between  large  amplitude 
rolling  and  capsizing  is  not  very  clear.  In  principle, 
the  large  amplitude  rolling  motion  of  a  ship  can  be 
a  stable  motion,  provided  it  be  included  in  some 
stability  boundary.  In  practice,  the  ship  is  a  very 
complicate  system,  so  that  many  dramatic 
scenarios  can  appear  once  large  amplitude  rolling 
is  in  some  way  originated.  The  reasons  of  thiese 
practical  differencies  can  be  summarized  as 
depending  on: 

-  wrong  operation  of  the  ship.  This  is  for 
example  the  case  when  the  rudder  is  released  in 
the  attempt  to  recover  from  an  excessive  heeling  in 
manoeuvering,  non  properly  adjusted  antirolling 
tanks  are  employed  to  reduce  excessive  rolling,  a 
route  change  is  adopted  to  avoid  the  beam  or 
quartering  action  of  wave  trains; 

-  structural  failure  with  consequent  opening  of 
holes  in  the  hull  and  flooding  of  some 
compartment; 

-  effect  of  additional  heeling  moments  due  to 
water  loading  on  deck  and  through  the  deck 
openings  caused  by  the  large  amplitude  rolling  or 
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shifting  of  cargo  due  to  the  large  rolling 
accelerations.  This  last  phenomenon  can  in  turn 
give  raise  to  a  positive  feedback  with  final 
capsizing  or  originate  a  structural  failure; 

-  and  of  course,  the  concurrency  of  more  than 
one  of  this  phenomena.  The  analysis  of  casualties 
at  sea  reveals  that  this  is  often  what  happens  when 
a  ship  is  lost. 

Actually,  it  is  not  very  simple  to  quantify  the 
relative  importance  of  these  consequencies  of 
large  amplitude  rolling.  On  the  other  hand,  neither 
the  probability  of  large  amplitude  rolling  has  been 
stated  in  a  satisfactory  way.  This  paper  is  thus 
devoted  to  a  first  analysis  of  this  problem. 

In  previous  papers  [1-4],  it  has  been  shown 
that  large  amplitude  rolling  can  be  a  consequence 
of  a  jump  between  the  antiresonant  state  and  the 
resonant  one,  or  between  non  resonant  and 
subharmonic  states,  due  to  the  strong  deviation 
from  linearity  of  the  rolling  motion.  This  originates 
the  possibily  of  bifurcations  that  can  be  effective  as 
a  consequence  of  some  change  in  the  parameters 
in  the  case  of  a  deterministic  excitation,  and  due  to 
the  very  nature  of  the  oscillation  when  a  narrow 
band  stochastic  excitation  is  considered. 

The  phenomenon  is  not  very  fast,  but  quite 
difficult  to  forecast,  inasmuch  its  occurrence  is  not 
related  to  some  dramatic  change  in  the  excitation 
statistics.  Moreover,  the  amplitude  differences  can 
be  dramatic  also  in  presence  of  non  very  intense 
excitation.  Therefore,  it  appears  of  interest  a 
parametric  research  to  find  the  probability  of  its 
occurrence.  To  this  end,  the  probability  density 
function  of  the  response  levels  should  be 
computed  by  means  of  approximate  analytical 
methods  in  the  following  three  cases  of  interest: 

-  bifurcation  between  the  anti-  and  the 
resonant  oscillation  in  the  main  resonance  region 
in  stochastic  beam  sea; 

-  bifurcation  between  non  resonant  and 
subharmonic  in  the  first  subharmonic  region  in 
stochastic  beam  sea; 

-  bifurcation  between  zero  amplitude  (or 
negligible  one)  and  parametric  suharmonic  rolling 
in  stochastic  following  or  quartering  sea. 

As  a  consequence  of  the  possibility  of 
bifurcations,  the  probability  density  functions  (pdf) 
can  be  bimodal  functions  for  some  values  of  the 
parameters.  This  allows  an  evaluation  of  the 
probabilities  of  the  considered  different  oscillation 
states,  and  in  particular  of  the  probability  of  the 
onset  of  large  amplitude  rolling. 

In  this  paper,  we  will  devote  our  attention  to 
ship  rolling  in  a  beam  sea,  with  particular  regard  to 
the  possibilites  offered  by  the  bifurcations  in  the 
regions  of  synchronism  and  of  the  main 
subharmonic.  The  analysis  is  limited  to  the 
obtaining  of  the  frequency  response  curves  in 
terms  of  roll  variance  in  synchronism  and  to  the 
frequency  response  and  excitation  threshold  in  the 
case  of  subharmonic. 


NARROW  BAND  EXCITATION 

/ 

The  inclining  moment  due  to  the  action  of  the 
sea  waves,  is  usually  represented  by  means  of  the 
introduction  of  the  energy  spectrum  of  the  sea. 
Extensive  campaigns  of  measurements  allowed  to 
obtain  a  statistical  description  of  the  different 
regions  of  the  world.  From  these  tables,  some 
standard  descriptions  have  been  obtained,  as  the 
ITTC  and  ISSC  standard  spectra,  and  successive 
corrections  and  integrations.  These  spectra  are 
usually  considered  to  be  sufficiently  narrow  band 
to  allow  a  simplified  statistical  treatment,  and  at  the 
same  time  sufficiently  broad  band  with  respect  to 
the  system  transfer  function  to  allow  a  simplified 
treatment  of  the  response  [5,6].  In  addition, 
hypoteses  such  as  Gaussianity,  stationarity  and 
ergodicity  are  often  assumed  to  further  simplify  the 
analysis.  For  a  detailed  discussion  of  these 
problems  see  Ref.  [7]  .Actually,  this  procedure  is  a 
satifying  one  when  quasi-linear  and  non  extreme 
phenomena  are  analysed.  If  we  devote  our 
attention  to  ship  rolling,  this  is  unfortunately  not 
true,  since  it  is  a  highly  nonlinear,  large  amplitude 
motion,  that  can  lead  to  extreme  phenomena  such 
as  capsizing.  It  is  not  the  scope  of  this  paper  to 
investigate  in  detail  the  connection  between  large 
amplitude  rolling  and  capsizing.  We  will  assume 
that  large  amplitude  rolling  is  in  itself  an  extremely 
interesting  topic  and  we  devote  our  attention  to 
some  conditions,  non  sufficiently  investigated  until 
now,  that  can  lead  to  large  amplitude  rolling. 

As  shown  in  previous  papers  [1-4]  in  the 
deterministic  domain,  the  rolling  motion,  due  to  its 
inherently  high  degree  of  non  linearity,  can  exhibit 
peculiar  phenomena  leading  to  non  expected 
large  amplitude  oscillations,  also  in  weak  to 
moderate  seas.  This  is  due  to  the  appearance  of 
different  steady  states  of  oscillation  corresponding 
to  the  same  excitation  intensity  and  the  consequent 
possibility  of  bifurcation  with  jumps  among  these 
different  states.  In  the  deterministic  approach,  the 
problem  is  an  initial  value  problem,  so  that  the 
phase  plane,  or  the  Van  der  Pol  plane  are  divided 
in  different  regions,  called  domains  of  attraction, 
each  leading  to  one  of  the  steady  state  solutions. 
Neglecting  the  appearance  of  chaotic  behaviour, 
that  seems  not  playing  a  dramatic  role,  the  jump  is 
thus  only  possible  when  there  is  a  change  in  the 
parameters  defining  the  system  or  the  excitation, 
such  as  cargo  shifting,  water  on  deck,  wind  gusts, 
change  of  heading. 

The  build-up  of  a  jump  is  not  an  immediate 
process,  requiring  a  few  cycles  of  the  excitation  to 
be  completed.  In  a  very  broad  band  stochastic 
excitation  case,  it  is  thus  very  unlikely  to  occurr  due 
to  the  very  poor  correlation  among  successive 
cycles.  Actually  this  only  means  that  its  probability 
is  very  low,  i.e.  it  is  a  ’rare  event'. 

On  the  other  hand,  ITTC  spectrum  is  only  an 
average  one,  so  that  its  parameters  are  subject  to 
statistical  uncertainty.  Moreover,  a  peak  magni¬ 
fication  factor  has  been  suggested  for  the 
description  of  North  Atlantic.  With  this  correction, 
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one  gets  the  quite  sharp  JONSWAP  spectrum. 

The  description  of  the  sea  action  through  the 
spectrum,  is  a  short  term  description,  valid  for  the 
well  developed  sea.  It  does  not  exclude  the 
possibility  of  appearance  of  narrow  and  very 
narrow  spectra  in  particular  conditions,  as  for 
example  crossing  channels  or  in  port  regions  or  in 
the  developing  zone,  or  simply  as  a  statistical 
fluctuation  of  broader  spectra. 

In  this  case,  there  could  be  sufficient 
correlation  among  cycles  of  the  excitation  to  allow 
for  the  jump  between  different  amplitude  states, 
without  the  need  of  any  change  in  the  system 
parameters. 

The  spectrum  of  the  sea  excitation  f  will  be 
described  through  a  simple  linear  filter  of  the  type: 

Sf  =  Yco02so/[(cof2-co2)2+co272]  (1 ) 

shaping  Gaussian  white  noise  W  of  level  S0  .  The 

excitation  is  zero  mean  and  has  variance  Gf2=7tSp. 
It  is  suited  to  describe  narrow  band  excitation,  as  in 
the  limit  for  y->0  it  reduces  to  the  sinusoidal 
excitation 

f  =  ewcoscoft  ,  (2) 

with  ew2=2af2,  whose  spectrum  is  represented  by 
7iS05(co). 

In  the  following,  the  perturbation  method  ot 
the  multiple  scales  will  be  adopted.  For  this,  it  is 
convenient  to  represent  the  narrow  band  process  f 
in  the  Stratonovich  form  [8]: 

f(t)  =  Fc(t)coscOft  +  Fs(t)sino)ft 

where  Fc  and  Fs  are  slowly  varying  independent 
Gaussian  processes  represented  by  the  equations: 

^=(I)1/2wc-(J)Fc 


^=(I)1/2Ws-(J)Fs 

where  Wc  and  Ws  are  independent  Gaussian 
white  noise  processes  with  the  same  spectrum 
level  of  W.  For  further  details  see  Ref.  [9,10]. 

Actual  values  of  the  spectrum  level  S0  , 
bandwidth  parameter  y  and  centerpeak  frequency 
cof  can  be  obtained  through  a  nonlinear  fitting  of  the 
spectra  to  be  approximated. 

This  procedure  applied  to  normalized 
standard  wave  height  spectra  using  IMSL 
library  routine  RNLIN,  provided  the  following 
values  [11]: 

-  ITTC 

S0=-35  C0f=1.16  y=.50 


-  JONSWAP  with  sharpness  magnification  factor 
equal  to  7  (maximum  value) 

S0=.13  (0j=1 .01  y=.  1 4 

The  transformation  of  wave  heights  into 
inclining  moments  actually  broadens  a  little  the 
spectrum.  In  any  case,  it  appears  that,  also  in  the 
frame  of  standard  spectra,  there  is  the  possibility  of 
effectively  narrow  band  spectra,  in  the  sense  of 
giving  rise  to  jumps  in  rolling. 

In  the  following,  a  value  for  C|  will  be  used  so 
as  to  give  an  excitation  intensity  corresponding  to 
ew  =.2,  a  value  used  in  previous  calculations  in  the 
deterministic  domain.  This  value  represents  a 
sinusoidal  wave  with  effective  wave  slope  well 
below  the  limit  for  breaking  waves.  The  bandwidth 
factor  y  will  be  varied  as  a  parameter. 

THE  EQUATION  OF  MOTION 

In  the  light  of  the  preceding  discussion,  the 
rolling  motion  in  beam  sea  will  be  represented  by 
the  following  nondimensional  nonlinear  differential 
equation: 

$♦»**)  !♦«.<!)» 

+  co02x  +  a3x3  =  f(t)  (3) 

We  do  not  discuss  here  the  meaning  of  the 
different  terms,  that  can  be  found  in  Ref.  [1]. 

The  excitation  f  is  represented  by  the 
expression  (2)  in  the  deterministic  case,  whereas 
in  the  stochastic  it  is  represented  by  the  solution  of 
the  following  differential  equation: 

-p-  +  =  Y1/2o)fW  (4) 

As  mentioned,  an  approximate  solution  in 
terms  of  the  variance  a2  of  the  motion  will  be 
obtained  in  the  synchronism  region  cof  =  co0  and  in 

that  of  the  main  subharmonic  cof  =  3co0. 

To  get  some  insight  into  the  nature  of  the 
solutions,  attention  was  preliminary  focussed  on  a 
form  of  Eq.  3  containing  the  minimum  of 
nonlinearities,  i.e.  only  the  righting  arm  one.  In 
these  conditions,  the  rolling  motion  is  described  by 
an  equation  of  the  Duffing  type.  This  is  tied  to  the 
fact  that,  in  the  deterministic  approach,  it  is  this 
nonlinearity  that  is  responsible  of  the  presence  of 
bifurcations,  whereas  the  damping  moment 
nonlinearities  play  an  important  role  in  determining 
the  maximum  values  that  can  be  reached  by  the 
oscillation  amplitude. 

Once  obtained  a  solution  valid  in  the 
stochastic  narrow  band  case,  the  deterministic 
sinusoidal  solution  can  be  recovered  by  means  of 
the  following  positions: 

y  =  0 
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a2 


_  C£ 
“  2 


(5) 


being  C  the  amplitude  of  the  nonlinear 
response  in  resonance  and  Q  the  amplitude  of  the 
linear  response  out  of  resonance,  both  in  the 
deterministic  case 

Only  the  results  relative  to  the  application  of 
the  method  of  multiple  scales  [12]  will  be  reported. 


SYNCHRONISM  REGION 

The  rolling  motion  in  the  region  of 
synchronism  is  statistically  governed  by  the 
following  equation: 

|w32o6  +  3a3(coo2-(0f2)o4  +  [(g>02-©j2)2  + 
(2|itOf)2(1  +Y/2p)2]a2  =  (1  +y/2p)  cjf2  (6) 

that,  using  the  positions  represented  by  Eq's  5, 
reduces  to: 

^a32C6  +  |a3(co02-cof2)C4  + 

[(co02  V)2  +  (2|i.cOf)2]C2  =  ew2  (7) 

in  the  sinusoidal  case.  Eq.  7  agrees  with  previous 
results  [1]. 

Eq.  6  represents  a  very  important  result 
inasmuch  as  it  allows  a  relatively  simple 
calculation  of  the  frequency  response  curve  in 
presence  of  stochastic  excitation.  Due  to  the 
particular  way  through  which  it  was  obtained,  its 
validity  is  limited  to  the  narrow  band  case. 

In  Fig.  1  and  Fig.  2,  the  response  curves 
given  by  Eq.  6  are  reported  as  a  function  of  tuning 
ratio  centerpeak  frequency/natural  frequency  of 
small  amplitude  oscillations  co0  for  different  values 
of  the  bandwidth  parameter  including  the  limiting 
case  of  sinusoidal  excitation. 

Fig.  1  represents  a  tipical  case  of  modern 
containership,  whereas  Fig.  2  refer  to  a  more 
traditional  case  [13]. 

As  one  can  see,  the  possibility  of  bifurcation 
is  preserved  also  in  the  stochastic  case,  provided 
that  the  bandwidth  is  sufficiently  small.  In 
particular,  in  the  considered  cases,  the  most  sharp 
JONSWAP  is  not  far  from  the  higher  limit  of  values 
of  y  that  gives  multiple  regime  of  oscillations. 

In  the  sinusoidal  case,  in  the  frequency 
region  where  three  states  are  possible,  only  the 
two  extreme  represent  stable  oscillations  and  the 
bifurcation  involves  them.  In  the  stochastic  case, 


Fig.  1  Roll  variance  a  as  a  function  of  tuning 
ratio  cof/co0.  The  following  values  have  been 
used  for  the  parameters:  oc3=4.0,  p=.05, 
cjf=.1414  (ew=.2).  The  number  on  the  curves 
indicates  the  value  of  y- 


Fig.  2  Roll  variance  a  as  a  function  of  tuning 
ratio  cof/co0.  The  following  values  have  been 
used  for  the  parameters:  a3=-0.5.,  ji=.05, 
Gf=.1414  (ew=.2).  The  number  on  the  curves 
indicates  the  value  of  y. 


the  concept  of  stability  of  an  oscillation  state  looses 
part  of  its  meaning.  Actually,  in  the  frequency 
region  where  three  levels  of  variance  are  possible, 
the  roll  variance  oscillates,  having  local  maxima  of 
probability  in  correspondence  to  the  two  extreme 
values.  This  is  intrinsically  connected  with  the 
nature  of  the  stochastic  excitation  [14]. 

Neglecting  the  contribution  of  the  nonlinear 
term,  the  solution  far  from  resonances  is  obtained 
as: 
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Oq2  =(1  +y2(i)  O,2  /  [((002-C0f2)2  + 

(2p.C0f)2(1  +y/2|i)2]  =  Of2/(o)02-a>f2)2  (8) 

A  perturbative  analysis  on  Eq.  6,  considering 
co0+co{  =  2co0  gives  a  second  degree  algebraic 
equation  on  the  variable  Aco  =  o)f-co0.  The  reality 
condition  of  the  solution  gives  a  simple  formula 
relating  the  maximum  value  of  the  roll  variace  om2 
to  the  excitation  variance: 

om2  =of2  /  4p2co02(1  +y/2p) 
that  reduces  to  the  sinusoidal  expression: 

Cm2  =ew2  I  4H2®o2 

These  expressions  correspond  to  a  linear 
approach  and  thus  generally  they  are  not 
sufficiently  reliable. 

A  corresponding  analysis  conducted  on  the 
complete  nonlinear  rolling  Eq.  3,  allowed  us  to 
obtain  the  general  equation  for  the  roll  variance  in 
the  implicit  form: 

Of2  =  —  t(®o2-®f2)2 '  f«3°2 

1  +y/2peq 

+  (2a)0peq)2(1  +y/2peq)2]°2 


with 

peq  =  M-  +  \  °2  Seq  =  (S1  +3coo252) 

A  perturbation  on  this  equation  gives  the 
implicit  equation  for  the  maximum  roll  variances. 

(2co0)2[|i2(1  +Y/2peq)om2+5P(1  +Y/2peq) 

8eq°m4+j66eq2°m6]  =  °f2 

the  corresponding  sinusoidal  expression  proved 
good  in  the  forecasting  of  the  maximum  roll 
amplitude  in  synchronism  [15].  Here,  the 
predictions  are,  of  course,  of  a  statistical  nature, 
but  sufficient  for  many  practical  scopes.  When  a 
bifurcation  is  possible,  Eq.  9  refers  to  the  highest 
variance  level,  irrespectively  of  its  actual 
probability  of  occurrence.. 

SUBHARMONIC  SOLUTION 

In  the  frequency  region  o)f=.3o)0  the  non 
resonant  solution  given  by  Eq.  8  is  generally 
stable.  Nevertheless,  the  analysis  conducted  in  the 
sinusoidal  case,  indicated  that  there  is  the 
possibility  of  excitation  of  a  resonant  oscillation 
with  frequency  cof/3  =.to0  The  application  of  the 


method  of  multiple  scales  permitted  to  obtain  an 
equation  describing  the  variance  os2  of  the 
resonant  part  of  the  solution,  i.e.  the  amplitude  of 
the  subharmonic  component  that  has  to  be  added, 
in  some  way,  to  the  non  resonant  component  of 
variance  oq2.  Here,  only  the  results  relative  to  the 
Duffing  case  will  be  presented.  The  analysis  of  the 
full  Eq.  3  is  actually  in  progress. 

As  a  consequence  of  the  stability  of  the  non 
resonant  component,  we  have  the  following 
possibilities: 

os2  =  0 
or 

ftX32°s4  +  [3a3Qn-|a32(1  +Y/6p)oQ2  ]os2 

+[Qn2+|to,2p2(1+Y/6p)2]=0  (10) 

with 

Qn  =  co02-cOf2/9  +  3a3OQ2 

Eq.  (10)  is  a  second  degree  algebraic 
equation  in  the  variable  os2.  The  reality  condition 


Fig.  3  Variance  os  of  the  subharmonic 
component,  excitation  threshold  ofth  for 
subharmonic  oscillation  onset  and  variance  oQ 
of  the  out  of  resonance  component  as  a 
function  of  tuning  ratio  cof/co0.  The  following 
values  have  been  used  for  the  parameters: 
a3=4.0.,  p=.005,  of=.1414,  ^.01. 
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for  the  solution  gives  the  threshold  value  ofth2  of 
the  excitation  variance  for  the  onset  of  a 
subharmonic  component  of  the  oscillation: 

ofth2  =  -  ~—(1+y/2n)  [(co02-cof2)2  + 

(2j-iC0f)2(1  +y/2|i)2]  { co02-co,2/9  + 

[(co02-a>f2/9)2-|-  cof2|i2(1  +y/6jj.) 

(7-y/6(i)]1/2  J/(7-y/6|j.) 

This  expression  also  reduces  to  the  previous 
one  [1]  in  the  sinusoidal  limit. 

In  Fig.  3  and  Fig.  4,  the  values  of  gs,  gq,  and 
Gfth  are  reported  as  a  function  of  centerpeak 


that  lead  to  a  particular  steady  state  solution.  On 
the  other  hand,  in  the  limit  of  narrow  band  the 
system  has  to  recover  the  sinusoidal  features. 

Looking  forward  to  the  possibility  of 
presenting  a  more  complete  numerical  picture  of 
the  behaviour  of  this  nonlinear  system  in  stochastic 
domain  in  next  future  [14],  we  report  here  only 
some  conclusions  obtained  from  preliminary 
calculations. 

Time  domain  simulation  of  Eq.  3  with  the 
forcing  term  given  by  the  following  expression  [16]: 

utMir)"2  icos«*t«w 

k=1 

This  gives  a  pseudorandom  signal  when  the 
cok  are  chosen  independently  from  a  random 
population  with  a  pdf  of  the  same  form  of  the 
spectrum  of  f  and  the  phases  <t>k  are  indipendent 

and  uniformly  distributed  in  (0,2ti). 

A  time  domain  solution  was  obtained  in  the 
synchronism  region  where  multiple  regime  was 
indicated.  A  statistical  analysis  on  the  time  series 
indicated  a  bi modal  pdf. 

These  results  confirm  that  jump  possibility  is 
likely  to  occurr  in  the  domain  of  parameters 
indicated  by  approximate  perturbative  solutions. 
The  probability  of  the  highest  state  depends  on  the 
tuning  ratio,  decreasing  as  this  increasingly 
deviates  from  the  synchronism  condition. 
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component,  excitation  threshold  Ofth  for 
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frequency  of  the  excitation.  As  one  can  see,  the 
excitation  of  a  subharmonic  component  is  a 
phenomenon  possible  also  in  the  stochastic  case. 
The  required  bandwidth  is  in  general  quite  narrow 
and  the  roll  damping  quite  low,  so  reducing  the 
probability  of  occurrence. 

NUMERICAL  SIMULATION  AND  CONCLUSIONS 

Numerical  time  domain  simulation  in  the 
stochastic  excitation  case  is  not,  in  general,  an 
easy  task.  This  is  due  to  a  lot  of  complications 
arising  in  the  realization  of  a  true  stochastic  time 
series  for  the  excitation  as  explained  in  [7].  In 
addition,  is  not  clear  what  happens  of  the  domains 
of  attraction  that  define  the  set  of  initial  conditions 
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DISCUSSION 

Ali  H.  Nayfeh 

Virginia  Polytechnic  Institute  and  State  University,  USA 

How  realistic  are  the  results  presented  in  Figures  1  and  3  for  the  care 
of  a  hardening-type  righting  arm?  What  are  the  assumptions 
underlying  the  derivation  of  egs.  (6),  (7),  (8),  (9),  and  (10)?  Are 
they  the  same  as  those  used  by  Davis  and  Rajan?  How  different  are 
your  results  from  their  results?  What  are  the  limitations  of  the 
method? 

AUTHORS’  REPLY 

The  validity  of  the  procedure  adopted  to  get  the  perturbative 
approximate  solutions  is  implicitly  proved  by  the  goodness  of  the 
comparison  with  the  results  of  a  numerical  simulation  (see  [14]  for 
more  details).  As  regards  the  meaning  of  considering  the  case  with 
hardening  stiffness  (a370),  we  can  deserve  the  following.  A  research 
on  a  consistent  specimen  of  ships  in  a  variety  of  loading  conditions 
[17],  indicated  that  the  validity  of  a  model  of  righting  arm  with  a3>  0 
can  extend  to  quite  large  amplitude  inclinations  (30°  -  40°)  especially 
for  modem  container  ship  forms.  This  is  sufficient  to  assess  the 
importance  of  the  inclusion  of  this  case  in  a  true  nonlinear  seakeeping 
context,  as  far  as  rolling  motion  is  considered.  Capsizing,  instead, 
is  generally  too  a  complicated  phenomenon  to  be  explained  by  means 
of  relatively  simplified  models  like  those  considered.  On  the  other 
hand,  when  large  amplitude  rolling  is  generated,  it  is  likely  to  think 
that  additional  mechanisms  can  deteriorate  the  stability  qualities  of  the 
ship,  leading  to  capsize  as  indicated  in  the  introduction  (see  also  ref. 
[14]).  Additional  references  [17]  Cardo,  A.,  Francescuto,  A., 
Nabergoj,  R.,  "The  Excitation  Threshold  and  the  Onset  of 
Subharmonic  Oscillations  in  Abulinear  Rolling",  International 
Shipbuilding  Progress,  Vol.  32,  1985,  pp.  210-214. 

DISCUSSION 

Odd  Faltinsen 

Norwegian  Institute  of  Technology,  Norway 

Is  the  frequency  dependence  of  hydrodynamic  coefficients  included  in 
the  model? 

AUTHORS’  REPLY 

Actually,  the  frequency  dependence  of  the  hydrodynamic  coefficients 
is  not  included  in  the  model.  This  is  not  due  only  to  the  obvious 
overcomplications  involved,  but  to  the  necessity  of  a  better 
clarification  of  the  exact  meaning  of  frequency  in  presence  of  a 
stochastic  excitation  with  the  possibility  of  multiple  regime  of 
oscillation  and  of  the  techniques  for  transfering  this  frequency 
dependence  when  doing  time  domain  simulation  with  nonlinear 
models.  On  the  other  hand,  in  a  full  nonlinear  approach,  it  is  not 
very  easy  to  separate  added  mass  and  damping  contributions. 
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Effect  of  Viscous  Damping 
on  the  Response  of  Floating  Bodies 
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ABSTRACT. 


INTRODUCTION. 


The  prediction  of  hydrodynamic  damping  due 
to  vortex  shedding  on  a  three-dimensional  body 
in  waves  is  discussed.  A  method  of  matching 
precalculated  results  for  separated  oscillatory  flow 
past  an  isolated  edge  at  each  vortex  shedding 
region  of  the  outer  potential  flow  field  of  the  body 
in  waves  has  been  extended  to  three-dimensional 
floating  bodies  by  two  different  methods.  In  the 
first  method  the  pressure  field  due  to  a  local 
separated  flow  computed  by  a  discrete  vortex 
method,  is  applied  at  all  vortex  shedding  edges  of 
the  hull.  In  the  second  method  the  effect  of 

vortex  shedding  at  an  edge  is  represented  directly 
in  the  frequency  domain  panel  method  by  special 
edge  panels.  A  dipole  density  on  each  of  these  edge 
panels  is  evaluated  by  making  a  comparison 
between  the  far  field  effect  of  the  panel  and  the 
far  field  of  the  appropriate  separated  vortex  flow 
modelled  by  the  vortex  method. 
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added  mass,  damping,  restoring  and 
mass  coefficient  matrices 
vortex  force 

body  motions  =  r| je-1C0t 
Keulegan-Carpenter  number  = 

27tU/coLjg 

matching  length  scale 
body  and  vortex  length  scales 

barge  beam 
vortex  panel  length 
velocity  amplitude 
surface  distance 
velocity  scale 

complex  coordinate  in  cross-sectional 
plane  =  x  +  iy 

vortex  strength  (circulation) 
internal  edge  angle 

complex  coordinate  in  the  transformed 
plane 

dipole  strength 
density 

source  density 

velocity  potential,  sum  of  component 
potentials  <t>je'10)t,  j=1...6,  for  surge,  sway, 
heave,  roll  pitch,  and  yaw. 
frequency  of  motion 


Prediction  of  th^*  forces  and  responses  induced 
by  waves  on  floating  bodies  is  usually  based  on 
linear  potential  flow  theory  (1),  which  is  quite 
adequate  for  the  prediction  of  many  types  of 
response  .  The  damping  arising  from  linear 
potential  flow  is  associated  with  the  waves  that 
radiate  out  from  the  body.  However  certain  types 
of  motion  for  which  the  first  order  radiation 
damping  is  fairly  small  are  not  well  predicted.  In 
these  cases  non-linear  effects  must  be  included  in 
the  analysis.  The  most  important  non-linearities 
may  be  accounted  for  by  second  order  potential 
flow  effects  and  separation.  Both  of  these  are 
significant  for  example  in  low  frequency  sway 
motion.  In  the  present  paper  we  are  concerned 
with  incorporating  separation  effects  alone  into  a 
linear  potential  method.  This  is  found  to  greatly 
improve  the  prediction  of,  in  particular,  roll 
motions  of  many  types  of  floating  body.  The  effect 
of  neglecting  separation  is  conspicuously  evident 
in  the  case  of  roll,  particularly  near  resonance, 
when  the  response  can  be  greatly  overpredicted 
by  linear  theory  (2),  see  figure  1. 

In  engineering  application.-  of  linear 
potential  theory  it  is  usual  practice  to  incorporate 
empirical  coefficients  into  the  calculation  to 

represent  the  effects  of  viscous  damping.  Good 
agreement  between  predicted  and  experimental 
results  can  be  obtained  for  most  standard  hull 

sections.  The  results  of  the  semi-empirical  method 
(3)  to  predict  wave  and  viscous  damping  are  also 
shown  in  figure  1.  However  prediction  of  the 
damping  for  non-standard  hull  shapes  is  more 
difficult.  Other  semi-empirical  methods  include 
experimental  determination  of  the  individual 
components  of  the  roll  damping  (4).  use  of  the 
concept  of  crossflow  drag  on  a  barge  hull  and  its 
appendages  (5),  and  work  described  in  references 
(6  -  10).  In  the  case  of  a  barge  or  ship  hull  the 
dominant  non-linear  component  at  roil  resonance 
is  due  to  viscous,  i.e.  separation,  effects.  These 
effects,  often  described  by  the  general  term 

’viscous  damping'  are  primarily  due  to  vortex 
shedding  from  the  hull  and  its  appendages.  A  two- 
dimensional  model  incorporating  theoretically 
the  effect  of  separation  has  been  developed  for 

barge  roll  (6).  This  model  used  a  local  solution  of 
separated  flow  past  an  oscillating  edge  which  was 
representative  of  the  bilge  of  the  hull  and  its 
relative  motion.  This  local  flow  field  was  computed 
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Fig.  1.  Roll  amplitude  against  frequency  for  a  rectan¬ 
gular  cylinder  in  beam  waves  (Salvesen  et  alS 2)). — , 

wave  and  viscous  damping; - ,  wave  damping  only; 

•  ,  experiment. 

as  a  universal  semi-infinite  edge  flow  dependant 
only  on  the  edge  angle  (typically  90°)  and  was 
then  applied  by  a  matching  process  to  the  flow 
field  around  the  hull.  The  method  used  to  compute 
the  flow  field  was  the  discrete  vortex  method  (11) 
which  gives  good  flow  and  force  predictions  for 
vortex  shedding  from  sharp  edges  in  oscillatory 
flow.  The  flows  induced  on  floating  bodies  are 
essentially  high  Reynolds  number  and  oscillatory. 
In  many  cases  separation  is  fixed  by  the  geometry 
of  the  body.  Flows  of  this  nature  have  a  strong 
vortex  structure  that  is  easily  modelled  by  the 
discrete  vortex  method.  Numerical  solution  of  the 
Navier-Stokes  equations  by  finite  differences  or 
elements  could  also  be  used  but  is  generally  more 
expensive  because  unless  a  very  fine  grid  is  used 
these  methods  do  not  capture  the  thin  shear  layers 
in  the  flow  field.  The  discrete  vortex  method 
provides  a  time  domain  solution  for  the  separated 
flow.  The  Kutta-Joukowski  condition  is  used  in  the 
inviscid  case  to  specify  the  strength  of  vorticity 
shed  from  the  edges.  Later  refinements  of  the 
method  have  shown  that  rounded  edges,  bilge 
keels  and  viscous  effects  can  also  be  incorporated 

successfully,(12). 

Since  prediction  of  the  response  of  a  floating 
body  requires  a  large  range  of  input  amplitudes, 
directions  and  frequencies  to  be  computed,  for 
practical  use  it  is  essential  to  have  a  method  which 
minimises  the  computer  time  for  each  case.  The 

use  of  a  matched  inner  flow  field  as  above 
provides  this  economy  since  the  separated  f'ow 
need  only  be  calculated  once  for  all  edge  sections 

of  the  body  having  the  same  included  angle.  This  ‘ 
inner’  flow  is  then  matched  to  the  ‘  ou:er’ 
linearised  potential  flow  at  the  bil  ge  or  salient 
region  of  separation  so  that  one  time  consuming 

vortex  calculation  can  be  used  to  provide  results 


for  a  complete  range  of  motions  for  any  given 
body.  The  outer  flowfield  associated  with  the 
incident  wave  field  and  general  motion  of  the 
body  is  solved  with  a  full  boundary  integral 
method.  Since  this  method  is  based  on  inviscid 
potential  flow  theory  which  cannot  model  flow 
separation,  the  flow  field  is  singular  along  the 
lengths  of  bilges  and  other  shedding  edges.  In  the 
case  of  a  three-dimensional  body  in  a  general 
incident  wave  field  a  quasi-two-dimensional 
assumption  is  made  for  the  vortex  shedding 
locally.  The  outer  flow  field  is  fully  three- 
dimensional  but  it  is  assumed  that  the  separated 
flow  is  generated  within  a  formation  region 
sufficiently  close  to  the  edge  on  the  scale  of  the 
body  that  it  may  be  considered  to  be  locally  two- 
dimensional.  Hence  the  inner  separated  flow  field 
is  matched  on  a  strip  theory  basis.  This  approach 
is  justified  at  long  continuous  edges  but  clearly 
breaks  down  at  those  points  where  sudden 
changes  in  geometry  occur.  The  method  also 
assumes  that  the  flows  associated  with  different 
edges  do  not  interact  and  also  that  the  v/ave 
making  effects  of  the  vortices  are  insignificant. 
The  first  assumption  is  justified  for  sufficiently 
small  amplitudes  of  motion,  although  the  results  of 
the  method  are  in  reasonable  agreement  with 
measured  data  up  to  moderately  large  roll  angles. 
The  second  assumption  is  less  certain,  see  for 
example  (13).  It  should  be  noted  here  that  the 
entire  method  is  theoretically  based  and  does  not 
require  the  input  of  any  empirical  data.  Also  the 
linearised  free  surface  boundary  condition  is 
applied  so  that  the  method  is  not  limited  to  the  low 
frequency  approximation. 

The  separated  flow  field  induced  by 
oscillatory  flow  past  an  edge  commonly  consists  of 
pairs  of  vortices,  one  pair  shed  during  each  flow 
cycle.  These  vortices  are  of  alternate  sign  and 
often  form  a  closely  coupled  pair  moving  away 
from  the  edge  under  their  mutually  induced 
velocity  fields.  Other  modes  of  shedding  also  occur. 
A  single  vortex  may  convect  along  a  surface 

under  the  induced  velocity  field  of  its  image  and 

for  rounded  edges  two  vortex  pairs  may  be  shed 
per  cycle,  (12). 

This  method  which  matches  the  vc”tex 
calculations  to  the  outer  flow  past  a  general  body 
has  been  described  in  detail  in  (14).  The  main 
feature  is  that  the  singularity  at  each  edge  in  the 

potential  flow  past  the  body  cross-section  is 

evaluated  by  applying  a  conformal 

transformation  to  the  section  which  opens  the 
perimeter  out  into  a  straight  line,  figure  2.  The 
force  induced  by  the  vortex  shedding  on  the  body 
is  calculated  from  an  integral  over  this 
transformed  cross-section.  This  procedure  is 
reasonably  straightforward  to  implement  for 
simple  hull  shapes  but  becomes  complicated  and 
difficult  to  specify  for  many  other  types  of 
floating  structure.  For  this  reason  an  alternative 
approach  which  is  the  subject  of  th.;s  paper  has 
been  developed. 

In  the  new  method  the  effect  of  vortex 
shedding  at  an  edge  of  the  body  is  modelled 
directly  in  the  potential  flow  calculation  by  dipole 
panels  representing  the  vortices  along  each  edge. 
The  dipole  panels  satisfy  the  free  surface 
boundary  condition  and  may  also  be  considered  as 
representing  the  force  induced  by  vortex 
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Real  plane 


Transformed  plane 


Infinite  wedge 


Rolling  barge 


Fig.  2.  Matching  the  local  and  exterior  flows. 


shedding  at  an  edge.  Because  of  the  convenience 
of  working  in  the  frequency  domain,  as  with  the 
matching  method,  the  non-linear  vortex  force  is 
Fourier  analysed  into  a  fundamental  component  at 
the  input  frequency  and  harmonics  which  are  all 
considerably  smaller  (10%  or  less)  than  the 
fundamental.  It  is  therefore  justifiable  to  neglect 
them  when  primary  motions  such  as  roll 
resonance  are  being  considered.  However  the 
same  would  not  necessarily  be  true  where  second 
order  potential  effects  are  important  such  as  in 
low  frequency  response  to  waves.  The  dipole 
panels  are  therefore  evaluated  in  the  same  way  as 
the  body  surface  singularity  panels  in  terms  of  a 
complex  amplitude  at  the  input  frequency.  The 
length  of  the  panels  however  depends  on  the 
amplitude  of  the  motion  or  waves  and  is  calculated 
by  considering  the  separation  condition  at  the 
edge. 

COMPUTATION  OF  THE  FLOW  FIELD. 

Oscillatory  flow  about  a  body  may  be 
characterised  by  the  Keulegan-Carpenter 
number,  Kc.  At  small  Kc  the  maximum 
displacement  of  the  fluid  particles  in  the 
undisturbed  flow  is  small  in  comparison  with  the 
scale  of  the  body.  Thus  vortices  may  only  move 
away  from  its  edges  under  the  influence  of  the 
velocity  field  of  other  vortices  shed  from  those 
same  edges,  and  hence  the  shedding  from  any  one 
edge  may  become  independent  of  the  shedding 
from  other  edges.  In  these  circumstances,  the 
local  flow  becomes  analogous  to  the  local  flow 
about  an  infinite  wedge.  The  discrete  vortex 
analysis  of  shedding  from  an  isolated  edge  (11) 
carried  out  for  a  series  of  infinite  wedges  of 
varying  internal  angle  showed  that  the  complex 
force  due  to  vortex  shedding  could  be  related  to 
the  vortex  strengths  and  positions  by 


fv  =  -ipd/dt{  ErjUj-dj)} 

=  1/2  p  U2  L  Kc(2S_7C)/(37l“2S)  St'(t)  (1) 

where  'F  is  a  dimensionless  time-dependent  force 
function  which  can  be  Fourier  analysed  into  a 
fundamental  and  higher  harmonics  of  the  input 
frequency  and  U  and  L  are  length  scales  defined 
in  the  matching  process. 

Body  Surface  Panels. 

The  flow  field  is  described  by  a  velocity 
potential  which  satisfies  Laplace’s  equation.  For 
each  wave  frequency  the  total  potential  may  be 
written  in  terms  of  the  separate  potentials  for  the 
undisturbed  incident  wave,  the  wave  scattered  by 
the  body  considered  to  be  fixed  and  rigid,  and  the 
waves  radiated  by  the  body  in  its  six  degrees  of 

freedom,  where  it  is  understood  that  the  real  part 
only  of  the  potential  is  considered  : 

6 

0  =  (])q  e-*031  +  2  H j  +  <t>7  e  *cot  (2) 

j=l 

The  potential  satisfies  the  linearised  free  surface 

condition 

-  co^  4>j  +  g  8<f)/8y  =  0  ,  j  =  0  ...  7,  y  =  0  (3) 

where  y  is  the  vertical  axis.  A  radiation  condition, 
and  a  normal  velocity  condition  on  the  body  and 
sea  bed  are  also  satisfied.  In  the  new  method  the 
potentials  were  represented  by  a  mixture  of 
sources  and  dipoles: 

<J>j(q')=l/4rcJ{  CTj(fl)  “  2  <J>j(q)  ’qVdn  }  ds 

B 

j  =  1  ...  7  (4) 

The  integral  is  over  the  points  q  lying  on  the 
wetted  surface  of  the  body  B  with  normal  n.  a(q) 
are  the  source  densities  and  G(q’,q)  are  suitable 
Green’s  functions  (15).  The  potentials  are 
evaluated  by  solving  the  boundary  integral 
equations  on  the  surface  of  the  body  numerically 
(16).  The  equations  of  motion  of  a  freely  floating 
body  can  conveniently  be  expressed  as: 

2  {  ■  (  Mjk  +  Ajk  )  -  icoBjk  +  Cjk  J  fik  " 

k 

The  force  coefficients  and  the  exciting  forces  fj 
can  be  calculated  from  the  linearised  form  of  the 
Bernoulli’s  equation  using  the  potentials  given  by 
the  boundary  integral  method. 

Vortex  fDipole)  Panels. 

We  assume  that  the  body  has  a  number  of 
well  defined  edges  from  which  vortex  shedding 
will  take  place.  Cases  where  separation  is  taking 
place  from  a  moderately  curved  continuous 
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surface  will  not  be  considered  in  this  analysis. 

Then  the  solution  for  the  above  potential  flow  will 

have  the  local  behaviour: 

<t>  ~  s*/(2jt-6)  (6) 

where  8  is  the  included  angle  of  the  edge  and  s  is 
the  surface  distance  measured  perpendicularly  to 
the  edge.  For  simplicity  we  will  now  consider  the 
case  of  a  body  for  which  all  the  edges  are  right 
angles  so  that  8  =  rc/2  Hence  the  surface  speed  in 
the  vicinity  of  the  edge  is 

q  =  c  I  s  I  +  0(1)  terms  (7) 

where  c  can  be  evaluated  from  the  two  adjacent 
panels  (1  and  2  )  as: 

c  =  2/3  (  ®2  -<&!>/(  Is2  l2/3  +  I  Sj  l2/3  )  (8) 


The  viscous  flow  response  to  this 
singularity  in  q  is  for  separation  to  occur 
resulting  in  the  shedding  of  vortex  pairs  from  the 
edge  each  flow  cycle. 

As  in  eqn.(l)  vortex  shedding  of  this  type 
has  been  shown  (17)  to  exert  a  force  on  the  body 
in  two-dimensional  flow: 

FV  =  -ipd/dt  {  X  Tj  (  Cj  -Ch  )  }  (9) 


where  Tj  is  the  circulation  of  each  shed  vortex  and 
£j  is  its  location  in  a  plane  obtained  by  appl>ing 
the  local  Schwartz-Christoffel  transformation. 


z  =  k  c2-s/*  <10> 


in  the  plane  z  =  x  +  i  y  normal  to  the  edge  and 
local  to  it,  figure  2.  £Ij  is  the  image  cf  £j  in.  the 
plane  surface  which  is  the  transformed  body 
surface  in  the  £  plane. 

The  complex  potential  in  the  £  plane  in  the 
vicinity  of  the  edge  due  to  this  array  of  shed 
vortices  is 


W  =  i/2*  X  Tj  {  log  (  c  -  Cj  )  -  log  (  C  -  CJj  )  }  (11) 

We  now  make  the  assumption,  as  in  the  prev’ous 
matching  method  (17),  that  the  amplitude  of  the 
body  motion  or  of  the  incident  waves  is 
sufficiently  small  for  the  vortex  shedding  to  be 
considered  as  a  local  phenomenon  at  each  edge. 
That  is  the  length  scale  Lv  associated  with  the 
vortex  shedding  (  for  example  the  typical  distance 
of  the  centre  of  a  vortex  from  the  edge  when  it 
detaches  and  a  new  vortex  starts  to  form  )  is  much 
smaller  than  the  typical  length  scale  of  the  body 
cross-section  LB.  This  is  a  formal  restriction,  but 
having  made  it,  the  method  will  be  used 
practically  for  amplitudes  as  large  as  can  be 
justified  by  the  results. 


With  this  assumption  the  complex  potential  W 
takes  the  form,  at  large  distances  £  from  the  edge: 

w  ->  -0/2*0  2;  ij  (Cj  -  c1 j  ) 

for  LV2/3  «  t  «  LB2/3  <12> 

This  is  the  potential  of  a  vortex  dipole  of  strength: 

n  =  -  X  Tj  (  Cj  -  Crj  )  (13) 

located  at  the  edge  £  =  0. 

The  shed  vortices  are  therefore  modelled  by 
a  dipole  panel  in  the  physical  plane  whose 
potential  at  large  distances  in  the  transformed  £ 
plane  including  the  effect  of  its  image  is  equal  to 
that  of  eqn.(13).  It  is  convenient  in  the  present 
panel  method  to  represent  the  dipole  by  a 
piecewise  constant  distribution  of  source  dipole 
density  aligned  in  the  direction  normal  to  the 
panel  surface,  and  hence  to  the  vortex  dipole 
direction,  with  the  panel  lying  along  the  external 
bisector  of  the  edge  angle.  This  dipole  may  also  be 
considered  through  eqns.  (9)  and  (  13)  as  being 
proportional  to  the  impulse  f  FV  dt  exerted  by 
the  vortex  shedding  at  the  edge.  Because  of  this 
the  total  dipole  strength  may  be  obtained  directly 
from  the  vortex  force  computations  in  the  form  of 
eqn.  (1).  However  the  length  of  the  vortex  panels 
remains  as  an  apparently  disposable  parameter  in 
the  numerical  method.  Since  the  intention  is  to 
derive  a  method  which  can  be  applied  in  the 
frequency  domain,  the  dipole  density  is  taken  to 
be  proportional  to  the  component  of  the  impulse 
at  the  fundamental  frequency,  which  as  discussed 
earlier  is  the  dominant  part.  The  length  of  the 
panel  is  kept  constant  through  the  flow  cycle,  fhe 
length  can  be  assigned  in  a  number  of  ways  and  it 
is  not  yet  clear  which  is  optimal.  It  could,  for 
example,  be  made  equal  to  the  characteristic 
distance  LVof  the  vortices  from  the  edge  during 
the  formation  process  .  This  is  not  always  easy  to 
specify  and  in  the  results  described  here  the 
length  is  prescribed  instead  by  requiring  the 
Kutta-Joukowski  separation  condition  to  be 
satisfied  in  the  mean  sense  over  the  flow  cycle  at 
each  edge.  Hence  we  obtain  for  a  right  angle  edge, 
after  some  algebra,  the  source  dipole  density  p’ 
length  lyp  given  by: 

ILL*  =  (  bj  cos  cot  -  aj  sin  cot  )  /  4co  lyp^^  (14) 


and 


lVp  =  {  X  (  aj2  +  bj2  )1/2  /  4* to  }V4  (15) 

where  X  =  3/2  Icl  ,  c  being  defined  in  eqn.(8)  in 
terms  of  the  potential  O  on  panels  either  side  of 
the  edge,  al  and  bl  are  the  Fourier  coefficients 
of  the  fundamental  component  of  the  vortex  force 
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FV,  defined  by: 


2n 

aj  =  co/7c  J  Fy  cos  cot  dt  and 

0 

2k 

bj  =  co/rc  Jpysinco\dt  (16) 

0 

Having  specified  each  vortex  panel  in  this 
way  in  terms  of  the  attached  flow  potential  on  the 
adjacent  panels  to  each  segment  of  an  assumed 
shedding  edge,  the  surface  potential  calculation  is 
repeated  with  the  vortex  effect  incorporated.  The 
pressure  field  can  then  be  computed  from 
Bernoulli's  equation  over  the  panels  on  the 
surface  of  the  body  only,  ie.  excluding  the  vortex 
panels. 

RESULTS. 

Both  methods  have  been  tested  for  cases  of 
barges  for  which  the  hulls  take  the  simple  form  of 
boxes  with  plane  rectangular  sides  and  right 
angle  edges.  Experimental  data  containing 
sufficient  information  to  compute  these  cases 
however  are  scarce.  Three  cases  have  been 
studied,  the  first  and  second  being  cases  of  barge 
response  in  beam  seas  and  the  third  a  forced  roll 
case.  The  first  case  was  a  barge  with  a  beam  to 
draught  ratio  of  10.0  and  a  length  to  beam  ratio  of 
approximately  3.3.  Experimental  data  was  obtained 
for  a  model  of  the  barge,  at  scale  1:30,  with 
rounded  bilge  corners  with  radius  of  curvature 
equal  to  18%  of  the  draught.  The  results  (18)  for 
roll  in  beam  seas  are  compared  with  computed 
predictions  using  the  first  (matching)  method  in 
figure  3.  In  the  second  case  study  (8),  a  barge 
with  a  beam  to  draught  ratio  of  7.6  and  a  length  to 
beam  ratio  of  3.0  was  used.  Experimental  results 
for  both  sharp-edged  and  rounded  bilge  corners 
were  obtained.  The  rounded  ones  had  a  radius  of 
curvature  of  38%  of  the  draught.  The  damping  was 
significantly  reduced  when  the  bilge  corners 
were  rounded.  These  experimental  results  and 
those  computed  by  the  first  method  for  the  sh°rp- 
edged  case  are  shown  in  figure  4.  In  the  third 
case  results  of  a  forced  roll  experiment  (19)  on  a 
barge  of  beam  to  draught  of  21.0  are  compared 
with  the  computed  results  of  the  second  numerical 
method.  The  experiment  was  on  a  barge  spanning 
the  test  section  of  a  tank  whereas  the  computation 
was  for  a  barge  of  the  same  beam  to  draught  ratio 
and  a  length  to  beam  of  6.14.  The  results  for  the 
damping  coefficients  for  different  wave 
amplitudes  are  shown  in  figure  5  and  for  the 
added  mass  in  figure  6 

DISCUSSION. 

The  vortex  force  for  each  degree  of  freedom 
is  predicted  to  have  components  in  phase  with  /he 
velocity  and  with  the  acceleration  of  the  body. 
Therefore,  the  method  accounts  for  viscous 
contributions  to  both  the  damping  and  added  mass 
terms,  including  the  effects  of  cross-coupling. In 


Fig.  3.  Case  study  1;  Roll  RAO  against  wave  period. 
— ,  wave  damping  only;  viscous  damping  included,—  • 

Hty  =  3  m, - ,  l\w  =  5  m;  experiment,— A—,  II  ^ 

=  3  m,  x  ,  Hy;  —  5  m. 


Fig.  4.  Case  study  2;  Roll  RAO  against  wave  period 
in  beam  seas.  — ,  wave  damping  only;  viscous  damp¬ 
ing  included,—  •  — ,  Hw  =  0.90  m, - ,  H«,  =  1.74 

m;  experiment,  sharp  edged  bilges,— A—,  Hw  —  0.90 
m,—  x  — ,  Hu,  —  1.74  m.  round  edged  bilges,—  o— ,  Hw 
=  0.90  m,  — b  — ,  H =  1.74  m. 
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Fig.  5.  Forced  roll  damping  coefficient  against  fre¬ 
quency  of  motion. - wave  damping  only;  viscous 

damping  included,  —  •  —  ,0  =  0.05  rad., — { — ,  9  = 
0.10  rad.,—  X  — ,  9  =  0.20  rad.  ;  experiment,©  ,  0  = 
0.05  rad.,®,  9  =  0.10  rad.,®,  9  =  0.20  rad. 


Fig.  6.  Forced  roll  added  mass  moment  of  inertia 
against  frequency  of  motion.  -  -  -  potential  flow  only; 
viscous  effects  included,—  •  — ,  9  =  0.05  rad., — | — , 
9  —  0.10  rad.,—  x  — ,  9  =  0.20  rad.;  experiment,®  , 
9  —  0.05  rad.,®,  9  =  0.10  rad.,®,  9  =  0.20  rad. 


the  first  roll  response  case  the  results  of  the  first 
method  show  good  agreement  between  the 
predicted  and  measured  roll  responses  through 
the  resonance  region.  In  reality  the  computed 
results  are  slightly  on  the  high  side  because  the 
model  barge  had  rounded  edges.  This  s  evident  in 
figure  4,  where  the  model  barge  for  the  second 
roll  response  case  was  fitted  alternately  with 
rounded  and  sharp  edges.  However,  both  figures 
show  a  dramatic  improvement  in  the  prediction  of 
roll  when  viscous  effects  are  included  in  the 
calculation  in  comparison  with  the  predictions  of 
potential  theory  alone.  Both  sets  of  results  f.lso 
show  that  the  non-linear  dependence  of  the  roll 
amplitude  on  the  wave  height  is  well  predicted. 
The  fact  that  the  vortex  forces  are  critically 
dependent  on  the  relative  velocity  of  the  fluid  in 
the  immediate  vicinity  of  the  shedding  edges, 
being  very  sensitive  to  the  position  of  the  roll 

centre  and  the  barge  geometry  has  been 
demonstrated  before  (6).  For  the  first  barge, 
which  has  a  relatively  high  centre  of  gravity  and 
less  rounded  bilge  corners,  the  potential  flow 
calculation  greatly  overpredicts  the  roll  response. 
For  the  second  barge,  with  its  centre  of  gravity 
approximately  at  the  level  of  the  mean  free 

surface  and  with  well  rounded  bilges,  the 
potential  flow  calculation  gives  results  which  are 
in  quite  good  agreement  with  experiment.  In  this 
case  the  effects  of  vortex  shedding  from  a  rounded 
edge  are  small  and  a  relatively  large  *  oil 

amplitude  is  obtained.  However  when  this  barge 
was  fitted  with  sharp-edged  bilges,  vortex 
shedding  became  important  and  the  response  at 
resonance  was  considerably  reduced  to  a  value  in 
reasonable  agreement  with  the  theory  including 
vortex  shedding  effects  and  much  lower  than  that 
predicted  by  potciUi.il  theory  alone.  The 
assumptions  made  about  the  location  of  the  roll 

centre  when  using  forced  roll  data  are  therefore 
very  important. 

Figure  5  shows  the  comparison  of  damping 
and  figure  6.  the  added  mass  for  forced  roll 
predicted  by  the  second  (  vortex  panel  )  method 
compared  with  experimental  data  (  19).  This  data  is 
for  a  rectangular  barge  of  finite  length.  The 
potential  theory  result  without  vortex  damping  is 
shown  calculated  by  the  present  three- 
dimensional  potential  panel  method.  The 
agreement  between  the  predicted  and  measured 
damping  coefficients  is  very  good  when  the 
vortex  panels  are  incorporated  in  the 
computation.  The  added  mass  is  less  well  predicted. 
Disagreement  here  is  somewhat  unexpected 
because  the  vortex  force  contributes  relatively  a 
considerably  smaller  part  to  the  overall  added 
mass  than  it  does  to  the  damping.  Any  discrepancy 
would  therefore  be  expected  to  be  more  clearly 
apparent  in  the  damping  rather  than  added  mass 
coefficients.  However  Vugts  has  commented  09) 
that  in  this  particular  experiment  it  was  difficult 
to  measure  the  added  mass  very  accurately.  It 
should  also  be  emphasised  that  the  computation 
was  carried  out  for  a  three-dimensional  barge,  but 
without  computing  vortex  effects  from  the  edges 
around  the  two  ends,  whereas  the  experiment  was 
for  a  barge  which  spanned  the  test  tank.  The 
vortex  damping  is  likely  to  be  less  effected  by  this 
difference  than  the  added  mass. 
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Fig.  7.  Vortex/ dip  ole  panel  length  against  frequency. 
-  •  8  =  0.05  rad.,—  +  0  =  0.10  rad.,-  X  d  =■ 

0.20  rad. 

Results  for  three  different  forced  roll 
amplitudes  have  been  plotted  and  it  is  apparent 
that  the  vortex  panel  method  does  predict  the 
increase  in  hydrodynamic  damping  with 
amplitude  quite  accurately.  Figure  7  shows  how 
the  vortex  panel  length  ly  p  varies  with 
frequency  and  amplitude.  The  fact  that  the  length 
changes  very  little  with  frequency  is  not 
unexpected  since  it  is  only  the  effect  of  the  free 
surface  condition  which  will  cause  such  a  change. 
The  variation  of  ly  p  with  amplitude  is 

approximately  proportional  to  (amplitude)-* 
which  would  be  expected  from  the  variation  of  the 
vortex  length  scale  Ly,  (17). 

CONCLUSIONS. 

It  has  been  shown  that  the  motions  of  a 
sharp-edged  rectangular  body  floating  freely  in 
waves  are  well  predicted  by  the  first  (  matching  ) 
method.  The  results  suggest  that  the  non- 
linearities  in  response  are  largely  due  to  vortex 
shedding  from  the  body.  The  second  (  vortex  panel 
)  method  has  been  used  to  predict  damping  of  a 

barge  due  to  forced  roll  and  the  results  are 

similarly  in  good  agreement  with  the  measured 
data.  The  second  method  is  the  easier  to  set  up  and 
apply  to  general  shapes  of  floating  body  and  is 

therefore  being  developed  into  a  full  motion 

program. 
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DISCUSSION 


Choung  M.  Lee 

Pohang  Institute  of  Science  and  Technology,  Korea 

It  is  a  very  interesting  work  to  simulate  the  bilge  vortices  by  doublet 
distribution.  It  may  work  very  well  for  the  zero-speed  case; 
however,  when  the  body  as  a  forward  speed,  the  bilge  keel  acting  as 
a  low-aspect  ratio  wing  might  have  a  quite  different  types  of  vortex 
sheddings.  How  would  you  approach  such  a  problem? 

AUTHORS’  REPLY 

We  agree  that  the  vortex  shedding  is  different  in  the  case  of  a  body 
undergoing  the  combined  motion  of  roll  and  forward  speed,  since  the 
vorticity  is  now  convected  along  the  hull  surface  as  well  as  away 
from  it.  Work  is  in  progress  to  extend  the  model  to  this  case  and  we 
hope  to  be  able  to  report  further  on  it  at  a  future  date. 


DISCUSSION 

Targut  Sarpkaya 

Naval  Postgraduate  School,  USA 

It  will  be  appreciated  if  the  authors  would  comment  on  the 
similarities  and  the  fundamental  differences  in  the  boundary 
conditions  of  the  physical  experiments  and  the  numerical  simulations? 
What  is  the  actual  motion  of  the  barge  model  in  the  experiments. 
Thank  you. 

AUTHORS’  REPLY 

The  calculations  were  carried  out  for  two  basic  flow  configurations. 
The  first  was  a  barge  freely  floating  in  beam  waves,  and  the  second 
was  a  barge  undergoing  forced  roll  in  otherwise  quiescent  water.  In 
both  cases  the  potential  flow  part  of  the  calculation  was  for  a  three 
dimensional  barge.  The  matched  edge  technique  has  been  applied  to 
both  cases,  the  forced  roll  calculations  being  reported  in  a  previous 
paper.  The  viscous  edge  panel  technique  has  so  far  been  applied  to 
the  case  of  forced  roll  only.  The  results  of  the  calculations  were 
compared  with  experimental  results,  in  the  first  case,  obtained  using 
a  model  barge  floating  in  waves,  and  in  the  second  case,  with  two 
dimensional  results  obtained  with  a  rectangular  section  spanning  a 
channel  and  undergoing  forced  roll. 

There  are  of  course  some  important  differences  between  the  computed 
and  experimental  flows,  particularly  in  the  case  of  forced  roll.  The 
computations  have  assumed  perfectly  two  dimensional  flow.  In  the 
freely  floating  case  there  will  be  some  end  effects  which  are  not 
accounted  for  by  the  theory.  Similarly,  in  the  case  of  forced  roll,  the 
vortex  shedding  in  the  experiment  will  be  affected  by  the  presence  of 
the  end  walls  and  will  not  be  entirely  two  dimensional.  Also,  in  both 
cases,  the  vortices  approaching  the  free  surface  may  be  subject  to 
strong  three  dimensional  instabilities.  Nevertheless  we  believe  that 
the  results  are  reasonably  representative  of  the  major  effects  of  vortex 
shedding  in  the  flow  regimes  considered  and  demonstrate  a 
considerable  improvement  on  those  obtained  using  potential  flow 
theory  alone. 
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Nonlinear  Motions  and  Whipping  Loads 
of  High-Speed  Crafts  in  Head  Sea 

S.-K.  Chou,  F.-C.  Chiu,  Y.-J.  Lee  (National  Taiwan  University,  China) 


ABSTRACT 

In  this  paper,  the  nonlinear  motions  and  wave 
loads  including  whipping  effects  of  high-speed 
crafts  traveling  in  head  sea  are  investigated 
theoretically  and  experimentally.  The  analysis 
is  performed  on  an  existing  large-sized  high-s¬ 
peed  craft,  following  a  modified  nonlinear 
strip  method  and  treating  the  ship’s  hull  as  an 
elastic  beam  from  the  view-point  of  hydroelast¬ 
icity.  The  ship’s  hull  is  regarded  as  an  Euler 
beam  or  Timoshenko  beam  and  the  structural 
response  is  represented  by  modal  superposition 
method  and  finite  element  method  ,  separately. 
The  elastic  backbone  model  testing  technique  is 
adopted  to  carry  out  the  experiments  for  measu¬ 
ring  vertical  bending  moments  acting  on  ship’s 
hull  .  Through  the  comparison  with  experimental 
results,  the  validity  of  the  present  calculati¬ 
on  method  is  confirmed,  and  through  serial 
calculations , the  influence  of  structural  rigid¬ 
ities  on  wave  loads  are  also  clarified. 

INTRODUCTION 

Ship  motions  and  wave  loads  of  a  displacement 
type  ship  in  small  amplitude  waves  can  be 
estimated  satisfactorily  by  the  linear  strip 
theory1-3.  Dynamic  behaviors  of  a  displacement 
type  ship  suffered  serious  slamming  in  rough 
seas  can  be  investigated  by  a  nonlinear  strip 
theory  developed  by  Yamamoto,  Fujino,  and 
Fukasawa4,  taking  account  of  nonlinearities 
caused  by  hydrodynamic  impact,  the  ship  hull’s 
shape  and  configurations.  However,  when  a 
high-speed  craft  travels  even  in  the  moderate 
sea  condition,  nonlinear  characteristics  of 
ship  motions  and  wave  loads  get  significant 
because  of  high-speed  traveling  in  waves. 
Several  years  ago,  Chiu,  one  of  the  authors, 
and  Fujino5-6  developed  a  practical  method, 
which  is  in  principal  based  on  the  conventional 

Ordinary  Strip  Method  synthesis  but  modified  to 
be  able  to  evaluate  nonlinear  hydrodynamic 
impact  forces  as  well  as  dynamic  lift  in  waves, 
for  calculating  vertical  motions  and  wave  loads 
of  a  high-speed  craft  which  travels  in  regular 
head  sea,  and  its  validity  was  verified  by 
comparing  the  computed  motion  and  wave  loads 


with  experimental  results  performed  by  using  a 
ship  model  of  hard  chine  type  as  well  as  a  ship 
model  of  round  bilge  type.  Recently,  it  was 
confirmed  further  that  this  method  also  can  be 
applied  even  to  estimated  vertical  motions  of 
fishing  vessels  in  head  sea  with  accuracy 
enough  for  practical  use7. 

In  the  studies  on  nonlinear  motions  and  wave 
loads  of  a  high-speed  craft  mentioned  at  the 
above,  the  ship’s  hull  is  treated  as  a  rigid 
body.  However,  in  general,  the  size  of  high-sp¬ 
eed  craft  has  increased  significantly8-10,  and 
the  occurrence  of  not  only  local  damage  due  to 
serious  slamming,  but  also  whole  structural 
damage  caused  by  the  subsequent  whipping  of  the 
hull  should  be  possible  in  case  of  a  high-speed 
craft  of  large  size.  Hence,  it  becomes  importa¬ 
nt  to  investigate  the  influence  of  hydro-elast¬ 
ic  interactions  on  the  structural  responses  of 
a  large-sized  high-speed  craft  in  waves11-12. 

In  this  paper,  the  authors  investigate  the 
nonlinear  characteristics  of  ship  motions  and 
whipping  loads  of  high-speed  crafts  theoretica¬ 
lly  and  experimentally.  The  analysis  is  perfor¬ 
med  on  an  existing  large-sized  high-speed 
craft,  following  the  above-stated  modified 
nonlinear  strip  method  basically,  but  extended 
to  treat  the  ship’s  hull  as  an  elastic  beam, 
from  the  view-point  of  hydroelasticity.  That  is 
to  say,  the  ship’s  hull  is  regarded  as  an  Euler 
beam  or  Timoshenko  beam  and  the  structural 
response  is  represented  by  modal  superposition 
method  and  finite  element  method,  separately. 
The  experiments  are  carried  out  by  using  an 
elastic  backbone  model.  In  order  to  generate 
pronounced  whipping  loads  acting  on  model, 
rigidity  of  the  elastic  backbone  is  selected 
more  flexible  than  that  should  be  scaled  down 
directly  from  the  actual  ship.  Comparing  the 
results  of  serial  calculations  of  different 
structural  representation  methods  with  results 
obtained  in  elastic  backbone  model  experiments, 
the  influence  of  wave  length,  wave  height  and 
advance  speed  on  wave  loads  are  discussed. 
Furthermore,  the  influence  of  hull  vibration  , 
which  is  related  to  flexural  rigidity  and  shear 
rigidity  of  hull  structure,  are  also  examined. 
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2. THEORY 


In  the  previous  formulation  of  nonlinear 
vertical  rigid-body-motions  of  high-speed 
crafts  running  in  head  sea,  nonlinearities  of 
hydrodynamic  forces  acting  on  the  ship  hull  are 
assumed  to  be  exclusively  due  to  the  time- 
variation  of  submerged  portion  of  the  hull. 
This  approach  is  followed  basically  in  this 
paper,  except  the  ship  hull’s  girder  is  discre¬ 
tized  into  Timoshenko  beam  for  considering  both 
bending  and  shear  deformation,  and  the  formula¬ 
tion  of  finite  element  method  is  used  to  take 
both  low  frequency  and  high  frequency  vibration 
into  consideration.  The  formulation  of  the 
present  method  is  highly  similar  to  that  descr¬ 
ibed  in  detail  in  the  references5’8’7. Therefore , 
for  convenience  sake,  the  basic  concept  of  the 
method  will  be  subsequently  described  briefly. 

2.1  Coordinate  System  and  Incident  Wave 

The  coordinate  systems  and  the  sign  conventi¬ 
on  of  translational  and  angular  displacements 
used  hereafter  are  shown  in  Fig.l.  A  space-fix¬ 
ed  Cartesian  coordinate  system  0-XYZ  is  introd¬ 
uced  so  that  the  X-Y  plane  coincides  with  the 
still  water  surface  and  the  Z-axis  directs 
downward.  The  ship  advances  in  the  negative  X 
direction  at  a  constant  speed  V.  Another  coord¬ 
inate  system  o-xyz  is  ship-fixed  with  origin  o 
located  at  the  center  of  gravity  of  the  ship 
and  the  x-axis  parallel  to  the  base  line  of  the 
ship. 

n  is  the  initial  trim,  and  rs  and  (s  are  the 
increments  of  trim  and  sinkage  due  to  steady 
running  in  calm  water  respectively,  while  6  and 
(  denote  the  variation  of  pitch  angle  and  heave 
displacement  in  waves  respectively.  The  counter 
clockwise  rotation  around  the  y-axis  and  down¬ 
ward  heave  displacement  are  regarded  as  positi¬ 
ve. 

The  incident  wave  (w  is  described  as 

(w=  CaCO S  (  KX  •  CO  S  T+  «y  •  S  in r+  6Jet ) 

in  the  ship-fixed  coordinate  system.  For  small 
r,  the  wave  profile  can  be  approximated  by 

(w=CaCOs(/cx+6/et) ,  and  the  sub-wave  profile 

can  be  similarly  approximated  by 

^=<aCOcSsfiiTd)  • cos  (KX+Wat ) 

where  (a  is  the  wave  amplitude,  k  is  the  wave 
number,  h  is  the  water  depth,  a/e  is  the  encoun¬ 
ter  frequency  defined  by  4/e=tf+«V  and  u  the  wave 
frequency,  z<i  is  the  instantaneous  draft  at 
section  x  and  expressed  by 

Zd=d-x  •  t  an  ( rs+  0)  +  ( (s+  (+ Wv-(w)  /cos  r  ( 1 ) 

where  d  is  the  sectional  draft  of  the  ship 
without  forward  speed  in  calm  water 
t  is  defined  as  r=ri+rs+0 

wv  is  the  displacement  induced  by  elastic  vibr¬ 
ation. 


u 


Fig.l  Coordinate  system 


2.2  Sectional  External  Forces 

The  velocity  of  wave  particles  relative  to 
the  ship’s  hull  can  be  divided  into  two  compon¬ 
ents,  Ur  and  Vr,  which  are  parallel  to  x-  and 
z-axes  respectively.  By  assumption  of  orbital 
velocity  component  of  wave  particle  in  X-direc- 
tion  is  negligible  and  high  order  term  dropped. 
Ur  and  Vr  are  approximately  expressed  by 

U^-VCOST 

d  (2) 

Vr=  ( Ce-C)  cos  ri+x^-Vs  inr-jj-Wy 

Meanwhile,  the  two  components  of  relative 
velocity  for  a  ship  running  in  calm  water  are 
expressed  by 

Uo=“V*cos(ri+rs) 

(3) 

V0=-V-sin(ri+rs) 

In  deriving  the  hydrodynamic  forces,  the 
state  of  steady  running  in  calm  water  is  consi¬ 
dered  as  the  initial  reference  condition.  From 
this  point,  the  z-direction  relative  velocity 
Vr  is  expressed  as  follows 

Vr“(Vr— V0)+V0 

d  (4) 

=  ( ( e~0  c  0  s  r +x  w  v-V  {  s  i  n  r-s  in  ( r  i+ rs ) } 

-Vsin(n+Ts) 

thus  Vr  is  seperated  into  one  steady  term  Vo 
associated  with  running  in  calm  water  and  the 

remaining  oscillatory  term  Vr-V0  due  to  waves. 

2.2.1  Sectional  Force  due  to  Change  of  Fluid 
Momentum 

Denoting  the  heave  added  mass  of  a  tranverse 
section  located  at  x  for  oscillatory  motion 
with  pSz(x,t),  and  the  sectional  heave  added 

mass  for  steady  running  in  wave  and  in  calm 
*  * 

water  with  /?Sz(x,t)  and  /?Sz0(x),  respectively, 
then  the  sectional  hydrodynamic  force  due  to 
the  time  variation  of  fluid  momentum,  when  a 
ship  is  traveling  in  waves,  can  be  described  as 
follows 
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2.2.3  Restoring  Force  and  Froude-Krvlov  Force 


fm=jf{/)Sz(x)t)(Vr-Vo)+pSz(x,t)Vo-/3Szo(x)Vo}  (5) 

* 

In  equation  (5),  /?Sz(x,t)  and  /?Sz(x,t)  are 
both  evaluated  by  the  instataneous  submerged 
portion  of  the  ship  section  while  running  in 

waves.  The  last  term  /?Sz0  is  evaluated  by  the 
submerged  portion  of  the  ship  section  while 
running  in  calm  water. 

The  operator  ^  can  be  expressed  as 

V cost ,  thus  the  sectional  force 


due  to  change  of  fluid  momentum  can  be  decompo¬ 
sed  into  the  following  five  components 

*  * 

f  m=f  ma+fmj+f  raj+f  imp+f  imp  (6) 

where 


f ma  ~/?Sz(x,t) jjrVr 

f«j  =-Tcosr^Mx>t)-(Yr-Y0) 


Lmj 

* 

f  mj 


(7) 


■Vcos -  ^o(x)).Vt, 


* 

jr 


fimp=^|^t)-(Vr-Vo) 
r*  _<fySZ(x,t)  y 

±imP‘  dx  V° 


The  physical  meaning  of  each  term  in  the 
r.h.s  of  equation  (6)  are  as  follows 

fma:  sectional  hydrodynamic  inertia  force 
fmj:  hydrodynamic  force  due  to  longitudinal 
variation  of  sectional  heave  added  mass 
associated  with  vertical  oscillatory 
velocity 

fmj  :  hydrodynamic  force  due  to  longitudinal 
variation  of  sectional  heave  added  mass 
associated  with  vertital  steady  velocity 
component  of  constant  forward  speed, 
f imp :  sectional  impact  force  due  to  time 

variation  of  sectional  heave  added  mass 
associated  with  the  vertical  oscillatory 
velocity 

* 

f  imp:  sectional  impact  force  due  to  time 

variation  of  sectioal  heave  added  mass 
associated  with  vertical  steady  velocity 
of  constant  forward  speed. 

2.2.2  Sectional  Damping  Force 

In  a  similar  manner,  the  sectional  damping 
force  fr  is  expressed  as  follows 

fr=/?Nz(x,t)(Vr-V0)+pNz(x>t)V0-/?Nto(x)Vo  (8) 

where  the  sectional  heave  damping  coefficient 

pNz(x,t),  /?Nz(x,t)  and  /0NzO(xl  have  the  physic¬ 
al  meanings  analogous  to  those  of  sectional 

heave  added  mass  /?Sz(x,t),  pSz(x,t)  and  ^Sz0(x) 

,  respectively. 


The  sum  of  sectional  restoring  force  and 
Froude-Krylov  force  can  be  approximatly  expres¬ 
sed  as  follows 

fs=-p2{A(x,t)-A0(x)}cosr  (9) 

where  p  is  the  fluid  density  and  g  is  gravitio- 
nal  acceleration  A0  is  the  sectional  area  of 
the  portion  under  the  undisturbed  still  water 
surface  and  A(x,t)  represents  the  sectional 
area  of  the  portion  under  the  undisturbed 
effective  incident  wave  surface  by  considering 
Smith  Correction. 

The  sectional  external  force  in  total  is 
obtained  by  summing  the  force  components  stated 
above,  ie. 

fz=fm+fr+fs  (10) 


2.3  Equation  of  Motion 

The  displacement  and  rotation  angle  of  a 
ship’s  section,  which  includes  the  vibration 
component  as  well  as  the  rigid-body-motion 
component,  are  denoted  by  w  and  respectivel- 
y.  Then  the  bending  strain  ex  and  shear  strain 
7  can  can  be  expressed  by 


£x=-^ 

7=1 r* 


(ii) 


1 


Fig. 2  Displacement  representation 

The  kinetic  energy  T,  strain  energy  V,  and 
work  done  by  external  forces  W  can  be  describ¬ 
ed  as  follow 

T-~ dx  (12-1) 

Where  p  denotes  the  sectional  mass  of  ship’s 
hull 


V~  Vb+  Vs  (12-2) 

where  Vb,  denotes  the  strain  energy  due  to 
bending  deformation,  is  expressed  by 

Vb=-^jEI(-g^)  dx  (12-3) 

Vs,  denotes  the  strain  energy  due  to  shear 
deformation,  is  expressed  by 
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1.0 


ys=-i-{GAw(^-^)2d  X  (12-4) 

El  and  GAW  are  sectional  flexural  rigidity  and 
shear  rigidity  ,  respectively 

W^-^-Jfzwdx  (12-5) 

In  this  manner,  variational  approach  can  be 
introduced  to  derive  the  Hamilton’s  Principle 

8{T-V+W)~8]>Q  (13) 

where  D  denotes  the  dissipation  function  and 
8D  is  described  by 

*7b  *  SVh+ris -8Vs\^^=ij  (13-1) 

where  7/b  and  7}s  are  the  structural  damping 
coefficients  corresponding  to  bending  and  shear 
deformation,  respectively. 

The  total  displacement  of  a  ship’s  section, 
w,  can  be  expressed  by  a  linear  combination  of 
N  coordinate  functions  Vj  as  follows 

N 

w  =  S  Vj(x).qj(t)  (14) 

j=l 


S.  S. 


Fig. 3  Mode  shape  functions  of  3rd-6th  mode 
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where  qj’s  are  the  generalized  coordinates,  and 
j=l,2  denote  the  rigid  body  motions  correspond¬ 
ing  to  heave  and  pitch,  j>3  are  related  to 
vibration  components. 

2.3.1  Modal  Superposition  Method  Formulation 

For  modal  superposition  analysis,  the  mode 
shape  functions  Wj  are  obtained  by  Myklestad’- 
s13  method  for  a  free-free  Euler  beam,  the 
first  4  mode  shape  functions  corresponding  to 
vibration  deformation,  j  =3—6  are  illustrated  in 
Figure  3. 

Equations  of  motion  derived  from  Equation 
(13)  by  applying  Galerkin  method  can  be  expres¬ 
sed  in  matrix  form  as  follows 

Py]  {qj}+  [Cy]  {4j}+  [Kij]  {qj}={f  i}  (15) 


Fig. 4  Degree  of  freedom  in  element 


within  the  j-th  element,  are 

{qv}j  =  Jqwvl 
Uevjj 


(16-1) 


and  the  corresponding  interpolation  functions 
[N]  are  set  to  be  quadratic  forms 


where 
{qwv}j  = 


Wvl 

«V2l 

Wvsjj 


(16-3) 


{qov}j  = 


(16-2) 


Ov  2 
0v3_|j 


(16-4) 


where  the  assumption  is  used  and  detailed 

expression  of  generalized  mass,  damping  and 
stiffness  matrices,  [M] , [C] ,  [K]  and  generalized 
force  function  {f}  are  summarized  in  the  Appen¬ 
dix  A. 


[Nv]  =  [l-3£+2£2  4£-4£2  -f+2£2  0  0  0  ]  (16-5) 

[Ne]  =  [0  0  0  l-3£+2£2  4^2  _f+2{2  ]  (16-6) 


x-x  j  X 

xj+rxj  " 


(16-7) 


2.3.2  Finite  Element  Method  Formulation 


In  finite  element  method,  the  generalized 
corrdinates  qj’s  correspond  to  nodal  displacem¬ 
ents. 

The  vibration  components  of  w  and  (j),  denoted 
by  wv  and  0V5  can  be  approximated  in  terms  of 
{qv},  ie. 


X=Xj-Xj+1 


=  M  (qv}j 


(16) 


{qv}>  the  degrees  of  freedom  at  node  point 


The  resultant  equations  of  motion  in  terms  of 
total  degrees  of  freedom  combined  by  different 
elements  can  be  expressed  similarly  in  followi¬ 
ng  matrix  form: 

[M*]{4>[C*H4MK*]{qHf*}  (17) 

The  detailed  expressions  of  various  elements 

included  in  the  coefficient  matrices  [M  ] , 
*  *  * 

[C  ] ,  [K  ] ,  and  force  vector  {f  }  are  summariz¬ 
ed  in  the  Appendix  B. 
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3 ■  NUMERICAL  SOLUTION 

The  numerical  values  of  instantaneous  sectio¬ 
nal  hydrodynamic  coefficients  are  required  for 
various  sections  of  the  ship  to  calculate  the 
dynamic  responses  of  a  ship  in  waves. 

The  evaluations  for  these  coefficients  are 
performed  under  the  following  assumptions: 

(1) The  sectional  hydrodynamic  coefficients 
for  neave  motion  in  the  z-direction  are  assumed 
to  be  equivalent  to  those  in  the  Z-direction. 

(2) The  sectional  hydrodynamic  coefficients 
corresponding  to  oscillatory  motion  are  evalua¬ 
ted  at  encounter  frequency  ue  for  the  part  due 
to  rigid  body  motion,  and  those  at  infinite 
frequency  are  used  for  the  part  due  to  vibrati¬ 
on. 

(3) The  sectional  hydrodynamic  coefficients 
corresponding  to  steady  forward  velocity  are 
evaluated  at  infinite  frequency  under  the 
high-speed  condition. 

(4) The  sectional  hydrodynamic  coefficients 
are  evaluated  for  the  instantaneous  submerged 
portion  under  the  undisturbed  wave  surface. 

The  nonlinearities  of  hydrodynamic  forces 
related  to  the  time-varying  sectional  hydrodyn¬ 
amic  coefficients  and  hydrodynamic  impact 
forces  are  treated  in  such  a  manner  as  describ¬ 
ed  subsequently. 

The  sectional  hydrodynamic  coefficients  at 
several  different  prescribed  drafts  of  a  secti¬ 
on  are  computed  by  Frank  close-fit  method14  for 
each  transverse  section.  Those  hydrodynamic 
coefficients  for  different  drafts  are  expressed 
by  a  polynomial  of  n-th  order  as  a  function  of 
the  instantaneous  sectional  draft.  Making  use 
of  such  a  polynomial  expression,  the  sectional 
hydrodynamic  coefficients  are  evaluated  at  each 
time  step  during  numerical  integration  of 
equations  of  vertical  motion. 

If  some  section  is  clear  of  water  at. a 
certain  time  step,  then  during  the  following 
re-entry  stage,  water  surface  pile-up  is  consi¬ 
dered  according  to  Vagner’s  wedge  impact  theor- 
y15  that  is  to  say,  the  instantaneous  draft  is 
assumed  to  be  7r/2  times  of  that  under  undistur¬ 
bed  wave  surface.  This  consideration  will  be 
disregarded  when  the  pile-up  water  surface 
cross  over  the  chine.  Furthermore,  it  is  assum¬ 
ed  that  the  hydrodynamic  impact  force  is  able 
to  be  disregarded  when  the  ship  section  is 
detaching  from  the  water.  The  validity  of  this 
assumption  is  confirmed  by  the  results  of  the 
forced  oscillation  test  performed  by  Yamamoto, 
Fujino  and  Ohtsubo16.  The  bottom  impact  and 
flare  impact  are  evaluated  with  different 
schemes  of  computing  the  rate  of  change  of  the 
added  mass. 

The  structural  damping  coefficient  tj\>  and  7)s 
are  set  to  be  of  same  value  and  can  be  express¬ 
ed  by 


7)b~Vsr' 


6  2 

7T  6i>2v 


(18) 


where  w2v  is  the  natural  frequency  of  2-node 
vibration  and  S  is  the  corresponding  logarithm- 
ic  decrement. 

For  the  numerical  integration  of  the  equatio¬ 
ns  of  motion,  Newmark-^  method  with  j8=l/4  is 


used,  and  the  discrete  time  increment  At  adopt¬ 
ed  for  time  integration  is  1/500  of  the  encoun¬ 
ter  period. 

From  the  view  point  of  the  stability  of 
numerical  integration,  the  encountered  wave 
amplitude  grows  up  gradually  to  steady  state 
during  the  calculation  and  the  dynamic  respons¬ 
es  are  recorded  only  after  stationary  state 
motion  is  reached. 

Vave  loads  can  be  estimated  either  by  the 
Q2V 

integration  of  fz-^gpr  along  the  ship’s  length 

or  by  the  evaluation  from  differential  formula 
in  terms  of  V,  the  discrepancy  between  these 
two  methods  is  insignificant  and  the  former 
method  gives  more  consistent  results.  Hence, 
the  calculation  results  presented  in  this  paper 
are  all  obtained  by  applying  the  integration 
evaluation,  exclusively. 

4.  EXPERIMENTS  AND  NUMERICAL  PREDICTION 

4.1  Elastic  Backbone  Model 


In  order  to  investigate  the  sectional  wave 
loads  along  the  ship’s  length  and  verify  the 
validity  of  the  numerical  prediction  method 
described  in  the  previous  sections,  elastic 
backbone  model  testing  technique11’ 17  has  been 
selected  for  experiments.  A  model  in  scale 
1:14.5  of  an  existing  44.5  meter  high-speed 
craft  of  hard  chine  type  is  used.  The  principal 
particulars  and  body  plan  are  shown  in  Table  1 
and  Figure  5,  respectively.  At  square  station  1 
to  8,  the  model  made  of  wood,  is  divided  into  9 
segments  which  are  connected  with  a  backbone 
composed  of  2  aluminum  alloy  (GOGS')  beams  as 
shown  in  Figure  6.  The  bending  and  shear  rigid- 


Length  Overall 

L 

44.50  m 

Breadth  ( 

B 

7.50  m 

Depth  (®) 

D 

3.50  m 

Draft  {  ®) 

d 

1.50  n 

Displacement 

W 

220.0  ton 

Longitudinal  Position 

of  C.G.  LOG 

2.05  m  aft  3ST 

Longitudinal  Gyradius 

Yk 

27.1  %L 

Table  1  Principal  particulars  of  Boat-4450 
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Fig. 6  Structure  of  the  elastic  backbone  model 


ities  of  backbone  are  not  on  scale  exactly. 
Namely,  in  order  to  generate  pronounced  whippi¬ 
ng  vibration  easily,  a  more  flexible  backbone 
of  lower  bending  rigidity  is  selected  and  shear 
rigidity  is  restricted  by  sectional  geometry  of 
the  aluminum  alloy  beams.  The  structural  rigid¬ 
ity  and  the  weight  distribution  in  full  scale 
of  the  backbone  model  are  shown  in  Figure  7.  As 
a  result,  the  bending  and  shear  rigidities  in 
full  scale  of  the  backbone  model  used  in  exper¬ 
iments  are  nearly  equivalent  to  one-third  and 
twenty  times,  respectively,  of  those  of  an 
actual  ship  which  is  made  of  steel. 

The  natural  frequency  of  2-node  vibration  u/2v 
and  the  logarithmic  decrement  62 ,  obtained  from 
impulsive  response  of  the  backbone  model  at 
floating  condition,  are  34.0  rad/sec  (i.e.5.4 
Hz),  and  0.102,  respectively.  These  values  are 
used  to  determine  structure  damping  coefficient 
7)  by  equation  (18).  Vertical  bending  moments 
are  measured  through  bridged  4  strain  gages  on 
the  upper  and  lower  faces  of  the  two  aluminum 
alloy  beams.  Wave  loads  at  square  station  1  to 
8  are  measured.  Static  calibration  on  the 
relation  between  moment  and  strain  outputs  were 
carried  out  for  the  condition  without  hull 
segments.  As  a  result,  strain  to  moment  ratio 
obtained  is  16.8  xio-s/kg-m.  Furthermore,  the 
heave  and  pitch  motions  are  picked  up  by  poten¬ 
tiometers  at  the  center  of  gravity  (here  after 
called  C.G.)  of  the  model.  Two  accelerometers 
are  set  up  at  the  C.G  and  square  station  9.5  to 
pick-up  the  vertical  acceleration  at  C.G  and 
bow  acceleration,  respectively. 

As  mentioned  previously,  the  trim  and  sinkage 
of  a  ship  running  in  calm  water  should  be  known 
in  advance  for  computing  the  ship  response  in 
waves.  Therefore,  the  towing  tests  were  carried 
out  in  calm  water  to  measure  the  trim  and 
sinkage,  of  which  the  results  are  shown  in 
Figure  8. 


4.2  Experimental  Conditions 


Refer  to  the  conclusions  obtained  through 
previous  experiments  on  a  similar  elastic 
backbone  model12,  the  present  investigation  was 
carried  out  on  the  following  experimental 
conditions  in  head  sea  that  may  expect  to 


0.0  1.0  2,0  3.0  4.0  5.0  6.0  7.0  8.0  9.0  10.0 


s.  s. 

Fig. 7  Rigidity  and  weight  distribution 
of  backbone  model  in  full  scale 


Fn  (  Vs//gL  ) 

Fig. 8  Running  trim  and  sinkage  in  still  water 

exhibit  pronounced  nonlinear  motions  and  suffer 
severe  wave  loads. 

A/L=  1.125,  1.5,  1.7  for  Fn=0.35 
\/L=  1.125,  1.5,  1.7,  2.0  for  Fn=0.70 
X/L-  1.5,  1.7,  2.0  for  Fn=1.0 

flw/A  is  kept  about  1/40  and  1/50, 
where,  X/L}  Fn  and  Hw/^  denote  wave  length  to 
ship  length  ratio,  Froude  number  in  length  and 
wave  height  to  wave  length  ratio,  respectively. 

Furthermore,  in  order  to  investigate  the 
effects  of  forward  speeds,  another  5  different 
forward  speed  conditions  are  performed  for  the 
selected  wave  condition  of  A/£= 1.5  and 
Hw/A=l/40. 

4.3  Numerical  Prediction 

In  this  paper, two  kinds  of  nonlinear  calcula¬ 
tions  are  performed  as  described  subsequently. 
DE  n'')°dal  superposition  calculation(called  "MO 

The  structure  response  is  represented  by 
modal  superposition  method  in  which  the  ship 
hull  girder  is  assumed  to  be  an  Euler  beam  and 
mode  shape  functions  used  are  obtained  from 
Myklestad’s  method.  The  number  n  of  mode  shape 
functions  taken  in  calculation  is  6  in  general, 
(that  is,  two  rigid-body-motions  and  4  vibrati- 


162 


on  modes)  while  in  some  comparison  cases,  4 
mode  shape  functions  calculation(called  "MODE- 
4")  and  even  only  the  first  two  rigid-body-mot¬ 
ions  mode  shape  functions  calculation  (hence 
called  "RIGID")  are  also  performed. 

(b)Finite  element  calculation(called  "F.E.M." 
or  "EULER") 

In  this  kind  of  calculation,  if  Timoshenko 
beam  element  formulation  is  used  to  evaluate 
the  dynamic  response  of  the  ship  hull’s  struct¬ 
ure,  the  notation  "F.E.M."  is  adopted.  The 
calculation  in  terms  of  Euler  beam  element 
formulation  by  neglecting  the  shear  deformation 
is  called  "EULER"  for  distinction. 

5.  COMPARSION  BETWEEN  NUMERICAL  PREDICTION  AND 
EXPERIMENTAL  RESULTS 

Figures  9  to  18  illustrate  the  nondimensiona- 
lized  peak-to-peak  bending  moment  distribution 
along  the  ship’s  length  under  various  wave  and 
speed  conditions.  In  Figures  9  to  11,  the 
experimental  results  for  the  case  of  Fn=0.35 
which  may  be  considered  as  a  typical  speed  of 
"non-planning"  condition  are  shown  together 
with  the  results  predicted  by  the  two  kinds  of 
numerical  computations,  namely,  "MODE-6"  and 
"F.E.M.".  Both  of  the  predicted  values  by  modal 
superposition  calculation  "MODE-6"  and  finite 
element  calculation  "F.E.M."  agree  well  with 
the  experimental  results.  In  the  cases  of 
Fn=0.70  and  1.0  which  may  be  considered  as  a 
typical  speed  of  "semi-planning"  and  "planning" 
condition  respectively,  shown  in  Figures  12  to 
18,  the  predicted  values  by  "MODE-6"  are  satis¬ 
factory,  except  for  the  cases  of  relatively 
short  waves,  in  which  it  tends  to  underestimate 
the  wave  loads  acting  on  the  fore-bodies. 
Nevertheless,  the  discrepancy  in  fore-bodies  is 
improved  significantly  by  the  "F.E.M."  calcula¬ 
tion.  As  seen  in  these  figures  ,  it  can  be  said 
that  both  of  "MODE-6"  and  "F.E.M. "calculations 
give  reasonable  results,  and  the  agreement 
between  the  predicted  responses  and  experiment¬ 
al  results  seems  satisfactory  enough  for  the 
practical  point  of  view. 

Figure  19  illustrates  the  forward  speed 
dependence  of  bending  moments  at  various  square 
stations  4  to  7  in  the  selected  wave  condition 
of  A/L=1.5  and  flw/A=l/40.  In  Figures  19(a)  and 
Figure  19(b),  the  nondimensionalized  peak  to 
peak  bending  moments  obtained  from  experiments 
are  plotted  together  with  predicted  results  by 
"MODE-6"  and  "F.E.M."  calculations,  respective¬ 
ly.  As  shown  in  these  figure,  the  discrepancy 
in  the  trend  between  the  "Mode-6"  prediction 
and  the  measured  responses  tends  to  be  signifi¬ 
cant  in  the  speed  range  of  Fn=0.70  to  1.0. 
However,  the  predicted  values  obtained  by 
"F.E.M."  calculation  and  experimental  results 
show  qualitatively  similar  trends  in  full  speed 
range,  and  their  agreement  in  values  is  also 
remarkable. 

In  order  to  manifest  the  validity  of  the 
present  nonlinear  prediction  of  responses  ,  the 
time  histories  of  bending  moments  at  square 
station  1  to  8  as  well  as  C.G.  acceleration  and 
bow  acceleration  obtained  by  "F.E.M."  calculat¬ 
ion  are  shown  together  with  the  measured  ones 


Fig. 9  Longitudinal  distribution  of  vertical 
bending  moment  (Fn=0.35,  A/L=l .  125) 


Fig.  10  Longitudinal  distribution  of  vertical 
bending  moment  (Fn=0 . 35 , X /L=l  .5) 


s.  s. 

Fig.  11  Longitudinal  distribution  of  vertical 
bending  moment  (Fn=0.35,A/L=1.7) 
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Peak  to  Peak  M  /(pgLzBHw)  Peak  to  Peak  M  /(pgL?BHw)  Peak  to  Peak  M  /(pgLzBHw) 


S.  S. 


S.  S. 


Fig .  12  Longitudinal  distribution  of  vertical 
bending  moment  (Fn=0.70,A/L=l.  125) 


Fig.  15  Longitudinal  distribution  of  vertical 
bending  moment  (Fn=0 . 70 , \ /L=2 .0) 


s.  s. 


s.  s. 


Fig.  13  Longitudinal  distribution  of  vertical 
bending  moment  (Fn=0.70,Jl/L=1.5) 


Fig.  16  Longitudinal  distribution  of  vertical 
bending  moment  (Fn=1.0,A/L=1.5) 


s.  s.  s-  s- 

Fig.  14  Longitudinal  distribution  of  vertical  Fig.  17  Longitudinal  distribution  of  vertical 
bending  moment  (Fn=0.70,A/L=1.7)  bending  moment  (Fn=1.0,A/L=1.7) 
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Peak  to  Peak  M  /(pgL?BHw)  Peak  to  Peak  M  /(pgL*BHw)  Peak  to  Peak  M  /(pgL2BHw) 


0.06 


Fn  =  1.00  Hw/X  Exp.  Mode-6  F.E.M. 


S.  S. 

Fig.  18  Longitudinal  distribution  of  vertical 
bending  moment  (Fn=l .  0 , X /l=2 . 0) 


Fn  (  Vs/JgL  ) 

Fig.  19(a)  Effect  of  ship  speed  on  vertical 

bending  moment  ("MODE— 6"  calculation) 


Fn  (  Vs/v/gL  ) 


Fig. 19(b)  Effect  of  ship  speed  on  vertical 

bending  moment  ("F.E.M."  calculation) 


in  both  cases  of  Fn=0.70  and  1.0  in  Figures  20 
and  21,  respectively. 

Although,  the  time  histories  of  bending 
moments  obtained  by  "F.E.M."  calculation  show 
slight  difference  of  shape  at  hogging  conditio- 
n,  from  that  obtained  by  measurements,  as  seen 
in  Figures  20(a)  and  21(a),  the  predicted  time 
histories  of  bending  moments  and  accelerations 
agree  qualitatively  well  with  the  measured 
ones.  The  plausible  reason  of  the  discrepancy 
in  time  histories  at  hogging  condition,  in 
which  the  bow  sections  emerge  from  the  water 
surface,  between  the  predicted  and  the  measured 
bending  moments  is  that  the  incoming  wave 
surface  is  assumed  to  be  undisturbed  even  when 
the  ship  travels  in  waves  at  a  high  speed, 
namely,  the  effects  of  spay  while  planning 
occurred  are  not  taken  into  consideration. 

6.  EFFECTS  OF  STRUCTURAL  RIGIDITIES 

As  clarified  in  the  previous  sections,  it  can 
be  said  that  vertical  wave  loads,  in  which 
whipping  loads  are  included  ,  acting  on  a 
high-speed  craft  traveling  in  head  sea,  can  be 
predicted  by  the  present  "F.E.M."  calculations 
with  accuracy  enough  for  the  practical  use. 


Fig. 20(a)  Time  histories  of  bending  moment 
by  experiment  and  calculation 
(Fn=0.7, A/L=1.5,  Hw/A=l/40) 
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Fig. 20(b)  Time  histories  of  bow  acceleration 
and  acceleration  at  C.G. 
(Fn=0.7,A/L=1.5,Iw/A=l/40) 


Fig. 21(b)  Time  histories  of  bow  accelertion 
and  acceleration  at  C.G. 
(Fn=1.0,A/L=1.5,Iw/A=l/40) 


Fig. 22  Time  histories  of  accelertion  at  C.G.  and  bending 
moment  at  S.S.7  by  various  calculations 
(Fn=0.7,A/L=1.5,Hw/A=l/20) 


Fig. 21  (a)  Time  histories  of  bending  moment 
by  experiment  and  calculation 
(Fn=1.0, A/L=1.5,Hw/A=l/40) 
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Fig. 24  Effect  of  flexural  rigidity  on  vertical 
bending  moment  (Fn=0.7,A/L=1.5,Hw/A=l/20) 


Fig. 23  Longitudinal  distribution  of  vertical  bending 
moment  by  various  calculations 
(Fn=0 . 7 ,A/L=1 . 5 ,Hw/A=l/20) 


In  this  section  ,  various  kinds  of  calculati¬ 
on  stated  in  section  4.3  are  applied  on  the 
actual  high  speed  craft  to  investigate  the 
effects  of  structural  rigidities  on  wave  loads, 
in  order  to  illustrate  the  effects  more  clearl- 
y,  the  computation  performed  at  a  severe  wave 
condition  of  A/L=1.5  and  H6//A=l/20  with  forward 
speed  of  Fn=0.70,  are  shown  in  Figures  22  and 
23.  Figure  22  shows  the  time  histories  of  bow 
acceleration  and  bending  moments  at  square 
station  7,  and  Figure  23  shows  the  nondimensio- 
nalized  bending  moment  peak  values  distribution 
along  ship’s  length  obtained  by  various  calcul¬ 
ations.  It  can  be  seen  in  these  figures,  by 
comparing  with  "EULER'1  calculation,  the  "RIGID" 
calculation,  in  which  structural  rigidities  are 
considered  to  be  infinite  and  no  vibration  can 
be  recognized,  may  underestimate  the  sagging 
moment  significantly.  Furthermore,  by  comparing 
with  "F.E.M."  calculation,  the  "EULER"  calcula¬ 
tion,  in  which  shear  rigidity  is  assumed  to  be 
infinite  and  no  shear  deformation  can  be  recog¬ 
nized,  may  underestimate  the  hogging  moment 
remarkably.  Therefore,  the  "F.E.M."  calculation 
by  treating  ship  hull’s  girder  as  an  Timoshenko 
beam  seems  to  be  necessary  for  predicting  the 
wave  loads  acting  on  it  at  severe  condition. 

Furthermore,  in  order  to  illustrate  the 
rigidities’  dependence  of  wave  loads,  "F.E.M." 
calculation  is  applied  on  the  actual  high  speed 
craft  with  variations  of  flexural  rigidity  and 
shear  rigidity  separately,  at  the  same  conditi¬ 
ons  which  is  stated  above  ,  namely,  A/L=1.5  and 
Hoj/A=1/20  with  forward  speed  of  Fn=0.70.  Figu¬ 
re  24  shows  the  flexural  rigidity’s  dependence 
of  nondimensionalized  bending  moment  peak 
values  at  square  stations  5,  7  and  8,  while  the 
shear  rigidity  is  kept  to  be  original  value  of 
the  actual  ship.  It  can  be  seen  in  this  figure, 
decreasing  the  flexural  rigidity  may  reduce  the 


sagging  moment  acting  on  midship  section  signi¬ 
ficantly.  Similarly,  Figure  25  shows  the  shear 
rigidity’s  dependence  of  nondimensionalizied 
bending  moment  peak  values  at  square  stations 
5,  7  and  8,  while  the  flexural  rigidity  is  kept 
to  be  original  value  of  the  actual  ship.  It  can 
be  seen  in  this  figure  that  although  decreasing 
the  shear  rigidity  may  reduce  sagging  moment  of 
midship  remarkably,  the  hogging  moment  of 
midship  may  be  increased,  and  the  sagging  as 
well  as  hogging  moments  acting  at  sections  of 
fore-bodies  may  be  increased  significantly. 
However,  it  can  be  said  that  for  the  prediction 
of  wave  loads  acting  on  the  actual  high-speed 
craft,  neglecting  shear  deformation  may  undere¬ 
stimate  the  hogging  moment,  but  has  no  signifi¬ 
cant  effects  on  sagging  moment. 
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CONCLUSIONS 


From  the  present  investigation  into  nonlinear 
motions  of  large-sized  high-speed  craft  in  head 
sea  and  whipping  effects  included  wave  loads 
acting  on  it,  the  following  conclusions  may  be 
drawn: 

(1)  Through  the  comparison  between  numerical 
prediction  and  elastic  backbone  model  testing 
results, the  present  "F.E.M."  calculation  metho- 
d,  which  is  principally  based  on  a  modified 
nonlinear  strip  method,  and  following  the 
Timoshenko  beam  elment  formulation,  can  be 
applied  to  estimate  nonlinear  motions  and  wave 
loads  including  whipping  effects  of  a  high-spe¬ 
ed  craft  in  head  sea  with  accuracy  enough  for 
the  practical  point  of  view. 

(2)  Through  serial  calculations  of  different 
structural  representation  methods  ,  the  influe¬ 
nces  of  neglecting  the  effects  of  vibration 
related  to  flexural  deformation  or  shear  defor¬ 
mation  on  the  accuracy  for  predicting  the 
vertical  wave  loads  of  a  high  speed  craft  can 
be  summarized  as  follows: 

(i)  The  prediction,  which  neglecting  the 
effects  of  vibration  related  to  flexural  defor¬ 
mation  ,  may  underestimate  the  sagging  moments 
along  the  ship’s  length  significantly. 

Mi)  The  prediction  , which  neglecting  the 
effects  of  vibration  related  to  shear  deformat¬ 
ion,  may  underestimate  the  hogging  moments 
along  the  ship’s  length  significantly. 

(3)  Through  serial  calculations  on  various 
structural  rigidity  of  hull’s  structure  on 
vertical  wave  loads  acting  on  a  high-speed 
craft  can  be  summarized  as  follows: 

(i)  By  decreasing  the  flexural  rigidity,  the 
sagging  moment  at  mid-ship  section  which  depen¬ 
ds  on  impact  strongly  is  reduced. 

(ii)  By  decreasing  the  shear  rigidity,  saggi¬ 
ng  moment  at  mid-ship  section  is  reduced  signi¬ 
ficantly,  but  at  the  same  time,  the  hogging 
moment  of  mid-ship  section  and  the  sagging  as 
well  as  hogging  moments  of  forward  ship’s 
sections  may  be  increased. 
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7.  CONCLUSIONS 

From  the  present  investigation  into  nonlinear 
motions  of  large-sized  high-speed  craft  in  head 
sea  and  whipping  effects  included  wave  loads 
acting  on  it,  the  following  conclusions  may  be 
drawn: 

(1)  Through  the  comparison  between  numerical 
prediction  and  elastic  backbone  model  testing 
results, the  present  "F.E.M."  calculation  metho- 
d,  which  is  principally  based  on  a  modified 
nonlinear  strip  method,  and  following  the 
Timoshenko  beam  elment  formulation,  can  be 
applied  to  estimate  nonlinear  motions  and  wave 
loads  including  whipping  effects  of  a  high-spe¬ 
ed  craft  in  head  sea  with  accuracy  enough  for 
the  practical  point  of  view. 

(2)  Through  serial  calculations  of  different 
structural  representation  methods  ,  the  influe¬ 
nces  of  neglecting  the  effects  of  vibration 
related  to  flexural  deformation  or  shear  defor¬ 
mation  on  the  accuracy  for  predicting  the 
vertical  wave  loads  of  a  high  speed  craft  can 

be  summarized  as  follows: 

(i)  The  predication,  which  neglecting  the 
effects  of  vibration  related  to  flexural  defor¬ 
mation  ,  may  underestimate  the  sagging  moments 
along  the  ship’s  length  significantly. 

(ii)  The  prediction  , which  neglecting  the 
effects  of  vibration  related  to  shear  deformat¬ 
ion,  may  underestimate  the  hogging  moments 
along  the  ship’s  length  significantly. 

(3)  Through  serial  calculations  on  various 
structural  rigidity  of  hull’s  structure  on 
vertical  wave  loads  acting  on  a  high-speed 
craft  can  be  summsrized  as  follows: 

(i)  By  decreasing  the  flexural  rigidity,  the 
sagging  moment  at  mid— ship  section  which  depen¬ 
ds  on  impact  strongly  is  reduced. 

(ii)  By  decreasing  the  shear  rigidity,  saggi¬ 
ng  moment  at  mid-ship  section  is  reduced  signi¬ 
ficantly,  but  at  the  same  time,  the  hogging 
moment  of  mid-ship  section  and  the  sagging  as 
well  as  hogging  moments  of  forward  ship’s 
sections  may  be  increased. 
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APPENDIX  A 

Hij=/(//+pSzj)ViVjdx 

(19) 

Cij=/)?iEIViVjdx+/(-^UpNzj)ViVjdx 
+Vcosr//9Szj(Vi¥j-¥iVj)dx 
— Vcosr  [/?Szj¥i¥j]  ^ 

(20) 

Ky=/EIViVjdx  Vcosr/(^|2i+pNzj)ViWjdx 

-V2cos2r//?SZj¥i¥j'dx 
+V2cos2r[/?Szj¥i¥j]  J 

(21) 

fi=cosr{pSz^|^  ¥idx+Vcosr//?Szfe¥idx 

•  +/(^A)(eVidx-Vcosr[pSzCeVi]  l 
-pgj{  A-A0)Vidx} 

*  *  / 

-Vsin(Ti+Ts){Vcosr/(/?Sz-pSzo)Vidx 

* 

(22) 

+/(pN*-^N*o+^^-)Vidx-Vcosr(^S*-pS*0)Vi]|} 


and  the  global  coefficient 
obtained  as  assembly  of  the 
matrices  by  making  use  of 
correspondence. 


matrices  are 
above  element 
nodal  points 


APPENDIX  B 


The  elemental  coefficient  matrices  [M  ]  \ 

[C  ]j  [K  ]j  and  force  vector  {f  }j  associated 
with  j-th  element  are  given  by 

[M  ]j=(/i+/?Sz)j/Q  [Nw]  [Nw]d£  (23) 

[K*]  j=(EI)j/^j  [Ne]T[Ng]d£ 

+(GAw)j/^j([Ne]-[N;])T([N6]-[N;])de 
-Vcosr{(  ^?+/,Nz)j/Q  [Nw]  [Nw]d£  (24) 

+Vcosr(/)Sz)j(/‘J[Nj]T[Nw]d^-[Nw]T[Nw]|Jj)} 

[C*]  j=(i7bEI)j7^j  [Ne]T[Ne]de 

+  (??sGAw) j/o  (  [Nq]  [Nw]  )  (  [Nq] — [Nw]  )d£ 

+  (^pNz)j/*j[Nw]T[Nw]d£  (25) 

+  (Vcosr/7Sz)j-{/^([Nw/]T[Nw]-[Nw]T[Nw])d^ 
-[Nw]  [Nw]  |  Jj} 

{f*}j=cosr{  [pSz^^(^^pNz)£e-pff(A-A0) 

-Vs in ( r i+rs)  (^z+pN Z-/?N z o) ]  j ■  J Qj  [Nw]  Td£ 
+Vcosr[/?Sz£z-Vsin(ri+rs) (pNz-pNz0)] j-  (26) 
(/Jj[Nv;]Tde-[Nw]Tijj)} 
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Ship  Hydrodynamics 


Nonlinear  Free  Surface  Waves  Due  to  a  Ship  Moving  Near 
the  Critical  Speed  in  a  Shallow  Water 

H.-S.  Choi,  K.J.  Bai,  J.-W.  Kim,  I.-H.  Cho 
(Seoul  National  University,  Korea) 


ABSTRACT 

This  paper  describes  two  methods  of  solution 
to  the  nonlinear  free-surface  waves  generated  by  a 
ship  moving  steadily  with  a  transcritical  speed  in  a 
shallow  water.  As  a  mathematical  model,  a  non¬ 
linear  initial/boundary-value  problem  is  formulated 
within  the  scope  of  potential  theory.  One  method  is 
based  on  matched  asymptotic  expansion  techniques 
and  the  Kadomtsev  -  Petviashvili  equation  is  ob¬ 
tained  as  the  leading-order  solution  for  a  slender 
ship.  The  other  one  is  based  on  classical  Hamil¬ 
ton’s  principle  and  the  finite  element  method  is  im¬ 
plemented  for  numerical  calculations.  In  order  to 
examine  the  effect  of  the  tank  width  on  the  wave 
field  and  resulting  hydrodynamic  forces,  computa¬ 
tions  are  made  systematically  for  the  Series  60  ship 
model  with  Cb  =  0.8  by  these  two  different  methods. 
For  wider  tanks,  the  pressure  distribution  on  the  free 
surface,  equivalent  to  the  ship  model,  is  treated.  The 
results  obtained  by  two  different  methods  are  com¬ 
pared  each  other  and  with  experimental  measure¬ 
ments  available.  Also  discussed  are  the  appearance 
of  stem  waves  at  the  tank  wall  and  the  evolution  of 
the  Crestline  of  diverging  waves  in  a  wide  tank. 

NOMENCLATURE 


p  :  pressure 

q  :  source  strength 

5  (rc)  :  longitudinal  distribution  of  cross 

sectional  area  of  ship 
jSj3  :  blockage  coefficient 

Sp  :  free  surface 

Sp  :  projection  of  SF 

Sm  :  maximum  cross  sectional  area 

of  ship 

S0  :  ship  surface 

t  :  time 

t*  :  final  time 

Tg  :  generation  period  between  first 

two  solitons 
U  :  ship’s  speed 

W  :  tank’s  half  width 

x,y,z  :  rectangular  coordinates 

xc  :  x-location  of  the  Crestline  at  y  —  0 

a  :  speed  parameter 

or  upwinding  parameter 
P  :  blockage  index 

6  :  slenderness  parameter 

or  variational  operator 
6  :  nonlinear  parameter 

£  :  surface  elevation 

rj  :  tank  width  parameter 

p  :  dispersion  parameter 

p  :  water  density 


A 

Cb 

D 

Fh 

9 

h 

J 

L 

N 

Nf 

Ni 

n{nx,nv,nx) 


typical  wave  amplitude 
block  coefficient  of  ship 
fluid  domain 

waterdepth-based  Froude  number 
gravitational  acceleration 
water  depth 
functional 

Lagrangian  or  ship’s  half  length 
total  number  of  nodes 
total  number  of  free  surface  nodes 
trial  function  basis 
outward  unit  normal  vector 


INTRODUCTION 

A  free-surface  flow  of  an  ideal  fluid  caused  by  a 
ship  translating  with  a  constant  speed  near  the  shal¬ 
low  water  celerity  is  described  by  an  initial/  bound¬ 
ary  value  problem  governed  by  the  Laplace  equation 
with  the  free  surface  as  a  part  of  solution. 

In  the  past,  problems  of  this  type  were  nor¬ 
mally  treated  after  the  boundary  conditions  on  the 
unknown  free-surface  had  been  linearized.  Recently, 
however,  there  are  growing  interests  in  solving  the 
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nonlinear  free-surface  problems  more  exactly.  In 
some  cases,  it  is  of  vital  importance  since  linearized 
solutions  fail  to  predict  experimentally-identified  phe¬ 
nomena.  One  example  is  the  generation  of  upstream- 
advancing  solitons  by  moving  disturbances  in  shal¬ 
low  water.  A  comprehensive  explanation  on  the 
physics  involved  is  given  by  Wu  [l]. 

There  is  a  line  of  investigations  on  this  non¬ 
linear  free-surface  problem  based  on  shallow  water 
approximations  which  result  in  a  variety  of  theories 
such  as  the  Korteweg  -  de  Vries  (KdV),  Kadomtsev 
-  Petviashvili  (KP),  Boussinesq  equations  and  the 
Green  -  Nagdhi  formulation  (GN)  ;  Many  references 
in  this  area  can  be  found  in  Ertekin  and  Qian  [2]. 
To  name  few,  Mei  and  Choi  [3],  Katsis  and  Akylas 
[4],  Wu  and  Wu  [5]  and  Ertekin,  Webster  &  We- 
hausen  [6]  considered  three-dimensional  problems. 
There  is  another  line  of  approach  based  on  a  nu¬ 
merical  method  as  finite  difference  or  finite  element 
methods.  Bai,  Kim  &  Kim  [7]  were  the  first  who  ap¬ 
plied  the  finite  element  method  to  a  3-dimensional 
nonlinear  shallow  water  wave  problem. 

In  the  present  paper,  we  concern  with  theo¬ 
retical  and  numerical  methods  for  solving  a  nonlin¬ 
ear  three-dimensional  free-surface  flow  problem  in 

a  shallow  water.  Specifically,  a  ship  moving  near 
the  critical  speed  is  treated  to  numerically  simulate 
the  experimental  condition  in  the  towing  tank.  It 
is  formulated  as  an  initial/boundary  value  problem 
within  the  scope  of  potential  theory.  As  the  solu¬ 
tion  procedure  for  the  nonlinear  problem,  two  dif¬ 
ferent  methods  are  described  herein.  In  the  first 
method,  the  given  problem  is  reduced  to  a  homo¬ 
geneous  KP  equation  with  flux  conditions  on  the 
boundaries.  The  ship  is  simplified  to  an  equivalent 
slender  body.  Then  the  KP  equation  is  numerically 
solved  in  the  two-dimensional  horizontal  free-surface 
plane  by  an  explicit  finite  difference  scheme.  In  the 
second  method,  the  original  problem  is  replaced  by 
an  equivalent  variational  problem  based  on  Hamil¬ 
ton’s  principle  applied  to  water  waves  derived  by 
Miles  [8].  Then  the  variational  functional  defined  as 
an  integral  in  the  unknown  three-dimensional  fluid 
domain  is  solved  numerically  by  the  finite  element 
method.  The  variational  functional  used  here  is 
basically  the  same  as  the  well-known  Luke’s  vari¬ 
ational  principle  [9],  However,  the  present  func¬ 
tional  is  more  advantageous  in  numerical  computa¬ 
tions  compared  to  Luke’s  principle. 

Recently,  these  two  methods  have  been  suc¬ 
cessfully  applied  to  the  generation  and  emission  of 
solitons  in  the  upstream  and  complicated  waves  in 
the  downstream  due  to  a  moving  ship  in  shallow  wa¬ 
ter  [7,10].  In  these  papers,  however,  no  systematic 
investigations  on  the  effect  of  the  side  walls  have 
been  undertaken.  In  the  present  study,  it  is  our 
intention  to  clarify  the  effect  of  the  width  of  the 


side  walls  on  the  wave  response  and  hydrodynamic 
forces.  Thus  the  numerical  results  of  the  free  sur¬ 
face  elevations,  hydrodynamic  forces  (t.e.  wave  resis¬ 
tance,  lift  and  trimming  moment)  acting  on  a  ship 
obtained  from  the  both  methods  are  presented  and 
compared  partially  with  the  experimental  findings 
of  Ertekin  [11],  The  formation  and  development  of 
stem  waves  is  illustrated,  when  the  generated  waves 
are  reflected  at  the  tank  wall.  Also  discussed  are 
the  evolutions  of  the  Crestline  of  diverging  waves  in 
a  quite  wide  tank. 

INITIAL/BOUNDARY- VALUE 
FORMULATION 

We  consider  a  ship  advancing  steadily  with  a 
transcritical  speed  U  along  the  centerline  of  a  shal¬ 
low  tank.  A  rectangular  Cartesian  coordinate  sys¬ 
tem  moving  with  the  ship’s  speed  U  is  used,  in  which 
the  x-axis  coincides  with  the  longitudinal  axis  of  the 
ship  and  the  z— 0  plane  is  the  undisturbed  free  sur¬ 
face.  The  ship  directs  toward  the  negative  x-axis 
and  the  positive  z-axis  points  upward  (see  Fig.l). 
Under  the  usual  assumptions  in  potential  theory, 
fluid  motions  are  expressed  in  terms  of  a  velocity 
potential,  z,t),  which  is  the  solution  of  the 

Laplace  equation 

=  0  -h<z<i  (1) 

in  the  fluid  domain  D ,  where  h  and  £  are  the  wa¬ 
ter  depth  and  the  free-surface  elevation,  respectively. 
The  kinematic  condition  is  imposed  on  the  ship  sur¬ 
face  S0 

<t>n  =  -Unz  ,  (2) 

where  n  =  (nz,  ny ,  nz)  denotes  the  outward  unit  nor¬ 
mal  vector  on  S0.  No  net  flux  condition  also  holds 
at  the  tank  bottom  and  side  walls 


o 

II 

z  =  —  h, 

(3) 

o 

II 

y  =  ±W. 

(4) 

The  kinematic  and  dynamic  boundary  condi¬ 
tions  on  the  free  surface  S F  must  be  satisfied 

“f“  {JJ  ~f“  <^z)£a:  *h  j  (5) 

f f  +  *  +  tty.  +  5  |  V«£  |2  +-  =  0  ,  (6) 

Z  p 

where  g  is  referred  to  the  gravity  constant,  p  to 
the  fluid  density,  and  p  =  p(x,  y,  £)  to  the  pressure, 
which  is  taken  zero  when  the  pressure  distribution 
on  SF  is  absent. 

By  assuming  that  the  fluid  is  initially  at  rest, 
the  initial  condition  may  be  given  as 
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<f>  =  <f>t  =  0  at  t  =  0  ,  (7) 

and  the  radiation  condition  yields  to 

cj>  —*  0  as  x2  +  y2  — ►  oo  .  (8) 

It  is  to  note  that  a  modified  radiation  condition  is 
utilized  in  computations  for  the  downstream  bound¬ 
ary. 

METHODS  OF  SOLUTION 

Since  the  concept  of  the  two  methods  employed 
here  is  quite  different  by  their  nature,  a  brief  descrip¬ 
tion  on  each  method  is  necessary.  We  begin  with  the 
theoretical  part, then  the  numerical  part  follows. 

Matched  Asymptotic  Expansion  Technique 

In  order  to  analyze  the  above  nonlinear  prob¬ 
lem,  further  assumptions  and  limitations  are  required 
The  first  step  is  to  introduce  appropriate  smallness 
parameters,  with  respect  to  which  the  expressions 
given  in  the  previous  section  are  to  be  perturbed. 
Hereby  we  define  two  small  parameters 

e  —  A/h ,  ii  ~  h/L  (9) 

and  assume  e  —  fi2y  where  A  and  2 L  mean  the  typi¬ 
cal  wave  amplitude  and  the  ship  length,  respectively. 
It  corresponds  to  the  Ursell  number  of  order  of  unity, 
which  implies  that  the  nonlinearity  and  the  disper¬ 
sion  are  both  important  to  the  leading-order  solu¬ 
tion,  i.e.  we  are  dealing  with  a  weakly  nonlinear 
dispersive  wave  system.  However,  it  may  not  be 
a  serious  restriction  because  the  above  assumption 
seems  to  be  valid  in  a  wide  range  of  Ursell  numbers 
as  shown  by  Lee,  Yates  &  Wu  [12].  Since  we  are  in¬ 
terested  in  the  ship’s  speed  in  the  neighborhood  of 
the  critical  Froude  number,  it  is  expanded  as  follows: 

Fl  =  1  —  2 afi2  with  a  =  0(1)  .  (10) 

In  order  to  include  the  lateral  dispersion  as  well 
as  the  longitudinal  dispersion,  we  have  to  choose  a 

wide  tank  in  comparison  with  the  ship  length 

W/L=l/iir)  with  r?  =  0(1)  .  (11) 

It  is  in  general  recognized  that  the  governing 
parameter  of  the  problem  is  the  blockage  coefficient, 
which  is  simply  the  area  ratio  of  the  midship  to  the 
tank  cross-section.  As  pointed  out  by  Mei  [13],  the 
order  of  magnitude  of  the  blockage  coefficient  must 
be  0(/z4) 

=  Sj2Wh  =  0(/z4)  ,  (12) 

where  Sm  is  the  maximum  cross-sectional  area  of  a 
ship.  If  we  assume  the  ship  to  be  slender,  of  which 
the  characteristic  transverse  dimension  is  denoted 
by  R0,  then  the  slenderness  parameter  becomes 

6  =  R0/L  =  0{i u.2)  .  (13) 


It  indicates  that  the  nonlinearity  arises  directly  from 
the  disturbance  caused  by  a  slender  ship. 

As  a  result,  we  have  four  characteristic  lengths 
in  this  problem  ;  water  depth  (/t),  tank  width  (2 W), 
ship’s  length  (2 L)  and  transverse  length  (i?0),  which 
have  vastly  different  scales  each  other. 

h/L  =  W/L  =  0(/i-1),  R0/L  =  0(M2).  (14) 

To  accommodate  these  in  our  analysis  in  a  consis¬ 
tent  manner,  it  is  adequate  to  divide  the  fluid  do¬ 
main  into  three  regions;  near  the  ship,  far  from  the 
ship  and  an  intermediate  region  therebetween.  The 
procedure  of  the  derivation  has  been  reported  in  de¬ 
tail  in  [10].  Hence  we  cite  here  only  the  results. 

In  the  far  field,  the  geometry  of  the  tank  affects 
the  propagation  of  waves,  but  the  generation  mech¬ 
anism  of  the  waves  is  not  known.  The  wave  field  is 
described  by  a  homogeneous  two-dimensional  KdV 
or  KP  equation  [14] 

3  1  1  2  fx 

&  —  +  2^X  q$zxx  2^  J  $vvd%  »  (15) 

It  shows  a  balanced  interplay  between  the  nonlinear 
and  the  two-dimensional  dispersion.  It  is  a  three- 
dimensional  counterpart  of  the  KdV  equation,  be¬ 
cause  it  contains  the  lateral  dispersion  as  well  as  the 

longitudinal  dispersion.  In  the  above,  the  variables 
are  made  dimensionless  by 

x  =  Lx',  y  =  Wy',  ?  =  At',  t  =  (16) 

For  the  sake  of  brevity,  the  primes  axe  dropped  here¬ 
after. 

In  the  near  field,  i.e.  in  the  flow  region  closely 
around  the  ship,  the  kinematic  boundary  condition 
on  the  ship  surface  should  be  invoked.  For  a  slender 
body,  Eq.(2)  can  be  replaced  by 

4>n-{U  +  <f>x)Rx{  1  +  {Re/R)T1/2 .  (17) 

where  the  normal  derivative  on  the  ship  surface  is 
approximated  by  that  on  its  transverse  plane.  Here 
Re  stands  for  the  circumferential  derivative  of  the 
cross  section.  The  presence  of  a  ship  and  its  mo¬ 
tion  can  be  represented  by  source  distributions.  By 
applying  the  law  of  mass  conservation  to  a  fluid  do¬ 
main  surrounded  by  the  ship  surface,  the  free  surface 
and  a  control  surface  located  far  away  from  the  ship, 
but  still  within  the  near  field,  the  source  strength  is 
readily  determined 

q  =  ~psz(x)  with  (3  =  ,  (18) 

r\  M 

where  £(2;)  is  the  longitudinal  distribution  of  the 
cross  sectional  area  of  ship. 
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In  the  intermediate  region,  solutions  of  the  far 
and  the  near  fields  are  matched.  As  a  result,  the 
boundary  condition  for  $v  at  y  —  0  turns  out  to  be 


ton’s  principle  to  the  nonlinear  water-wave  problem. 
For  the  problem  at  hand  we  can  define  the  functional 
J  and  the  Lagrangian  L  as  follows: 


fy(x,0,r)  =  --^/3Szx(x)  .  (19) 

And  we  have  the  leading-order  hydrodynamic  pres¬ 
sure 


p  =  iSpghf  +  0(fis)  .  (20) 


The  wave  response  can  be  computed  by  the 
KP  equation  given  in  Eq.(l5)  with  the  boundary 

conditions  given  in  Eq.(4)  and  Eq.(l9).  The  hydro¬ 
dynamic  forces  and  moment  can  be  estimated  based 
on  the  slender  body  approximation  [3],  To  do  it, 
a  simple  explicit  finite  difference  scheme  is  imple¬ 
mented  for  the  KP  equation,  in  which  forward  dif¬ 
ferences  are  chosen  for  time  derivatives  and  central 
differences  for  spatial  derivatives.  But  at  the  wall 
and  the  centerline  of  the  tank,  one-sided  differences 
are  used  in  order  to  incorporate  with  boundary  con¬ 
ditions.  Unidirectional  Sommerfeld-type  radiation 
conditions  are  imposed  on  both  open  boundaries. 
Neverthless,  a  relatively  large  computation  domain 
ahead  of  the  ship  is  provided  to  avoid  numerically 
reflected  waves  from  the  open  boundary.  Then  the 
computation  domain  is  gradually  enlarged  in  both 
directions  as  the  computation  proceeds.  Based  on 
numerical  experience,  the  grid  size  and  time  incre¬ 
ment  are  chosen  as 

Ax  =  0.1,  At  =  0.00002 

and  Ay  is  so  taken  as  the  ratio  of  Ax/ Ay  remains 
unity  in  the  physical  plane  for  better  resolution  of 
dispersion. 

The  Series  60  with  Cb  =  0.8  is  numerically 
modelled  in  terms  of  the  longitudinal  distribution 
of  its  cross-sectional  area.  However,  the  portion  of 
both  ends  has  been  slightly  modified  by  a  parabolic 
distribution  in  order  to  satisfy  the  slender  body  as¬ 
sumption. 

Finite  Element  Method 

The  finite  element  method  has  been  success¬ 
fully  applied  to  nonlinear  water-wave  problems,  for 
example,  Washizu  et  al.[l5],  Ikegawa  [16],  Nakayama 
&  Washizu  [17],  Washizu  &  Nakayama  [18],  Betts  & 
Assaat  [19],  Bai,  Kim  &  Kim  [7]  (hereafter  referred 
to  as  BKK),  Bai,  Kim  &;  Lee  [20],  Bai,  Kim  &  Lee 
[21]  and  Kim  Sz  Bai  [22].  The  finite  element  method 
is  based  on  Luke’s  variational  principle  in  [16]- [19]. 
However,  in  the  present  paper,  the  variational  func¬ 
tional  given  in  Miles  [8]  is  used  as  the  basis  of  the 
finite  element  computations.  This  variational  form 
is  simply  a  direct  application  of  the  classical  Hamil¬ 


rf 

J  =  J  L  dt ,  (21) 

L  +  dS~U  f  nz<j>  dS 

JSp  J  So 

-  lL^‘dV~H/ds  <”> 

-  lLrp'dS' 

whereSF  is  the  projection  of  SF  on  the  Oxy  plane 
and  t*  is  the  final  time.  </>  denotes  the  velocity  poten¬ 
tial  on  the  free  surface,  i.e.  <£(x,y,t)  =  <j>(x,y,$,t). 

By  taking  the  variations  on  J  with  respect  to 
the  unknown  functions,  £  and  (j>,  we  obtain 


Lo>rf5  (23) 

-PL  w» + u<t>x 

Jo  JsF 

+\\V4>\ 2  +  gz+\=s  S{  dSdt, 

2  p  ‘ 

/>[  <24> 

L  U  +  u<x  -  -4>n)  stds 

JsF  V  Tlz  /  z—£ 

—  [  (4>n  +  Unx)  S<f>  dS 

J  So 

+  f  VV  H  dV  . 

Jd 

Here  SJ  —  6J(  +  SJ#.  Equation  (23)  shows  that 
the  dynamic  free-surface  boundary  condition  is  re¬ 
covered  from  the  stationary  condition  on  J  for  the 
variation  of  £  at  each  time  step.  The  wave  eleva¬ 
tions  at  t  =  0  and  t*  are  supposed  to  be  specified  as 
the  constraints.  Equation  (24)  shows  that  the  kine¬ 
matic  condition  on  SF  and  the  governing  equation  in 
the  fluid  domain  are  recovered  from  the  stationary 
condition  on  J  for  the  variation  of  <f>. 

In  the  numerical  procedure  for  the  applica¬ 
tion  of  the  finite  element  method,  we  discretize  the 
fluid  domain  into  a  number  of  finite  elements.  Then 
we  approximate  <j>  in  N-dimensional  function  space 
whose  basis  is  continuous  in  D.  We  denote  the  basis 
of  this  trial  space  by  •  It  is  convenient  to 

introduce  another  set  of  basis  function,  denoted  by 
{Mk}k=i,...,NF>  which  is  defined  only  on  the  free  sur¬ 
face.  By  the  introduction  of  these  basis  functions, 
one  can  represent  <f>,  <f>  and  £  as 


6J(  = 


SJ#  = 
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4>{x,y,z,t)  =  4>i(t)Ni(x,y,z;f),  (25) 

&(x,y,t)  =  4>k{t)Mk[x,y),  (26) 

$[x,y,t)  =  ik(t)Mk(x,y),  (27) 

where 

Mk{x,y)  =  Nit(x,y,z-,  ?)|*=„  (28) 

k  =  1, . . . ,  Np- 

Here  Np  is  the  total  number  of  nodes  on  Sp  and  ik  is 
the  nodal  number  of  the  basis  function  ]Vj,  of  which 
the  node  coincides  with  that  of  the  free-surface  node 
k.  Summation  conventions  for  the  repeated  indices 
are  used  here.  It  should  be  noted  that  the  basis 
function  {#,*},= is  dependent  on  the  free-surface 
shape  z  =  £(x,y,*)  but  its  restriction  on  SF  is  the 
function  of  (x,y)  and  independent  of  ft  This  special 
property  of  {Mk}k=i„.tNF  is  maintained  here  since 
new  nodal  points  in  D  are  shifted  only  along  the 
z-axis  at  each  time  step. 

Once  the  trial  function  is  represented  by  using 
the  above  basis  function,  the  Lagrangian  L  can  be 
written  as 


_  d 

-  -  U4>i 


where 


Tkl  =  f  MkMi  dS , 

J  sF 

Ck,  =  f_  Mk^-  dS, 

JSp  ox 

j  VNi-VNjdV, 


(29) 


Pki  =  9  L  MkMi  dS, 
JsF 

fi  =  u[  nzNidS, 

J  So 

Pk=-L  p(x,y,t)Mk  dS. 
P  *  Sp 


The  tensors  Kty,  Pkl  are  the  kinetic  and  po¬ 
tential  energy  tensors  and  Tk\  is  the  tensor  obtained 
from  the  free-surface  integral,  which  can  be  inter¬ 
preted  as  a  tensor  related  to  the  transfer  rate  be¬ 
tween  these  two  kinds  of  energy.  It  is  of  interest 
to  note  that  in  Eq.(29),  Pki  -  gTkl.  However,  Tkl 
will  be  defined  differently  from  this  in  the  present 
computation  by  introducing  the  lumping  scheme. 

The  stationary  condition  on  J  =  /  Ldt  is  equiv¬ 
alent  to  the  following  Euler-Lagrange  equation 


Tk,jt<f>i  =  -  UCkth  (30) 


1  .  dKij 

~  I**"*  ~Fkl*~Pk' 


„  d 

-  UCkrt 

(31) 

+  Kikj4>i  4"  /*'  '*» 

II 

-  fi  for  i  f  h- 

(32) 

Here  Eq.(30)  and  Eq.(3l)  are  the  nonlinear  ordi¬ 
nary  differential  equation  for  {ft,  <j>k}k=\r.tNP  and 

Eq.(32)  is  the  algebraic  equation  for  {&},-£*  which 
is  the  constraint  for  the  above  two  equations.  Here 
it  should  be  noted  that  the  second  term  on  the  right- 
hand  side  of  Eq.(3l)  is  computed  by  the  volume  in¬ 
tegral  as  originally  defined,  whereas  BKK  used  the 
surface  integral  reduced  from  the  original  volume  in¬ 
tegral.  This  change  is  made  in  the  present  work  since 
the  previous  computation  in  BKK  is  found  to  be  less 
accurate  in  the  conservation  of  energy  compared  to 
the  present  scheme  from  our  numerical  test. 

Eq.(30)  through  Eq.(32)  are  less  advantageous 
in  computations  with  respect  to  the  numerical  sta¬ 
bility.  To  remedy  this  difficulty,  we  introduce  the 
upwinding  and  local  lumping  schemes,  which  are 
often  used  in  a  wide  class  of  computational  fluid 
dynamics.  Following  these  common  steps,  we  ob¬ 
tain  the  final  set  of  the  reduced  ordinary  differential 
equations  as  follows: 


Jt4>k=  -  (33) 

JtSk=  -  Uf^Cnud  (34) 

+  Tkl  +  /.  J  . 


177 


Kij4>j  =  -  /,  for  i  *  ik,  (35) 

where 


Tkl  = 

Mi  dS, 

(36) 

f  (  aAi  d  \ 

l  d 

(37) 

Cki  = 

L(M>+  2 

1  ds • 

(  Tm  ,  k  =  1  ; 

Tkt  = 

{  0  ,  otherwise. 

(38) 

Here  a  is  the  upwinding  parameter  as  defined  in 
Hughes  &  Brooks  [23].  In  Equations  (33)  and  (34),  a 
consistent  upwinding  scheme  (also  known  as  Petrov- 
Galerkin  method)  is  employed  as  discussed  in  [23], 
whereas  an  inconsistent  upwinding  scheme  was  used 
in  BKK.  We  leave  out  the  detail  procedures  here 
since  one  can  find  them  in  BKK. 

In  the  finite  element  computations,  two  numer¬ 
ical  models  are  treated,  z.e.  a  Series  60  ship  model 
with  block  coefficient  Cj,=0.8  and  a  pressure  patch 
on  the  free  surface  equivalent  to  the  above  ship  model. 
To  simplify  the  finite-element  grid  generation,  the 
Series  60  ship  model  is  replaced  by  an  vertical  wall¬ 
sided  ship  which  has  the  same  cross-section  axea  and 
the  constant  draft  of  the  original  model  along  the 
ship  length.  This  means  that  the  equivalent  numer¬ 
ical  ship  model  has  rectangular  cross  section  with  a 
constant  draft.  The  finite  element  subdivision  un¬ 
der  the  ship’s  bottom  is  unchanged  while  the  other 
finite  element  subdivision  is  changed  at  each  time 
step  to  accomodate  the  new  location  of  the  free  sur¬ 
face.  An  eight-node  isoparametric  element  is  used 
and  the  integration  is  carried  out  analytically  along 
the  vertical  direction. 

In  the  computations  for  the  pressure  patch  on 
the  free  surface,  a  single  finite  element  is  taken  along 
the  depth  with  a  higher-order  polynomial  basis  func¬ 
tion  which  satisfies  the  bottom  condition.  In  this 
case  the  integration  along  the  vertical  direction  is 
also  carried  out  analytically.  This  is  the  so-called 
p-version  while  the  former  case  is  the  h-ve rsion  in 
the  adaptive  finite  element  method. 

NUMERICAL  RESULTS  &:  DISCUSSIONS 

To  simulate  the  tank  tests  [11],  the  Series  60 
ship  with  Cb  —  0.8  is  chosen  as  the  numerical  model. 
Its  length,  beam  and  draft  are  1.52m,  0.23m  and 
0.075m  respectively.  The  water  depth  is  0.15m.  The 
tank  widths  axe  1.22m,  2.44m,  4.88m.  In  addition 
to  these,  a  much  wider  tank  is  considered  to  exam¬ 
ine  the  effect  of  the  tank  width  on  the  formation 
and  propagation  of  upstream  waves  by  the  method 
based  on  the  KP  equation.  But  in  the  finite  ele¬ 


ment  computations,  an  equivalent  pressure  patch  is 
treated  by  increasing  the  width  up  to  480  times  the 
water  depth,  since  this  is  easier  to  compute  than  a 
ship  model. 

Throughout  the  computations,  the  motion  is 
assumed  to  start  with  a  prescribed  constant  speed 
as  a  step  function.  In  presenting  the  two  sets  of 
computed  results,  we  denote  those  obtained  by  the 
KP  equation  with  a  slender  body  approximation  by 
KP,  and  those  of  the  finite  element  method  by  FEM. 
The  physical  quantities  with  dimensions  are  shown 
as  functions  of  the  real  time  for  the  convenience 
to  compare  with  the  earlier  experimental  work  [11]. 
Accordingly  the  wave  resistance  and  the  lift  force  are 
given  in  Newton  and  the  moment  in  Newton-meter. 

The  numerical  results  of  the  forces  and  mo¬ 
ment  for  the  experimental  condition  with  the  tank 
width  of  2.44  m  are  shown  in  Fig.2  through  Fig.5. 
In  these  figures,  the  solid  line  corresponds  to  FEM, 
while  the  dotted  line  to  KP,  if  not  indicated  other¬ 
wise.  Fig.2a-2c  display  the  time  histories  of  the  wave 
resistance  for  the  depth  Froude  numbers  Fh  —  0.9, 
1.0,  and  1.1,  respectively.  For  Fh  =  0.9,  the  com¬ 
puted  values  by  both  methods  coincide  fairly  well 
after  5  seconds.  However,  the  discrepancies  are  con¬ 
siderable  for  F/j=1.0  and  1.1.  It  is  of  interest  to 
note  that  the  magnitude  of  the  oscillatory  behav¬ 
ior  becomes  large  in  the  case  of  FEM  for  Fh  —  1.1. 
To  investigate  this  rather  large  discrepancy,  two  dif¬ 
ferent  expressions  for  the  pressure  are  used  for  the 
computation  of  forces  and  moment  in  FEM;  the  ex¬ 
act  Bernoulli’s  equation  and  linearized  Bernoulli’s 
equation  based  on  the  linear  shallow  water  approxi¬ 
mation.  These  two  sets  of  computations  are  given  in 
Fig.  3a-3c,  where  the  solid  lines  indicate  the  exact 
form  and  the  dotted  lines  the  linear  approximation. 
These  figures  explain  partly  the  source  of  the  dis¬ 
crepancies  observed  in  Fig.  2b  and  2c,  since  the  KP 
equation  is  an  approximate  solution  to  the  problem. 
Furthermore,  the  ship  has  been  assumed  to  be  slen¬ 
der  and  only  the  leading-order  pressure  has  been 
taken  into  account.  It  is  to  mention  that  the  both 
methods  give  greater  wave  resistance  than  the  ex¬ 
perimental  measurement  in  all  the  cases  studied. 

Fig.  4a-4c  are  the  computed  results  of  the 
lift  force  for  Fh  =  0.9,  1.0,  and  1.1.  Contrary  to 
the  wave  resistance  discussed  above,  the  lift  forces 
by  FEM  are  consistently  smaller  than  those  by  KP. 
FEM  predicts  a  longer  oscillatory  period  than  KP. 
Presumably  this  is  due  to  the  difference  in  the  dis¬ 
persion  in  the  two  methods. 

In  the  similar  fashion,  the  moment  with  re¬ 
spect  to  the  origin  is  illustrated  in  Fig.5a-5c.  The 
moment  estimated  by  KP  is  almost  twice  as  large 
as  that  by  FEM  for  Fh  =  0.9  in  Fig  5a.  The  results 
of  KP  contain  considerable  oscillatory  components, 
whereas  those  obtained  by  FEM  are  nearly  constant 
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after  5  seconds. 

The  time  histories  of  the  forces  and  moment 
at  the  critical  speed  for  the  tank  widths  of  1.22m, 
2.44m  and  4.88m,  denoted  by  1,  2,  3  in  this  order, 
are  depicted  in  Fig. 6  through  Fig. 8.  The  wave  resis¬ 
tance  is  given  in  Fig.6,  and  the  lift  force  and  moment 
are  in  Fig. 7  and  Fig. 8,  respectively.  The  results  ob¬ 
tained  by  KP  are  indicated  by  (a)  and  FEM  by  (b)  in 
these  figures.  As  the  tank  width  becomes  larger, the 
wave  resistance  and  the  moment  decrease  and  they 
seem  to  converge  to  some  limit  values.  But  the  lift 
increases  as  the  tank  width  increases. 

The  evolutions  of  the  surface  elevation  evalu¬ 
ated  at  90cm  ahead  of  the  bow  (Gauge  No.  3  in 
[11])  for  the  tank  width  of  2.44m  are  shown  in  Fig.9 
a-c.  The  asterisk  marks  correspond  to  the  experi¬ 
mental  measurements,  but  the  starting  time  is  only 
of  qualitative  meaning  due  to  the  different  nature  of 
the  initial  conditions  in  the  computations  and  the 
experiments.  For  the  subcritical  speed,  Fh  =  0.9, 
the  measured  profile  looks  closer  to  FEM,  but  the 
trend  is  opposed  for  Fh  =  1.0  and  1.1.  Over  the 
three  speeds,  the  generation  period  of  the  upstream 
solitons  is  shorter  in  the  results  calculated  by  KP 
compared  to  those  by  FEM.  It  is  observed  that  the 
mean  water  level  is  slightly  higher  in  KP  for  Fh  = 
0.9. 

In  Table  1,  the  amplitude  and  propagation  speed 
of  the  first  soliton,  and  the  generation  period  be¬ 
tween  first  two  solitons  axe  listed  together  with  the 
experimental  measurements.  Here  the  tank  widths 
are  indicated  by  the  ratios  to  the  ship  length,  namely 
W/L  -  0.8,  1.6  and  3.2  for  2 W  =  1.22m,  2.44m  and 
4.88m,  respectively.  The  amplitude  measured  by 
experiments  is  the  smallest  among  three  for  W/L 
=  0.8,  but  it  is  somewhat  between  the  two  com¬ 
puted  results  for  W/L  =  1.6  and  3.2.  It  is  inter¬ 
esting  to  note  that  KP  predicts  consistently  higher 
amplitudes  for  all  cases.  For  the  propagation  speed, 
the  overall  behaviour  is  similar  as  in  the  amplitude. 
But  there  is  no  clear-cut  trend  in  the  case  of  the 
generation  period.  The  period  measured  in  the  ex¬ 
periment  is  longer  than  the  numerical  predictions 
for  Fh  =  0.9,  whereas  the  result  obtained  by  FEM 
is  the  longest  for  Fh  =  1.1. 

Based  on  his  systematic  experiments,  Ertekin 
[11]  concluded  that  the  characteristics  of  upstream- 
advancing  solitons  are  determined  primarily  by  the 
blockage  coefficient  and  the  detailed  geometry  of 
disturbances  is  of  secondary  importance.  Recently 
Pedersen  [24]  and  Ertekin  &  Qian  [2]  investigated 
the  influence  of  parameters  other  than  the  blockage 
coefficient  on  the  generation  mechanism  of  solitons. 
Along  this  line,  we  carried  out  additional  computa¬ 
tions  by  KP  for  a  slender  ship  with  a  parabolic  dis¬ 
tribution  of  cross  sectional  area  ( Cb  =  0.667)  with 


the  same  blockage  coefficient  as  the  Series  60  ship 
(Cb  —  0.8).  The  result  for  W/L  =  1.6  is  given  in  Ta¬ 
ble  2.  Comparing  it  to  the  corresponding  result  for 

the  Series  60  ship  in  Table  1,  we  can  recognize  that 
the  amplitude  and  the  period  have  been  remarkably 
changed.  The  amplitude  is  decreased  by  about  0.06 
times  the  water  depth  and  the  period  is  increased  by 
about  20%  for  all  three  speeds  considered.  We  may 
conjecture  that  the  hullform,  which  may  be  properly 
represented  in  terms  of  ship’s  block  coefficient,  plays 
a  significant  role  on  the  generation  of  solitons. 

Fig. 10  and  Fig.  11  are  the  snapshots  of  wave 
contour  around  the  ship  in  a  tank  of  width  4.88m  at 
the  critical  speed.  Due  to  the  different  nondimen- 
sionalization,  the  time  instances  are  slightly  shifted 
in  two  figures.  The  solid  lines  represent  a  constant 
positive  surface  elevation  and  the  dotted  lines  denote 
a  negative  surface  level.  Two  adjacent  lines  differ 
the  surface  elevation  by  0.04  times  the  water  depth. 
The  wave  contours  obtained  by  KP  looks  more  com¬ 
plicated  and  upstream  waves  propagate  faster  than 
those  obtained  by  FEM.  It  is  partly  due  to  the  dif¬ 
ference  in  the  propagation  speed,  as  shown  in  Table 
1  (b).  In  these  figures,  we  can  observe  the  formation 
of  stem  waves  at  the  wall,  when  the  waves  generated 
from  the  bow  are  reflected  there.  The  stem  waves 
are  further  developed,  as  time  elapses.  It  suggests 
that  the  formation  of  straight  crestlines  is  associated 
with  the  stem  waves,  which  supports  the  conclusion 
made  by  Pedersen  [24]. 

The  perspective  views  of  the  wave  fields  for 
the  above  case  are  illustrated  in  Fig. 12  for  KP  and 
Fig.  13  for  FEM,  respectively.  Cautions  should  be 
paid  that  the  vertical  displacement  is  exaggerated  by 

5  times  compared  to  the  horizontal  scales.  The  up¬ 
stream  solitons  and  three-dimensional  downstream 
waves  are  clearly  shown. 

Fig. 14  shows  the  wave  resistance  computed  by 
FEM  by  systematically  increasing  the  tank  width 
for  the  pressure  patch.  In  this  case  the  pressure 
distribution  is  specified  to  have  the  same  blockage 
coefficient  as  the  ship  model  in  the  earlier  exper¬ 
imental  condition.  The  pressure  is  assumed  by  a 
trapezoial  distribution  in  both  x-  and  y-  directions 
and  constant  along  the  length  of  the  parallel  middle 

body  in  the  x-direction.  The  length  of  the  pressure 
patch  is  taken  to  be  same  as  the  ship  length.  Along 
the  j/-axis  the  pressure  distribution  is  assumed  to 
be  constant  along  0.8  times  the  water  depth  and 
changes  linearly  to  zero  at  the  edges  of  the  patch. 
The  width  of  the  patch  is  taken  2.4  times  the  wa¬ 
ter  depth.  The  number  indicated  to  the  lines  cor¬ 
responds  to  the  tank,  whose  width  is  consecutively 
doubled  starting  from  2 W  =  1.22 m  upto  5.  The  line 

6  is  the  case  for  the  tank  width  of  72 m. 

The  oscillatory  component  in  the 
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wave  resistance  is  pronounced  for  small  tank  width, 
whereas  it  becomes  insignificant  as  the  tank  width 
becomes  very  large.  However,  the  mean  value  of  the 
wave  resistance  remains  nearly  constant  after  5  sec¬ 
onds.  It  is  to  note  that  the  values  of  wave  resistance 
for  the  pressure  patch  are  smaller  than  those  for  the 
ship  (see  Fig. 6b). 

For  the  above  pressure  patch,  the  computation 
domain  is  continuously  enlarged  up  to  2 W/h  —  480. 
The  maximum  tank  width  treated  here  may  be  re¬ 
garded  as  a  case  of  infinite  width  at  that  time.  Be¬ 
cause  the  tank  width  is  kept  sufficiently  large  by  in¬ 
creasing  it  at  every  time  step  so  that  the  disturbance 
near  the  side  walls  is  not  felt  in  the  computations. 
Fig.15  is  three-dimensional  wave  profile  at  Ut/h  = 
320  obtained  from  FEM.  It  is  to  observe  that  two 
diverging  waves  have  already  advanced  upstream. 

The  first  Crestline  is  plotted  on  a  logarithmic 
scale  in  Fig.  16,  where  xc  is  referred  to  the  x  loca¬ 
tion  of  the  Crestline  at  the  centerline  of  the  tank. 
Although  the  slope  in  this  scale  varies  slightly  with 
time,  it  is  approximately  0.5.  It  suggests  that  the 
Crestline  is  almost  a  parabola,  which  was  also  dis¬ 
cussed  by  Redekopp  [25]  and  Lee  &  Grimshaw[26]. 
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Fig. 2  Wave  Resistance  (2W  =  2.44m) 

-  :  FEM, -  :  KP 
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Pig. 3  Exact  and  Linear  Approximate  Wave  Resis-  Fig. 4  Lift  Force  (2W  —  2.44m) 

tances  by  FEM  (2W  =  2.44m).  -  :  FEM, - 
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Fig. 5  Trimming  Moment  (2W  =  2.44m) 
-  :  FEM, -  :  KP 


Fig.6  Wave  Resistances  for  Three  Different  Tank 
Widths  (  1  :  1.22m,  2  :  2.44m  ,  3  : 

4.88m  )  at  the  Critical  Speed 
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Fig. 7  Lift  Forces  for  Three  Different  Tank  Widths 
(  1  :  1.22m,  2  :  2.44m  ,  3  :  4.88m  ) 

at  the  Critical  Speed 
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.8  Trimming  Moment  for  Three  Different  Tank 
Widths  (  1  :  1.22m,  2  :  2.44m  ,  3  : 

4.88m  )  at  the  Critical  Speed 


Fig. 9  Free-Surface  Elevation  at  the  Guage  (90cm 

Ahead  of  the  Bow)  -  :  FEM, 
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Fig.10  Wave  Contour  at  the  Critical  Speed  (KP,  2W 
—  4.88m) 


Fig. 13  Wave  Evolution  at  the  Critical  Speed  (FEM, 
2W  =  4.88m) 


Table  1  The  Amplitude  and  Speed  of  the  First  Soli- 
ton,  and  the  Generation  Period  Between  First 
Two  Solitons  for  Series  60  (Cb  =  0.8) 


Table  2  The  Amplitude  and  Speed  of  the  First  Soli- 
ton,  and  the  Generation  Period  Between  First 
Two  Solitons  for  a  Slender  Ship  (Cb  =  0.667) 


(a)  Amplitude 


A/h 

W/L=0.8 

W/L=1.6 

W/L=3.2 

KP 

.480 

.315 

.202 

Fk  =  0.9 

FEM 

.384 

.234 

.134 

EXP 

.367 

.273 

.143 

KP 

.623 

.445 

.322 

£ 

II 

b 

FEM 

.566 

.397 

.285 

EXP 

.551 

.438 

.303 

KP 

.785 

.625 

.490 

£ 

ii 

H- 1 
1— i 

FEM 

.686 

.566 

.475 

EXP 

.608 

.585 

.480 

A/h 

C/VgK 

UT,/h 

Fh  =  0.9 

.253 

1.123 

38.91 

II 

h-t 

b 

.384 

1.216 

48.47 

Fh  =  1.1 

.565 

1.275 

66.28 

(b)  Speed 


C/v^S 

W/L=0.8 

W/L=1.6 

W/L=3.2 

KP 

1.218 

1.155 

1.078 

II 

o 

b 

FEM 

1.175 

1.100 

1.050 

EXP 

1.170 

1.100 

1.060 

KP 

1.293 

1.216 

1.153 

Fh  =  1.0 

FEM 

1.250 

1.175 

1.125 

EXP 

1.240 

1.190 

1.130 

KP 

1.367 

1.304 

1.227 

Fh  =  1.1 

FEM 

1.300 

1.250 

1.200 

EXP 

1.280 

1.260 

1.210 

(c)  Generation  Period 


UTg/h 

W/L=0.8 

W/L=1.6 

W/L=3.2 

KP 

20.04 

31.83 

41.26 

Fh  =  0.9 

FEM 

30.20 

37.40 

53.60 

EXP 

32.70 

48.10 

65.10 

KP 

24.89 

39.29 

60.26 

ii 

i-1 

o 

FEM 

35.40 

47.30 

88.40 

EXP 

37.80 

49.80 

85.20 

KP 

33.14 

54.75 

90.78 

Fh  =  1.1 

FEM 

44.20 

57.40 

128.70 

DISCUSSION 

William  C.  Webster 

University  of  California  at  Berkeley,  USA 

In  reference  [6],  we  presented  numerical  results  based  on  Green- 
Naghdi  theory  for  the  same  problem.  Did  you  compare  your  results 
with  these  computations? 

AUTHORS’  REPLY 

We  are  well  aware  of  your  excellent  paper  coauthored  with  Profs. 
Ertekin  and  Wehausen,  where  valuable  numerical  results  are 
contained  based  on  the  Green-Haghdi  directed-sheet  model.  We  have 
already  compared  these  results  with  ours  based  on  the  Finite  Element 
Method  and  the  KP  equation  in  two  separate  papers,  both  presented 
at  the  5th  International  Conference  on  Numerical  Ship 
Hydrodynamics  in  references  [7,10].  We  did  not  include  these 
comparisons  here  since  we  concentrated  only  on  the  effect  of  the  tank 
width  on  the  wave  responses  by  using  the  two  different  methods. 

DISCUSSION 

Theodore  Y.  Wu 

California  Institute  of  Technology,  USA 

This  paper,  delivered  lucidly  by  Prof.  Hang  Choi,  is  of  basic  interest 
and  bears  significance  in  that  two  theoretical  models  of  quite  different 
approach  and  of  different  orders  in  accuracy  are  here  applied  to 
provide  results  on  this  valuable  comparative  study.  I  hope  the 
authors  can  clarify  whether  their  FEM-method  is  indeed  equivalent 
to  the  exact  Euler  flow  model  on  theoretical  basis,  notwithstanding 
numerical  errors. 

Of  particular  interest  would  be  a  further  exploration  on  the 
asymptotic  behavior  of  these  two  models  in  two  special  limits:  (i)  as 
the  body-length-to-channel  width  ratio  tends  to  zero,  (ii)  as  the 
velocity  of  forcing  approaches  the  upper  or  the  lower  bound  at  which 
the  upstream  emission  of  solitary  waves  would  evanesce.  I  would 
like  to  encourage  the  authors  to  continue  their  excellent  efforts  in 
these  directions  to  cast  new  lights  on  this  very  interesting 
phenomenon. 

AUTHORS’  REPLY 

We  highly  appreciate  the  discussion  raised  by  Prof.  Wu.  To  the  first 
question  whether  our  FEM-method  is  equivalent  to  the  exact  Euler 
flow  model  on  theoretical  basis,  we  would  like  to  stress  that  the  basis 
of  our  FEM-method,  i.e.,  the  variational  principle  in  our  paper  is 
equivalent  to  the  exact  inviscid  irrotational  flow  with  a  free  surface. 
In  the  procedure  of  the  FEM-method,  the  unknown  free  surface  is 
also  represented  as  a  part  of  solutions  and  solved  numerically  through 
iterative  scheme.  In  this  sense,  the  present  FEM-method  is 
equivalent  to  the  exact  potential  flow  model,  except  discretization  of 
continuous  functions. 

Concerning  with  the  comment  on  the  case  of  laterally  infinite  tank, 
we  tried  to  numerically  follow  the  similarity  solution  of  Redekopp 
[25].  But  due  to  the  limited  computing  capacity,  we  are  able  to  show 
only  an  intermediate  result  which  indicates  the  Crestline  of  the  first 
diverging  waves  being  nearly  a  parabola. 

Based  on  the  present  computations,  it  is  hard  to  predict  the  upper  and 
lower  bounds  of  forcing  speed  at  which  the  quasi -periodic  emission 
of  upstream-advancing  solitons  evanesces. 


DISCUSSION 

John  V.  Wehausen 

University  of  California  at  Berkeley,  USA 

As  I  understand  the  authors,  the  calculations  based  upon  the  KP 
equations  for  a  vertical  strut  just  touching  the  bottom  and  with  a 
profile  determined  by  the  section-curve  of  a  Wigley  hull  or  of  Series 
60,  CB  =  0.80,  whereas  those  based  upon  the  Laplace  equation  are 
for  a  ship  with  the  same  overall  dimensions  as  the  latter  hull  but  with 
an  altered  section-area  curve  appropriate  to  a  wedge-shaped  hull;  the 
blockage  coefficients  are  the  same.  One  is  tempted  to  conjecture  that 
the  differences  in  results  may  be  due  as  much  to  the  different 
geometries  as  to  the  differenct  methods  of  computation.  Table  2  may 
support  this  conjecture  for  the  KP  equations.  Ertekin’s  (11) 
conclusion  that  blockage  coefficient  is  the  most  important  parameter 
in  determining  properties  of  the  solitons  was  based  upon  experiments 
with  only  one  hull  shape.  Later  computations  for  struts,  using  T.  Y. 
Wu’s  generalized  Boussinesq  equations,  have  shown  also  some 
dependence  upon  hull  form.  Would  the  authors  care  to  comment? 

By  chance,  calculations  have  been  given  in  Ertekin,  Qian  and 
Wehausen  (Engineering  Science,  Fluid  Dynamics.  A  Symposium  in 
Honor  of  T.  Y.  Wu.  World  Scientific  Publishing  Co.,  pp.  29-43, 
Table  1 ,  line  1)  for  the  same  configuration  as  in  Table  2,  but  only  for 
Fh  =  1.0.  The  generalized  Boussinesq  equations  were  used.  The 
values  obtained  were  A/h  =  0.36,  c^gh)*  =  1.14,  UTg/h  =  61. 
The  agreement  for  the  first  two  values  is  perhaps  not  unsatisfactory, 
but  this  does  not  seem  to  be  true  for  the  third.  The  discrepancies 
could  be  a  result  of  numerical  error  or  of  the  different  equations  used. 

AUTHORS’  REPLY 

Thank  you  very  much  for  your  nice  comments.  To  the  first 
comment,  we  agree  with  you.  However,  in  the  FEM  computations 
we  used  not  only  the  same  length  and  draft  but  also  the  same 
sectional  area  with  slightly  reduced  beam. 

To  the  comments  in  the  second  paragraph,  we  also  agree  with  you. 
The  discrepancies  in  the  numerical  results  by  different  methods  are 
due  to  the  differences  in  the  numerical  procedures  as  well  as  the 
governing  equations. 
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Numerical  Simulation  of  Ship  Waves  and 
Some  Discussions  on  Bow  Wave  Breaking  &  Viscous 
Interactions  of  Stern  Wave 

K.-H.  Mori,  S.-H.  Kwag,  Y.  Doi  (Hiroshima  University,  Japan) 


Abstract 

Numerical  calculations  are  carried 
out  to  simulate  the  free-surface  flows 
around  the  Wigley  model  and  S-103  Inuid 
model.  The  N-S  equation  is  solved  by  a 
finite  difference  method  where  the 
body-fitted  coordinate  system,  the  wall 
function  and  the  triple-grid  system  are 
invoked.  The  numerical  scheme  being 
examined  for  the  scheme  to  be  accept¬ 
able  for  discussions,  the  calculations 
are  extended  to  the  turbulent  high- 
Reynolds  number  flows  with  the  aid  of 
the  O-equation  model  to  discuss  the 
Reynolds  number  dependency  of  the 
waves.  The  wave  elevation  at  the 
Reynolds  number  of  104  is  much  less 
than  that  at  I06  although  the  Froude 
number  is  the  same.  The  numerical 
results  are  referred  to  predict  the  ap¬ 
pearance  of  the  sub-breaking  waves 
around  bow  and  stern.  The  prediction 
is  qualitatively  supported  by  the  ex¬ 
perimental  observation.  They  are  also 
applied  to  study  precisely  on  the  stern 
flow  of  S-103  as  to  which  extensive 
experimental  data  are  available.  Al¬ 
though  it  is  not  yet  made  clear  about 
the  interaction  between  the  separation 
and  the  stern  wave  generation,  the  ef¬ 
fects  of  the  bow  wave  on  the  develop¬ 
ments  of  the  boundary  layer  flows  are 
concluded  to  be  significant.  The  sub¬ 
breaking  of  the  stern  wave  is  also 
discussed . 


1.  Introduction 

Free-surface  flow  around  ship  is 
one  of  the  most  complicated  flows  where 
various  nonlinear  phenomena  exist  such 
as  wave  breaking,  viscous  interactions, 
free-surface  tension  and  so1  on.  Not 
only  for  the  practical  hull  form  design 
but  also  for  academic  interests,  it  is 
important  to  make  clear  their  flow 
mechanism.  They  are  worthy  to  be 
studied  more  intensively. 

There  are  pretty  many  experimen¬ 
tal  studies  even  about  the  wave  break¬ 


ing  such  as  Duncan[ 1 1 ,  Mori [ 2 ] , 
Maruo[3],  Gr osenbaugh [ 4 ]  and  so  on. 
In  spite  of  their  extensive  experi¬ 
ments,  however,  the  free-surface  non¬ 
linear  phenomena  still  remain  unclear. 
Theoretical  investigations  are  also  at¬ 
tempted  to  explain  the  phenomena  or  to 
provide  a  suitable  model.  Dagan[5], 
Tanaka[6]  and  Mori [7]  applied  the  in¬ 
stability  analysis  to  predict  the 
breaking.  Some  models  for  breaking 
waves  are  proposed  after  experiments. 
There  are  few  studies  on  the  free- 
surface  tension;  Maruo[3]. 

The  stern  flows  with  the  free- 
surface  show  also  important  phenomena 
in  ship  hydrodynamics.  Although  Doi [8] 
and  Stern[9]  studied  extensively  about 
them,  very  little  are  made  clear. 
Despite  the  viscous  interactions  are 
essential  there,  theoretical  approaches 
are  so  limited  and  most  of  the  ap¬ 
proaches  are  based  on  the  simple  flow 
models . 

On  the  other  hand,  there  are  some 
researches  by  the  direct  numerical 
simulations  such  as  Miyata  [  10  ]  , 
Grosenbaugh [ 4 ] ,  Shinfll]  and  so  on. 
They  have  tried  to  make  clear  the 
mechanism  of  the  Navi er-Stokes  equa¬ 
tions  directly.  Because  the  free- 
surface  flows  of  our  interests  are 
strongly  nonlinear  and  viscous  effects 
are  primary,  the  simulations  by  solving 
the  Navier-Stokes  equation  can  be  a 
desirable  tool  for  the  study.  They  can 
provide  any  necessary  data  for  the 
study  once  a  calculation  is  carried 
out . 

However,  the  important  point  is  on 
whether  their  codes  are  accurate  enough 
for  such  studies.  It  may  be  possible 
to  draw  misleading  conclusions  from  the 
results  calculated  by  an  un-proved 
code.  The  use  of  an  insufficient  grid 
scheme  is  likely  to  bring  forth  misun¬ 
derstanding  for  the  phenomena.  The  as¬ 
sumptions  of  2 - d i mens i onal i ty  or 
laminar  low  Reynolds  number  flows  are 
also  possible  sources  for  misun¬ 
derstanding. 

The  present  paper  is  a  study  along 
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the  approach  lastly  mentioned;  the  wave 
breaking  and  the  viscous  interaction  of 
the  stern  waves  are  studied  by  making 
use  of  the  results  of  numerical  simula¬ 
tions.  The  numerical  scheme  for  the 
simulation  is  based  on  the  MAC  method 
where  the  body-fitted  coordinates  and 
the  non-staggered  grid  system  are 
used.  The  convection  terms  are 
presented  by  the  third-order  upstream 
dif f erencings .  The  wall  function  is 
invoked  to  follow  a  steep  velocity 
changes  close  to  the  hull  in  high 
Reynolds  number  flows.  The  turbulent 
stress  terms  are  presented  by  a  0- 
equation  model. 

Bearing  in  mind  the  above- 
mentioned  dangers,  the  computing  code 
is  validated  first  by  carrying  out 
various  computations  to  be  convinced 
with,  although  it  may  not  be  enough  due 
to  the  limitation  of  the  computer.  The 
free-surface  flows  around  the  Wigley 
model  at  the  Reynolds  numbers  of  104 
and  106  are  used  for  this  purpose. 

Although  the  theory  is  2- 
dimensional,  the  results  are  used  to 
predict  the  appearance  of  the  sub¬ 
breaking  waves.  The  viscous  interac¬ 
tion  of  the  stern  waves  is  also  dis¬ 
cussed  . 


2.  Numerical  Simulation  of  Ship  Waves 


and 


-  <  “nir+  wnir) 


Frr 


(3) 


All  the  variables  are  on  the  car¬ 
tesian  coordinates  system(x,y , z)  where 
x  is  in  the  uniform  flow  direction,  y 
in  the  lateral,  and  z  in  the  vertical 
direction  respectively;  u,v  and  w  are 
the  velocity  components  in  the  x-,y-, 
and  z-directions ,  respectively.  They 
are  normalized  by  the  model  overall 
length  L  and  the  uniform  velocity  Uo . 

Subscripts  denote  the  differentia¬ 
tions  with  respect  to  the  referred 
variables  and  superscripts  the  values 
at  the  referred  time-step.  The  term  At 
stands  for  the  time  increment,  p  the 
pressure  and  vt  the  eddy  viscosity.  Rn 
and  Fn  are  Reynolds  and  Froude  numbers 
respectively  based  on  L  and  Uo,  and 
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2 . 1  Basic  Equation 

Numerical  simulations  of  3-D  free- 
surface  flows  are  carried  out  by  solv¬ 
ing  the  N-S  equation  basically  follow¬ 
ing  to  the  MAC  method.  The  velocity 
components  u,  v  and  w  at  (n  +  1)  time 
step  are  determined  by 


Differentiating  (1)  with  respect  to  x,y 
and  z ,  we  can  have 
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x  y  z 
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The  last  term  in  (5)  is  expected 
to  be  zero  to  satisfy  the  continuity 
condition.  (5)  can  be  solved  by  the 
relaxation  method.  The  new  free-surface 
at  the  (n+1 )  th  time-step  is  calculated 
by  moving  the  marker  particles  by 

n+1  n  n  . 

x  =  x  +  u  At 

n+1  n  n  .  ( c x 

y  a  y  +  v  At  ( o ; 


The  oncoming  flow  is  accelerated 
from  zero  to  the  given  constant 
velocity.  Third-order  upstream  dif¬ 
ferencing  is  used  for  the  convection 
terms  with  the  fourth-order  truncation 
error,  and  for  the  central  differenc- 
ings,  4-  or  5-point  central  differenc- 
ings  are  used. 

It  is  desirable  to  introduce 
numerical  coordinate  transformations 
which  simplifies  the  computational 
domain  in  the  transformed  domain  and 
facilitates  applications  of  the  bound- 
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ary  conditions.  In  the  present  study,  a 
numerically-generated,  body -fitted 
coordinate  system  is  used, 

£  =  £(x,y,z)  ,  n  “  T\(x,y,z) 

and  £  =  £(x,y,z)  ^  ^ 

It  offers  the  advantages  of 
generality  and  flexibility  and,  most 
importantly,  transforms  the  computa¬ 
tional  domain  into  a  simple  rectangular 
region  with  equal  grid  spacing. 

Through  transformations,  (1)  can 
be  written  for  the  velocity  component  q 
as 


q  +  U  q  +  V  q  +  W  q 

,  J  (8) 

'  (  Re  vt  )  7  q  ’  K  *  REYSF(5.n.c) 

where, U,V  and  W  are  the  contravariant 
velocities  and  K  is  the  pressure 
gradient.  Their  full  expressions  can  be 
found  in  [12] .  REYSF ( q,  £  )  repre¬ 
sents  the  terms  transformed  from  the 
last  three  terms  on  RHS  of  (2). 

2 . 2  Triple-grid  Method 

It  is  common  to  use  a  single  grid 
system  for  the  whole  computation  whose 
minimum  size  is  determined  for  the 
numerical  diffusion  to  be  less  than 
that  by  viscosity.  However,  the  grid 
size  for  the  calculation  of  the  free- 
surface  elevation  must  be  determined  by 
a  different  scale,  the  minimum  wave 
length[13].  In  our  simulation,  three 
mesh  systems  are  used  whose  sizes  are 
different  from  each  other  depending  on 
the  characteristic  of  equations.  We 
call  it  triple-grid  method  here.  The 
first  one  is  for  the  convective  terms 
in  the  N-S  equation,  the  second  is  for 
the  Poisson  equation,  and  the  third  is 
for  the  free-surface  equation.  The 
third  grid  system  requires  the  finest 
one;  a  quarter  of  the  first  one  in  each 
direction.  Because  it  is  used  only  on 
the  free-surface  which  is  two- 
dimensional,  the  increment  of  the 
memory  is  modest.  On  the  other  hand, 
the  second  one  can  be  coarser  than  the 
first  one;  here  half  of  the  first  one 
is  used.  According  to  the  results,  the 
development  of  the  free-surface  eleva¬ 
tion  is  strikingly  improved.  The  CPU 
time  and  the  memory  size  of  the  present 
computation  are  rather  reduced  owing  to 
the  use  of  coarse  meshes  of  the  second 
mesh  system  for  the  Poisson  equation 
and  the  diffusion  term. 

2 . 3  Body  Surface  Condition 

In  the  numerical  solution  for  vis¬ 
cous  flows,  the  no-slip  condition  for 
the  solid  surface  Is  used  by  discretiz¬ 


ing  the  region  fine  enough  to  the  im¬ 
posed  condition.  This  method,  however, 
requires  a  large  number  of  grid  points 
to  resolve  the  large  gradients  in  the 
near-wall  region  especially  for  the 
high  Reynolds  number  flows.  This  is 
the  main  barrier  in  the  high  Reynolds 
number  calculations.  In  view  of  the 
complexity  involved  in  resolving  the 
near-wall  flow,  it  is  preferable  to 
employ  a  simpler  wall-function  approach 
for  the  velocity  profile  which  can  be 
valid  for  the  velocity  profile  in  the 
near  wall  region. 

In  the  present  study,  the  two- 
point  wa 1 1 - f un c t i on  approach  is 
employed  as  by  Chen  and  Patel  [14],  The 
numerical  solution  is  that  the  velocity 
at  n=3(n=l  is  on  the  wall)  is  provided 
and  the  wall-friction  velocity  UT  Is 
updated  with  some  iterations  by  requir¬ 
ing  this  velocity  to  satisfy  the  law- 
of-wall  equation.  The  iterative  two- 
point  wall-function  approach  for  a 
three-dimensional  flow  means  that  it 
provides  the  updated  boundary  condi¬ 
tions  for  the  numerical  solution  and 
the  procedure  is  iterated  until  the 
solution  converges. 


Fig.l  Perspective  view  of  grid 
scheme 


2 . 4  Computational  Results  and  Discus¬ 
sions 

Computations  are  performed  for  the 
flow  fields  around  the  Wigley  model 
with  free-surface  at  Rn=io4  and  io6  . 
Fig.l  shows  the  perspective  view  of  the 
grid  scheme  used.  For  the  numerical 
stability  and  efficiency,  the  grid 
scheme  near  the  hull  is  required  to  be 
orthogonal  to  it  and  the  grid  size 
should  change  smoothly.  The  grid  number 
is  74x29x19.  During  the  computations, 
the  location  of  grids  between  the  free- 
surface  and  the  bottom  is  re¬ 
distributed  proportionally  to  the  free- 
surface  elevation.  By  this  scheme,  it 
is  expected  that  the  free-surface  con- 
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dition,  i.e.,  the  constant  pressure 
condition  can  be  directly  applied 
without  any  interpolation.  For  the  high 
Reynolds  number  flow,  the  two-layer  al¬ 
gebraic  Baldwin-Lomax  model  is  used  to 
make  the  eddy  viscosity.  The  numerical 
results  are  compared  with  the  ex¬ 
perimental  data  [15] . 


Wigley  Model 


coefficients 


In  order  to  check  the  convergence 
of  the  computations,  the  wave  patterns 
and  drag  coefficients  of  Cp,  Cf  and  Cw 
are  compared  along  the  marching  time 
step  as  shown  in  Figs. 2  and  3,  where 
Cp,  Cf  and  Cw  are  the  pressure,  fric¬ 
tional  and  wave-making  resistance  coef¬ 
ficients  respectively.  Schoenherr  fric¬ 
tion  line  and  the  measured  wave-making 
resistance  coefficient  are  shown  for 
comparison.  Although  the  wave  seems 
still  developing  further,  it  can  be  as¬ 
sumed  to  be  converged  at  T=3.0  where  T 
is  the  non-dimensional  time,  which  can 
be  supported  by  the  results  shown  in 
Fig. 3.  The  calculated  frictional  resis¬ 
tance,  which  is  directly  derived  by  the 
difference  of  the  velocities  at  the 
two  points,  is  still  larger  than  the 
Schoenherr . 

Fig. 4  shows  the  logarithmic  plot 
of  velocity  at  x/L=0.835  in  the  format 
of  the  law-of-wall  (q+  versus  y+)  using 
the  friction  velocity.  Some  plots  are 
drawn  at  several  points  in  the  girth- 
and  depth-wise  directions;  they  are 
generally  in  good  agreement. 

Fig. 5  shows  the  comparison  of  the 
velocity  distributions  near  the  wall 
between  that  obtained  by  making  use  of 
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Fig. 3 

Time  history  of  wave 
patterns  for  Wigley 
at  Rn=10e  and  Fn=0.316 
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Fig. 4  Log  plot  of  velocity  for 
Wigley  model (x/L=0 .835) 
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the  law-of-wall  and  directly.  Because 
the  expression  by  the  wall-function  is 
not  valid  any  more  for  the  separated 
flows,  it  is  not  applied  in  the  stern 
5%  where  the  separation  is  suspected. 
There  the  scheme  is  switched  into  the 
direct  method.  We  can  see  that  the 


Fig. 6  Velocity  vectors  on  free- 
surface 

(a)  Laminar  flow  at  Rn~104 

(b)  Turbulent  flow  at  Rn=106 


(b) 


Fig. 5  u-velocity  distribution  on  free-surface 

(a)  without  wall  function 

(b)  with  wall  function 


wall-function  approach  removes  much  of 
the  dependency  of  the  numerical  solu¬ 
tion  on  the  location  of  the  two  mesh 
points  and  the  steep  velocity  changes 
are  well  followed  even  by  limited  size 
of  grid.  The  usual  logarithmic  law  of 
the  wall  can  be  reasonably  used  in 
favorable  pressure  gradients. 

Fig. 6  shows  the  comparison  of 
velocity  vectors  on  free-surface  be¬ 
tween  the  two  Reynolds  numbers:  the  one 


is  104  which  is  laminar  flow  while  the 
other  IQ6  ,  turbulent.  The  laminar  flow 
is  subject  to  separation  in  the  stern 
region  and  wider  boundary  layer  thick¬ 
ness,  while  the  turbulent  flow  is  to 
larger  velocity  gradient  near  the  hull 
by  which  we  can  guess  a  larger  wall- 
friction  on  the  body  surface.  Fig. 7 
shows  the  comparison  of  the  wave  pat¬ 
terns  at  Rn=  104  and  io6  .  We  can  clearly 
see  that  the  Reynolds  number  dependency 
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Fig:. 7 

Wave  patterns  of 
Wigley  model  at  Fn=0.316 

(a)  Laminar  flow  at  Rn=104 
(Mesh  size : 100x25x15 ) 

(b)  Turbulent  flow  at  Rn=106 
(Mesh  size : 70x25x15) 


CM 


Fig. 8  Wave  profiles  on  hull  surface 
0.2 


0.2 


Fig. 9  Pressure  contour  on  Wigley 
hull  surface  at  Fn=0.316 

(a)  Laminar  flow  at  Rn=104 

(b)  Turbulent  flow  at  Rn=106 


of  the  wave.  It  may  confuse  us  that 
even  the  second  wave  crest  differs  much 
in  height,  for  we  usually  expect  the 
Reynolds  number  effect  on  wave  is  not 
so  significant  there. 

Fig. 8  shows  the  wave  profile  along 
the  hull  surface.  The  Reynolds  number 
of  the  measurement  is  3.59X106  .  It  is 
well  presented  around  the  bow,  but 
slight  discrepancies  are  still  observed 
in  the  aft  half  of  the  hull.  Fig. 9 
shows  the  pressure  contours  on  the  hull 
surface  at  Rn=104  and  106.  The  pressure 
around  the  stern  region  is  much 
recovered  at  106  than  the  low  Reynolds 
number  flow.  The  pressure  distribu¬ 
tion  on  the  hull  surface  shows  some 
wiggles  in  appearance  at  the  bow  and 
stern  parts  due  to  the  use  of  still 
coarse  mesh.  However,  the  wave  height 
on  free-surface,  which  means  the  pres¬ 
sure  here,  shows  no  serious  wrinkles 
because  finer  grid  is  used  there. 

Fig. 10  shows  the  comparison  of 
wave  patterns  between  the  calculated 
and  the  measured.  Although  they  can  not 
be  compared  exactly  due  to  difference 
of  Reynolds  number,  we  can  say  that 
the  computed  patterns  are  qualitatively 
reasonable  for  both  the  bow  and  stern 
waves . 

Fig. 11  shows  the  velocity  vectors 
on  the  transverse  section  near  A.P.  in 
which  the  vortical  motion  can  be  ob¬ 
served  around  the  keel.  It  seems  not 
so  easy  to  calculate  the  cross  flows 
accurately  at  the  stern  part  consider¬ 
ing  some  aspects  in  the  numerical  point 
of  views.  First,  the  assumption  of 
the  symmetry  or  the  steady  flows  should 
be  pointed  out.  The  unsteadiness  and 
non-symmetry  observed  in  experiment 
should  be  taken  into  account  in  numeri¬ 
cal  simulation.  Of  course  the  grid 
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Fig. 10  Comparison  of  wave  patterns  at  Fn=0.289 

(a)  Computed  contour (Rn=lxl06  ) 

(b)  Measured  contour (Rn=3x 106 )[ 15 ] 


Fig. 11  Velocity  vectors  of  Wigley 
model (Rn=106  ,  Fn=0.316  and 
x/L=l . 02 ) 


0.25  0.28  0.31 

Fig. 12  Comparison  of  total  drag 
coefficients  between  the 
computed  and  measured. 


used  in  the  computing  domain  is  still 
coarse  and  can  be  a  reason  of  not  being 
able  to  capture  completely  the  details 
of  the  fluid  motions. 

In  Fig. 12,  comparison  is  made  for 
the  total  drag  coefficients  between  the 
calculated  at  Rn=l06  and  the  measured. 
The  Reynolds  numbers  of  measurement  are 
2.84x10s,  3.28x10s  and  3.59xl06  for  the 
corresponding  Froude  number  of  0.25, 
0.289  and  0.316,  respectively.  For  the 
more  direct  comparisons,  the  measured 
results  are  corrected  at  the  same 
Reynolds  number  of  io6  by  use  of  the 
Prandtl-Schlichting’ s  friction  formula. 
The  computed  drag  is  still  greater  than 
the  experimental  data;  We  can  not  men¬ 
tion  the  reason  for  the  difference  con¬ 
clusively,  but  the  accuracy  of  the 
velocity  calculation  close  to  the  hull 
may  not  be  enough  which  resulted  in 
poor  agreement  in  the  frictional  resis¬ 
tance.  The  computing  time  is  abt.  90 
hrs  for  one  case  by  Apollo  DN-10000 
(abt. 13  MFLOPS ) . 


3.  Detection  of  Sub-breaking  Waves 

3.1  Appearing  Condition  of  Sub-breaking 
Waves 

Computed  results  are  applied  to 
detect  the  appearance  of  the  appearing 
condition  of  sub-breaking  waves  around 
bow.  The  critical  conditions  for  their 
appearance  were  studied  in  Mori[7]. 
There  the  breakings  at  their  infant 
stage  are  concluded  as  a  free-surface 
turbulent  flow.  The  flow  mechanism  is 
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supposed  that  the  surplus  energy  ac¬ 
cumulated  around  the  wave  crest  by  the 
Increment  of  the  free-surface  elevation 
is  dissipated  through  the  turbulence 
production  and  free-surface  could  even¬ 
tually  maintain  itself  without  any 
overturnings  or  backward  flows.  An 
instability  analysis  for  2-dimensional 
flows  provides  a  critical  condition  for 
their  appearance; 


the  free-surface  and  h  is  its  metric 
coefficient,  while  n  is  the  normal;  nz 
the  direction  cosine  of  n  to  z.  Us  is 
the  velocity  component  of  basic  flow  in 
the  s-direction;  k  is  the  curvature  of 
the  free-surface  and  g  the  gravity  ac¬ 
celeration.  Limiting  ourselves  to  a 
narrow  proximity  to  the  wave  crest,  we 
assume  n2  =1  and  9/h9s=9/9x  ;  then 
(9)  can  be  reduced  approximately  into 


M  9m  9us  1  9^z  >  Q 

Ush9s  h9s  nz  h9s 


Us  8  M 
M  9x  Us 


>  0 


where  M  is  the  circumferential  force 

given  by  where, 


_i_  ,  ~  A «  ■  - J 

2 

M  =  (  K  Us  -  nz  g  ) 

nz 

(10) 

2 

M  *  K  Us  -  g 

s  is  the  stream  line 

coordinate 

along 

(11) 


(12) 


Fn-0.25 


M/Uc 


M/Uc 


Fig. 13  Variation  of  M/Us  and 
and  lines  analyses  for 


Fn=0 . 20 


ree-surface  elevation 
bow  wave  breaking. 
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Because  M  is  always  negative,  the 
negative  gradient  of  M/Us  to  x  suggests 
the  possibilities  for  the  free-surface 
flow  to  be  unstable. 

3.2  Numerical  Application  for  Bow  Waves 

The  appearing  condition  is  numeri¬ 
cally  simulated  to  predict  the  ship 
wave  sub-breakings  by  (11).  Although 
the  flow  for  the  Wigley  model  is  not  2- 
dimensional,  3-dimensionality  may  not 
be  so  strong  that  we  can  expect  it  is 
applicable  without  serious  errors. 
Fig. 13  shows  the  variations  of  M/Us  vs 
x  around  the  first  bow  wave  crest.  The 
analyses  are  made  at  three  speeds  of 
Fn=0.20,  0.25  and  0.316  along  the 
curved  lines  indicated  there;  C  is  the 
free-surface  elevation. 

At  Fn  =  0 .20,  no  steep  negative 
gradient  is  seen,  but  the  gradients  at 
Fn=0 . 25  and  0.316  are  significantly 
negative  behind  the  wave  crest.  It  may 
be  suggested  that  the  free-surface 
flows  at  Fn=0 . 25  and  0.316  are  likely 
to  be  unstable  behind  the  wave  crest 
while  that  at  Fn=0.20  is  stable.  Fig. 14 
shows  the  photographs  of  the  free- 
surface  flows  taken  at  three  cor¬ 
responding  Froude  numbers.  There  can  be 
seen  wrinkle-like  waves  behind  the 
diverging  waves  at  Fn=0.25  and  0.316; 
those  at  Fn=0.316  are  much  more  inten¬ 
sive  than  those  at  Fn=0.25.  On  the  con¬ 
trary,  no  such  waves  can  be  observed  at 
Fn=0 . 20 .  This  observation  supports  the 
instability  analysis  for  the  bow  wave 
breaking. 


4.  Discussion  on  Stern  Waves 

The  stern  wave  of  S-103  is  studied 
to  make  clear  the  flow  mechanism  espe¬ 
cially  on  the  viscous  interaction  by 
referring  the  computed  results.  S-103 
is  an  Inuid  model  with  the  beam/ 
length  ratio  of  0.09  and  extensive  ex¬ 
periments  have  been  carried  out  by 
Doi[8].  All  the  experimental  data  are 
referred  from  there. 

4 . 1  Computation  for  S-103  Model 

Fig. 15  is  the  computed  wave  con¬ 
tour  at  Fn=  0 . 30  and  Rn  =  106.  The  result 
is  that  at  the  time  T=4.0,  when  the 
convergence  is  well  assured.  The  grid 
size  is  74x29x30;  computations  are 
carried  out  on  another  finer  grid 
scheme  to  find  no  significant  dif¬ 
ference  in  the  resistance.  The  comput¬ 
ing  domain  is  - 1 . 4 £x / 1 £2 . 0  and 
0.0^y/1^1.4  which  may  not  be  enough 
especially  to  discuss  the  stern  waves, 
where  1  is  the  half  length  of  the 
model.  However,  the  total  grid  number 
of  64,380  is  the  almost  limit  of  the 
computer.  The  computing  time  is  abt. 


Fn  =  0.316 

Fig. 14  Photographs  of  wave  profiles 
for  Wigley  model 


240  hrs  for  a  case  by  Apollo  DN-10000 
(abt. 24  MFL0PS ) .  All  the  computations 
are  carried  out  at  Rn=l06  and  on  the 
same  grid  scheme  even  if  the  Froude 
number  differs. 

Fig. 16  shows  the  calculated  and 
measured  wave  profiles  along  the  hull 
surface  at  Fn=0.30.  The  computed 
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Fig-.  15 

Wave  pattern  of  S-103 
at  Fn=0 . 30  and  Rn=106 
(Contour  interval  is 
0.02x2gC/Uo  and 
dotted  lines  show 
negative  values) 


Fig. 17  Wave  patterns  of  S-103  at  four 
different  Froude  numbers 

profile  shows  a  good  agreement  with  the  Fig. 18,  tells  us  that  the  free-surface 
measured  to  conclude  that  the  present  fluctuates  intensively  there.  The  free- 
numerical  scheme  works  well  and  the  surface  of  Fn=0.27  is  completely  dif- 
results  may  endure  for  our  purpose  to  ferent  where  such  free-surface  fluctua- 
discuss  on  the  flow  mechanism.  tion  is  not  observed.  This  fluctuation 

of  the  free-surface  is  sub-breaking. 

4.2  Review  of  Experiments  It  is  reported  in  Doi[8]  that  the 

starting  points  of  the  stern  waves 
Now  let’s  refer  the  wave  contours  could  be  easily  and  definitely  deter- 

of  S-103  from  [8],  shown  in  Fig. 17.  We  mined  from  the  observed  wave  profiles 

can  notice  significant  difference  in  along  the  hull  at  Froude  numbers  other 

the  stern  wave  patterns  although  the  than  0.27.  This  is  because  the  wave 

Froude  number  changes  modestly  from  profile  at  Fn=0 . 27  is  a  little  dif- 

0.26  to  0.30;  at  Fn=0.27  no  significant  ferent  from  that  at  other  speeds, 

stern  wave  is  observed  compared  with 

those  at  Fn=0.26  or  0.28.  On  the  other  4.3  Discussion  on  Viscous  Interaction 
hand,  a  wide  ’’wake"  zone  is  observed 

behind  the  hull  at  Fn  =  0.30.  A  careful  Fig.  19  shows  the  computed  stern 

observation  of  the  "wake",  as  shown  in  wave  patterns  at  the  three  Froude  num- 
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Fig. 18  Stern  wave  pictures  of  S-103 
at  Fn=0.27  and  0.30 


bers  of  0.27,  0.28  and  0.30.  Comparing 
the  first  stern  wave  crests,  we  can  see 
that  the  result  of  Fn=0.27  looks  dif¬ 
ferent  from  the  others;  not  so  sharply 
developed.  It  differs  from  that  of 
Fn=0.28  although  the  difference  in  the 
speed  is  not  so  large.  The  stern  wave 
crest  of  Fn=0 . 27  is  not  clear.  This 
may  agree  qualitatively  with  the  ob¬ 
served.  On  the  other  hand,  the  crest  of 
Fn=0 . 30  is  rather  sharp  and  large. 

The  modest  elevation  of  the  stern 
wave  at  Fn=0.27  may  be  much  related  to 
the  development  of  the  boundary  layer 
and  separation.  Fig. 20  shows  the 
velocity  profiles  in  the  boundary  layer 
around  the  stern  and  close  to  the 
f ree-surface .  The  separation  of  Fn=0.27 
takes  place  at  more  upstream  position 
than  that  of  Fn  =  0.30.  This  situation 
can  be  seen  more  clearly  in  the  limit¬ 
ing  streamlines  shown  in  Fig. 21.  The 
separated  region  of  Fn=0.27  is  sig¬ 
nificantly  wider  than  that  of  0.30.  The 
experiments  by  twin  tufts  show 
similar  tendency;  the  separated  region 
of  Fn=0 . 30  close  to  the  free-surface  is 
due  to  the  free-surface  sub-breaking 
which  has  been  shown  in  Fig. 18.  It  is 
quite  natural  that  a  dull  pressure 
recovery  by  separation  may  bring  forth 


Fig. 19 

Stern  wave  patterns 
of  S-103  at  Rn  =  l 06 

(a)  Fn=0 . 27 

(b)  Fn=0 . 28 

(c)  Fn=0 . 30 
(Contour  interval  is 
0.02x2g?/Uo  and 
dotted  lines  show 
negative  values) 
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modest  wave  elevation.  On  the  other 
hand,  at  Fn=0.30,  separation  region  is 
so  limited  that  a  steep  pressure 
gradient  may  generate  strong  waves. 

Here  we  should  remind  that  all  the 
computations  are  carried  out  at  the 
same  Reynolds  number  of  lo6  .  This  means 
that  the  flow  fields  are  exactly  the 
same  in  the  sense  of  the  viscous  ef¬ 
fects.  Then  why  such  a  difference  in 
separation?  The  bow  wave  may  be 
responsible;  the  phase  of  the  bow  wave 
can  be  a  key  factor  for  the  separa¬ 
tion.  The  wave  contour  lines  change 
peculiarly  in  the  boundary  layer  and 
wake  at  all  the  speeds.  A  careful  ob¬ 
servation  of  the  f ree-surface ,  shown  in 
Fig. 18,  suggests  us  complicated  flows 
in  the  boundary  layer,  which  may  cor- 


Fig. 20  u-distribution  for  S-103 
on  free-surface 
(a)  Fn=0 . 27  (b)  Fn=0.30 


respond  to  the  computed  peculiar  con¬ 
tour  curves. 

Fig. 22  shows  the  velocity  vectors 
at  the  two  y-z  sections.  Compared  be¬ 
tween  the  two  Froude  numbers,  it  is  ob¬ 
viously  seen  that  the  viscous  region  of 
Fn  =  0 . 27  is  much  wider  than  that  of 
Fn=0.30.  A  wider  wake  region  made  the 
stern  wave  elevation  modest.  The 
peculiar  changes  of  the  wave  contour, 
pointed  out  in  Fig. 19,  is  assumed  to 
appear  in  the  viscous  region. 

4 . 4  Detection  of  Sub-Breaking 

Fig. 23  shows  the  comparison  of 
wave  profiles  and  velocity  vectors  of 
Fn=0.30  between  the  measured  and  the 
calculated.  The  measured  free-surface 
fluctuates  intensively  around  the  crest 
(indicated  by  I  there).  This  fluctua¬ 
tion  corresponds  to  the  sub-breaking 
seen  in  Fig. 18.  Because  no  special  at¬ 
tention  to  the  sub-breaking  is  paid 
in  the  calculation,  the  calculated 
free-surface  is  steady,  of  course.  It 
should  be  pointed  out  that  the  measured 
wave  crest  is  in  upstream  compared  with 
the  calculated.  As  seen  Fig. 18,  the 
crest  angle  of  Fn=0.30  is  much  larger 
than  the  calculated.  If  we  remind  the 
good  agreement  in  the  wave  profile 
along  the  hull  surface,  shown  in 
Fig. 16,  we  can  say  that  the  appearance 
of  the  free-surface  fluctuation,  i.e., 
sub-breaking  makes  the  crest  shift  for¬ 
ward  which  is  commonly  observed  in  ex¬ 
periments  . 

The  detection  of  the  appearance  of 
sub-breaking  waves  is  made  for  the 
stern  waves  at  Fn=0.27  and  0.30.  The 
values  of  M/Us  are  calculated  along 
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Fig. 21 

Calculated ( above ) 
and  observed(below) 
limiting  streamlines 
at  Fn=0.27  and  0.30 
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x/l=0 . 95 


—  0.15 


x/l=l. 05 


Fig . 22 

Velocity  vectors 
in  y-z  planes 
of  S-103 

(a)  Fn=0 . 27 

(b)  Fn=0 . 30 


y / 1  =  0 . 09  which  are  shown  in  Fig. 24. 
Similarly  to  Fig. 13,  the  negative 
gradient  of  M/Us  to  x  suggests  the  oc¬ 
currence  of  unstable  free-surface 
flows.  A  steep  negative  gradient  is- 
seen  in  Fn=0.30  but  not  so  much  in 
Fn  =  0 . 27  .  This  means  that  the  wave 
crest  of  Fn=0 . 30  can  be  subject  to  sub¬ 
breaking  but  not  at  Fn=0.27. 

We  can  point  out  that  the  bow  wave 
affects  much  on  the  separation  and 
eventually  the  stern  wave  generation 
appreciably.  The  appearance  of  sub¬ 
breaking  waves  makes  the  flow  field 
completely  different  and  it  may  be 
necessary  to  include  them  in  the  com¬ 
putation  . 

Measured 


Fig. 23  Wave  profiles  and  velocity 
vectors  on  x-z  plane 
at  y/l=0 . 15  for  S-103 


1.2  1.4  1.6  X/1 


Fig. 24  Variation  of  M/Us  and  free- 
surface  elevation  and  lines 
analyses  for  stern  wave 
breaking  of  S-103 
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5.  Concluding  Remarks 


References 


A  computational  code  is  developed 
to  simulate  the  high  Reynolds  number 
free-surface  flows  around  ship  by  solv¬ 
ing  the  full  Navier-Stokes  equation. 
After  validating  the  scheme,  it  is  ap¬ 
plied  for  the  studies  on  the  Reynolds 
number  effects,  the  detection  of  wave 
breaking  and  viscous  interaction  of  the 
stern  wave.  Findings  through  the 
present  study  are  summarized  as  fol¬ 
lows  . 

(1)  A  numerical  scheme  is  developed  to 
simulate  3-D  free-surface  flows  at 
high  Reynolds  number  by  which  a  steady- 
state  solution  can  be  obtained  with 
monotonic  convergency.  The  triple  grid 
method  is  applied  to  get  well-developed 
free-surface  waves  within  a  moderate 
computer’s  memory.  The  wall  function  is 
used  to  overcome  still  larger  minimum 
grid  spacing,  which  is  confirmed  to 
work  well. 

(2)  The  Reynolds  number  effects  on 
waves  are  significant  especially  on  the 
stern  wave  and  pressure  distribution  in 
the  aft  part  of  the  hull. 

(3)  The  calculated  resistance  is 
greater  than  the  measured.  The  estima¬ 
tion  of  the  frictional  resistance  is 
still  a  source  of  over-estimation.  The 
use  of  much  finer  grid  is  a  possible 
improvement . 

(4)  The  criterion  for  the  appearance 
of  sub-breaking  waves  works  well,  and 
the  present  numerical  scheme  can  be  ap¬ 
plied  to  detect  the  occurrence  of 
breaking  waves  of  ships.  The  results 
are  supported  by  the  observation. 

(5)  The  stern  wave  is  much  affected 
by  the  separation  of  the  boundary  layer 
flow  which  may  be  under  the  influence 
of  the  bow  wave . 

(6)  The  occurrence  of  sub-breaking 
changes  the  flow  fields  drastically, 
especially  for  the  stern  waves.  It  is 
important  to  introduce  a  model  into  the 
numerical  calculation  which  Is  capable 
for  the  breaking. 


All  the  calculations  are  carried  out  by 
Apollo  DN-10000  Computer  at  N.A.&  O.E. 
Dep’t  of  Hiroshima  University. 
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DISCUSSION 

Fred  Stem 

The  University  of  Iowa,  USA 

The  authors’  treatment  of  the  free-surface  boundary  conditions  is 
unclear.  It  appears  that  a  MAC  type  method  is  implemented  using  a 
fixed  grid  that  does  not  conform  to  the  free  surface  since  the  terms 
necessary  for  a  moving  grid  have  not  been  included  in  the  governing 
equations.  A  similar  approach  was  presented  by  Hinc  at  the  5th 
International  Conference  on  Numerical  Ship  Hydrodynamics.  Please 
explain  the  differences  between  the  present  approach  and  that  of 
Hino.  The  grids  used  for  each  of  the  triple  grids  should  be  clearly 
stated.  It  appears  from  the  results  that  the  grid  for  the  convective 
terms  in  the  NS  equations  is  much  too  coarse  to  accurately  resolve  the 
viscous  flow,  e.g.,  Fig.  4  indicates  very  few  points  within  the 
boundary  layer  and  virtually  no  resolution  of  the  logarithmic  and 
outer  wake-like  region  of  the  boundary  layer.  The  reliability  of  the 
discussions  of  the  results  is  uncertain  due  to  these  issues. 

AUTHORS’  REPLY 

1 .  The  free-surface  boundary  conditions  consist  of  the  pressure  and 
kinematic  ones.  Here,  the  pressure  condition  can  be  directly  applied 
because  the  uppermost  moving  grid  at  each  time  step  corresponds 
always  to  the  free-surface.  The  kinematic  condition,  the  fluid 
particles  on  the  free-surface  keep  staying  on  it,  is  used  to  determine 
the  free-surface  elevation  at  each  time  step  in  which  the  velocities  u, 
v,  and  w  are  extrapolated  equally  from  the  value  at  the  lower  grid 
points.  The  viscous  condition,  the  tangential  stress  is  zero  on  the 
free-surface,  is  not  considered  here. 

2.  In  Hino’s  case,  there  are  several  grid  points  above  the  still  water 
surface  and  the  pressure  boundary  condition  is  applied  at  the 
intermediate  point  between  grid  points  as  used  in  the  SUMMAC.  But 
in  our  case,  the  pressure  condition  is  directly  applied  without  any 
interpolation.  The  time  dependent  term  is,  of  course,  taken  into 
account  when  the  grid  is  rearranged. 

3.  On  the  Triple  Grid  Method:  We  used  three  different  schemes  A, 
B,  and  C  for  the  convective  terms,  the  diffusion  terms,  and  the  free- 
surface  condition  respectively;  A,  B,  and  C  are  74x29x19,  37x29x19, 
and  296x116x1  in  x,  y,  z  directions.  The  point  of  the  triple  grid 
method  is  that  the  fourth  order  central  difference  scheme  in  the 
Poisson  equation  does  not  so  much  improve  the  accuracy  even  if  finer 
grid  is  used,  while,  as  you  comment,  the  fine  mesh  system  is 
necessary  for  the  convective  term.  This  is  because  the  truncation 
errors  which  come  from  the  dissipation  terms,  gradient  of  pressure 
and  Poisson  equation  give  little  influence  on  the  accuracy  of  the 
computations.  The  move  of  the  free-surface  particle  to  satisfy  the 
kinematic  free-surface  condition  requires  fine  grid. 

4.  Due  to  the  limitation  of  computer,  about  15  points  are  used 
around  A.P.  within  boundary  layer.  It  is  the  reason  why  we  have 
introduced  the  wall  function  to  compensate  for  the  smaller  number  of 
grid  points  near  the  hull  surface. 


Hoyte  Raven 

Maritime  Research  Institute  Netherlands,  The  Netherlands 

When  studying  Reynolds  number  effects  with  a  numerical  method, 
one  must  be  sure  to  have  negligible  numerical  viscosity.  This 
requires  that  the  hull  boundary  layer  is  well  resolved.  How  many 
grid  points  in  normal  direction  did  you  use  inside  the  boundary  layer? 
It  seems  that  your  grid  is  not  adapted  to  the  boundary  layer  thickness 
and  may  therefore  have  no  grid  point  at  all  inside  the  boundary  layer 
near  the  bow. 

AUTHORS’  REPLY 

Thank  you  for  your  kind  interest  in  our  paper.  Fifteen  grid  points 
are  used  within  boundary  layer  around  A.P.  In  CFD,  the  grid 
requirement  is  not  easy  to  satisfy  in  case  of  calculating  the  boundary 
layer.  Especially  around  the  bow,  the  boundary  layer  thickness  is  so 
thin  that  it  is  very  hard  to  catch  the  larger  velocity  gradient  with  two 
or  three  grids.  In  order  to  overcome  that  problem,  we  applied  the 
empirical  wall  function  approach  to  the  scheme  except  for  some  stem 
region  where  the  separation  is  suspected. 

DISCUSSION 
Ronald  W.  Yeung 

University  of  California  at  Berkeley,  USA 

The  instability  criteria  mentioned  in  the  paper  applies  to,  or  was 
derived  on  the  basis  of,  2-D  flow.  I  find  it  rather  skeptical  that  it  can 
be  used  for  oblique  waves  along  the  side  of  the  ship.  Perhaps  some 
additional  justification  is  helpful. 

AUTHORS’  REPLY 

As  the  discusser  pointed  out,  the  criteria  used  here  is  that  derived 
from  2-D  instability  analysis.  Therefore,  exactly  speaking,  it  may 
not  be  applied  to  the  3-D  ship  waves.  However,  the  obliqueness  of 
the  present  case  is  so  small  that  we  expected  to  have  some  qualitative 
detection  of  sub-breaking;  dependency  of  Froude  number  and  so  on. 
Through  the  present  application,  we  have  been  much  encouraged  to 
provide  a  criteria  based  on  3-D  analysis. 
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Analysis  of  Transom  Stern  Flows 

A.  Reed,  J.  Telste  (David  Taylor  Research  Center,  USA) 

C.  Scragg  (Science  Applications  International  Corporation,  USA) 


ABSTRACT 

The  boundary  value  problem  for  a  transom  stern  ship 
at  moderate  and  high  Froude  numbers  is  formulated  and 
solved.  The  solution  is  obtained  using  lifting  potential  how 
techniques,  and  involves  satisfying  a  Kutta  condition  at 
the  after  edge  of  the  hull.  The  full  problem  is  linearized 
about  the  free  stream  velocity,  and  this  linearized  problem 
is  solved  using  two  different  approaches.  One  method  uses 
Havelock  singularities,  and  the  other  uses  Rankine  singular¬ 
ities.  Both  of  these  approaches  are  applied  to  the  solution 
for  the  flow  about  a  high-speed  transom  stern  ship,  with 
encouraging  results. 

NOMENCLATURE 

C  Wave  spectral  function  due  to  sources 

Cd  Wave  spectral  function  due  normal  dipoles 

Cr  Residuary  resistance  coefficient, 

CR  =  RrI\pSU 2 

Cw  Wave  resistance  coefficient,  Cw  —  Rw l\pSU2 , 

computed  from  wave  spectral  energy 
C'w  Wave  resistance  coefficient,  computed  by  inte¬ 

grating  predicted  pressure  over  the  surface  of 
the  hull 

Cw P  Wave  pattern  resistance  coefficient  derived  from 

measured  wave  pattern 
Fn  Froude  number,  Fn  =  U/y/gL 

g  Gravitational  acceleration 

G  Green  function 

i,  j,  k  Unit  vectors  in  the  x ,  y,  and  ^-directions,  re¬ 
spectively 

k  Wavenumber 

ko  Fundamental  wavenumber,  kQ  =  g jU2 

kx ,  k'x  Longitudinal  wavenumber 

ky  Lateral  wavenumber 

jLpan  Length  of  panel  in  the  ^-direction 

L  Length  of  ship 

n  Normal  vector,  taken  into  the  fluid 

nx,  ny ,  nz  Components  of  the  normal  vector,  n,  in  the  x -, 
2/-,  and  2- directions 
N-K  Neumann- Kelvin 

r  Distance  from  singular  point  to  field  point,  r  = 

V(*-02  +  (v-v)2  +  (*-02 

r '  Distance  from  image  of  singular  point  to  field 

point,  r*  =  yj(x  -f)2  +  (y  -  77) 2  +  (2  +  ()2 
Si  Surface  of  a  panel  on  the  hull,  free  surface,  or 

wake 


Sb 

SF 

Sw 

u,  u,  w 
U 

V 

Vn 


Vt 


X 

y,  Z 


yt ,  zt 
Z 
P 

t 

fi  V,  C 

P 

a 

4> 


Ship  hull  surface  (zero  sinkage  and  trim) 

Free  surface  (mean  free- surface  level) 

Vortex  wake  surface 

Perturbation  velocity  components  in  the  x -,  2/-, 
and  ^-directions 

Ship  speed;  magnitude  of  free  stream  velocity 
in  ship  fixed  coordinate  system 
Total  velocity  vector 

Component  of  the  perturbation  velocity  in  nor¬ 
mal  direction 

Component  of  the  perturbation  velocity  in  tan¬ 
gential  direction 

Vector  coordinate  of  afield  point,  (x,y,z) 

Coordinates  of  field  point  x  in  a  right-handed 

ship  fixed  coordinate  system,  z-axis  forward,  y- 

axis  to  port,  2-axis  upward 

Coordinates  of  the  perimeter  of  the  transom 

Wave  elevation 

Dipole  strength 

Vector  coordinate  of  a  singular  point,  (£,77, Q 

Coordinates  of  a  singular  point,  f,  in  the  x-,  2/-, 

and  z- directions 

Density  of  water 

Source  strength 

Perturbation  velocity  potential 


INTRODUCTION 

Naval  architects  have  been  familiar  with  the  use  of 
transom  sterns  on  high-speed  displacement  ships  for  well 
over  50  years.  The  concept  of  a  transom  stern  applied  to 
displacement  ships  appears  to  be  an  outgrowth  of  its  use 
on  planing  craft  where  it  has  been  applied  since  around 
the  turn  of  the  century.  An  understanding  of  when  the 
use  of  transom  sterns  is  most  appropriate  was  developed  in 
the  years  around  the  Second  World  War,  when  extensive 
systematic-series  experiments  were  performed.  In  the  more 
recent  past,  this  knowledge  concerning  the  proper  applica¬ 
tion  and  design  of  transom  sterns  seems  to  have  been  lost. 
Modern  naval  ship  designs  have  used  larger  and  larger  tran¬ 
soms  while  the  maximum  speed  of  ships  has  decreased  and 
the  size  of  ships  has  increased.  Both  of  these  factors  should 
weigh  against  the  use  of  transom  sterns  on  modern  naval 
vessels. 

That  the  above  statements  are  true  is  illustrated  by 
the  fact  that  model  tests  have  shown  that  the  resistance 
of  modern  naval  ships  such  as  the  DD  963  is  significantly 
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higher  than  it  needs  to  be,  due  largely  to  the  excessive  tran¬ 
som  area.  In  addition  to  the  significantly  elevated  resistance 
of  modern  transom  stern  ships,  these  ships  have  significant 
wave  breaking  at  the  stern.  This  is  manifest  in  two  ways: 
first,  by  a  large  turbulent  “rooster  tail”  aft  of  the  transom, 
and  second,  by  a  large  breaking  transverse  wave  extend¬ 
ing  approximately  one  ship  beam  off  to  each  side  of  the 
transom.  Both  of  these  features  have  a  significant  negative 
impact  on  the  wake  signatures  of  modern  high-speed  naval 
displacement  ships. 

While  there  has  been  substantial  research  in  the  field 
of  wave  resistance  over  the  last  twenty-five  years,  and  while 
there  has  been  substantial  progress  in  the  prediction  of 
Kelvin  wave  flows  (see  for  instance  Lindenmuth  et  ah  1990), 
the  treatment  of  transom  stern  flows  has  been  largely  ne¬ 
glected.  As  is  obvious  from  the  poor  flow  predictions  in  the 
region  of  the  transom  for  Model  5415,  given  in  Lindenmuth 
et  ah ,  the  Neuman- Kelvin  and  Dawson  method  solvers  need 
major  improvements  if  the  flow  about  a  transom  stern  is  to 
be  predicted  adequately.  However,  there  have  been  a  few 
encouraging  developments  in  this  area;  one  of  these,  which 
may  show  a  proper  approach  to  this  problem,  will  be  dis¬ 
cussed  later. 

At  moderate  and  high  speeds,  the  flow  about  transom 
stern  ships  is  characterized  by  smooth  separation  of  the 
stream  lines  at  the  transom.  The  manner  in  which  the  flow 
separates  from  the  hull  at  the  transom  immediately  suggests 
an  analogy  to  the  flow  at  the  trailing  edge  of  a  lifting  surface 
(see  for  example  Newman  1977).  In  the  extreme,  for  high 
Froude  numbers,  the  problem  becomes  a  planing  problem. 
This  limit  provides  some  insight  into  the  physics  of  the  prob¬ 
lem,  and  indicates  some  physical  phenomena  which  must 
be  modeled  in  order  that  a  correct  solution  to  the  prob¬ 
lem  be  obtained.  At  more  moderate  Froude  numbers,  the 
flow  about  a  transom  stern  appears  to  have  many  analogies 
with  the  flow  about  a  ventilated  hydrofoil  (again,  see  New¬ 
man  1977).  This  observation  also  provides  insight  into  the 
proper  solution  to  the  transom  stern  flow  problem. 

Tulin  and  Hsu  (1986)  developed  a  model  for  high-speed 
slender  ships  with  transom  sterns.  By  making  the  assump¬ 
tion  that  both  the  beam  and  draft  are  small  relative  to  the 
length,  and  examining  the  asymptotic  limit  as  the  Froude 
number  approaches  infinity,  they  were  able  to  reduce  the 
three-dimensional  problem  to  a  series  of  two-dimensional 
boundary  value  problems  to  be  solved  in  the  cross-flow 
plane.  The  problem  solved  at  each  cross  section  is  similar  to 
problems  addressed  in  two-dimensional  slender  wing  theory. 
On  the  free  surface  they  employed  a  trailing  vortex  sheet 
in  the  wake  of  the  hull  to  satisfy  the  free-surface  boundary 
condition,  which  in  their  model  was  shown  to  be  equivalent 
to  the  Kutta  condition  applied  at  the  trailing  edge  of  a  wing. 
Perhaps  the  most  significant  result  of  their  model  was  the 
existence  of  a  drag  force  due  to  the  presence  of  the  trailing 
vortex  sheet.  This  “stern-induced  resistance”  is  equivalent 
to  the  induced  drag  associated  with  the  shed  vorticity  in 
the  analysis  of  three-dimensional  lifting  surfaces. 

Tulin  and  Hsu  calculated  the  magnitude  of  the  stern- 
induced  resistance  for  models  from  Series  64  and  made  com¬ 
parisons  with  the  residuary  resistance  measured  at  DTRC 
for  a  Froude  number,  Fn  =  U/\/gL ,  of  1.49.  The  excellent 
agreement  with  the  measured  results  suggests  that,  in  the 
high  speed  limit  where  the  wave  resistance  vanishes,  the 
primary  component  of  residuary  resistance  is  induced  drag 
due  to  vorticity  shed  from  the  transom.  Furthermore,  the 


magnitude  of  the  stern-induced  resistance  is  quite  large,  of 
the  same  order  as  the  wave  resistance  which  occurs  at  mod¬ 
erate  Froude  numbers,  and  consequently  any  attempt  to 
model  the  flow  about  transom  stern  ships  at  finite  Froude 
numbers  must  include  both  the  generation  of  free-surface 
waves  and  the  effects  of  vorticity  shed  from  the  hull. 

The  trailing  edge  boundary  condition  which  must  be 
applied  in  the  transom  stern  problem  (actually  the  bound¬ 
ary  condition  must  be  applied  on  the  hull  surface  just  for¬ 
ward  of  the  transom  since  the  transom  itself  is  assumed  to 
be  unwetted),  is  more  restrictive  than  the  Kutta  condition 
applied  in  aerodynamics.  In  wing  theory,  we  require  that 
the  flow  at  the  trailing  edge  be  tangent  to  the  wing  sur¬ 
face  and  that  the  pressure  be  continuous  across  the  wake. 
For  the  transom  stern  problem,  we  require  that  the  flow 
be  tangent  to  the  hull  and  that  the  pressure  be  equal  to 
atmospheric  pressure.  This  is  equivalent  to  placing  an  ad¬ 
ditional  boundary  condition  on  the  longitudinal  component 
of  the  velocity,  which  can  be  satisfied  by  determining  the 
appropriate  longitudinal  gradient  of  the  dipole  strength  on 
the  hull  and/or  by  placing  sources  on  the  free  surface  aft 
of  the  transom.  These  sources  aft  of  the  transom  would  be 
equivalent  to  the  sources  which  are  used  to  model  the  cavity 
aft  of  a  ventilated  airfoil. 

Cheng  (1989)  provides  a  solution  to  the  transom  stern 
problem  in  which  he  satisfies  a  similar  set  of  boudary  condi¬ 
tions  at  the  transom.  However,  Cheng’s  solution  uses  only 
sources  on  the  body  boundary  to  satisfy  the  boundary  value 
problem.  Obviously,  with  such  an  approach  the  trailing  vor¬ 
tex  wake  can  not  be  modeled,  nor  can  the  body  boundary 
condition  and  the  transom  boundary  condition  be  satisfied 
at  all  points  on  the  body  simultaneously.  Furthermore,  in 
attempting  to  satisfy  both  a  normal  and  a  tangential  flow 
boundary  condition  by  varying  only  the  distributed  source 
strengths,  the  solution  will  be  very  sensitive  to  the  tangen¬ 
tial  gradient  of  the  source  strengths,  and  consequently  to 
panel  size  and  location. 

In  the  analysis  of  the  flow  about  a  surface- piercing  strut 
operating  at  a  small  angle  of  attack,  a  direct  application  of 
the  linearized  Bernoulli  equation  along  corresponding  free- 
surface  streamlines  on  the  high  and  low  pressure  sides  of  the 
strut  will  lead  to  the  conclusion  that  there  can  never  exist 
a  discontinuity  in  the  free-surface  elevation  at  the  trailing 
edge  of  the  strut.  This  result  is,  of  course,  inconsistent 
with  observation.  However,  if  one  applies  the  full  nonlinear 
Bernoulli  equation  to  the  same  problem,  it  can  be  shown 
that  on  the  two  streamlines  there  will  exist  a  difference  in 
free-surface  elevation  at  the  trailing  edge  which  is  propor¬ 
tional  to  the  longitudinal  vorticity  shed  by  the  strut  at  the 
free  surface.  Interestingly,  near  the  strut  the  perturbation 
velocities  are  small  and  the  linearized  free-surface  equations 
remain  an  adequate  approximation  for  the  calculation  of  the 
flow  about  the  body,  including  the  vorticity  distribution. 
Apparently,  this  is  a  situation  in  which  the  vorticity  gives 
rise  to  nonlinear  free-surface  effects,  but  the  presence  of 
these  nonlinear  effects  does  not  significantly  affect  the  vor¬ 
ticity  distribution.  Similarly,  the  nonlinear  wavebreaking 
which  occurs  in  the  wake  of  a  transom  stern  ship  is  strongly 
dependent  upon  the  vorticity  shed  from  the  transom,  but 
the  vorticity  distribution  at  the  stern  is  not  greatly  affected 
by  the  presence  of  downstream  wavebreaking. 

In  this  paper,  we  present  a  brief  theoretical  foundation 
for  the  transom  stern  boundary  value  problem.  The  full 
problem  is  linearized  about  the  free  stream  velocity,  and  this 
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linearized  problem  is  solved  using  two  different  approaches. 
One  method  uses  Havelock  singularities,  and  the  other  uses 
Rankine  singularities.  Both  of  these  approaches  are  applied 
to  the  solution  for  the  flow  about  a  high-speed  transom  stern 
ship,  at  two  Froude  numbers. 

THEORETICAL  FORMULATION 

Consider  a  transom  stern  ship  traveling  at  a  compar¬ 
atively  high  steady  forward  speed  such  that  the  flow  sepa¬ 
rates  cleanly  from  the  hull  at  the  transom.  We  assume  that 
the  fluid  is  inviscid  and  incompressible,  and  that  the  flow 
is  irrotational  everywhere  except  possibly  along  a  sheet  of 
trailing  vorticity.  We  can  then  define  a  perturbation  veloc¬ 
ity  potential  <f>  which  satisfies  Laplace’s  equation 

V2<£  =  0  (1) 

throughout  the  fluid  domain.  Using  a  ship-fixed  coordinate 
system  with  the  z-axis  forward,  the  ^-axis  to  port,  and  the 
2-axis  upward,  the  velocity  vector  V  is  related  to  the  po¬ 
tential  by 

v  =  -m  +  v<f> 

=  (-U  +  u)i  +  uj  +  u>k, 

where  U  is  the  magnitude  of  the  free-stream  velocity,  and 
u,  v,  and  w  are  the  components  of  the  perturbation  velocity 
in  the  x -,  y-,  and  2-directions,  respectively. 

While  the  free  surface  generallly  exhibits  energetic  wave 
breaking  at  some  distance  aft  of  the  transom,  it  is  assumed 
here  that  the  effects  of  these  breaking  waves  do  not  propa¬ 
gate  upsteam  any  significant  distance.  Therefore,  there  will 
exist  a  region  aft  of  the  ship  and  forward  of  the  breaking 
stern  waves  over  which  the  kinematic  and  dynamic  free- 
surface  boundary  conditions  are  valid.  Furthermore,  if  the 
effects  of  these  breaking  waves  do  not  extend  forward  to 
the  hull  itself,  then  our  solution  in  the  region  immediately 
surrounding  the  ship  will  be  unaffected  by  an  application 
of  the  kinematic  and  dynamic  free-surface  boundary  condi¬ 
tions  over  the  entire  free  surface.  On  the  free  surface  Z,  the 
non-linear  kinematic  boundary  condition  is  written  as 

(-U  +  <t>x)Zx  +  <j>yZy  -  <f>z ,  on  2  =  Z(x,y).  (3) 

The  Bernoulli  equation  is  applied  on  the  free  surface  to  give 
us  the  dynamic  free-surface  boundary  condition, 

9Z+\\V\2  =  ±U\onz  =  Z{x,y).  (4) 

It  is  assumed  that  both  Equations  (3)  and  (4)  hold  over 
the  entire  free  surface,  including  the  region  directly  astern 
of  the  transom.  In  addition,  it  is  necessary  to  impose  a 
radiation  condition  to  ensure  that  the  free-surface  waves 
vanish  upstream  of  the  disturbance. 

The  boundary  condition  to  be  applied  on  the  hull  sur¬ 
face  Sb,  excluding  the  transom,  is  simply  the  zero  normal 
flow  condition 

V  •  n  =  0,  on  y  =  SB{x,  z\  U ),  (5) 

where  n  is  the  hull  normal  vector  (directed  into  the  fluid 
domain),  and  we  note  that  the  sunk  and  trimmed  position 
of  the  hull  surface  depends  upon  the  forward  speed.  It  is 
assumed  that  the  flow  separates  cleanly  at  the  transom  and 


that  the  velocity  vector  at  the  trailing  edge  is  tangent  to 
the  hull. 

Since  there  can  exist  no  discontinuities  in  the  pressure 
within  the  fluid  domain,  the  pressure  on  the  hull  just  for¬ 
ward  of  the  transom  must  be  equal  to  the  pressure  on  the 
free  surface  just  aft  of  the  transom.  Therefore,  we  have 
an  additional  boundary  condition  to  be  applied  on  the  hull 
surface  at  the  transom: 

\  |V|2  =  -gzu  on  I /  =  Ss(xt,zt;U),  (6) 

where  xt  and  zt  denote  points  at  the  intersection  of  the  sunk 
and  trimmed  hull  surface  and  the  transom.  Since  Equa¬ 
tion  (5)  requires  that  the  normal  flow  on  the  hull  be  zero, 
Equation  (6)  can  be  viewed  as  a  restriction  upon  the  magni¬ 
tude  of  the  tangential  component  of  the  flow  at  the  transom. 
We  note  since  we  are  requiring  that  the  pressure  go  to  zero 
at  the  intersection  of  the  hull  surface  with  the  transom,  the 
present  requirements  are  actually  more  restrictive  than  the 
Kutta  condition  applied  at  the  trailing  edge  of  an  airfoil,  for 
which  we  require  only  that  the  flow  be  finite  and  tangent  to 
the  foil,  and  that  the  pressure  be  continuous. 

Free-Stream  Linearization 

If  we  assume  that  the  potential  and  its  derivatives  are 
small  relative  to  the  free-stream  velocity  U,  we  can  replace 
the  non-linear  free-surface  boundary  conditions  with  their 
linearized  counterparts.  Combining  Equations  (3)  and  (4) 
to  remove  the  explicit  variable  Z,  and  retaining  only  the  first 
order  terms  in  <^>,  we  can  write  the  linearized  free-surface 
boundary  condition  as 

<t>xx  +  ko<t>z  =  o,  on  2  =  0,  (7) 

where  k0  =  g/U 2  is  the  fundamenatal  wavenumber.  The 
boundary  condition  is  now  applied  on  the  position  of  the 
undisturbed  free  surface. 

The  hull  boundary  condition  remains  unchanged  with 
the  exception  that  it  will  now  be  applied  at  the  position  of 
the  hull  surface  with  zero  sinkage  and  trim,  Sb(%,z\U  = 
0).  Once  the  velocity  potential  has  been  determined,  the 
sinkage  force  and  the  trim  moment  can  be  calculated  and 
an  improved  estimate  of  the  position  on  the  hull  surface 
Sb(x,z;U)  can  be  used  to  solve  the  problem  iteratively. 
However,  for  the  validation  cases  presented  in  the  following 
sections,  the  sinkage  and  trim  were  known  from  experimen¬ 
tal  measurements  and  the  hull  boundary  condition  could  be 
applied  at  the  sunk  and  trimmed  position  of  the  hull  surface 
on  the  first  iteration. 

After  dropping  the  non-linear  terms,  the  pressure  con¬ 
dition  to  be  applied  on  the  hull  surface  at  the  intersection 
with  the  transom,  Equation  (6),  becomes  simply 

U<t>x  =  gzt,  on  y  =  SB(xt,zt;U).  (8) 

The  linearized  problem  addressed  here  is  very  similar  to 
the  Neumann- Kelvin  (N-K)  problem:  the  potential  must 
satisfy  Laplace’s  equation,  Equation  (1);  throughout  the 
fluid  domain  subject  to  a  zero  normal  flow  boundary  con¬ 
dition,  Equation  (5);  on  the  hull  surface  and  subject  to 
a  linearized  free-surface  boundary  condition,  Equation  (7). 
However,  in  the  present  problem  we  have  the  additional  re¬ 
quirement  that  the  pressure  on  the  hull  must  go  to  zero 
at  the  stern,  Equation  (8).  This  additional  independent 
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boundary  condition,  a  restriction  on  the  longitudinal  com¬ 
ponent  of  the  velocity  which  does  not  occur  in  the  formula¬ 
tion  of  the  Neumann- Kelvin  problem  for  ships  which  do  not 
have  immersed  transoms,  indicates  the  need  for  additional 
unknowns  in  our  numerical  approach  to  the  problem. 

We  solve  this  bound  ary- value  problem  by  employing 
two  different  approaches,  both  of  which  are  capable  of  mod¬ 
eling  vortex  sheets  in  the  presence  of  the  free  surface.  One 
approach  uses  Havelock  sources  and  dipoles  which  are  dis¬ 
tributed  over  the  hull  surface  and  in  the  wake.  The  lin¬ 
earized  free  surface  boundary  condition  is  implicitly  satis¬ 
fied  by  the  use  of  Havelock  singularities,  and  therefore  no 
singularities  are  required  on  the  free  surface.  The  other 
approach  uses  Rankine  sources  and  dipoles  which  are  dis¬ 
tributed  over  the  hull  surface,  the  free  surface,  and  in  the 
wake.  The  details  of  the  two  approaches  follow. 

Havelock  Singularity  Formulation 

Our  first  approach  to  the  numerical  solution  to  this 
problem  distributes  Havelock  singularities  over  the  hull  sur¬ 
face  and  along  a  trailing  wake  sheet.  The  hull  surface  and 
the  wake  sheet  are  divided  into  discrete  panels  comprised  of 
coincident  sources  and  normal  dipoles  of  uniform  singularity 
density.  The  Havelock  singularity  is  a  Green  function  for  the 
problem  which  satisfies  the  linearized  free-surface  boundary 
condition  on  the  mean  free  surface.  The  unknown  singular¬ 
ity  densities  are  determined  by  imposing  the  hull  boundary 
conditions  at  the  centriods  of  each  panel. 

There  are  several  different  methods  for  evaluating  the 
potential  <j>  due  to  a  distributed  Havelock  source  of  uniform 
density  <7, 


1  =  a  JJ  dSG{x,y,z-,t,T],(), 


where  G  is  the  Havelock  Green  function  and  S{  is  the  panel 
surface.  We  use  a  form  of  the  Green  function  which  allows 
us  to  analytically  calculate  a  wave  spectral  function  by  in¬ 
terchanging  the  order  of  integration: 


c*(*+0+*M*-€)+*Mv-*») 
k2  -  kok 


{tl  rdky  P(tv}eH*+ Q+ik',(x-t)+ik„(y-l) 
2  7-00  k'x 


where 
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K  =  [5  (*o  +  ^*g+4**) 

The  function  (3  is  given  by 

_  2  (*„  +  y/kf+4 fcj) 

s[t+ 4** 

The  first  two  terms  in  the  Green  function  correspond  to  a 
Rankine  source  and  its  negative  image  above  the  free  sur¬ 
face;  their  contributions  to  the  potential  are  computed  using 
standard  techniques.  The  free-surface  wave  contributions 
to  the  potential  are  contained  in  the  two  integral  terms  of 
Equation  (9).  To  compute  these  terms  we  first  define  a  wave 
spectral  function  C(kXykv ), 

C(kx,ky)  =  Jf  dS ek(-ik*t-ik>\  (11) 

where  the  integration  over  the  panel  surface  is  performed 
analytically.  The  wave  contribution  to  the  potential  can 
then  be  written  as 


2  r  00  r  00  ekz+iksx+ikvy 

<j)w  —  a  k0  I  dky  -i-  dkx  C(kx^  ky)  ~2  7  7 

^  7—oo  Jo  k x  kok 

-  pJkv^C{k'x,ky)ekz+ih'^ik>y, 

where  it  is  understood  that  we  are  taking  the  real  part  of 
the  expression.  In  practice,  all  of  the  boundary  conditions 
involve  derivatives  of  the  potential  rather  than  the  potential 
itself,  but  the  spatial  derivatives  can  be  calculated  simply  by 
multiplying  the  spectral  function  by  the  appropriate  wave 
number  prior  to  the  integration. 

For  a  surface  distribution  of  Havelock  dipoles  directed 
normal  to  the  surface,  the  potential  can  be  written  as 

<t>  =  »  JJ  dS-^.G(x,y,z; 

where  fj,  is  the  dipole  density.  When  we  substitute  the  def¬ 
inition  of  the  Green  function  [Equation  (9)],  into  this  ex¬ 
pression,  we  find  that  the  potential  contains  contributions 
from  a  Rankine  dipole  and  its  negative  image  above  the 
free  surface,  and  contributions  from  the  wave  terms.  The 
wave  spectral  function  for  a  Havelock  dipole  distribution, 
Cd(kx,ky),  can  be  analytically  integrated  over  aflat  panel, 
and  is  related  to  the  wave  spectral  function  for  a  Havelock 
source,  Equation  (11),  by 


r  =  +  +  (10) 

r'  =  y/(x  -  O2  +  (1/  —  W  +  (2  +  C)2 

and 


k  =  Jk[+Vy. 

The  variables  kx  and  ky  axe  the  longitudinal  and  lateral 
wave  numbers  of  the  free-surface  waves,  respectively.  In 
the  single  integral,  the  longitudinal  wave  number  is  not  an 
independent  variable,  and  is  related  to  ky  by 


Gd  (J^x  j  ky )  —  (^Tizk  inxkx  iTiyky)C(^kx^ky)^ 

where  (nx,  ny,nz)  are  the  components  of  the  unit  vector  n, 
normal  to  the  dipole  panel.  The  wave  contributions  to  the 
potential  can  then  be  determined  by  integrating  over  kx  and 


2  roo  roo  gkz-\-ikxx+ikyy 

fiw  =  ll~ko  j  dky  j-  dkx  Cd(kx-j  ky)  ^  ^  ^ 

-  j~Jkv  jrC*(k*’ky)ekz+ik'-x+ik‘y. 


210 


Since  both  sources  and  dipoles  are  distributed  over  the 
panels  on  the  hull  surface,  there  exist  two  unknowns  for 
each  panel  and  we  have  some  flexibility  over  the  manner  in 
which  the  singularity  densities  are  to  be  determined.  One 
could  use  a  slender  ship  approximation  to  set  the  source 
densities  a  priori, 


o  —  Unx/4x , 

and  then  determine  the  dipole  densities  by  imposing  the  hull 
boundary  conditions  at  the  centroid  of  each  panel.  Alterna¬ 
tively,  the  source  strengths  could  be  determined  initially  by 
solving  the  Neumann-Kelvin  problem  in  the  absence  of  the 
pressure  condition,  and  then  solving  for  the  dipole  strengths 
which  satisfy  both  the  zero  normal  flow  condition  and  the 
pressure  condition. 

The  zero  pressure  boundary  condition,  Equation  (8),  is 
highly  dependent  upon  the  tangential  flow  at  the  centroid 
of  the  last  dipole  panel  on  the  hull  surface.  There  exists 
a  discontinuity  in  the  tangential  flow  across  a  continuous 
distribution  of  surface  dipoles  which  is  proportional  to  the 
tangential  gradient  of  the  dipole  strength.  Unfortunately, 
this  important  term  is  lost  when  the  continuous  surface  of 
the  body  is  approximated  by  discrete  panels  of  constant 
dipole  strength.  In  order  to  include  this  term,  we  employ 
a  finite  differencing  scheme  for  the  panels  immediately  up¬ 
stream  and  downstream  of  the  last  panel  on  the  hull  surface. 
If  the  pressure  boundary  condition  is  to  be  applied  at  the 
ith  panel,  we  denote  the  immediate  upstream  panel  as  i+  1 
and  the  adjoining  wake  panel  as  i  —  1.  Then  the  tangential 
gradient  over  the  ith  panel  can  be  approximated  by 


A  pi  - 


1  Q»+i  ~  Vi-i) 

2  -^pan 


where  Lp an  is  the  length  of  the  ith  panel.  The  tangential 
component  of  the  perturbation  velocity  V%  due  to  this  dipole 
gradient  is 


Vt  =  ±27rA  pi, 

where  the  negative  sign  corresponds  to  the  outboard  side  of 
the  panel  and  the  positive  sign  corresponds  to  the  inboard 
side.  This  tangential  velocity  must  be  added  to  the  veloc¬ 
ity  calculated  at  the  centroid  of  the  uniform  dipole  panel 
only  for  those  panels  on  which  the  zero  pressure  boundary 
condition  is  to  be  applied. 

If  we  panel  the  wake  with  M  dipole  panels,  and  the 
hull  with  N  panels  on  which  are  distributed  both  sources 
and  dipoles,  then  the  zero  normal  flow  boundary  conditions 
applied  at  the  centroids  of  the  N  panels  on  the  hull  surface 
can  be  written  as 

'y  ^  (®»)  =  UnXi  —  ^  ^  ® jVnj (*^1)5  ®  —  1, . . . ,  A, 

j  i 

where  Vn  is  the  normal  component  of  the  perturbation  ve¬ 
locity.  The  additional  M  boundary  conditions  required  are 
the  zero  pressure  conditions  applied  at  the  centroids  of  the 
last  M  panels  on  the  hull  just  forward  of  the  trailing  wake 
panels: 


-27rA/it-  +  ^2iiju(x  i) 
i 

=  Jjz‘i  ~^2aMx<)y  *  =  1,  -  -  - ,  Af. 
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The  trailing  wake  sheets  are  extended  straight  aft  from  the 
transom  for  a  distance  of  half  a  ship  length.  The  effects 
of  terminating  the  dipole  sheets  are  therefore  confined  to  a 
region  well  aft  of  the  hull. 

Rankine  Singularity  Formulation 

The  Rankine  singularity  approach  involves  seeking  the 
perturbation  potential  <f>  of  Equation  (2)  as  the  solution  to 
the  integral  equation 


obtained  from  Green’s  second  identity.  The  field  point  may 
lie  on  the  hull  boundary  Sq  01  the  mean  free-surface  level 
Sf •  The  variable  r,  as  it  is  in  Equation  (10),  is  the  distance 
between  the  field  point  x  and  the  singular  point  £ ,  and  is 
the  unit  normal  vector  directed  into  the  fluid  domain.  The 
hull  surface  is  taken  as  the  surface  with  either  zero  or  known 
sinkage  and  trim.  According  to  whether  the  field  point  x 
is  on  Sb  or  S/r,  one  of  the  integrals  involving  <f>d/dn $  is  a 
principal- value  integral.  The  surface  Sw  represents  a  dipole 
sheet  in  the  wake  across  which  there  is  a  jump  p  in  the 
potential. 

Using  the  integral  equation  as  a  basis  of  a  solution  tech¬ 
nique,  we  panel  the  hull,  a  portion  of  the  mean  free-surface 
level  near  the  hull,  and  the  wake.  The  panels  in  the  wake  are 
grouped  in  longitudinal  strips  within  which  all  the  panels 
have  the  same  normal  dipole  moment.  Each  of  the  panels 
is  flat  and  is  assumed  to  have  constant  source  and  normal 
dipole  distribution.  These  approximations  allow  one  to  dis¬ 
cretize  the  integral  equation. 

The  integrals  over  the  hull  surface  and  the  mean  free- 
surface  level  involve  <f>  and  its  normal  derivative.  On  both 
surfaces,  the  boundary  conditions  can  be  used  to  reduce  the 
number  of  unknowns  at  a  boundary.  On  the  hull  surface  the 
normal  derivative  is  given  by  the  zero  normal  flow  condi¬ 
tion,  Equation  (5).  On  the  mean  free-surface  level,  the  lin¬ 
earized  free-surface  boundary  condition,  Equation  (7),  can 
be  used  to  express  the  unknown  normal  derivative  in  terms 
of  longitudinal  derivatives  of  <f> ,  i.e.  <j>xx.  An  upsteam  finite- 
differencing  scheme  involving  the  values  of  (f>  at  the  centroids 
of  free-surface  panels  is  used  to  approximate  <f>xx  at  a  point 
x  on  the  mean  free-surface.  Therefore,  on  the  boundaries 
Sb  and  Sf  only  the  function  <f>  at  discrete  points  remains 
unknown. 

Since  free-surface  panels  are  arranged  in  longitudinal 
strips  with  their  centroids  lying  on  curved  lines,  the  finite- 
differencing  scheme  for  determining  <f>xx  must  include  panel 
centroids  from  several  strips.  In  most  cases  an  11-point 
scheme  is  used:  five  points  from  the  longitudinal  strip  of 
panels  in  which  x  lies  and  three  points  from  each  of  two 
adjacent  strips.  At  the  upsteam  ends  of  the  strips  of  free- 
surface  panels,  we  assume  that  <j>x  and  <j>xx  are  both  zero 
(Sclavounos  and  Nakos  1988). 

Aft  of  the  transom,  there  are  strips  of  free-surface  pan¬ 
els  that  originate  at  the  transom.  On  the  panel  closest  to 
the  transom,  <f)xx  can  be  approximated  from  the  transom 
depth  and  the  hidl  shape.  At  the  next  panel  downstream, 
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a  differencing  scheme  involving  <f>  on  that  panel  and  <f>y  <fix, 
and  <j)xx  on  the  panel  nearest  the  transom  is  used.  Approxi¬ 
mations  for  (j>x  and  <j)xx  on  the  free- surface  panel  nearest  the 
transom  are  obtained  from  the  linearized  Bernoulli  equation 
and  the  fact  that  the  position  of  the  free  surface  at  the  tran¬ 
som  is  known.  In  particular,  we  use  Equation  (8)  and  the 
partial  derivative  with  respect  to  x  of  Equation  (8).  On  the 
third  panel  downstream  of  the  transom  in  these  free-surface 
strips,  a  lower  order  upstream  differencing  scheme  involv¬ 
ing  only  <j>  at  panel  centroids  is  used.  For  all  other  panels 
in  these  strips,  the  11-point  upstream  differencing  scheme 
is  used. 

On  the  transom,  although  it  is  unwetted,  a  boundary 
condition  must  be  specified  because  we  have  formulated  the 
boundary  value  problem  in  terms  of  an  integral  equation. 
That  integral  equation  involves  an  integral  over  a  closed 
boundary  which  incudes  the  hull,  the  mean  free-surface 
level,  and  possibly  a  vortex  wake  across  which  <j>  may  be 
discontinuous. 

Several  treatments  of  the  transom  boundary  are  pos¬ 
sible.  We  may  ignore  the  boundary — which  is  equivalent 
to  specifying  that  both  <j>  and  <f>x  vanish  on  the  transom,  a 
possible  overspecification  of  boundary  conditions.  However, 
if  the  perturbation  potential  and  its  gradient  are  small,  this 
approximation  may  not  be  bad.  Another  option  is  to  treat 
panels  on  the  transom  in  the  same  manner  as  other  panels 
on  the  hull  are  treated.  In  this  case,  <f>x  on  the  transon  is 
known  and  is  set  equal  to  Unx.  Without  a  surface  of  dis¬ 
continuity  extending  downstream  from  the  periphery  of  the 
transom,  we  should  expect  the  flow  to  turn  around  the  cor¬ 
ner  of  the  transom  as  it  streams  past  the  hull.  The  resulting 
calculated  flow  field  will  not  satisfy  the  criterion  that  the 
fluid  leaves  the  hull  tangentially,  and  it  will  violate  our  lin¬ 
earization  assumptions.  Treating  transom  panels  like  other 
hull  panels  thus  seems  to  require  a  lifting  surface  extending 
downstream.  A  third  option  is  to  set  <f>x  equal  to  a  value 
determined  by  Equation  (8),  the  linearized  Bernoulli  equa¬ 
tion.  The  three  options  are  complicated  by  the  fact  that  we 
have  already  decided  to  set  <j>x  and  <j>xx  at  the  free-surface 
panels  immediately  aft  of  the  transom  equal  to  those  val¬ 
ues  required  by  Bernoulli’s  equation.  Thus,  for  the  sake  of 
continuity  in  the  boundary  conditions,  we  choose  the  third 
option  and  set  <f>x  equal  to  the  value  required  by  Equa¬ 
tion  (8). 

There  remains  the  task  of  determining  /z,  the  strength 
of  the  normal  dipole  moment  on  the  trailing  wake.  Two  op¬ 
tions  are  readily  apparent.  We  may,  of  course,  set  /z  to  zero 
and  thereby  ignore  the  possibility  or  requirement  of  having 
a  discontinuity  of  0  in  the  wake.  Otherwise,  we  are  required 
to  determine  /z  from  Bernoulli’s  equation.  This  is  done  by 
considering  the  linearized  form  given  by  Equation  (8).  For 
each  wake  strip,  two  points  are  chosen.  One  point  is  at  the 
centroid  of  the  hull  panel  nearest  the  transom.  The  other 
point  is  slightly  aft  of  the  transom  on  the  side  of  the  strip  of 
dipole  panels  facing  the  fluid  domain.  A  difference  equation 
for  fi  is  obtained  by  discretizing  Equation  (8)  using  these 
two  points. 

Equation  (12)  is  not  the  only  integral  equation  that  can 
be  used  to  obtain  <j).  We  could  replace  1/r  by  l/r+l/r'  and 
obtain  a  second  integral  equation.  The  main  difference  is 
that  in  the  first  equation  <f>  is  expressed  in  terms  of  dipoles 
and  sources  on  the  mean  free-surface  level,  whereas  in  the 
second  case  only  sources  appear  on  the  mean  free-surface 
level. 


We  originally  intended  to  use  double-body  linearization 
instead  of  free-stream  linearization  for  the  Rankine-source 
solution,  but  we  encountered  difficulties.  In  order  to  pre¬ 
vent  the  flow  from  turning  the  sharp  corner  formed  by  the 
transom,  we  used  a  wedge  to  extend  the  hull  downstream  for 
the  double-body  solution.  There  is  no  difficulty  in  obtain¬ 
ing  such  a  solution.  The  non-zero  Froude  number  solution, 
however,  requires  paneling  on  the  entire  free-surface  near 
the  hull,  including  the  region  aft  of  the  transom.  Normally, 
the  double-body  potential  is  itself  differenced  to  build  finite- 
difference  coefficients  so  that  the  influence  coefficients  can 
be  calculated.  In  order  to  proceed  in  this  manner  for  the 
free-surface  panels  aft  of  the  transom,  the  double-body  po¬ 
tential  was  continued  from  the  hull  extension  to  the  mean 
free-surface  level  by  means  of  a  Taylor  series  expansion. 
This  was  necessary  because  the  fictitious  potential  inside 
the  hull  is  identically  zero.  Once  this  was  done,  differenc¬ 
ing  of  the  analytically  continued  double-body  potential  was 
performed  for  first  and  second  order  derivatives  in  the  mean 
free-surface  level.  Differencing  for  the  first  derivatives  pro¬ 
duced  reasonable  approximations.  However,  differencing  for 
the  second  derivative  resulted  in  large  numerical  errors. 

A  second  and  related  issue  with  respect  to  linearization 
schemes  is  that  the  free-surface  elevation  computed  from 
double-body  linearization  shows  evidence  of  numerical  in¬ 
stability,  in  that  numerical  noise  seems  to  grow  in  the  strips 
of  free-surface  panels  in  the  downstream  direction.  This 
should  be  expected  in  view  of  the  results  of  Sclavounos  and 
Nakos  (1988).  The  fact  that  this  numerical  instability  is 
not  so  pronounced  in  the  free-surface  linearization  scheme 
was  not  expected. 

The  differencing  schemes  we  used  for  double- body  and 
free-stream  linearization  are  not  the  same.  The  double¬ 
body  differencing  scheme  involves  centroids  on  the  same 
free-surface  strip  because  the  free-surface  paneling  is  deter¬ 
mined  so  that  the  strips  of  free-surface  panels  are  bounded 
by  double-body  streamlines.  For  free-stream  linearization, 
the  free-surface  paneling  cannot  line  up  with  the  stream¬ 
lines  of  the  free-stream  flow  because  free-surface  paneling 
must  conform  to  the  shape  of  the  hull  and  not  penetrate 
into  the  hull.  Thus  the  required  differencing  scheme  is  more 
complicated  because  it  must  include  centroids  of  panels  in 
several  strips  of  panels.  However,  once  it  has  been  decided 
which  centroids  to  include  in  the  finite  difference  stencils, 
the  finite-difference  coefficients  for  approximating  <f>xx  can 
be  determined  rather  easily  by  eliminating  truncation  er¬ 
rors.  A  linear  system  of  equations  is  set  up  to  eliminate 
these  errors  up  to  fourth  order.  The  method  of  singular 
value  decomposition  is  used  to  obtain  a  set  of  differencing 
coefficients  among  the  possible  sets  of  differencing  coeffi¬ 
cients.  For  free-stream  linearization  at  a  particular  Froude 
number,  the  coefficients  of  the  derivatives  of  <j)  in  the  free- 
surface  boundary  condition  are  known  constants.  This  is 
not  the  case  in  double-body  linearization,  in  which  we  are 
required  to  numerically  approximate  the  coefficients  of  the 
derivatives  of  <f>,  which  introduces  another  source  of  error. 

PREDICTIONS 

In  order  to  validate  the  computational  methods  which 
have  been  developed  based  on  the  theory  which  was  just  dis¬ 
cussed,  predictions  have  been  made  for  a  high-speed  tran¬ 
som  stern  model  at  two  Froude  numbers,  0.25  and  0.4136. 
The  hull  form  examined  for  this  study  is  that  of  DTRC 
Model  5415,  which  was  studied  as  part  of  the  Compara- 
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Fig  1 — Panelization  of  high  speed  transom  stern  ship 
(DTRC  Model  5415). 


tive  Study  of  Numerical  Kelvin  Wake  Code  Predictions,  re¬ 
ported  by  Lindenmuth  et  al  (1990).  A  sample  paneling  of 
Model  5415  is  shown  in  Fig.  1.  On  this  model,  Lindenmuth 
et  al  reported  a  wave  trough  at  the  transom  for  Fn  =  0.25 
and  a  crest  at  the  transom  for  Fn  =  0.4136. 

Because  of  concerns  about  violating  linearization  cri¬ 
teria,  it  was  thought  best  to  concentrate  developmental  ef¬ 
forts  on  the  Havelock  singularity  code  at  the  lower  Froude 
number.  The  Rankine- source  code  requires  paneling  the 
mean  free- surface  level  near  the  hull.  Because  the  wave¬ 
lengths  associated  with  a  lower  Froude  number  are  smaller, 
more  paneling  is  required  to  resolve  the  same  expanse  of 
the  free  surface.  More  paneling  requires  more  computer 
time  and  slower  development  time.  Therefore,  for  the  sake 
of  efficiency,  the  development  and  modification  of  the  Rank¬ 
ine  singularity  code  were  concentrated  at  the  higher  Froude 
number.  For  these  reasons,  the  results  in  this  section  are 
presented  in  a  somewhat  inconsistent  order.  For  the  Have¬ 
lock  singularity  method,  results  axe  presented  first  for  the 
low  Froude  number  and  the  major  part  of  the  results  corre¬ 
spond  to  this  Froude  number.  For  the  Rankine  singularity 
method,  the  opposite  is  true;  results  are  presented  first  for 
the  higher  Froude  number,  and  then  for  the  lower  Froude 
number. 

Havelock  Singularity  Results 

For  the  Havelock  singularity  calculations,  Model  5415 
was  paneled  at  the  measured  sinkage  and  trim,  with  320 
panels  on  the  hull  and  8  trailing  dipole  panels  in  the  wake. 
For  the  first  test  case,  we  set  the  source  strengths  using 
the  slender-ship  approximation,  and  solved  for  the  dipole 
strengths.  We  found  that  the  dipole  strengths  required  to 
satisfy  the  zero  normal  flow  condition  on  the  hull  were  un¬ 
realistically  large,  and  this  approach  has  been  abandoned. 
By  starting  with  source  strengths  obtained  from  a  N-K  solu¬ 
tion  without  any  Kutta  condition,  we  are  in  effect,  using  the 
sources  to  satisfy  the  normal  flow  condition,  and  using  the 
dipoles  to  satisfy  the  tangential  flow  condition.  This  leads 
to  a  better  behaved  solution.  The  source  strengths  on  the 
hull,  from  the  N-K  solution  without  a  Kutta  condition,  for 
Fn  —  0.25,  are  presented  in  Fig.  2a.  Each  curve  in  the  fig¬ 
ure  corresponds  to  a  row  of  panels  on  the  hull  (although  the 
panels  on  the  bulb  are  included  in  the  solution,  their  source 
strengths  are  not  plotted  on  this  graph  for  reasons  of  clar¬ 
ity).  These  source  strengths  account  for  the  interactions 
between  the  hull  and  the  free- surface  waves,  but  not  for  the 
zero  pressure  condition  at  the  transom  stern.  The  dipole 


(a) — Source  strengths  on  the  hull. 


a 


(b) — Dipole  strengths  on  the  hull. 


(c) — Dipole  strengths  across  the  wake. 


Fig  2 — Singularity  strengths  on  the  hull,  Fn  =  0.25.  Each 
curve  represents  a  row  of  panels  at  a  different 
depth. 


strengths  required  to  satisfy  the  Kutta  condition,  Fig.  2b, 
are  driven  entirely  by  the  zero  pressure  condition,  in  the 
sense  that  the  dipole  strengths  would  go  to  zero  in  the  ab- 
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sence  of  this  boundary  condition.  Apparently  the  effects  of 
imposing  the  Kutta  condition  on  the  hull  at  the  transom, 
as  represented  by  the  dipole  distribution,  do  not  extend 
very  far  forward  of  the  transom.  The  dipole  strengths  are 
negligible  over  most  of  the  length  of  the  hull,  but  as  the 
flow  accelerates  to  satisfy  the  zero  pressure  condition,  the 
dipole  strengths  drop  quickly  and  smoothly  to  a  minimum 
value  at  the  transom.  The  dipole  strengths  are  held  con¬ 
stant  on  the  trailing  wake  panels.  The  dipole  distribution 
across  the  wake  is  shown  in  Fig.  2c.  The  similarities  be¬ 
tween  this  distribution  and  the  spanwise  distribution  on  an 
airfoil  are  striking.  The  significance  of  this  trailing  vortic- 
ity  can  be  appreciated  by  noting  that  the  magnitude  of  the 
dipole  strengths  is  comparable  to  the  strengths  calculated 
on  an  airfoil  of  equal  span,  operating  at  a  negative  angle 
of  attack  of  approximately  five  degrees.  The  sense  of  the 
vorticity  will  result  in  an  upwelling  flow  on  the  centerline 
of  the  wake,  and  a  diverging  free-surface  current  across  the 
wake,  and  may  well  be  the  physical  mechanism  responsi¬ 
ble  for  such  flows  observed  in  the  centerline  wake  region  of 
transom  stern  ships. 

Contour  plots  of  the  contributions  to  the  near-field 
wave  elevations  due  to  the  sources  alone  and  due  to  the 
dipoles  alone  are  presented  in  Figs.  3a  and  3b  (note  that  the 
contour  interval  is  reduced  in  Fig.  3b).  The  elevations  have 
been  non-dimensionalized  by  the  fundamental  wavenumber 
k0.  The  changes  in  the  wave  field  due  to  the  dipoles  are  lim¬ 
ited  to  a  small  region  directly  aft  of  the  transom  and  a  group 
of  diverging  waves  which  occur  along  a  cusp  line  which  orig¬ 
inates  near  the  stern.  The  total  near-field  wave  elevations 
which  result  from  the  combined  distribution  of  sources  and 
dipoles  on  the  hull  are  presented  in  Fig.  3c.  The  correspond¬ 
ing  experimental  results  are  shown  in  Fig.  3d.  Including  the 
Kutta  condition  at  the  transom  leads  to  a  solution  which 
exhibits  a  very  steep  rise  in  the  wave  elevation  aft  of  the 
transom,  which  will  likely  lead  to  wave  breaking. 

Wavecuts  along  y/L  =  0.324  are  presented  in  Fig.  4. 
The  measured  wavecut  is  presented  in  Fig.  4a,  while  that 
predicted  from  a  N-K  solution  without  a  Kutta  condition 
is  shown  in  Fig.  4b.  In  Fig.  4c  we  note  that  the  transverse 
waves  due  to  the  dipoles  are  very  small  relative  to  those 
generated  by  the  sources.  The  most  significant  far- field  ef¬ 
fect  of  the  Kutta  condition  is  the  same  group  of  diverging 
waves  noted  in  the  near-field  contour  plots.  The  combined 
wave  fields  are  given  in  Fig.  4d.  The  inclusion  of  the  dipoles 
results  in  a  free-wave  amplitude  spectrum  which  is  in  good 
agreement  with  that  obtained  from  the  experimental  wave- 
cuts,  Fig.  5.  The  predicted  wave  resistance,  Cpy,  of  0.00042 
compares  well  with  the  experimental  wave  pattern  resis¬ 
tance,  Cwp,  of  0.00037. 

Fig.  6  presents  contour  plots  of  wave  elevation  for  Fn  = 
0.4136.  Fig.  6a  presents  the  results  for  the  combined  dis¬ 
tribution  of  sources  and  dipoles.  The  near-field  waves  gen¬ 
erated  by  the  dipoles  alone  are  shown  in  Fig.  6b.  The  cor¬ 
responding  experimental  results  are  shown  in  Fig.  6c.  As 
before,  the  effects  on  the  wave  field  of  imposing  the  Kutta 
condition  at  the  transom  are  relatively  limited.  The  dipole 
distribution  across  the  wake  is  shown  in  Fig.  7.  The  vor¬ 
ticity  is  somewhat  stronger  and  has  the  same  sense  as  be¬ 
fore,  leading  to  an  upwelling  along  the  centerline  and  a  di¬ 
verging  flow  across  the  wake.  The  measured  wavecut  along 
y/L  =  0.324  is  presented  in  Fig.  8a.  The  predicted  wavecut 
due  to  the  combination  of  source  and  dipole  panels  is  shown 
in  Fig.  8b.  Although  the  predictions  are  slightly  higher  than 


(a) — Due  to  Havelock  sources  alone. 


(c) — Due  to  combination  of  Havelock  sources  and  dipoles. 


(d)— Measured.  (from  Lindenmuth  et  al.  1990) 


A  k0Z  =  0.02 


(e) — Due  to  Rankine  singularies.  (Transom  panels,  no  wake 
panels) 

Fig  3 — Non-dimensional  near-field  wave  elevation  contours 
for  Model  5415  at  Fn  =  0.25. 
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(a) — Measured,  (from  Lindenmuth  et  ai  1990) 


o 


(c) — Due  to  Havelock  dipoles  alone. 

Fig  4 — Wavecut  at  y/L  —  0.324  for  Model  5415  at  Fn  = 
0.25. 


the  data,  the  qualitative  agreement  between  the  measured 
and  predicted  far-held  wave  cuts  is  very  good.  The  free- 
wave  amplitude  spectra  are  compared  in  Fig.  9. 


(d) — Due  to  combination  of  Havelock  sources  &  dipoles. 


Fig  4  (Cont.) — Wavecut  at  y/L  —  0.324  for  Model  5415  at 
Fn  =  0.25  . 


Fig  5 — Comparison  of  measured  (dashed  line)  and  pre¬ 
dicted  (solid  line)  free- wave  spectra  for  Fn  =  0.25. 
(measured—from  Lindenmuth  et  ai  1990) 


Rankine  Singularity  Results 

Since  the  flow  configuration  is  assumed  to  be  symmetric 
about  the  center  plane  of  the  ship,  only  half  of  the  hull,  free- 
surface,  and  wake  are  paneled.  In  either  case  the  hull  was 
paneled  with  324  panels.  The  transom  was  paneled  with  8 
panels  and  the  wake  with  8  strips  of  panels.  The  free  surface 
was  paneled  with  780  panels  for  the  high  Froude  number 
case:  10  strips  of  62  panels  to  the  side  and  8  strips  of  20 
panels  aft  of  the  stern.  For  the  low  Froude  number  case, 
more  panels  were  deemed  necessary  because  of  the  smaller 
wavelengths.  Therefore  the  same  expanse  of  the  mean  free- 
surface  level  was  paneled  in  10  strips  of  80  panels  to  the  side 
and  with  8  strips  of  23  panels  aft  of  the  stem.  The  paneling 
for  the  high  Froude  number  case  was  allowed  to  be  finer 
near  the  bow  and  stern  whereas  the  paneling  for  the  low 
Froude  number  case  was  nearly  uniform  in  the  longitudinal 
direction.  Fig.  10  depicts  the  free-surface  paneling  for  Fn  = 
0.4136;  the  hull  paneling  is  similar  to  that  shown  in  Fig.  1. 

Figs.  6d  and  6e  present  contour  plots  of  the  wave  ele¬ 
vation  predicted  using  the  Rankine  source  method  for  Fn  = 
0.4136.  Fig.  6d  corresponds  to  the  case  where  wake  panels 
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(b) — Due  to  Havelock  dipoles  alone. 


(c) — Measured,  (from  Lindenmuth  et  ah  1990) 
A  k0Z  =  0.02 


(e)  Due  to  Rankine  singularies.  (Transom  panels,  no  wake 
panels) 

Fig  6 — Non-dimensional  near-field  wave  elevation  contours 
for  Model  5415  at  Fn  =  0.4136. 
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Lateral  position  /  transom  beam 


Fig  7 — Dipole  strengths  across  the  wake  for  Fn  =  0.4136. 
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(a)-— Measured,  (from  Lindenmuth  et  al  1990) 


X  x  WAVENUMBER 


(b)  Predicted  due  to  combination  of  sources  and  dipoles. 

Fig  8— Wavecut  at  y/L  =  0.324  for  Model  5415  at  Fn  = 
0.4136. 

are  present  and  the  panels  on  the  transom  are  neglected. 
The  normal  dipole  strengths  of  the  wake  panels  were  de¬ 
termined  from  the  linearized  Bernoulli  equation.  Fig.  6e 
corresponds  to  the  case  in  which  transom  panels  were  in¬ 
cluded,  but  the  normal  dipole  strengths  in  the  wake  were 
set  to  zero.  There  is  very  little  difference  between  these  two 
sets  of  results.  A  third  attempt  at  finding  a  solution  was 
made  for  which  both  the  wake  and  the  transom  panels  were 
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Fig  9 — Comparison  of  measured  (dashed  line)  and  pre¬ 
dicted  (solid  line)  free-wave  spectra  for  Fn  — 
0.4136.  (measured — from  Lindenmuth  et  al 
1990) 


Fig  10 — Free- surface  panelization  for  Fn  =  0.4136. 


present.  The  third  attempt  failed  because  the  resulting  lin¬ 
ear  system  of  equations  was  too  ill-conditioned  to  obtain  a 
solution  in  32-bit  arithmetic.  We  are  using  direct  solvers 
here  because  the  iterative  schemes  we  have  been  using  do 
not  converge  for  the  problems  being  considered  here. 

Because  of  the  presence  of  dipoles  on  the  free  surface, 
we  are  not  able  to  separate  the  trailing  vorticity  due  to 
the  presence  of  the  transom  from  that  normally  on  the  free 
surface.  Therefore,  there  is  no  figure  corresponding  to  Figs. 
2c  or  7. 

Comparing  the  predicted  wave  elevations  in  Figs.  6d 
and  6e  with  the  wave  height  obtained  from  experiments, 
Fig.  6c  shows  that  the  bow  wave  and  the  mid-ship  trough 
are  underpredicted.  The  discrepancy  at  the  bow  may  be 
due  to  the  paneling  not  being  fine  enough.  In  the  stern 
area  the  predicted  wave  height  does  match  the  hull  depth 
at  the  transom,  as  is  indicated  in  Fig.  11a.  This  figure  shows 
hull  depth  versus  longitudinal  position  in  the  left  half  and 
predicted  wave  height  versus  longitudinal  position  in  the 
right  half.  The  hull  depth  and  wave  height  are  plotted  for 
the  eight  longitudinal  strips  of  panels  on  the  main  hull  and 
the  eight  longitudinal  strips  of  free-surface  panels  extending 
from  the  stern  downstream.  The  wave  height  and  the  hull 
depth  match  at  the  stern.  We  may  thus  conclude  that  the 
pressure  condition,  Equation  (8),  is  indeed  satisfied.  The 
predicted  wave  height  rises  from  the  transom  depth  to  a 
peak  of  k0Z  =  0.14  before  falling  again.  There  are  no  ex¬ 
perimental  data  in  this  area  to  determine  the  accuracy  of 
these  predictions.  To  the  side  and  aft  of  the  stern  both  the 
experimental  data  and  the  predictions  show  a  wave  height 


(a) — Fn  =  0.4136. 


(b) — Fn  =  0.25. 

Fig  11 — Hull  depth  and  predicted  wave  height  verses  longi¬ 
tudinal  position  near  the  stern  at  eight  transverse 
locations. 

kQZ  =  0.08.  A  pressure  integration  over  the  portion  of 
the  hull  beneath  the  mean  free-surface  level  except  for  the 
transom  was  performed  to  obtain  the  wave  resistance  and 
induced  drag  as  the  force  in  the  longitudinal  direction,  Clw . 
The  resulting  value  for  C'w  was  0.00243,  which  is  close  to 
the  Cwp  of  0.0024. 

Fig.  3e  shows  the  predicted  wave  height  contours  for 
Fn  =  0.25;  these  results  should  be  compared  with  the  ex¬ 
perimental  measurements  of  Fig.  3d.  The  computations  cor¬ 
respond  to  the  case  in  which  the  transom  has  panels  and 
there  are  no  dipole  panels  in  the  wake.  In  this  case  the 
predicted  results  are  not  as  good  as  at  the  higher  Froude 
number  because  of  the  difficulty  in  resolving  the  finer  de¬ 
tails  of  the  flow  even  with  the  finer  free-surface  paneling. 
In  the  stern  area,  Fig.  lib  shows  that  the  fluid  leaves  the 
hull  tangentially  just  as  it  did  for  the  higher  Froude  num¬ 
ber  case.  This  is  a  good  indication  that  the  atmospheric- 
pressure  boundary  condition  on  the  hull  at  the  transom  is 
being  satisfied.  There  are  more  data  points  from  measure¬ 
ments  for  this  case.  The  experimental  data  indicate  a  max¬ 
imum  wave  height  in  the  stern  area  of  about  koZ  =  0.10 
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and  a  minimum  wave  height  of  about  koZ  =  —0.06.  The 
predictions  have  a  peak  value  of  about  koZ  =  0.14  and  a 
trough  with  depth  of  about  k$Z  =  —  0.10.  In  this  case  the 
wave  resistance,  C'w ,  is  predicted  to  be  0.00053,  while  the 
value  from  wave  pattern  analysis,  Cwp ,  is  0.00037. 

CONCLUSIONS 

The  authors  have  developed  two  methods  which  are 
capable  of  modeling  the  flow  about  a  ship  with  a  transom 
stern,  using  vortex  sheets  to  model  the  lift  effects.  Both 
methods  implement  a  Kutta  condition  based  on  the  fact 
that  the  pressure  on  the  hull  at  the  transom  must  be  zero. 
This  Kutta  condition  is  used  to  determine  the  strength  of 
trailing  vorticity  or  the  strengths  of  dipoles  on  the  tran¬ 
som.  The  first  method  employs  Havelock  singularities  which 
can  be  distributed  over  the  hull  surface  and  in  the  wake. 
The  linearized  free-surface  boundary  condition  (obtained  by 
free-stream  linearization)  is  implicitly  satisfied  by  the  use  of 
Havelock  singularities,  and  therefore  no  singularities  are  re¬ 
quired  on  the  free  surface.  The  second  method  employs 
Rankine  singularities  which  can  be  distributed  over  the  hull 
surface  and  in  the  wake.  The  technique  requires  that  Rank¬ 
ine  sources  also  be  distributed  over  the  free  surface,  and  in 
this  way  a  linearized  free-surface  boundary  condition  (lin¬ 
earization  here  is  also  about  the  uniform  free  stream)  is 
satisfied.  Computations  based  on  the  two  methods  have 
been  compared  with  each  other  for  flow  about  a  high-speed 
transom  stern  ship  (DTRC  Model  5415).  The  results  show 
encouraging  agreement  with  one  another  and  with  experi¬ 
ments  for  the  flow  configurations  considered. 

The  Havelock  singularity  method  uses  Havelock  sources 
to  satisfy  the  normal  flow  boundary  conditions  on  the  hull, 
and  Havelock  dipoles  to  satisfy  tangential  flow  conditions. 
This  leads  to  well-behaved  solutions  to  the  bound  ary- value 
problem.  Imposing  a  zero  pressure  condition  on  the  hull  at 
the  transom  appears  to  have  little  effect  upon  the  predicted 
far- field  Kelvin  wave.  The  effects  in  the  near  field  are  much 
more  significant.  The  present  results  show  a  wave  trough 
just  behind  the  ship,  and  the  wave  elevation  now  matches 
the  depth  of  the  transom.  There  is  a  rapid  rise  to  a  wave 
peak  immediately  downstream  of  this  trough.  The  waves 
generated  by  the  Havelock  dipole  exhibit  a  distinct  cusp 
line  emanating  from  the  corners  of  the  transom.  The  pre¬ 
dictions  are  consistent  with  observed  wave  fields  generated 
by  transom  stern  ships. 

Perhaps  more  significant  than  the  predicted  wave  field 
is  the  prediction  of  the  vorticity  shed  by  a  transom  stern 
ship.  The  flow  is  shown  to  accelerate  toward  the  transom  to 
satisfy  the  zero  pressure  condition;  the  result  is  an  increase 
in  the  downward  dynamic  force  on  the  hull.  The  shed  vor¬ 
ticity  is  roughly  equivalent  to  that  shed  by  a  hydrofoil  with 
a  span  equal  to  the  transom  beam,  operating  as  a  negative 
angle  of  attack  of  approximately  5  degrees.  The  sense  of 
the  vorticity  is  such  that  there  will  be  an  upwelling  flow 
on  the  centerline  of  the  wake,  and  a  diverging  free  surface 
current  across  the  wake.  Similar  flow  fields  are  frequently 
observed  behind  transom  stern  ships.  To  our  knowledge, 
this  is  the  first  numerical  result  which  offers  an  explanation 
for  the  source  of  this  vorticity. 

The  Rankine  singularity  approach  shows  little  differ¬ 
ence  in  predicted  wave  resistance  for  two  forms  of  problem 
formulation:  first,  when  the  transom  is  paneled  and  wake 
panels  are  absent  and,  secondly,  when  the  wake  is  present 
and  the  transom  is  neglected.  A  third  alternative  corre¬ 


sponding  to  paneling  both  the  wake  and  the  transom  proved 
to  be  numerically  ill  conditioned.  The  ill  conditioning  very 
likely  arises  from  the  fact  that  the  equations  required  to 
determine  the  strengths  of  the  trailing  vorticity  essentially 
duplicate  those  set  up  to  determine  dipole  strengths  on  the 
transom.  At  any  rate,  from  the  results  we  have  seen,  it 
seems  best  to  neglect  the  wake  panels  altogether  and  to 
place  dipole  panels  on  the  transom  for  this  type  of  lineariza¬ 
tion. 

When  we  attempted  to  formulate  a  Rankine  singularity 
method  based  on  a  Dawson  type  double-body  linearization, 
we  had  difficulties.  To  solve  the  double  body  problem,  we 
extended  the  hull  with  a  solid  surface  aft  of  the  transom 
in  order  to  obtain  a  double-body  flow  that  did  not  turn 
a  corner  at  the  transom.  We  then  attempted  to  apply  a 
Dawson  type  free-surface  condition  on  this  extension  of  the 
transom  which  appeared  not  to  work.  Perhaps  the  solid 
hull  extension  should  be  replaced  with  a  wake  composed  of 
a  sheet  of  dipoles  extending  downstream  from  the  perimeter 
of  the  transom  to  infinity. 

We  have  found  linear  solutions  to  the  problem  of  the 
steady  flow  about  a  transom  stern  hull  form  at  realistic 
Froude  numbers,  using  models  which  are  capable  of  prop¬ 
erly  including  the  effects  of  shed  vorticity.  Obviously  linear 
solutions  are  valid  only  forward  of  the  region  of  energetic 
wave  breaking  which  occurs  in  the  wake  downstream  of  the 
transom.  However,  this  approach  allows  us  to  accurately 
calculate  the  flow  field  near  the  hull,  including  the  free- 
surface  wave  elevations,  the  pressure  on  the  hull,  the  shed 
vorticity  and  the  stern-induced  resistance.  This  transom 
stern  analysis  method  should  allow  the  design  of  transom 
sterns  with  lower  resistance  and  lower  wake  signatures. 
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DISCUSSION 
Hoyte  Raven 

Maritime  Research  Institute  Netherlands,  The  Netherlands 
I  have  a  few  questions  on  this  very  interesting  paper. 

1.  If  no  special  treatment  of  the  transom  stem  is  applied,  a  free 
surface  is  predicted  that  intersects  the  transom  at  some  point.  Since 
one  expects  it  to  flow  off  the  edge  of  the  transom,  one  looks  for 
modifications.  But  in  a  linearized  method  we  generally  do  not  care 
about  the  precise  location  of  the  intersection  as  its  influence  is  of 
higher  order.  Is  not,  then,  this  method  (though  a  very  successful 
one)  to  incorporate  in  a  linearized  method  something  that  in  principle 
prohibits  the  linearization,  vis.  the  presence  of  a  sharp  comer  close 
to  the  free  surface? 

2.  You  point  out  the  analogy  with  a  Nutta  condition.  There  is 
perhaps  another  analogy  with  free-streamline  theory.  This,  however, 
predicts  an  infinite  curvature  of  the  separating  streamline  at  the 
transom  edge.  Could  such  a  behaviour  fit  into  your  method? 

3.  I  was  impressed  by  the  fact  that  the  Rankine  singularity  method 
with  transom  panels  but  without  trailing  wake  panels  was  as  good  as 
that  which  incorporates  the  value.  Does  not  this  contradict  the 
importance  of  trailing  vorticity? 

AUTHORS’  REPLY 

1.  This  meeting  is  indeed  an  attempt  to  circumvent  a  difficulty  in 
devising  a  linearization  scheme.  The  objective  is  to  find  a  basic  flow 
from  which  the  true  flow  deviates  little.  With  a  dipole  sheet 
extending  to  downstream  infinity  from  the  edges  of  the  transom,  we 
are  building  into  the  basis  flow  the  fact  that  fluid  moves  smoothly 
past  the  transom.  The  perturbation  from  the  basis  flow  potential 
should  then  be  small. 

2.  The  method  of  free  streamlines  might  be  used  to  find  a  hull 
extension  about  which  a  double-body  flow  can  be  calculated.  Flows 
corresponding  to  nonzero  Froude  numbers  could  be  calculated  based 
on  linearizing  the  free-surface  boundary  conditions  on  the  mean  free- 
surface  level  outside  the  hull  with  its  extension  and  on  the  surface  of 
the  extension. 

3.  We  do  not  understand  this  seeming  contradiction,  but  it  may  be 
that  we  can  carry  and  are  in  fact  carrying  vorticity  on  the  free 
surface.  This  matter  needs  to  be  studied  more. 


DISCUSSION 
Dimitris  Nakos 

Massachusetts  Institute  of  Technology,  USA 

The  approach  followed  in  the  paper  appears  to  be  able  to  "tune" 
linear  and/or  quasilinear  numerical  solutions  of  the  steady  ship  wave 
problem  behind  a  transom  stem,  so  that  they  are  in  better  correlation 
with  reality.  My  question  pertains  to  one  of  the  most  critical,  and 
potentially  most  troublesome,  assumptions  behind  the  technique 
described  in  the  paper... that  is  the  positioning  of  the  line  across 
which  separation  occurs.  In  the  case  investigated  by  the  authors,  the 
loading  condition  of  the  vessel  is  such  that  part  of  the  transom  stem 
is  submerged  even  in  calm  water,  and  the  sharp  edge  of  the  transom 
appears  as  the  safest  alternative  for  "separation  line. "  In  many  cases, 
however,  the  transom-like  flow  may  be  anticipated.  Do  the  authors 
have  any  suggestions  about  the  positioning  of  the  separation  line  in 
such  cases? 

AUTHORS’  REPLY 

The  cases  in  question  are  nonlinear  flows  which  we  are  not  ready  to 
handle.  As  a  first  approximation,  one  would  not  concern  himself 
with  the  hull  configuration  above  the  level  of  the  undisturbed  free 
surface.  When  sinkage  and  trim  is  accounted  for  in  subsequent 
calculations,  it  might  be  appropriate  to  also  take  into  consideration 
this  transom-like  flow. 


DISCUSSION 

Kazu-hiro  Mori 
Hiroshima  University,  Japan 

Although  the  linearized  pressure  condition  (8)  is  consistent  in  your 
framework,  it  may  not  always  provide  non-jump  in  pressure.  How 
was  the  resulted  pressure  there?  Is  the  pressure  condition  satisfied? 

AUTHORS’  REPLY 

For  the  Havelock  singularity  method,  the  dipole  strength  in  the  wake 
is  determined  in  such  a  way  that  the  linearized  zero-pressure 
condition  (8)  is  satisfied.  For  the  Rankine  singularity  method,  the 
differencing  scheme  immediately  aft  of  the  stem  is  set  up  so  that  this 
condition  is  satisfied.  Consequently,  for  either  method,  the  pressure 
is  zero  at  the  intersection  of  the  free  surface  with  the  hull.  For  the 
Rankine  singularity  method,  this  can  be  seen  in  Figs.  11a  and  lib 
where  the  wave  elevation  aft  of  the  stem  has  been  calculated  based  on 
the  linearized  zero-pressure  condition  (8).  The  pressure  based  on  the 
fully  nonlinear  Bernoulli  equation  has  not  been  calculated. 
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A  Boundary  Integral  Approach 
in  Primitive  Variables  for  Free  Surface  Flows 

C.  Casciola  (I.N.S.E.A.N.,  Italy) 

R.  Piva  (Universita  di  Roma,  Italy) 


ABSTRACT 

The  boundary  integral  formulation,  very  efficient 
for  free  surface  potential  flows,  has  been  considered 
in  the  present  paper  for  its  possible  extension  to  ro¬ 
tational  flows  either  inviscid  or  viscous.  We  analyze 
first  a  general  formulation  for  unsteady  Navier  Stokes 
equations  in  primitive  variables,  which  reduces  to  a 
representation  for  the  Euler  equations  in  the  limiting 
case  of  Reynolds  infinity. 

A  first  simplified  model  for  rotational  flows,  ob¬ 
tained  by  decoupling  kinematics  and  dynamics,  re¬ 
duces  the  integral  equations  to  a  known  kinematical 
form  whose  mathematical  and  numerical  properties 
have  been  studied.  The  dynamics  equations  to  com¬ 
plete  the  model  are  obtained  for  the  free  surface  and 
the  wake.  A  simple  and  efficient  scheme  for  the  study 
of  the  non  linear  evolution  of  the  wave  system  and  its 
interaction  with  the  body  wake  is  presented.  A  steady 
state  version  for  the  calculation  of  the  wave  resistence 
is  alse  reported.  A  second  model  has  been  proposed 
for  the  simulation  of  rotational  separated  regions,  by 
coupling  the  integral  equations  in  velocity  with  an  in¬ 
tegral  equation  for  the  vorticity  at  the  body  boundary. 
The  same  procedure  may  be  extended  to  include  the 
diffusion  of  the  vorticity  in  the  flowfield.  The  vortex 
shedding  from  a  cylindrical  body  in  unsteady  motion 
is  discussed,  as  a  first  application  of  the  model. 

INTRODUCTION 

One  of  the  most  successful  approaches  for  the 
analysis  of  free  surface  flow  problems  is  given  by  the 
boundary  integral  equation  method.  In  particular, 
if  the  governing  equations  are  linear,  as  it  is  for  the 
potential  flow  approximation,  this  approach  reduces 
by  one  the  space  dimensions  of  the  computational 
domain.  Moreover,  it  provides  a  description  of  the 
boundary  conditions  (which  are  usually  non  linear 
and  unsteady)  more  accurate  than  any  other  compu¬ 


tational  model.  As  a  matter  of  fact,  the  boundary 
integral  equation  method,  together  with  some  specific 
techniques  introduced  to  linearize  and  discretize  the 
kinematic  and  the  dynamic  boundary  conditions  at 
the  free  surface,  leads  to  an  extremely  efficient  com¬ 
putational  methodology  for  the  evaluation  of  the  wave 
resistance  and  of  the  overall  potential  flow  field,  e.g. 
see  [1], 

However  more  realistic  flows  always  contain  re¬ 
gions  of  vorticitv  different  from  zero,  which  after  bein? 
generated  at  the  body  wall,  usually  remains  confined 
in  a  narrow  region  close  to  the  body  itself  and  its 
wake,  provided  the  Reynolds  number  is  sufficiently 
high.  The  relevance  of  the  rotational  flow  may  be  en¬ 
hanced  by  large  separated  regions  about  bluff  bodies, 
by  the  interaction  of  the  wake  with  the  free  surface 
or  with  other  solid  bodies  (e.g.  the  propeller),  or  by 
a  larger  effect  of  the  diffusion  for  moderate  values  of 
the  Reynolds  number. 

In  all  these  conditions,  where  either  confined  or 
large  vortical  regions  appear,  the  inability  to  intro¬ 
duce  the  velocity  potential  prevents  from  using  the 
very  efficient  model  previously  mentioned.  In  the  for¬ 
mer  case  (i.e.  confined  vortical  regions)  the  overall 
picture  of  the  flow  field  does  not  change  much  with 
respect  to  the  potential  one,  so  that  the  classical  sin¬ 
gular  perturbation  approach,  that  is  a  boundary  layer- 
external  solution  interaction  model,  may  give  suffi¬ 
ciently  accurate  results.  In  the  latter  case  (i.e.  large 
vortical  regions)  any  kind  of  external  flow  field  cor¬ 
rection  becomes  inefficient  and  the  direct  field  dis¬ 
cretization  of  the  Navier  Stokes  equations  (or  a  sim¬ 
plified  version  of  them,  e.g.  parabolized)  seems  to  be 
the  only  available  approach  for  practical  applications 
[2],  Anyhow  in  both  cases  we  have  to  deal  with  more 
complicated  techniques,  which  require  a  larger  com¬ 
putational  effort.  In  particular,  extending  the  effect 
of  viscosity  to  the  entire  flow  field,  we  may  even  spoil 
from  a  numerical  point  of  view  the  wave  pattern  sim¬ 
ulation  at  the  free  surface,  with  respect  to  the  much 
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simpler  potential  flow  model. 

It  is  reasonable  at  this  point  to  try  to  answer  the 
following  questions:  in  which  condition  is  it  possible 
and  convenient  the  extension  of  the  boundary  integral 
method  to  rotational  flows?  How  large  is  the  loss  of 
efficiency  due  to  the  presence  of  non  linear  terms  in 
the  equations?  In  fact,  these  terms  give  rise  to  field 
integrals  and  cancelling  one  of  the  main  advantages  of 
the  boundary  integral  formulation  for  potential  flow 
(that  is  the  only  presence  of  boundary  unknowns) . 

Purpose  of  this  paper  is  to  give  some  prelimi¬ 
nary  answers  to  these  questions  by  illustrating  a  gen¬ 
eral  boundary  integral  formulation  for  viscous  flows 
in  primitive  variables  (velocity  components  and  pres¬ 
sure)  which  reduces  to  a  representation  for  inviscid 
flows  in  the  limiting  case  of  Reynolds  infinity.  The 
theoretical  analysis,  developed  by  the  authors  in  pre¬ 
vious  papers  [3,  4,  5]  and  briefly  summarized  for  the 
reader’s  convenience  in  Section  2,  is  successively  ap¬ 
plied  to  generate  a  set  of  computational  models  which 
are  increasingly  complicated  as  long  as  they  become 
suitable  to  deal  with  flows  presenting  more  relevant 
vortical  regions. 

A  first  group  of  models  is  obtained  by  decoupling 
the  kinematics  from  the  dynamics  in  the  integral  rep¬ 
resentation  which  holds  in  the  limit  of  zero  diffusion. 
By  doing  so,  we  recover  the  purely  kinematical  inte¬ 
gral  representation  for  the  velocity  vector,  known  as 
Poincare  formula,  valid  also  for  rotational  flows  [6]. 
The  dynamical  part  of  the  equations,  still  in  differ¬ 
ential  form,  gives  rise  to  auxiliary  conditions  for  the 
free  surface  and  for  the  wake.  The  generation  of  vor- 
ticity  and  its  release  from  the  body,  in  the  classical 
case  of  sharp  trailing  edge,  is  assured  by  the  enforce¬ 
ment  of  a  “Kutta-type”  condition,  which  accounts  for 
the  local  viscous  phenomena,  as  explained  in  details  in 
Section  3.  A  further  kinematical  equation  is  required 
to  account  for  the  unknown  position  of  the  field  dis¬ 
continuity  given  by  the  free  surface  or  by  the  wake. 

The  above  assumptions  provide  a  very  simple 
and  efficient  model,  able  to  analyze  rotational  un¬ 
steady  flows  and  well  equipped  to  treat  the  non  linear 
free  surface  behaviour.  Several  computational  results 
obtained  by  this  method  [3]  are  reported  in  Section  3. 
Also  a  steady  state  linearized  version  of  the  model 
which  resembles,  in  terms  of  velocity,  a  classical  po¬ 
tential  flow  model  [l]  largely  used  for  the  wave  resis¬ 
tance  calculation,  is  reported  in  Section  3,  in  order  to 
show  the  versatility  of  the  present  approach  and  its 
capability  to  reproduce  the  most  interesting  positive 
features  of  the  existing  methods. 

A  further  step  in  the  direction  of  a  complete  sim¬ 
ulation  of  the  rotational  flow,  is  attempted  by  includ¬ 
ing  the  diffusion  phenomena,  neglected  in  the  previ¬ 
ous  group  of  models,  as  a  first  order  effect  acting  over 
the  inviscid  solution.  In  fact,  without  introducing  the 


boundary  layer  equations,  the  viscous  effects  are  re¬ 
covered  by  the  boundary  integral  formulation  for  the 
vorticity  transport  equation,  given  in  Section  2.  As¬ 
suming,  as  in  the  first  order  boundary  layer  theory, 
that  the  pressure  does  not  change  normally  to  the 
body  wall,  we  combine  its  value  from  the  inviscid  so¬ 
lution  is  combined  in  order  to  obtain  an  integral  equa¬ 
tion  in  the  wall  vorticity.  This  procedure,  described 
in  Section  4,  allows  to  detect,  within  the  limits  of  the 
approximation,  the  separation  point  along  the  wall, 
hence  the  position  and  the  intensity  of  the  issuing 
vortex  layers  for  the  simulation  of  the  rotational  wake 
region. 

Finally  the  boundary  integral  equations  and  the 
computational  procedure  for  a  complete  model  are 
briefly  outlined  in  Section  5.  By  a  complete  model 
we  mean  a  model  in  which  dynamics  and  kinematics 
are  fully  coupled  and  the  same  viscous  fundamental 
solutions  together  with  the  related  integral  represen¬ 
tations  are  considered  in  the  entire  flow  field.  More 
specifically  the  concept  of  interacting  external  and  in¬ 
ternal  solutions,  which  is  typical  of  perturbation  tech¬ 
niques,  is  not  adopted  here.  The  close  relationship 
between  this  model  and  the  previous  ones  may  be 
of  great  help  to  overcome  the  numerical  difficulties 
mainly  due  to  the  kernel  of  the  integral  equations, 
which  becomes  highly  singular  for  increasing  values 
of  the  Reynolds  numbers.  The  numerical  results  con¬ 
cerning  this  model  are  still  in  progress  and  are  going 
to  be  presented  in  a  further  paper. 

A  GENERAL  FORMULATION  OF  FLOW 
PROBLEMS  IN  TERMS  OF  BOUNDARY 
INTEGRAL  EQUATIONS 

The  integral  formulations  of  the  Navier  Stokes 
equations  have  been  mainly  used  for  studying  the 
mathematical  aspects  of  viscous  flows.  A  detailed  de¬ 
scription  of  the  method  is  given  in  the  book  of  La¬ 
dyzhenskaya  [8] ,  where  the  integral  representation  for 
the  steady  state  problem  is  also  presented.  More  re¬ 
cently  integral  formulations  have  received  new  interest 
for  the  numerical  simulation  of  viscous  flows.  In  par¬ 
ticular  the  authors  investigated  the  flow  about  stream¬ 
lined  bodies  when  no  massive  separation  occurs  [9]. 

The  analysis  of  the  boundary  integral  equation 
given  in  full  details  in  a  previous  paper  [10],  is  briefly 
summarized  here  for  completeness.  Besides,  an  inte¬ 
gral  representation  for  the  vorticity  is  proposed  for 
its  relevance  to  the  solution  procedure  in  the  case  of 
rotational  separated  flows. 

a.  The  velocity  representation  for  viscous  flows 

We  consider  the  case  of  the  undisturbed  fluid  in 
uniform  translation  with  constant  velocity  with 
respect  to  the  body  frame  of  reference.  The  absolute 
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velocity  is  expressed  as  u  =  Uqq  +u,  where  u  is  a  per¬ 
turbation  velocity.  We  also  introduce  a  perturbation 
stagnation  pressure  P 

P  =  P+\pUi-Poo-\pUl 

so  that  at  infinity  P  =  0.  Introducing  these  quantities 
the  governing  equations  become 


with 


(k)  (k)  ( ^ 


(5) 


V  •  u  =  0  (1) 

/xV2u- VP-p^  =x  (2) 

where  the  right-hand  side  term  x  contains  the  nonlin- 
ear  terms  and  the  gravity  force 

x=  ~pu  x  C+Pg 

Notice  that  with  the  above  expression  of  the 
equations,  the  non  linear  terms,  which  give  rise  to 
a  field  integral,  have  to  be  accounted  for  only  in  the 
regions  where  the  vorticity  is  not  negligible. 

The  integral  representation  of  the  velocity  as  a 
solution  of  the  system  (1,  2)  is  given  by  [4] 


«»(**>*•)  =  J*'Jan  M4)  -  *iuik)) dsdt 

—  J  J  pVfjUjU^dSdt  (3) 

+  [  f  dt  —  f  pUjuf^dV dt 

Jo  J n  3  J n  t=o 


where  the  stress  vector  t  is  modified  to  include  the 
dynamic  pressure.  As  shown  by  (3)  the  field  veloc¬ 
ity  is  given  in  terms  of  surface  as  well  as  volume  in¬ 
tegrals.  The  first  surface  integral  gives  the  effect  of 
the  boundary  values  of  the  velocity  and  the  modified 
traction.  The  second  surface  integral  gives  the  effect 
of  the  momentum  flux  due  to  the  boundary  motion. 
In  free  surface  flows,  this  is  a  non  linear  contribution, 
because  the  boundary  normal  velocity  component  v0 
is  strictly  dependent  on  the  fluid  velocity  field.  This 
source  of  non  linearity  is  localized  on  the  free  surface 
as  in  the  case  of  potential  flow.  The  first  volume  in¬ 
tegral,  related  to  the  term  x>  accounts  for  the  body 
force  and  for  the  vorticity  effects  in  the  fluid.  This 
source  of  non  linearity  is  within  the  field  equations, 
and  in  particular  is  connected  to  the  rotational  flow 
region,  which  may  be  more  or  less  confined,  depending 
on  the  flow  field.  Finally  the  second  volume  integral 
gives  the  effect  of  the  initial  conditions.  The  funda¬ 
mental  solutions  and  are  given  by  [4] 


,(*>  _ 


=  *ikF 


d2E 

dxjdxk 


(4) 


where  for  the  two-dimensional  case 


G  =  —  lnr 
27T 


F  = 


E 

V2E 


(6) 


and  Ei  is  the  exponential  integral. 


b.  The  inviscid  flow  as  limiting  case 

We  consider  now  the  limiting  case  of  the  previ¬ 
ous  theoretical  formulation  as  the  Reynolds  number 
goes  to  infinity,  i.e.  as  v  goes  to  zero.  In  fact  the  pa¬ 
rameter  ut  could  be  more  appropriate  as  we  can  see 
from  the  expressions  of  the  two  functions  F  and  E  ap¬ 
pearing  in  the  fundamental  solutions.  We  can  easily 
see  that  their  distributional  limit  is  given  by 


F  —  -  t)6[x*  -  x) 

P 

(7) 

E  =  -t)G(x,  -x) 

P 

and  the  equation  V2E  =  F  reduces  to 
V2G  =  6{x*-x) 


Therefore  the  expressions  of  the  fundamental  so¬ 
lution  become  [5] 


(Jfe)  __ 

d2G 

d2G  \ 

(8) 

dxidxi 

dxjdxk) 

'i 

dXk 

(9) 

Combining  them  with  (3)  we  obtain  the  repre¬ 
sentation  valid  for  rotational  inviscid  flows,  which  in 
vector  notation  reads 
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u{x*,t,)=[  (un )VGdS 
JdCl 

+  /o*/an7l(n-V)VG-nV2G]^ 

-  Soiaci  v*  [(«  •  V)  VG  -  uV2G]  dSdt  (10) 
+  Io%  (v*  x  V*G  x  X)  dVdt 
“  In  (V,  x  V,G  x  u0)  dV 

where  the  vector  identity 

(b  •  V)  VG  -  bV2G  =  V,  x  V,G  x  b  (11) 

has  been  used  in  the  expressions  of  the  volume  inte¬ 
grals,  and  u0  is  the  initial  velocity. 

In  order  to  keep  the  vector  notation,  when  study¬ 
ing  a  two  dimensional  flow,  we  consider  a  cylindrical 
body  in  a  three-dimensional  space.  In  particular  we 
assume  a  local  set  of  orthonormal  coordinates  defined 
at  each  point  of  the  boundary  by  the  unit  tangent 
vector  r  (anti-clockwise),  the  unit  normal  vector  n 
(external  to  the  fluid  domain)  in  the  cross  section  and 
k  =  r  x  n. 

The  integral  representation  (10)  corresponds  to 
the  differential  model  for  inviscid  flows  given  by  the 
Euler  equations. 

c.  Analysis  of  the  boundary  integral  equation 

The  integral  representation  (3)  for  viscous  flow 
gives,  for  x*  going  to  the  boundary,  an  integral  equa¬ 
tion  which  is  a  constraint  between  the  values  assumed 
by  the  velocity  and  the  traction  at  the  boundary.  In 
the  limit  a  factor  c  (=  \  for  smooth  boundaries)  ap¬ 
pears  at  the  left-hand  side  to  account  for  the  jump 
properties  of  the  double  layer  kernel  .  If  either  the 
velocity  or  the  traction  is  assigned  as  boundary  con¬ 
dition,  we  obtain  an  integral  equation  of  first  kind  for 
the  unknown  traction  or  an  integral  equation  of  sec¬ 
ond  kind  for  the  unknown  velocity  respectively.  Usu¬ 
ally  for  free  surface  flows  about  submerged  bodies  we 
have  a  mixed-type  boundary  condition,  that  is  the 
traction  is  assigned  at  the  free  surface  and  the  velocity 
at  the  body  wall.  This  exactly  resembles  the  poten¬ 
tial  flow  formulation  that  for  the  same  physical  case 
requires  Neumann  and  Dirichlet  boundary  conditions 
for  the  body  and  the  free  surface,  respectively. 

At  increasing  values  of  the  Reynolds  number  the 
kernel  of  the  integral  equation  tends  to  become  sin¬ 
gular,  in  any  of  the  described  cases,  as  shown  by  the 
expressions  (4)  and  (5)  of  the  fundamental  solution 
u and  .  Actually,  the  functions  F  and  E  appear¬ 
ing  in  these  expressions,  become  sharper  and  sharper 
as  the  kinematical  viscosity  goes  to  zero.  The  main 
difficulty  in  solving  directly  the  integral  equations  for 
large  Reynolds  number  flows  is  essentially  related  to 
the  crucial  behaviour  of  these  functions  rather  than 


to  the  presence  of  the  volume  integrals. 

A  deeper  insight  on  the  properties  of  these  equa¬ 
tions  for  large  Reynolds  numbers,  is  provided  by  the 
analysis  of  the  limiting  case  of  zero  diffusion.  It  ap¬ 
pears  from  (8)  that  the  kernel  uf]  has  a  hypersingu¬ 
lar  behaviour  when  the  collocation  point  approaches 
the  boundary.  It  follows  an  interesting  comparison 
with  the  viscous  case,  showing  the  computational  dif¬ 
ficulties  to  be  expected  asymptotically  for  increasing 
values  of  the  Reynolds  number. 

In  particular  is  composed  of  two  terms  which 
are  both  singular.  The  first  one  is  the  well  known  hy¬ 
persingular  term  which  appears  in  the  double  layer 
representation  of  the  velocity  potential  for  the  Neu¬ 
mann  problem  [11].  The  second  one  is  a  Dirac  delta 
function  on  the  boundary  itself.  By  combining  the  two 
terms  together  with  a  few  vectorial  identities  and  the 
Stokes  theorem  for  a  closed  surface  [11,12],  the  second 
surface  integral  may  be  re-expressed  in  the  form 

[  (VP  x  n)  x  VGdS  (12) 

Jan  v  1 

which  corresponds  to  a  vortex  layer  of  density  7  = 
(VPxn)  with  P  =  Jo  ?dt.  Moreover  the  kernel  does 
not  show  now  the  same  singularity  as  in  the  original 
form. 

By  similar  manipulation  through  known  vecto¬ 
rial  identities  the  third  surface  integral  may  be  re-set 
in  the  form 


V*  x  fU  f  2va{V  X  u )GdSdt 
Jo  Jan 

-V*  x  H  va[u  x  VG)dSdt 
Jo  Jan 


(13) 


which  is  not  presenting  particularly  attractive  features 
with  respect  to  the  original  form.  The  volume  integral 
containing  the  non  linear  convective  term,  through  an 
integration  by  parts  may  be  written  as 


nV*  x  V*G  x  xdVdt  = 

1 


(14) 


V.xJ^GxjVx  x)dV  -  V.  x  Gn  x  x«fS 


with  x  =  /o’  \dt. 

By  the  same  procedure,  the  volume  integral  con¬ 
taining  the  initial  velocity  term  gives 


-  [  (V,  x  V*G  x  u0)  dV  = 

J  n 

-  V*  x  f  G$0dV  -f-  V*  x  [  Gn  x  u0dS 

Jn  Jan 


(15) 


Notice  that  in  this  form  the  initial  term  integral 
is  not  extended  to  the  entire  flow  field,  but  it  gives  a 
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contribution  only  in  the  rotational  region  and  along 
the  boundary. 

It  is  worth  to  notice  that  the  representation  (10) 
of  the  velocity  vector,  for  x*  approaching  the  bound¬ 
ary,  gives  only  one  integral  equation,  when  considering 
its  normal  projection.  This  fact  is  strictly  related  to 
the  lower  order  of  the  corresponding  differential  equa¬ 
tion  for  the  inviscid  case.  Hence,  only  one  integral 
constraint  is  expected  among  the  two  scalar  quanti¬ 
ties  (u  •  n)  and  P ,  as  the  collocation  point  approaches 
the  boundary.  Namely,  we  obtain  a  Fredholm  integral 
equation  of  second  kind  if  P  is  assigned  and  a  first 
kind  Cauchy-thype  integral  equation  if  the  boundary 
condition  prescribes  the  normal  velocity  component. 

Also  in  this  case,  for  the  problem  of  the  free  sur¬ 
face  flow  about  a  submerged  body  we  have  a  mixed- 
type  boundary  condition  and  the  resulting  system  of 
discretized  equations  has  to  be  carefully  analyzed  in 
order  to  determine  the  mathematical  properties  of  the 
corresponding  integral  operator  [3]. 

d.  The  integral  representation  for  vorticity 

In  some  of  the  models  we  are  going  to  discuss  in 
the  next  sections,  we  consider  also  the  integral  rep¬ 
resentation  for  vorticity  in  regions  close  to  the  body. 
Let  us  write  the  vorticity  transport  equation  in  the 
form 

vV2f-^  =  VxX  (16) 

where  the  nonlinear  terms  are  taken  as  a  source  at  the 
right-hand  side  of  the  equation.  The  integral  repre¬ 
sentation  for  the  solution  of  (14)  is  given,  in  the  case 
of  a  fixed  fluid  domain,  by 


(17) 

+  ["'I  ( VxX)FdVdt  -  [  <0FdV 

Jo  J n  Jo 

where  F  is  the  fundamental  solution  of  the  diffusion 
equation  given  by  (6)  for  the  two-dimensional  case. 
We  notice  that  this  representation  is  not  independent 
from  the  representation  (3)  for  velocity.  Actually  it 
can  be  obtained  by  performing  the  curl  of  (3)  and  by 
accounting  also  for  the  expression  of  the  stress  vector 
t  in  terms  of  its  normal  and  tangential  components 
[15] 

t  =  -pn  +  Kxn  (18) 

which  is  valid  for  a  traslating  rigid  body. 

For  the  collocation  point  x*  approaching  the 
boundary  we  obtain  an  integral  equation  which  is  a 
constraint  between  the  values  of  £  and  J£  at  the  bound¬ 


ary. 

No  simple  boundary  conditions  are  available  for 
Cor  |£  and  the  latter  is  usually  approximated  by  using 
the  intensity  of  the  vortex  layer  at  the  body  boundary 
and  by  assuming  a  reasonable  model  for  the  diffusion 
of  vorticity  [13,  14].  For  assigned  as  known  bound¬ 
ary  condition,  a  second  kind  integral  equation  for  £  is 
obtained.  The  kernel  still  presents  some  computa¬ 
tional  difficulties  for  large  Reynolds  numbers. 

THE  DECOUPLING  OF  KINEMATICS  AND  DY¬ 
NAMICS:  A  MODEL  FOR  ROTATIONAL  INVIS¬ 
CID  FLOWS 

Let  us  consider  the  representation  of  velocity 
(10)  combined  with  the  new  expressions  (12)  and  (13) 
of  the  surface  integrals,  for  the  analysis  of  inviscid  flow 
fields.  The  representation  contains  in  its  terms  both 
the  kinematical  and  the  dynamical  aspect  of  the  phys¬ 
ical  model,  as  clearly  shown  by  the  two  unknowns, 
namely  the  normal  velocity  and  the  stagnation  pres¬ 
sure. 

A  coupled  integral  formulation  like  (10)  allows 
for  a  straightforward  enforcement  of  the  boundary 
condition  in  terms  of  the  boundary  velocity  and  pres¬ 
sure.  In  addition  their  discretization  does  not  imply 
any  further  difficulty  as  in  the  numerical  models  based 
on  differential  equations.  Therefore  a  coupled  integral 
formulation  would  be  ideal  for  the  simulation  of  free 
surface  flow  fields,  where  a  particular  attention  has 
to  be  paid  for  a  simple  and  accurate  application  of 
the  boundary  conditions.  However,  the  presence  of 
some  computational  difficulties  (mainly  related  to  the 
calculation  of  the  surface  integral  (13)  and  the  vol¬ 
ume  integral  (14))  suggested  to  still  follow  the  classical 
path  of  decoupling  the  kinematics  from  the  dynamics, 
as  successfully  experienced  by  all  the  potential  flow 
models. 

a.  The  Poincare  formula  for  kinematics 

A  purely  kinematical  integral  representation  is 
obtained  by  eliminating  the  dynamical  variables 
through  a  back  substitution  of  the  Euler  equation  and 
of  the  vorticity  transport  equation  (in  their  differential 
form)  into  the  integral  representation  (10)  for  inviscid 
flows. 

For  the  sake  of  simplicity,  we  apply  first  the 
above  procedure  to  a  fluid  domain  fixed  in  time,  so 
that  the  integrals  which  account  for  the  free  surface 
motion  are  dropped  out.  We  will  see  later  that  their 
inclusion,  is  not  going  to  modify  the  final  result,  al¬ 
though  it  complicates  significantly  the  overall  pro¬ 
cedure.  After  introducing  the  new  integral  expres¬ 
sions  (12),  (14),  (15)  and  combining  with  the  vorticity 
transport  equation  for  inviscid  flow  integrated  in  time 
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(24) 


f-fe  =  “v  xx 

the  integral  representation  (10)  becames 

u(x*,t*)  =  /  (VP  x  n)  x  VGdS 

+  [  (u  •  n)  VGdS  -  V,  x  [  G$dV 
Jan  J  n 

+ V*  x  [  Gn  x  (u0  —  x)  dS 


(19) 


(20) 


Combining  now  the  Euler  equation  integrated  in 


time 


(u-u0)+X  =  -VP  (21) 

we  obtain  a  kinematical  representation  for  the  velocity 
vector 

u(x*,f*)  =  -  f  (u  x  n)  x  VGdS+ 

Jau 

(22) 

+  f  (u  •  n)  VGdS  -  V*  x  [  G$dV 
Jan  J  n 

where  on  the  right-hand  side  both  u  and  as  function 
of  time,  are  given  for  t  =  t*.  The  velocity  representa¬ 
tion  (22)  is  the  well  known  Poincare  formula  usually 
written  as  [6] 

u(i.)  =  V.  [jf  (V  •  u )GdV  -  jgJ\i  •  n)Gds] 

(23) 

-  V.  x  [/JV  x  u)GdV  +^n(u  x  n )Gds] 

which  is  a  velocity  integral  representation  satisfying 
only  the  kinematical  equations 

Vxu  =  (  and  V  ■  u  =  Q 

In  the  present  case  Q  is  identically  equal  to  zero. 

Let  use  underline  the  fact  that  the  splitting  be¬ 
tween  kinematics  and  dynamics,  inherent  to  the  clas¬ 
sical  velocity  potential  formulation,  is  here  recovered 
by  recombining  the  Euler  and  the  vorticity  transport 
equations  with  the  original  coupled  formulation.  In 
order  to  verify  the  equivalence  with  the  Poincare  for¬ 
mula  also  in  the  case  of  a  moving  boundary,  as  is  the 
case  for  the  free  surface,  it  is  more  convenient  to  op¬ 
erate  in  a  reverse  way,  that  is  to  differentiate  in  time 
equation  (22),  accounting  for  the  variation  in  time  of 
part  of  the  boundary  dH.  A  brief  note  on  these  cal¬ 
culation  is  reported  in  Appendix  A. 

Finally  we  deduce  the  boundary  integral  equa¬ 
tions  which  follow  from  (22)  by  performing  the  tan¬ 
gential  and  the  normal  projections  for  the  collocation 
point  x*  approaching  the  boundary  (assumed  smooth) 


dG 

uT - dS  = 

Tdn* 


d 

dr * 


fan 


unGdS  -f  I(T 


1  *  f  dG  , 

2Un  +  J9nUnd^ds  ~  (25) 

+  ^  fanUrGdS  +  1{n 

where  IST  and  I(n  give  the  contribution  of  the  volume 
integrals  in  the  two  projections,  respectively. 

Equation  (24)  is  a  second  kind  Fredholm  equa¬ 
tion  for  the  unknown  uT  or  a  first  kind  integral  equa¬ 
tion  with  a  Cauchy  type  integral  (the  kernel  0  is 
singular)  for  the  unknown  un.  The  opposite  is  valid 
for  equation  (25) .  The  two  integral  equations  are  com¬ 
pletely  equivalent  in  the  sense  that  if  you  solve  the  first 
one,  the  solution  will  satisfy  also  the  second  one.  The 
choice  may  depend  on  the  assigned  boundary  condi¬ 
tion  and  on  the  preference  about  the  numerical  tech¬ 
nique  to  be  used. 


b.  The  dynamics  of  the  free  surface 

For  a  solid  wall  the  value  of  un  is  assigned  and 
uT  is  the  unknown.  Instead,  for  a  free  boundary  un 
is  the  unknown,  and  the  dynamical  part  of  the  model 
should  provide  the  boundary  value  uT.  The  procedure 
parallels  exactly  the  one  used  for  potential  flows  where 
unknown  and  the  values  of  the  potential  <f>  are 
evaluated  by  means  of  the  Bernoulli  equation.  In  the 
case  of  rotational  flows,  the  Euler  equations  must  be 
used  to  relate  the  tangential  velocity  component  to  the 
pressure  distribution  assigned  as  boundary  condition. 
Notice  that  the  coupled  representation  (10)  contains 
in  it  the  pressure  and  no  additional  dynamic  condition 
would  be  required. 

We  write  the  Euler  equation  for  a  point  of  the 
free  surface,  labeled  by  the  Lagrangian  variable  f. 
The  tangent  projection  of  the  Euler  equation  on  the 
free  surface  at  point  $  gives 

Du  _  1  dp  dr\ 

Dt  T  p  dr  9  dr 

where  r?  has  the  usual  meaning  of  free  surface  elevation 
and  is  equal  to  zero  for  the  boundary  condition  of 
assigned  constant  pressure.  The  unit  tangent  vector  r 
at  point  $  changes  in  time  for  the  boundary  motion. 
Therefore 

Du  D(u  *  r)  Dr 

~Dt  T  ~  Dt  UDt 

and,  for  r  •  identically  equal  to  zero,  we  finally 
obtain 
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Dut 

~rn 


=  M  ' 


Dt  dr} 
Dt  **  dr 


(27) 


The  non  linear  evolution  equation  (27)  for  the 
tangential  velocity  component  gives  at  each  time  the 
required  boundary  value  uT  for  each  of  the  two  equa¬ 
tions  (24)  and  (25).  We  finally  need  to  complete  the 
formulation  by  means  of  a  Lagrangian  description  in 
time  of  the  fluid  interface.  Denoting  by  x/(£,t)  the 
position  of  the  geometrical  point,  labeled  by  £,  of  the 
free  surface  the  new  interface  geometry  is  determined 
by  solving  the  initial  value  problem 


^  =  U/  X/^,0)  =  Xb(0  £  €  D(  (28) 

where  D$  is  the  set  of  values  of  the  Lagrangian  pa¬ 
rameter  £  and  Uf  is  assumed  to  coincide  with  the  local 
fluid  velocity  u. 

c.  The  dynamics  of  the  wake 

The  kinematical  representation  (22)  expresses 
the  field  velocity  as  function  of  its  boundary  value 
and  of  the  field  vorticity  both  at  the  present  time  i*. 
Hence,  we  have  to  determine  the  distribution  of  vor¬ 
ticity  by  adding  a  dynamic  equation.  For  instance,  the 
vorticity  transport  equation  for  incompressible  invis- 
cid  flows  in  2-D  provides  the  very  simple  result  of  con¬ 
stant  vorticity  along  the  motion.  We  consider  in  this 
section  the  physical  case  of  very  large  Reynolds  num¬ 
ber  flows  about  streamlined  bodies  with  sharp  trailing 
edge,  which  do  not  experience  any  boundary  layer  sep¬ 
aration  [16].  We  may  simulate  these  conditions  by  the 
zero  diffusion  model  with  a  vortical  wake  downstream 
of  the  body.  These  wakes  (or  free  vortex  sheets)  are 
given  by  surfaces  of  discontinuity  characterized  by  the 
fact  that  both  pressure  and  normal  fluid  velocity  are 
continuous  across  them,  while  the  tangential  compo¬ 
nents  of  velocity  may  admit  a  jump,  that  is  a  concen¬ 
trated  vorticity 


7k  =  [u]  x  n  =  [uT]k  (29) 

where  [  ]  is  the  symbol  for  the  jump  across  the  discon¬ 
tinuity  surface.  The  volume  integral  I(  appearing  in 
(22),  if  the  field  vorticity  is  only  concentrated  on  the 
wake,  may  be  expressed  as 

I(  =  -V*  x  f  [uT]GdS  (30) 

J  Oyo 

where  ow  is  the  wake  surface. 

Similarly  to  what  has  been  done  for  the  free  sur¬ 
face,  we  introduce  a  dynamic  equation  to  study  the 
evolution  of  [uT],  which  is  given  by  [17]. 

|(JW)=0  (31) 


where  w  is  the  velocity  of  a  point  £  of  the  wake,  is 
the  material  derivative  along  the  wake  motion  and 
J  =  I  ** ”  1  is  the  Jacobian  of  the  trasformation 
xw  =  xw(£,t)  which  gives  at  each  time  the  position  of 
the  point  £  belonging  to  the  wake.  Equation  (31)  is 
equivalent  to  state  that 

f*7  J[ur]d£  =  const.  (32) 

J 

along  the  motion,  which  has  the  physical  meaning  of 
conservation  of  concentrated  vorticity  for  a  portion 
(£i  <  £  <  €s)  of  the  wake. 

The  initial  value  7 TE  of  the  vortex  layer  intensity 
at  the  trailing  edge  is  taken  to  be  the  limit 


7  TE  =  lim  [uT(z+)  +  Ur(z-)]  (33) 

s-j.  — »  TE 
x  _  -*  TE 


where  x±  are  points  on  the  upper  and  lower  side  of  the 
body  and  ur(x±)  the  corresponding  tangential  compo¬ 
nents  of  the  velocity.  In  a  sudden  start  the  value  of 
7jjs  decreases  in  time  asymptotically  to  zero  when  the 
body  reaches  the  steady  state.  The  equation  (31)  plus 
the  initial  condition  (33)  is  called  a  Kutta-type  con¬ 
dition,  because  at  steady  state  t  satisfies  the  classical 
Kutta  condition  of  zero  vorticity  at  the  trailing  edge. 

To  describe  the  evolution  of  the  geometrical  con¬ 
figuration  of  the  wake  we  adopt  a  Lagrangian  model 
completely  analogous  to  (28) 

^=W  (28) 

where  w  =  (u+  +  u_)  /2. 

d.  Comparison  with  potential  Sow  models 

We  describe  now  the  solution  procedure  for  the 
model  consisting  of  the  integral  equations  (24)  or  (25) 
plus  the  dynamics  contribution  for  the  free  surface 
(eq.  27)  and  for  the  wake  (eqs.  (31)  or  (32))  to  which 
the  evolution  equation  (28)  has  to  be  added.  A  com¬ 
plete  theoretical  analysis  for  the  solution  of  the  two 
equations  (24)  and  (25)  has  been  recently  performed 
,  [10]  for  the  case  of  flow  past  bodies,  that  is  for  as¬ 
signed  normal  velocity  component  on  the  boundary. 
The  same  would  be  for  assigned  tangential  component 
all  over  the  boundary.  The  contemporary  presence  of 
free  surface  and  body  complicates  the  analysis,  be¬ 
cause  we  have  a  mixed-type  boundary  condition,  that 
is  un  assigned  at  the  body  wall  and  uT  at  the  free 
surface.  Let  us  recall  first  the  main  findings  of  the 
previous  analysis  for  the  case  of  uniform  boundary 
condition. 

We  consider  here  only  the  second  kind  Fredholm 
integral  equation  (i.e.  the  tangential  component  (24) 
for  the  unknown  uT  or  the  normal  component  (25) 
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for  the  unknown  un) .  This  formulation  exactly  corre¬ 
sponds  to  a  Neumann  internal  problem  for  potential 
flow  with  a  simple  layer  representation.  A  complete 
equivalence  with  regard  to  existence  and  uniqueness 
of  the  solution  and  compatibility  conditions,  holds. 
Namely,  let  us  consider  for  instance  equation  (24), 
the  compatibility  condition  for  the  right-hand  side 


[  \-lki  unGdS  +  Iir 
Jan •  [  ot*  Jan 


dS*  —  0 


(34) 


is  identically  satisfied,  giving  the  existence  of  the  solu¬ 
tion,  for  any  assigned  normal  velocity  at  the  boundary 
and  for  any  distribution  of  vorticity  in  the  domain 
0  (notice  that  I(  gives  the  velocity  induced  by  the 
field  vorticity  whose  circulation  is  identically  zero  be¬ 
ing  the  vorticity  only  external  to  dfi).  Moreover,  it  is 
known  from  the  potential  theory  that  the  solution  is 
not  unique  and  it  may  be  expressed  in  the  form 


uT  =  uvT  +  (35) 

where  uvT  is  a  particular  solution  and  is  the  eigen- 
solution,  that  satisfies  the  homogeneous  equation  for 
the  Neumann  problem.  The  solution  for  the  homoge¬ 
neous  problem  is  given  by  the  simple  layer  density  for 
the  related  Robin  potential,  for  which  the  property 
/an  Uo  dS  ^  0  holds. 

By  imposing  the  further  condition  of  conserva¬ 
tion  of  total  vorticity,  we  find  the  circulation  T  around 
the  body,  as  far  as  we  know  by  (32)  the  vorticity  is¬ 
sued  at  each  time  on  the  wake.  Finally  from  the  value 
of  T  we  can  find  the  constant  a  appearing  in  (35)  and 
determine  uniquely  the  solution  uT. 

As  we  said  before,  we  do  not  need  to  consider 
here  the  singular  integral  equations  of  first  kind  which 
may  require  more  sophisticated  numerical  techniques 
[12].  In  fact,  a  mixed  approach  is  used,  that  is  we 
assume  the  normal  component  (25)  to  hold  on  the 
free  surface  and  the  tangential  component  (24)  on 
the  other  boundaries.  Altough  a  deeper  theoretical 
analysis  would  be  required  to  study  the  mathematical 
properties  of  the  corresponding  integral  operator,  we 
experience  a  nice  behaviour  of  the  discretized  equa¬ 
tion  from  a  numerical  point  of  view. 

The  above  illustrated  solution  procedure  is  sim¬ 
ple  enough  to  be  comparable,  for  both  theoretical  and 
numerical  aspects,  to  the  classical  one  for  potential 
flow.  By  the  present  procedure  we  may  not  only  re¬ 
produce  the  results  obtained  by  potential  flow  mod¬ 
els,  but  also  obtain  an  immediate  extension  to  rota¬ 
tional  inviscid  flows,  with  vorticity  confined  in  wakes 
or  blubs.  Moreover  with  regard  to  the  free  surface,  the 
present  model  provides  a  very  efficient  unsteady  tech¬ 
nique  to  study  the  non  linear  evolution  of  the  waves. 

Few  sample  numerical  results  are  reported.  The 


transient  wave  system  due  to  the  motion  of  a  sub- 
merged  circular  cylinder,  previously  discussed  in  [3]  is 
here  reported  as  a  test  case  for  the  accuracy  of  the 
model.  The  numerical  results  shown  in  Fig.  1,  com¬ 
pare  favourably  with  other  classical  results  [18,19]. 


Figure  1:  Free  surface  configurations  after  a  sudden 
start  of  a  submerged  cylinder.  Submergence  h  —  2, 
Fr  —  .566,  D  =  1,  t  —  4.5,6,  7.5,9.  —  present 

solution,  ^  Ref.  18,  •  Ref.  19 


A  more  interesting  case  is  given  by  the  unsteady 
motion  of  a  slightly  submerged  lifting  airfoil.  After  a 
sudden  start  of  the  airfoil  the  vortex  layer  shedding 
from  the  sharp  trailing  edge,  interacts  with  the  free 
surface  giving  rise  to  a  wave  pattern  which  feels  the 
influence  of  the  wake  vorticity.  The  airfoil  at  three 
different  values  of  the  angle  of  attack  is  shown  in  Fig. 
2. 
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Figure  2:  Free  surface  and  wake  configurations  af¬ 
ter  a  sudden  start  of  a  lifting  airfoil.  Submergence 
k  =  .75  *  chord ,  Fr  =  1  (with  respect  to  the  chord). 
Angle  of  attack  0°,  10°,  20°.  t  =  3 


e.  A  steady  linearized  free  surface  condition 

To  complete  the  comparison  with  potential  flow 
models,  we  briefly  discuss  now  the  application  to 
steady  linearized  boundary  conditions  at  the  free  sur¬ 
face,  frequently  used  for  an  efficient  calculation  of  the 
wave  resistence.  Equation  (27)  which  describes  the 
dynamics  of  the  free  surface,  for  steady  state  and  a 
zeroth  order  linearization  reduces  to 


Uc 


duT 


dr] 


(36) 


considering  that  the  unit  tangent  vector  r  in  this  ap¬ 
proximation  is  constantly  aligned  with  the  undisturbed 
velocity  U0 0.  The  fluid  interface  motion  given  by  the 
Lagrangian  description  (28)  is  here  conveniently  ex¬ 
pressed  through  its  linerized  Eulerian  form 


^°°  ~dr  ~  u*1  (37) 

Combining  (36)  and  (37)  implies  the  well  known 
Neumann-Kelvin  condition 


un  = 


ULd^ 

g  dr 


usually  written  in  terms  of  the  velocity  potential.  In¬ 
troducing  (38)  into  the  right  hand  side  integral  of  the 
equation  (24)  and  integrating  by  parts  we  obtain 


Ul  d 


-■L 


du , 


g  dr *  Jdcif  dr 


GdS 


Ul  d  f  dG 

= - --5-7/  uT—dS 

g  dr*  JdOf  or 


(39) 


with  <9D  =  dflfc  +  dQf  where  b  and  /  stay  for  body 
and  free  surface  respectively.  Combining  with  (39), 
the  integral  equation  (24)  becomes 


i<+(  ™ds  +  vk°r  ™ds  = 

2  Jan  dn*  g  dr  Jacif  dr 


L 


dG  /  a*\\ 

Un-r-^dS  +  I(  (40) 

anfc  dr* 


This  integral  equation  gives,  for  assigned  normal  ve¬ 
locity  at  the  body  boundary  dn /,  the  tangential  ve¬ 
locity  component  on  the  entire  boundary  <9H.  Once 
uT  is  known,  we  easily  obtain  the  free  surface  eleva¬ 
tion  r]  by  integrating  equation  (36).  The  tangential 
derivative  of  the  free  surface  integral  in  (40)  is  dis¬ 
cretized  by  the  upwind  finite  difference  scheme  used 
in  the  potential  flow  model  proposed  by  Dowson  [1]. 

The  steady  linearized  version  of  the  present 
model  exactly  reproduces  the  numerical  results  ob¬ 
tained  by  the  above  mentioned  potential  model.  For 
instance,  the  wave  pattern  generated  by  a  submerged 
lifting  airfoil  is  shown  in  Fig.  3,  for  a  zero  contribu¬ 
tion  of  the  term  I(t.  However,  the  present  tecnique 
may  include  some  rotational  effects  relevant  to  steady 
state  conditions. 


uo 

-uo 

-*« 

-uo 


-uo 


Figure  3:  Wave  elevation  in  a  steady  problem  for 
a  N  AC  A0012  airfoil.  Submergence  h  =  1*  chord , 
Fr  =  .5  (with  respect  to  chord).  Angle  of  attack  10°. 
Trailing  edge  position  x  =  4.5,y  =  -l 
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A  VISCOUS-INVISCID  INTERACTION  MODEL 
FOR  SEPARATED  FLOWS 

The  model  described  in  the  previous  section  is 
appropriate  for  the  simulation  of  inviscid  rotational 
flows  with  either  a  field  vorticity  whose  initial  posi¬ 
tion  and  intensity  are  assigned  or  a  vortex  sheet  is¬ 
suing  from  a  sharp  trailing  edge  whose  intensity  is 
determined  by  a  Kutta-type  conditiona.  Therefore, 
the  vorticity  generated  at  the  body  wall  may  be  ac¬ 
counted  for,  always  in  the  limit  of  Reynolds  number 
going  to  infinity,  but  it  is  restricted  to  flows  where 
no  separation  occurs.  Actually,  the  diffusion  phenom¬ 
ena  were  neglected  everywhere  in  that  model  if  we 
exclude,  in  a  sense,  the  unsteady  generation  of  the 
wake  by  the  Kutta-type  condition  which  provides  the 
limiting  behaviour  of  a  viscous  fluid.  A  further  step 
in  the  direction  of  a  complete  simulation  of  rotational 
flows  (i.e.  with  separated  regions)  is  attempted  by 
including  an  internal  viscous  solution  which  is  going 
to  modify  the  external  inviscid  solution.  In  fact,  we 
do  not  introduce  the  boundary  layer  approximation, 
that  would  be  inappropriate  to  the  present  aim,  but 
we  try  to  recover  the  viscosity  effects  in  a  more  con¬ 
sisting  way  through  a  boundary  integral  formulation 
for  the  full  vorticity  transport  equation,  which  is  valid 
in  principle  in  the  entire  flow  field.  However,  as  in  the 
first  order  boundary  layer  theory,  we  introduce  sev¬ 
eral  drastic  assumptions  to  simplify  as  much  as  pos¬ 
sible  the  numerical  solution  of  the  boundary  integral 
equation  resulting  from  the  representation  (17)  for  x* 
appoaching  the  boundary  (assumed  smooth) 


It  follows  the  boundary  condition  (42)  for  the  nor¬ 
mal  derivative  of  vorticity.  The  two  volume  integrals 
of  the  non  linear  and  the  initial  terms,  appearing  in 
eq.  (41),  are  confined  to  very  narrow  layers  (in  the 
limit  of  Re  — ►  oo  that  we  consider  here)  where  the 
vorticity  is  different  from  zero.  Consistingly  with  this 
approximation,  the  fundamental  solution  F  is  taken 
constant  across  these  layers.  Hence,  we  may  compute 
the  integral  across  the  layer  of  the  non  linear  term 

V  X  X  =  V  X  («r£n  -  “nff) , 

/(V  x  x)dn  =  k  /  ^  K?) 

-  A  («nf)  dn 

In  particular,  for  a  layer  close  to  the  body  boundary, 
whose  thickness  is  6,  taking  into  account  that  un  =  0 
at  the  body,  f  =  0  at  the  outer  edge  of  the  layer  and 
that  within  the  layer  f  =  -fjf  we  have: 

rs  dull?  ,  . 

fo(V  x  x)dn  =  - k  (44) 

Instead,  for  a  wake  of  thickness  26]  with  a  jump 

[uT]  =  7  and  a  tangential  velocity  defined  as  wT  = 
uf+u~ 

2 


This  is  a  Fredholm  integral  equation  of  the  second 
kind  if  J£  is  assigned  as  boundary  condition.  From 
the  differential  Navier  Stokes  equation  on  the  body 
boundary  we  obtain  the  general  local  identity  which 
gives  in  the  two-dimensional  case,  i.e.  for  f  =  £k, 


Vpxn  =  — /*(V  xrixn  =  (42) 

on 

In  the  framework  of  a  first  order  theory  we  as¬ 
sume  that  the  pressure  doesn’t  change  normally  to  the 
body  wall  within  the  viscous  layer  close  to  the  body 
itself,  and  its  value  is  given  by  the  inviscid  rotational 
model  of  Section  3.  As  a  matter  of  fact,  from  that 
model  we  find  uT ,  and  the  pressure  follows  from  the 
Euler  equation  at  the  wall 


8  2  8  r\ 

J_f{V  X  x)dn  =  -  k— ^  (45) 

By  the  same  reasoning,  we  obtain  respectively 


rS 

1  &dn  — 

Jo 

(46) 

rS 

F 

1 

II 

-§ 

1 

(47) 

By  combining  the  approximate  values  of  the  vol¬ 
ume  integrals  (44),  (45),  (46),  (47),  with  the  integral 
equation  (41),  we  have  a  relatively  simple  model  to 
determine  the  value  of  the  wall  vorticity. 

As  a  further  crucial  feature  of  the  model,  we 
place  the  separation  point  at  the  wall  position  where 
$  is  changing  its  sign.  A  vortex  layer  is  issuing  from 
this  separation  point  and  its  intensity  is  determined 
by  a  Kutta-type  condition  completely  analogous  to 
the  one  introduced  in  Section  3  for  the  wake  at  the 
sharp  trailing  edge  of  a  streamlined  body  [20], 
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Figure  4:  Wake  evolution  for  flow  past  a  cylin¬ 
der.  Separation  point  at  fixed  positions  a  =1  108°. 
t  =  1,2, 3, 4 


The  numerical  procedure  alternates  the  solution  of 
equations  (24,25)  for  the  external  inviscid  flow,  with 
the  solution  of  eq.  (41)  for  the  internal  viscous  layer. 
They  are  connected  through  the  condition  (42)  which 
in  a  first  order  approximation  relates  the  external 
pressure  gradients  with  the  generation  of  vorticity  at 
the  wall  [21].  The  simplifying  hypotesis  for  the  cal¬ 
culation  of  the  volume  integrals  may  be  released  to 
obtain  better  approximations. 

The  model  has  been  applied  to  a  cylindrical  body. 
We  didn’t  consider  here  the  presence  of  the  free  sur¬ 
face  to  focuse  our  attention  on  the  generation  scheme 
for  the  separated  regions.  In  fact  the  model  of  gen¬ 
eration  still  requires  a  deeper  understanding  and  it 
seams  resonable  to  select  a  test  case  for  which  a  large 
experience  is  available.  Several  computational  mod¬ 
els,  using  a  Kutta-type  condition  for  the  calculation 


of  separated  flows  in  the  framework  of  vortex  methods 
have  been  recently  presented  [23,24,25]. 

First  we  discuss  some  numerical  results  with  two 
fixed  separation  points  in  symmetric  position  on  the 
cylinder  boundary  (a  =t  108°  from  the  front  stagna¬ 
tion  point).  A  symmetric  rear  separated  region,  like 
the  one  shown  in  Fig.  4,  is  obtained  if  no  pertura- 
bation  is  introduced  in  the  solution  procedure.  By 
retarding  of  one  time  step  the  lower  side  of  the  cylin¬ 
der  with  respect  to  the  other,  we  introduce  a  large 
oscillation  in  the  two  vortex  layers.  By  advancing  in 
time,  they  assume  a  configuration  (see  the  sequence 
in  Fig.  5)  which  resambles  the  initial  displacement 
of  the  vortices  in  the  classical  Karman  street.  For  a 
more  stable  behaviour  of  the  vortex  layer  we  adopted 
a  de-singularization  technique  [22]  in  order  to  elimi¬ 
nate  the  singularity  of  the  kernel  for  x  — ►  x* . 
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Figure  5:  Wake  evolution  for  flow  past  a  cylinder  with 
an  initial  perturbation.  Separation  points  at  fixed  po¬ 
sitions  a  =t  108*.  t  =  3,5,7, 8 


Finally  the  complete  procedure  including  the  in¬ 
teraction  with  the  internal  viscous  solution,  has  been 
applied  to  the  case  of  Re  =  104.  At  each  time  step 
the  Kutta-type  condition  is  applied  in  a  new  position 


corresponding  to  the  zero  value  of  vorticity  which  is 
determined  from  the  solution  of  the  integral  equation 
(41).  The  sequence  in  Fig.  6  shows  the  motion  of  the 
separation  points  towards  the  rear  part  of  the  cylin¬ 
der,  starting  from  the  initial  position  of  90°,  which 


Figure  6:  Wake  evolution  for  flow  past  a  cylinder. 
Separation  point  at  variable  positions  determined  by 
the  solution  of  the  vorticity  equation,  t  =  1,2,3 


corresponds  to  zero  tangential  derivative  of  pressure 
(i.e.  zero  vorticity  for  no  volume  integrals  in  the  first 
inviscid  solution).  The  wiggles  appearing  in  the  wake 
configurations  in  the  present  case,  are  given  to  the 
motion  of  the  separation  point  (i.  e.  the  source  of  the 
vortex  shedding)  and  not  to  a  vortex  layer  instability. 
The  convergence  to  a  steady  state  solution  is  uncer¬ 


tain  in  the  sense  that  a  steady  state  is  almost  reached, 
but  is  not  mantained,  as  if  it  were  an  unstable  solu¬ 
tion.  We  don’t  have  at  the  moment  sufficient  data  to 
understand  if  this  is  just  a  numerical  instability  or  it 
simulates  the  ineherent  physical  instability  present  at 
those  values  of  the  Reynolds  number. 
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APPENDIX  A 


We  remove  here  the  assumption  of  fixed  fluid  domain, 
introduced  in  section  3a  to  simplify  the  calculations 
for  the  equivalence  between  the  kinematical  represen¬ 
tation  stemming  from  (10)  and  the  Poincare  formula 
(23).  Hence,  we  have  to  consider  in  (10)  also  the  sur¬ 
face  integral  accounting  for  the  motion  of  the  free  sur¬ 
face,  neglected  in  section  3a.  An  easy  way  to  prove 
this  equivalence  is  to  derive  with  respect  to  time  the 
Poincare  formula.  In  particular  the  first  surface  inte¬ 
gral  in  (23)  perfectly  coincides  with  the  first  in  (10), 
therefore  we  focuse  our  attention  on  the  second  sur¬ 
face  integral 
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where  now  dU  is  a  function  of  time,  described  by  the 
parametric  equation  x  =  x(£,£)  with  $  E  The 
time  derivative  of  this  integral,  expressed  in  terms  of 
the  Lagrangian  parameter  £  is 
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where  —  is  a  derivative  for  a  given  point  £  and  J  is 
the  Jacobian  of  the  transformation.  We  introduce  in 
(2 A)  following  identities 
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where  is  the  total  derivative  following  the  free 
surface  motion.  Using  the  definition  of  J 


J  = 
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dt 
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taking  the  time  derivative  of  —  rJ 
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and  combining  these  results  with  the  expression  (3A) 
divided  by  J ,  leads  to 
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The  free  surface  velocity  w  has  the  normal  com¬ 
ponent  wn  —  ttn,  while  for  the  tangential  component 
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where  the  last  term  results  after  some  tediuos  manip¬ 
ulation  by 
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Integrating  by  parts  the  first  integral  and  factorizing 
dG  , 
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including  the  second  and  the  third  surface  integrals  of 
equation  (10).  Actually  by  introducing 
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by  comparing  we  may  verify  the  exact  correspondence 
between  ( 10 A)and  (1A) 

In  conclusion  we  see  that  the  term  (10 A)  which 
in  the  Euler  equation  is  integrated  in  time,  even  in 
this  case  of  moving  boundary,  perfectly  coincides  with 
the  time  derivative  of  the  term  (i  A)  of  the  Poincare 
formula. 
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DISCUSSION 
Gerard  Van  Oortmerssen 

Marin  Research  Institute  Netherlands,  The  Netherlands 

The  authors  have  given  a  rather  fundamental  analysis  of  free-surface 
flows  and  showed  results  of  boundary  integral  computations  for  some 
basic  cases  involving  simple  geometries.  Could  you  please  elaborate 
on  the  perspective  for  applying  these  methods  for  more  realistic  cases 
of  practical  relevance. 

AUTHORS’  REPLY 

I’d  like  to  thank  Dr.  Van  Oortmerssen  for  his  question  which  gives 
me  the  opportunity  to  discuss  the  perspectives  of  our  work.  We  have 
presented  in  this  paper  several  models  for  the  analysis  of  vortical 
flows  at  different  levels  of  complexity.  In  particular,  the  simplest 
one,  for  inviscid  attached  flows  about  bodies  with  a  sharp  trailing 
edge,  may  be  directly  used  for  applications  in  ship  hydrodynamics. 
For  instance,  slightly  submerged  hydrofoils  have  been  studied 
accounting  properly  for  the  nonlinear  effects  due  both  to  the  free 
surface  and  to  the  wake.  The  extension  to  the  three-dimensional  case 
has  been  completed  from  the  theoretical  point  of  view  (see  ref.  10) 
while  its  numerical  application  is  still  in  progress. 

On  the  other  hand,  more  complex  models  for  flows  about  bluff  bodies 
still  require  a  large  amount  of  basic  work,  mainly  about  the  vortex 
shedding  modelling,  so  that  the  application  to  real  problems  is  far 
ahead  and  presently  the  investigation  is  confined  to  two-dimensional 
test  cases.  In  the  framework  of  this  application  we  have  proposed 
two  possible  approaches.  In  the  first  one  we  considered  the  integral 
representation  for  the  complete  Navier-Stokes  equations.  A  flow  field 
simulation  by  this  model  would  require  a  very  large  computational 
effort  and  only  the  simple  case  of  two  vortices  is  now  under 
investigation.  The  second  simplified  approach  is  essentially  based  on 
the  coupling  of  an  external  solution,  obtained  by  the  Poincar6 
identity,  with  an  internal  one  for  the  detection  of  the  separation  point 
locations.  Even  for  this  model,  a  deep  investigation  is  required  to 
better  understand  its  capability  to  represent  the  physical  phenomenon 
and  its  range  of  applicability. 


DISCUSSION 
J.M.R.  Graham 

Imperial  College  of  London,  United  Kingdom 

Have  the  authors  compared  their  prediction  of  the  separation  points 
on  the  circular  cylinder  in  impulsively  started  flow  with  other 
published  results?  For  example,  the  analysis  of  the  onset  of 
separation  (Van  Dommelen  &  Shen)  and  other  similar  work. 

AUTHORS’  REPLY 

As  I  said  in  the  previous  answers,  the  model  we  propose  for  vortex 
shedding  after  a  bluff  body  is  still  under  investigation  and  we 
obtained  only  some  preliminary  results.  We  don’t  consider  however, 
the  model  suitable  for  studying  the  onset  of  separation  at  its  very 
initial  stage.  Let  me  stress  again  the  point  that  our  purpose  here  is 
to  devise  a  simplified  model  able  to  analyze  recirculating  or  separated 
regions  without  solving  the  complete  Navier  Stokes  equations. 
Presently,  we  are  still  in  the  stage  to  reproduce  the  physical 
phenomenon  and  to  understand  the  essential  features  to  be  included 
in  the  model.  From  this  point  of  view,  we  are  very  interested  to 
consider  the  suggestions  in  the  paper  you  mention. 


DISCUSSION 

Philippe  G.  Genoux 

Bassin  d’Essais  des  Cannes,  France 

Is  your  solution  able  to  simulate  alternated  vortices  (Strouhal  effects) 
in  the  case  of  a  flow  past  a  cylinder? 

AUTHORS’  REPLY 

In  the  present  approach,  the  vorticity  field  is  modeled  by  vortex 
sheets  issuing  from  the  separation  points  on  the  cylinder.  We  find 
that,  after  perturbing  the  system,  the  symmetric  solution  no  longer 
exists  and  is  replaced  by  a  flow  which  shows  the  developments  of 
alternate  vortices.  The  solution  is  obtained  with  fixed  (prescribed) 
separation  points.  Moreover,  we  found  that  under  these  conditions 
the  flow  doesn’t  evolve  towards  a  periodic  solution.  Actually  the 
strength  of  the  vortex  layer,  still  oscillating,  decreases  in  time.  This 
behavior  may  be  explained  by  the  fact  that  we  keep  the  separation 
points  fixed.  In  order  to  develop  a  procedure  with  moving  separation 
points,  we  have  introduced  the  interaction  between  the  external  and 
the  internal  solution.  Presently  we  have  an  increasing  oscillatory 
motion  of  the  separation  points;  therefore,  a  comparison  of  the 
Strouhal  number  seems  to  be  premature. 
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Numerical  Appraisal  of  the 
New  Slender  Ship  Formulation  in  Steady  Motion 

H.  Maruo  (University  of  California,  Santa  Barbara,  USA) 
W.-S.  Song  (Shanghai  Jiao  Tong  University,  China) 


ABSTRACT 

A  new  formulation  for  the  fluid  motion 
around  a  slender  ship  is  developed,  on  the 
basis  of  an  asymptotic  expression  of  the 
Kel vin-source  around  its  track.  The  boundary 
value  problem  is  expressed  by  an  integral  eq- 
ation  which  is  much  more  simplified  than 
the  solution  of  the  Neumann-Kel vi n  approxima¬ 
tion.  In  order  to  examine  the  validity  of 
this  theory,  numerical  computations  are  carri¬ 
ed  out  with  respect  to  the  pressure  distribu¬ 
tion,  wave  pattern  and  wave  resistance  of 
several  types  of  hull  forms,  i.e.  the  Wigley 
hull,  a  sailing  yacht  hull,  and  a  Series 
60  (Cg-  0.60)  hull.  The  results  are  compared 
with  experimental  data. 

1.  INTRODUCTION 

The  final  goal  of  ship  hydrodynamics 
is  the  theoretical  determination  of  hydrodyna¬ 
mic  forces  acting  on  the  ship  hull  within 
the  accuracy  of  practical  allowance.  One 
of  the  most  important  in  this  respect  is 
the  computation  of  wave  resistance  in  the 
steady  forward  motion.  The  pressure  distri¬ 
bution  over  the  hull  surface  becomes  important 
when  the  boundary  layer  calculation  is  intend¬ 
ed.  Because  of  the  complex  geometry  of  the 
ship  hull,  the  solution  of  fully  or  partially 
nonlinear  boundary  value  problem  by  means 
of  the  computational  approach  of  numerical 
simulation  has  not  achieved  the  practical 
feasibility  yet.  The  analytical  solution, 
on  the  other  hand,  has  to  depend  on  the  per¬ 
turbation  technique  which  leads  to  the  linear¬ 
ization  of  the  problem  as  the  first  approxi¬ 
mation.  It  is  well  known,  that  the  classical 
thin  ship  perturbation  has  not  provided  result 
which  shows  a  satisfactory  agreement  with 
measured  data.  Several  versions  of  linearized 
theory  have  been  proposed,  such  as  the  Neumann 
Kelvin  approximation  (1_).  However  most  of 
them  are  rather  inconsistent  approach,  lacking 
the  rational  basis  in  the  sense  of  the  pertur¬ 
bation  analysis.  The  slender  body  theory 
is  another  possibility  of  rational  approach 
of  this  problem.  The  first  attempt  of  the 
application  of  the  slender  body  theory  to 
ships  in  steady  forward  motion  appeared  in 
1962  -  1963  (2)(3)(4)(5).  However  the  formul¬ 


ation  of  the  wave  resistance  by  this  theory 
was  found  quite  unsatisfactory,  because  the 
values  computed  according  to  this  theory 
showed  a  remarkable  deviation  from  measured 
values,  and  the  agreement  was  even  poorer 
than  the  result  of  the  classical  Michell 
theory  (6).  No  progress  in  this  problem 
has  been  observed  for  as  long  as  20  years 
since  that  time.  In  1982,  one  of  the  present 
authors  developed  a  new  approach  to  the  slen¬ 
der  ship  in  steady  forward  motion  (7).  The 
difference  of  this  theory  from  the  former 
theory  lies  in  the  treatment  of  the  singular¬ 
ity  which  represents  the  body.  The  original 
formulation  has  followed  the  method  of  pertur¬ 
bation  analysis,  which  is  employed  in  the 

slender  body  in  the  unbounded  fluid.  Then 
it  assumes  that  the  slender  body  is  represent¬ 
ed  by  the  source  distribution  along, the  longi¬ 
tudinal  axis.  The  new  theory,  on  the  other 
hand, begins  with  the  expansion  of  the  Kelvin- 
source  around  its  track.  It  is  disclosed  that 
it  is  not  possible  to  represent  the  slender 
ship  floating  on  the  free  surface  by  the 

source  distribution  along  the  longitudinal 
axis  considered  in  the  free  surface. 

The  boundary  value  problem  is  expressed 
by  an  integral  equation  on  the  hull  surface, 
because  the  singularity  representing  the 
hull  must  be  distributed  over  the  surface. 
Then  the  solution  is  more  complex  than  the 
original  slender  body  theory.  However  the 
solution  of  the  integral  equation  is  much 
more  simplified  than  the  solution  in  the 

Neumann-kel vin  approximation.  The  reason 
is  first  that  the  integral  equation  is  of 
the  Volterra  type,  so  that  the  boundary  value 
problem  becomes  parabolic.  That  means  there 
is  no  contribution  from  the  disturbance  in 
the  downstream  to  the  boundary  condition 
at  the  upstream  section  of  the  body.  The 

marching  procedure  starting  from  the  bow 
end  is  possible  to  solve  the  boundary  value 
problem  in  each  section.  Secondly,  the  kernel 
function  of  the  integral  equation  can  be 

expressed  by  known  functions,  so  that  the 
high  accuracy  of  the  numerical  work  is  achiev¬ 
ed.  An  analytical  method  of  solution  by 
means  of  the  conformal  mapping  has  been  intend¬ 
ed,  and  several  numerical  results  have  been 
obtained  in  1983.  However  it  is  found  that 
the  accuracy  of  the  computation  is  not  satis- 
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factory  (8).  Furthermore,  the  analytical 
method  is  not  suitable  for  the  numerical 
work,  because  the  mapping  of  the  transverse 
section  to  a  unit  circle  needs  much  computer 
time.  Then  a  numerical  method  of  solution 
is  developed.  This  method  employs  the  source 
distribution  to  represent  the  hull,  and  the 
density  of  sources  is  determined  numerically 
by  the  panel  method.  The  program  library 
is  prepared  for  the  computation  of  kernel 
functions.  Three  kinds  of  hull  forms  are 
employed  for  the  numerical  example.  They 
are  the  Wigley  hull,  a  sailing  yacht  hull, 
and  the  Series  60  (Cg=  0.60)  model.  Items 
of  the  numerical  work  are  the  pressure  distri¬ 
bution  on  the  hull  surface,  wave  resistance, 
the  lateral  force  when  moving  obliquely, 
the  wave  profile  alongside  the  hull,  and 
the  wave  pattern  around  the  hull.  Some  of 
the  numerical  results  are  compared  with  meas¬ 
ured  data. 


and  the  horizontal  plane  Sn  between  S  and 
c  u 


<KP) 


JL 

4tt 


s+s +s, 


[^G(P,0)-t(Q)M 


0 


]dSQ 

(6) 


We  have  assumed  the  analytic  continuation  of  <J> 
to  the  entire  space  below  the  still  water 
surface  in  the  above  equation.  We  will  employ 
the  Kelvin-source  as  Green's  function,  which 
satisfies  the  boundary  condition, 


(7) 


on  the  horizontal  plane  z=0.  If  the  surface  S^ 
is  taken  at  infinite  distance,  the  integral 
on  S  vanishes.  On  the  horizontal  surface 
Sq,  we  have  the  relation  derived  from  the 
free  surface  condition  (5)  such  as 


2.  LINEARIZATION  OF  THE  VELOCITY  POTENTIAL 

It  is  assumed  that  the  fluid  is  inviscid 
and  incompressible,  and  the  depth  of  water 
is  infinite.  Take  the  cartesian  coordinate 
system  with  the  origin  on  the  undisturbed 
free  surface,  x-  and  y-axes  on  the  horizontal 
plane,  and  z-axis  directing  vertically  down¬ 
wards.  Consider  a  slender  ship  fixed  in 
a  uniform  flow  of  velocity  U  in  the  direction 
of  positive  x.  Assume  the  irrotational  motion 
and  write  the  velocity  potential  in  the  form 
like  Ux+4>.  The  field  equation  is  the  Laplace 
equation. 

CL]  V2<J>  =  0  (1) 

The  boundary  condition  on  the  hull  surface  is 

[H]  cj)n=  -U9x/9n  =  -Unx  (2) 

where  n  is  the  normal  drawn  outwards  on  the 
hull  surface,  and  4>  =  3(J)/8n.  The  kinematic 
condition  on  the  free  surface  at  z=£  is 

[K]  (U  +  *X)5X+  4>yCy-  (Dz=  0  (3) 

The  dynamic  condition  on  the  free  surface, 
that  the  pressure  is  constant,  is 

[D]  U<t>x+  i(4>x2  +  (fry2*  4>z2)  _  9C  =  0  (4) 

Since  the  depth  of  water  is  infinite,  $  =  0  at 
z->— oof  and  at  x,y-*±a>.  One  can  eliminate  £ 
between  (3)  and  (4)  such  as 


If) 2=0=  g  &W  ^(x’y) 


(8) 


where 


$(x, y)  =  [2U(4>  4>  +4>  <j)  +4>  4>  )+2(4>  <J>  4>  + 

x  l  VHx^xx  yxy  ^z^xz'  x^y^xy 

+VA2+VzV)+VV+<|,zZ4,z2 
+/?(U2WAz)dz  A 


Making  use  of  relations  (7)  (8)  in  the  inte¬ 
gral  on  Sq,  and  integrating  by  parts  with 
respect  to  x ' ,  we  obtain 


*(p)  = 


_  _yi' 

4iTgJ| 


1 

4irg 


f  4,(x',y')G(P,Q)dx,dy'  (10) 

J  J  r 


where  L  Q  is  the  curve  of  intersection  of 
the  hull  surface  with  the  still  water  plane. 

Now  let  us  assume  that  the  ship  is  very 
slender  and  the  beam  to  length  ratio  is  a 
small  fraction  e«  1.  Then  the  slope  of  the 
hull  surface  to  the  longitudinal  axis  is 
small  in  the  order  of  e,  i.e.  nx=  0(e),  From 
the  hull  boundary  condition  (2),  we  have 


[F]  [(U+^)^  +*y-|  +*J][  U<tx+ 

-gz]  =  0  (5) 

In  order  to  express  the  velocity  potential 
of  the  fluid  motion  around  the  hull,  we  assume 
Green's  function  G(P,Q)  with  P=(x,y,z),  Q=(x', 
y',z'),  and  apply  Green's  theorem  in  the 
x y,' z '-space  bounded  by  the  hull  surface 
S  below  the  still  waterline,  a  large  surface 
surrounding  S  in  the  lower  half  space, 


4)  =  n  4>  +n  4>  +n  4>  =  U0(e)  (11) 

n  xx  y  y  z  z 


Because  of  the  slender  body,  n  =0(1),  n  =0(1). 
If  11=0(1),  we  have  4>  =0(e),  4)z=y0(e).  Since 
the  hull  surface  areci  is  regarded  as  0(e), 
the  first  term  on  the  right  hand  side  of  (10) 
is  0(e2).  $(x,y)  is  at  most  0(e2)  in  the  near 

field  in  the  area  of  0(e)  within  S^,  so  that 
the  third  term  on  the  right  hand  side  is  at 
most  0(e3).  Omitting  this  term,  we  have 


240 


Next  assume  a  velocity  potential  4>'  in  the 
lower  half  space,  which  is  harmonic  inside  S, 
and  satisfies  the  boundary  conditions. 


<J>'=  4) 
and 


,2  32(J) 

9x ,2 


on  S 


on  z=0 


Applying  Green's  theorem  to  4)’  and  G(P,Q)  in 
the  domain  bounded  by  S  and  the  plane  z=0. 


0  -  ill 


]dSn 
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u2 

4?rg, 


k 


[G(P.Q> 


3<t>'(Q) 
“ax7-  ' 


'(Q)36^] 


z '  =0dy ' 

.  (13) 


where  n1  is  the  normal  of  S  drawn  inwards. 
Adding  (12)  and  (13),  and  putting 


(14) 


we  obtain 

<t>  =  //so(Q)G(P,Q)dS  +  ^-/L  o(Q)G(P,Q)nx^’ds 

.  (15) 


The  integral  with  respect  to  k  is  taken  along 
the  real  axis  indented  by  a  small  semicircle 
in  the  lower  side  of  the  pole  at  k=«nsec20. 
Then  the  velocity  potential  is  written  in  the 
form  like 

4)  =  4>1+  4>2  (19) 

y'tZ,)(i-i,)dS  (20) 

*2=  //  c(x\ y',z,)G'(x,y,I)dS  (21) 


3.  ASYMPTOTIC  EXPRESSION  FOR  THE  KELVIN-SOURCE 

Let  us  consider  the  asymptotic  behavior  of 
the  Kel vin-source  near  the  x-axis.  In  order 
to  _fi_nd  out  the  asymptotic  expression  of 
G’(x,y,z),  we  consider  the  following  integral 
in  the  complex  u-plane. 

,  =  r  exp[-uz+iu(xcos8+ysin8) ]  du  (22) 

c  q  u  -  K^sec  0 

along  a  closed  circuit  C  composed  of  the 
positive  real  axis  indented  by  a  small  semi¬ 
circle  in  the  lower  side  around  the  pole  at 
u=K~sec20,  and  the  positive  or  negative  part 
of  the  imaginary  axis  together  with  a  large 
quadrant  arc  connecting  the  ends  of  the  axes. 
In  the  case  of  xcos0 +ysin0>  0,  the  closed 
circuit  is  taken  in  the  first  quadrant. 
Since  the  pole  is  inside  the  contour,  Cauchy's 
theorem  gives 

I  =  2tt i (Residue  at  u=KgSec20) 


This  is  the  basic  equation  of  the  Neumann- 
Kelvin  approximation.  If  the  slender  body  is 
assumed,  n  and  dy/ds  are  0(e).  Then  the  inte¬ 
gral  alongxthe  waterline  Lq  is  0(e3),  and  can 
be  omitted.  In  consequence,  the  velocity  pot¬ 
ential  is  given  by 

4)  -  //sa(Q)G(P,Q)dS  .  (16) 

Thus  the  fluid  motion  around  the  hull  is  exp¬ 
ressed  by  the  distribution  of  Kel vin-sources 
over  the  hull  surface.  The  Kel vi n-source  is 
given  by  the  formula, 

G(P,Q)  =  G(x, y, z; x 'y ' z 1 ) 

=  -  1  +  1,+  G'(x,y,i)  (17) 

G'(x,y,z)  = 

=  ^0  fde  f  exp(-kz+ikxcos6+ikysin8)  dk  (18) 

TT  J  ]  kcos  0  Krt 

-71  0  0 

where  r  =  [ (x-x 1 )2+(y-y ' )2+(z-z '  )2  ] 2 
r'=[(x-x 1 )2+(y~y' )2+(z+z' )2 ]2 
x=x-x',  y=y-y',  z=z+z\  Kq=  g/U2. 


If  the  radius  of  the  large  circle  tends  to 
infinity,  the  integral  along  it  vanishes, 
so  that 
00  o 

I  +f  -  27Tiexp[~Knzsec20+iKnsec20(xcos0+ysin0)  ] 

0  ioo  u  u 

and  accordingly 

^fexp[ruz+1u(xcose+^sine)]  du 

J  u  —  Knsec  0 

o  u 


•°°tcostz-KgSec2esintz  _t(;cose+ySln0)  „ 
t2  +  K02sec4e  e  dt 

-  2ne  K0zsec  ®sin[Knsec20(xcos0+ysin0) ] 


In  the  case  of  xcos0+ysi nQ<0  on  the  other  hand, 
the  closed  circuit  is  taken  in  the  fourth  quad¬ 
rant.  Since  the  pole  is  outside  the  closed 
circuit,  Cauchy's  theorem  gives  1=0,  and  we 
have  the  result, 


Ap 


exp[-uz+i u(xcosQ+ysi n0) ] 
u  -  Kgsec2© 

.ootcostz-KQsec2  Qsi  ntz 

t2  +  Kq2  sec4  0 


du 


i-t|xcos0+ysin0|(jt 
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Therefore  the  function  G'(x,y,z)  is  given  by 


2Kof*" 


G'=  —  sec  6d9 

TT  J  i 

'  -tTT  i 


|-°°tcostZ“KQsec2  0s  i  ntz 
I  tz  +  KQZsec¥0 

-t  |xcos0+ysin0 1 


-4Ko/0  e  K0sec  6zsin(Koxsec0)cos(Koysec0tan0) 
x  sec20d0  (23) 


where  0.  is  an  angle  between  — tt/2  and  tt/2  such 
that  tan0-j-  -x/  |yf . 

The  double  integral  is  bounded,  and  expressed 
on  the  x-axis  by  known  functions  such  as 


-J  sec20d0j  e 


-t  X  COS0 


tz  +  l<Q*sec40 


K^TxT  +  ^[H1  (kqIx  I )  VKo 


Y^KqIxI)  -  (24) 


where  FL  is  the  Struve  function  and  Y,  is  the 
Bessel  function  of  the  second  kind  (9j.  Next 
we  consider  the  single  integral  of  the  second 
term  on  the  right  hand  side  of  (23). 

Changing  the  integration  variable  by 
sec0  =  u, 


e  ^0zsec  ^si n( KQXsec0)cos(KQysec0tan0) 
A  . / —  /~ \ ?  x  sec  0d0 


}e  K0ZU  sin(KQXu)cosKQyu/u^T) 


du  when  x>0, 


K0ZU  sin(Knxu)cos(Knyu/u^-1 )— ~ — du 


when  x<0 


It  has  an  essential  singularity  along  x-axis. 
In  order  to  isolate  the  singularity,  let  us 
consider  the  identity, 

f°°  I /  ~  2 

e  0ZU  sin(Knxu)cos(Knyu/u2-l ) — - —  du 

n  u  u 

-  j  e  K0ZU  sin(KQXu)cos(KQyu2 )du 
0  1  - 

-  |  e  K0ZU  sin(KQXu)cos(KQyu2 )du 

°.oo  _  2 

+  f  e“K0zu  [—7 — cos(Knyu/u2-1  )-cos(Knyu2  )  ] 

h  Stt  U  _  U 

x  sin(KgXu)du  (26) 

The  singularity  is  condensed  in  the  first 

term  on  the  right  hand  side.  It  is  readily 
shown  that  the  last  integral  is  bounded  and 
uniformly  convergent  on  the  x-axis. 


The  second  integral  is  finite. 

_K  -  -  1-cos(Knx) 

e  0  sin(KQXu)cosl<Qyu  )du  =  3 - 

Kqx 

.  (28) 

Then  the  integral  (25)  is  expressed  asymptoti¬ 
cal  ly  as 

-^(K0x)  -j-_ 

Kox 

2  r°°  _v2“ 

+  - j  e  zcos(v2y)sin(w7K^x)dv  when  x>0, 

vV 

=  0  when  x<0  (29) 

Summarizing  the  above_resul ts,  the  asymptotic 
expression  for  G(x,y,z)  near  the  x-axis  is 
given  by 

f°°  _  2~ 

G(x,y,z)  -  -8/0  e  V  2cos(v2y)sin(v/i<Qx)dv 
+  ttKq [ H1  ( KQx )+3 Y ^  ( Kqx )  ]  +  I  -  2Kq 

when  x>0  (30) 

“  -  ^K0[H-|  (Kqx)-Y1  (Kqx)]  +  I  -2K0 

when  x<0  (31) 

The  integral  in  (30)  is  expressed  by  the  Fres¬ 
nel  function  of  complex  argument  such  as 

-  -  -  f°°  _v2z  -  - 

E(x,y,z)  =  J  e  cos(v2y)sin(v/i<Qx)dv 

=  -Ue~iK0x2/4Z^  f[J/K0/(2ttZ)]  (32)  ' 
where  Z  =  y+iz,  and 

F(x)  -  C(x)  +  iS(x)  =  |Xei7Tu2/2du  (33) 

0 


limf1 

y-’-OJo 

z->0 
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4.  BOUNDARY  VALUE  PROBLEM  FOR  THE  SLENDER  SHIP 


The  velocity  potential  near  the  slender 
ship  is  simplified  by  the  asymptotic  expres¬ 
sion  of  the  Kel vin-source  given  in  the  preced¬ 
ing  section.  We  have  divided  the  velocity 
potential  into  two  parts  <j>  ^  and  <j> 2  in  (19). 

is  expanded  with  respect  to  e  .  Omitting 
higher  order  terms,  it  is  expressed  near 
the  hull  by 


C(x) 


ds 


(34) 


The  expression  for  ^  near  the  hull  is  obtain¬ 
ed  from  the  expression  (30)  and  (31). 

<l>2=  /dx'/C(x')  (x ' > y' • z'  )G' (x-x' ,y-y' , z+z '  )ds 

.  (35) 

where 

G'  (x,y,z)  =  -4i/KgE(x,y,z)(l  +  sgn  x) 

+  7rK0H1  (Kq  |x  | )  +  [TrK0Y1  (Kq|x  |)+  2/  |x  |  ] 

X  (1  +  2sgn  x)  -  2KQ  (36) 

Then  we  can  write 

<t>2=  -4^Kg/(  1  +  sgn  x)dx'/c^x,  ^o(x' ,y' ,  z' ) 

x  E(x,y,z)ds  +  /H(x)dx'/C(xl)0(x\y',z')ds 

.  (37) 

where 

H(x)  =  KQH1  (Kg  |x  1)  +  [ttK0Y1(K0|J|)+2/|x|] 

x  (1  +  2sgn  x)  -  2KQ  (38) 

Let  us  consider  first,  the  case  that  the 

longitudinal  axis  of  the  ship  is  along  the 
x-axis.  The  ship  is  moveing  at  zero  drift 
angle,  and  the  fluid  motion  is  symmetric 
on  both  sides  of  the  ship.  The  hull  surface 
is  given  by  the  equation, 

y  =  ±f(x,z)  (39) 


Then  the  boundary  condition  on  the  hull  surface 
is  written  as 


=  -Uf  /v'l+f  4+f  4  (40) 
dn  x  x  z 

Because  of  the  slender  body  assumption  f  =  0(e) 
f  =  0(1).  Omitting  terms  of  0(e2),  the  direc¬ 
tion  cosine  of  the  normal  can  be  written  as 


v 


n  “  ±1  /vH+r 


V 

X 

V 

y 

V 

z 


(41) 


Then  the  hull  surface  condition  is  expressed  as 


3<b  _  3(J) 


-Uv 


x 


(42) 


where  3/3v  =  v^3/3y  +  v^3/3z. 

Taking  the  representation  cj>  =  <j)^+  we  can 
write 


34)-] 

3v 


(43) 


When  the  ship  is  placed  obliquely  to  the 
uniform  flow,  with  a  drift  angle  a,  the  bound¬ 
ary  condition  on  the  hull  surface  becomes 


^  =  -(Ucosanx+  Usin«ny)  (44) 

Then  the  velocity  potential  can  be  divided 
into  the  symmetric  part  and  the  antisymmet¬ 
ric  part  $  such  as 
a 


-  4)  cosa  +  <t>  sina  (45) 

s  a 

If  a  =  0(e),  the  boundary  condition  on  the  hull 

surface  for  is  given  by  (42),  and  that  for 

<t>  is  s 

a 

3cJ)  /3v  =  -uv  (46) 

ay 

From  the  definition  of  4^, 


34>- 

•gv  =  2TTO(x,y,z) 


9  n.(y-y')2+  (z-z1)2  t 

L_^[ln  y-y1'  *+  h+H2°( 


C(x) 


^2=  V* 0[  dx'f  E  (x,y,z).a(x' 
3v  0 J  ) C(x')  v 

where  x=Xq  gives  the  bow  end,  and 

c  t  x  3E  3E 
Ev(x,y,z)  =  vygy  +  vzgj 


,y ' , z' )ds 

.  (47) 

,y\z')ds 

.  (48) 

(49) 


Equations  (47)  (48)  are  substituted  in  (43), 
giving  an  integral  equation  for  c(x,y,z). 
The  expression  (48)  suggests  that  the  integral 
equation  with  respect  to  x  is  of  the  Volterra 
type,  so  that  the  boundary  value  problem 
is  parabolic.  This  fact  facilitates  the 
solution  to  a  great  extent.  The  integral 
of  (48)  is  determined  by  the  source  density 
in  cross  sections  upstream.  Then  30p/3v 
is  regarded  as  a  known  function  at  the  section 
where  the  integral  equation  along  the  hull 
contour  is  solved.  The  solution  begins  at  the 
bow  end,  and  marches  downstream. 


5.  WAVE  PATTERN  AND  WAVE  RESISTANCE 


The  pressure  on  the  hull  is  given  by  the  Ber¬ 
noulli  equation. 

p  =  p  -  p0 

=  p[-U(cosact>x+sina(t>y)  -  i(<by2+cbz2 )  +  gz]  (50) 
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(J>x2is  omitted  because  of  higher  order  compared 
with  <J)  2  <J)z2.  The  elevat  ion  of  the  free  sur¬ 

face  is  obtained  by 

C  =  -z 

=  -  l[U(cosad)x+sina(l)y)  +  K4>y2+<J>Z2 )  ]2=0  (51) 

The  quadratic  term  <t>  2+ct>  2  may  be  omitted  in 
the  formula  for  the  i/avezpattern,  but  it  is 
better  to  include  in  the  pressure  distribution 
below  the  waterline. 

The  wave  resistance,  the  lateral  force, 
and  the  yaw  moment  are  calculated  by  the  pres¬ 
sure  integral. 

Fx=  -"sP"xdS  “  -/dx/C(x)Pvxds  (52) 

Fy=  -//$PnydS  *  -/dx/c(x)Pvyds  (53) 

Hz=  //s P(-nxy+nyx)dS  -  /xdxT(x)PvydS  (54) 

Substituting  the  expression  for  4>  in 

(50),  the  pressure  distribution  is  determined. 
The  free  surface  elevation,  forces  and  moment 
are  calculated  therefrom.  The  velocity  poten¬ 
tial  (J>2  includes  a  term  which  does  not  depend 
on  z.  ^It  gives  the  pressure  distribution  ir¬ 
respective  of  the  depth.  However  the  numeric¬ 
al  example  for  pressure  distribution  indicates 
that  better  agreement  with  measured  results 
is  obtained  by  taking  account  of  the  attenua¬ 
tion  of  this  term  by  depth  of  water.  The 
draftwise  variation  is  related  to  8G/8z.  There 
is  the  relation  by  the  free  surface  condition, 


6.  NUMERICAL  METHOD 

The  solution  of  the  integral  equation  for 
the  distribution  of  sources  is  calculated 
by  means  of  the  panel  method.  Since  the 
hull  is  symmetric,  one  side  of  the  hull  sur¬ 
face  under  still  waterline  is  divided  in 
IXJ  =  M  panel  elements  AS..,  with  I  divisions 
in  x  and  J  divisions  in  z.1J  The  source  density 
is  defined  at  the  center  of  the  panel,  over 
which  the  density  is  assumed  uniform. 

The  integral  equation  is  discretized  as 
J  i-1  J 

l  o(ij)L,  .(k)  =  — v  .  I  l  a(£k)M ,,(Ak) 

k=1  1J  X1J  £=1k=l  1J 

(j  *=  1,2,...J)  for  symmetric  part  (56) 

J  i-1  J 

l  o(ij)L  (k)  =  -v  I  l  o(£k)M..(£k) 

k=1  1J  ylJ  £=1 k=1  1J 

(j  =  1,2,...J)  for  antisymmetric  part.  (57) 

L.  .(k)  and  M.  .(£k)  denote  the  normal  velocity 
ofJ(t)j  and  (t)^ 1 J by  unit  source  at  the  control 
point  respectively.  The  left  hand  side  is  the 
source  density  which  is  to  be  determined.  The 
summation  on  the  right  hand  side  is  determined 
by  the  source  density  along  the  cross  section 
upstream.  It  is  regarded  as  a  known  quantity, 
because  the  solution  is  carried  out  from  the 
foremost  section  and  proceeds  backwards. 

.(k)  is  calculated  analytically.  The 
computation  of  the  kernel  matrix  M.  .(£k)  is 
more  time-consuming. 

M. yJlk)  =  vyijEy(x,y,z)  +  V2lj.Ez(x,y,z)  (58) 


3G  1  32G  4.  a  /rr\ 

37  =  KQW  at  z=0  (55) 

Therefore  the  variation  of  the  kernel  H(x),_ 
defined  by  (38),  is  given  by  (z/Kq) 92 H(x)/3x2 . 
Thi^s  problem  appears  when  KqZ  is  not  small,  or 
KqX  is__large.  Then  the  asymptotic  expression 
for  H(x)  may  be  employed.  At  large  K^x,  the_ 
asymptotic  expression  is  determined  by  Y^Kqx). 
and  we  have  the  asymptotic  relation 

Y1 ( KqX ) /3x2  =  — Kq2  Y  ^ (Kqx) 

Therefore  we  can  express  the  value  of  H(x)  at 
depth  z  in  the  form  like 

(1  -  Kqz)H(x) 

We  make  further  simplification  by  taking  the 
average  of  the  attenuation  factor  through  z. 
Then  the  factor  1  -  ilCz  is  multiplied  to  the 
corresponding  term  in  the  free  surface  eleva¬ 
tion,  and  (1  -  ylCz)2  is  multiplied  in  the 
calculation  of  hydrodynamic  forces. 


We  have  to  calculate  the  derivatives  of  <t>,  and 
<t>2  for  the  determineation  of  various  quantiti¬ 
es.  3<J> -j / 3 x  is  replaces  by  the  finite  differ¬ 
ence. 


9(i>1  (^.j-  (<t>1)i_1 

3x  Ax 


(59) 


Analytical  expressions  are  employed  for  other 
derivatives.  The  most  time-consuming  is 
the  computation  of  E,  E  ,  E  ,  E  ,  In  order 
to  facilitate  this,  the  Xfol towi ng  transform¬ 
ation  is  employed.  Consider  the  integrals 


ECC  =  /  e  ctcos(2a¥t2)cos(bt)dt 
ECS  =  /  e  ctcos(2a2t2)sin(bt)dt 
QSC  =  /  e  ctt2sin(2a2t2 )cos(bt)dt 
QSS  -  /  e_ctt2sin(2a2t2)sin(bt)dt 
EQC  -  /  e  ctt  2sin(2a2t2)cos(bt)dt 
EQS  =  /  e  ctt  2sin(2a2t2)sin(bt)dt 


(60) 


Put  p  -  c+ib,  and  define 

A  =  ECC  -  i ECS  =  f°e  ptcos(2a2t2)dt  * 

B  =  QSC  -  i QSS  =  /VptlTsin(2aV)dt  l 

C  =  EQC  -  i EQS  =  ^  e  p*"t  2sin(2a2t2)dt 


(61) 
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Then  we  have 


ECC  =  £  A.  ECS  =  -&A 
QSC  =  &B,  QSS  =  -$nB 
EQC  =  J'tC,  EQS  =  -SWC 


V  (62) 


Applying  the  Laplace  transform, 

A  =  i7T2a2p  ^e  a^perf(ia2p  ?)  (63) 
B  =  a2p-2-  i7T2p“5^(ip-a)e_ay/perf(ia2p”2)  (64) 
C  -  -iTr2p_^e~a^perf(  ia2p2)  (65) 


where  erf(Z)  is  the  error  function  defined  by 

erf(Z)  =  -  Erf(Z)  =  -|  e'^dt  (66) 

/rr  /njj 

There  is  the  expansion  for  the  error  function 
about  Z=0  as 


Erf(Z)  - 


?  (-1)nZ2n+1 

n=0n!(2n+1) 


-Z2?  2nz2n+l 
6  n=0(2n+1)|! 


(67) 


where 


(2n+l)!!  =  (2n+l)(2n-l)(2n-3).... .5.3.1 


/om  i  m  1  00  2n-2N+1 

^  Civ^  =  i  rI2Nzllii  y  _ y _  ' 

V  y'  2N  0  n • (2n-2N+1 ) • 


for 


a  >e 
n 


(75) 


Sample  calculations  of  the  Fresnal  integral, 
to  which  the  existing  program  library  is  avail¬ 
able,  confirm  excellent  accuracy  of  the  above 
method.  Putting 


a  =  Kqx2/2,  b  =  y,  C  =  z  >  0, 
we  obtain 

Ex(x,y,z)  =  i^ECC  = 

Ey(x,y,i)  =  -iQSS  =  iJmB 
Ez(5(,y,i)  =  -tQSC  =  -i&B 
E(i,y,i)  =  tEQC  =  ifa 


(76) 


(77) 


In  order  to  check  the  computer  time,  the  wave 
Pattern  of  a  point  source  is  calculated.  The 
computation  by  means  of  the  above  expression 
takes  2. (Msec. CPU  by  HITAC  M-240H,  while  it 
takes  2min.-7sec. CPU,  if  Exis  calculated  by 
Simpson's  rule. 


(-1)11-1 


7.  RESULTS  OF  THE  WIGLEY  HULL 


On  the  other  hand,  the  error  function  has  an 
asymptotic  expansion  at  |Z|^°°  such  as 


.  /n  -Z2"  (-1)n(2n-1)!! 

Erf(Z)  =  — p  -  e  Is  _ n+1 -?n+1 


Now  we  put 
Erf(Z)  -  -e_ 


n  0n+1 72n+l 
n=0  c  L 


;  y  (-1 )  (2n-l)! !  „  (z) 

n=o  2-V"*1  "( 


(68) 


(69) 


The  first  term  on  the  right  hand  side  is  the 
asymptotic  expansion.  If  a  denotes  the  n-th 
term  of  the  asymptotic  expansion,  and e gives 
the  accuracy,  we  have 


vz>  ■  4 


i(Z) .  J 


n=0 


for  |  an | Se 
(_1 )n-N  Z2n-2N+1 
n ! (2n-2N+1 ) 


(70) 


for  lanl>£  (71) 


where  N  is  the  integral  part  of  |Z2|.  When 
N=0,  the  first  term  of  (69)  becomes  zero,  and 
Erf(Z)  =  ^q(Z).  Then  (69)  coincides  with  (67). 
If  Z  is  pure  imaginary,  Z  =  iy, 

Erf(iy)  =  /iye-tdt  =  i/Vm  (72) 

0  0 

Then  it  is  pure  imaginary.  Put 

ErfCW-.l^y^&Ti  +  ■>„('>>  <73> 

n=0  2  y 

*N(iy)  is  given  by 

\l»N(iy)  =  0  for  | an | se  (74) 


The  hull  surface  geometry  is  given  by  the 
equation 

y  =  b[l  -  (*)2][1  -  (§)2]  (78) 

where  l  =  L/2  is  half  length,  b  =  B/2  is  half 
breadth,  and  d  is  the  draft  at  still  waterline. 
A  model  of  dimensions  L  =  2.000m,  B  =  0.200m, 
d  -  0.125m  is  employed  for  experiments  in  the 
towing  tank  of  Yokohama  National  University. 

The  panel  division  for  the  numerical 
work  is  40(length)  x  10(draft)  =  400,  in 
equal  intervals.  The  hull  form  with  panel 
division  is  illustrated  in  Fig.l. 

First  of  all,  the  source  distribution 
over  the  hull  surface  is  determined.  A  few 
sample  results  are  illustrated  in  Figs. 2, 3. 
Comparison  is  made  with  the  source  distribu¬ 
tion  of  the  double  model.  Remarkable  differ¬ 
ence  is  observed  near  the  free  surface. 
This  fact  suggeststhe  inadequacy  of  the  origi¬ 
nal  form  of  the  slender  ship  theory,  which 
employs  the  double  body  potential  as  the 
near  field  solution.  Fig. 4  shows  the  pressure 
distribution  on  the  hull  surface  at  Froude 
number  0.267.  The  result  of  computation 
is  compared  with  measured  results  with  6m- 
model  published  by  Namimatsu  et  al  (10). 
Generally  speaking,  good  agreement  is  observ¬ 
ed  between  computed  and  measured  results. 
Slight  deviation  at  the  stern  region  may 
be  attributed  to  the  boundary  layer  displace¬ 
ment  effect. 
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Samples  of  computation  of  the  wave  pro¬ 
file  alongside  the  model  are  illustrated 
in  Fig. 5.  The  result  at  Froude  number  0.267 
is  compared  with  the  experiment  of  2m-model 
at  YNU  towing  tank,  and  the  result  at  Froude 
number  0.316  is  compared  with  the  measurement 
of  6m-model  mentioned  before.  Slight  discre¬ 
pancies  are  observed  at  the  wave  trough. 
They  may  be  attributed  to  the  nonlinear  effect 
because  the  phase  of  the  wave  is  in  good 
agreement.  The  computed  wave  pattern  around 
the  hull  at  Froude  number  0.267  is  illustrated 
in  Fig. 6,  and  the  corresponding  measurement 
is  illustrated  in  Fig. 7.  Similar  configura¬ 
tions  in  the  crest  and  trough  of  waves  are 
observed  between  computeation  and  measurement. 
Fig. 8  shows  the  result  of  computation  of 
the  wave  resistance  coefficient.  The  computed 
values  given  by  white  spots  are  compared 
with  the  values  obtained  by  the  longitudinal 
cut  wave  survey  given  by  black  spots.  Good 
agreement  in  the  position  of  humps  and  hollows 
is  observed.  The  computed  wave  resistance 
is  slightly  higher  than  the  wave-pattern 
resistance.  It  may  be  a  common  trend,  that 
the  wave-pattern  resistance  shows  a  little 
lower  value.  The  dotted  line  gives  the  wave 
resistance  obtained  by  the  subtraction  of 
viscous  resistance  defined  by  Cp(l+K),  where 
Cp  is  the  Schoenherr  friction  coefficient 
and  K  =  0.15,  the  form  factor,  from  the  total 
resistance  coefficient.  This  curve  fits 
well  with  the  computed  values.  The  full 
line  gives  the  Michell  resistance,  which 
shows  a  great  deviation  from  the  measurement. 

Computations  are  also  carried  out  with 
respect  to  the  Wigley  hull  at  finite  drift 
angles,  a  =  5°,  10°,  15°,  20°,  as  the  example 
of  the  asymmetric  flow.  Fig. 9  shows  the 
computed  wave  profile  alongside  the  model 
at  a  =  10°,  Froude  number  0.267.  The  result 
of  measurement  with  2m-model  at  Yokohama 
National  University  is  also  shown.  Fairly 
good  agreement  except  near  the  bow  on  the 
back  side  (leeway  side),  at  which  the  leading 
edge  separation  may  be  present.  The  computed 
and  measured  wave  pattern  around  the  model 
is  illustrated  in  Fig. 10  and  Fig. 11  respect¬ 
ively.  In  spite  of  good  agreement  in  the 
wave  profile,  some  deviation  is  observed 
in  the  diverging  wave  pattern.  It  may  be 
attributed  to  the  distortion  of  the  base 
flow  due  to  the  hull,  while  the  computation 
does  not  take  account  of  it. 

Longitudinal  and  lateral  components 
of  the  force  and  the  moment  about  the  vertical 
axis  are  given  in  Fig. 12,  Fig. 13  and  Fig. 14 
respectively.  The  nonlinearity  of  curves  at 
large  angle  may  be  due  to  the  inclusion  of  the 
term  of  velocity  squared.  There  are  no  data 
available  for  comparison  with  measurement. 
The  computation  does  not  include  the  viscous 
force  which  must  be  present,  though  the  flow 
separation  at  the  leading  edge  is  observed 
clearly.  Therefore  the  computation  under 
the  condition  of  continuous  flow  of  a  perfect 
fluid  may  not  hold  in  the  actual  condition. 


Fig.  5  Wave  profile  alongside  the 

model  at  F  =  0.267,  0.316 
n 
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Fig. 8  Wave  resistance  coefficient 
of  Wigley  hull 


Fig.  6  Computed  wave  pattern  at 
F  =  0.267 


Fig.  7  Measured  wave  pattern  at 

F  =  0.267 
n 
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Fig.  14  Computed  yaw  moment 
coefficient 


8.  RESULTS  OF  THE  SAILING  YACHT  HULL 

The  hull  form  has  been  designed  by  NCAC 
following  the  rule  of  12  metre  class  yacht. 
The  hull  form  with  panel  division  is  illust¬ 
rated  in  Fig. 15.  The  length  is  divided  into 
40  segments  in  equal  intervals.  The  radial 
cut  is  employed  in  the  draftwise  division. 
The  angle  of  the  radial  cut  from  the  waterline 
is  a  =  0°, 8°, 16°, 24°, 32°, 40°, 50°, 70°, 80°, 90°. 
The  panel  division  on  the  solid  keel  is 
11x8,  but  small  panels  are  combined,  resulting 
70  panels.  A  model  with  a  detachable  solid 
keel  and  a  rudder  is  made  for  towing  tank 
experiment.  The  resistance  test  at  zero 
drift  angle  is  carried  out  at  Yokohama  National 
University  tank.  Experiments  at  the  finite 
drift  angle  are  conducted  by  Akishima  Labora¬ 
tory  of  Mitsui  Shipbuilding  Co. 


Fig.  15  Sailing  yacht  hull  form 


Fig. 16  gives  the  longitudinal  distribu¬ 
tion  of  the  symmetric  part  of  sources  on 
the  canoe  body  with  and  without  keel,  and 
Fig. 17  gives  that  of  the  antisymmetric 
part  of  sources  at  Froude  number  0.269. 
A  remarkable  effect  of  the  vertical  keel 
to  the  source  distribution  on  the  canoe  body 
at  finite  drift  angle  is  observed.  Fig.  18 
gives  the  wave  profile  alongside  the  hull,  and 
Fig. 19  illustrates  the  wave  pattern  around  the 
hull  by  the  wave  contour,  at  the  drift  angle 

0°,  4°,  8°,  at  Froude  number  0.269.  Because 

of  small  length  to  beam  ratio  and  the  flat 
stern,  the  wave  pattern  behind  the  stern 

becomes  very  complex.  No  measured  data  are 
available  for  comparison,  but  a  particular 
feature  of  this  hull  form  is  observed  in 

these  figures. 
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Fig.  16  Longitudinal  distribution 

of  symmetric  part  of  sources 
F  =  0.269 
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Fig. 20  shows  the  wave  resistance  coeffi¬ 
cient  of  the  canoe  body  without  keel.  Towing 
test  results  are  given  by  the  total  resistance 
coefficient  Cy,  the  residual  resistance  coef¬ 
ficient  CR  based  on  the  Schoenherr  friction 
coefficient,  and  the  wave  resistance  coeffi¬ 
cient  derived  by  the  assumption  of  the  form 
factor  K  =  0.29.  The  curve  of  residual  resis¬ 
tance  fits  the  computed  values  approximately. 
The  deviation  at  higher  Froude  numbers  may  be 
attributed  to  the  change  of  wetted  hull  geo¬ 
metry  due  to  sinkage  and  trim,  together  with 
the  bow  wave  elevation.  Fig. 21  shows  the 
wave  resistance  coefficient  of  the  hull  with 
keel.  The  effect  of  the  keel  to  the  computed 
wave  resistance  is  mainly  due  to  the  differ¬ 
ence  in  the  source  distribution  near  the 
stern.  The  difference  in  Cy  between  results 
with  and  without  keel  is  remarkable.  The 
conventional  method  of  the  form  factor  for 
viscous  resistance  gives  0.54,  which  seems  to 
be  too  large.  The  computed  points  are  not 
parallel  to  the  experimental  curve.  This 
deviation  may  be  partly  due  to  the  change 
of  trim,  which  is  more  remarkable  than  in 
the  case  without  keel. 

The  axial  and  lateral  forces  when  the 
model  is  moving  at  finite  drift  angle  are 
calculated.  The  axial  force  coefficient 

C  is  shown  in  Figs. 22,, 23.  The  computation 
does  not  include  the  induced  drag  of  the 

solid  keel.  Therefore  the  difference  between 
the  results  with  and  without  keel  is  not 

remarkable.  Experimental  data  obtained  by  the 
Akishima  laboratory  are  shown  in  white  spots. 
Since  the  model  is  free  to  heel  and  trim 
in  the  experiment,  there  is  a  considerable 
difference  between  experiment  and  computation. 
Then  the  comparison  is  only  for  reference. 

The  lateral  force  coefficient  Cy  is 

shown  in  Figs.  24,  25.  The  computation  does 
not  include  the  lift  of  the  solid  keel. 
In  order  to  calculate  the  lift  of  the  keel, 
the  lifting  surface  computation  such  as  the 
vortex  lattice  method  is  necessary.  However 
the  result  of  computation  by  the  theory  of 
large  aspect  ratio  is  added  for  simplicity. 
The  result  is  shown  in  dotted  lines.  The 
measured  data  are  shown  by  white  spots. 
However  comparison  is  difficult,  because 
of  the  difference  in  conditions  mentioned 
before.  The  computed  yaw  moment  coefficient 
CM  is  shown  in  Figs,  26,  27.  Different  from 
tne  lateral  force,  difference  between  the 
moment  with  and  without  keel  is  remarkable. 
This  means  that  the  theory  includes  the  moment 
of  the  keel.  One  may  conclude  from  the  above 
results,  that  the  present  theory  is  applicable 
to  the  wave  resistance  of  the  canoe  body 
of  the  yacht,  in  spite  of  the  small  length 
to  beam  ratio,  while  other  theories  such  as 
the  vortex  lattice  computation  is  necessary 
for  the  prediction  of  hydrodynamic  forces 
acting  on  the  hull  with  vertical  keel  at 
finite  drift  angle. 


Fig.  17  Longitudinal  distribution 
of  antisymmetric  part  of 
sources  Fp=  0.269 
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Fig. 20  Computed  wave  resistance 
coefficient  compared  with 
test  results  of  yacht  model 
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Fig.  23  Computed  axial  force 
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9.  RESULTS  OF  SERIES  60  HULL 


As  an  example  of  the  conventional  hul  1 
form,  the  well-known  Series  60  model  (Cd=0.60) 
is  employed  for  computation.  The  body  plan 
is  shown  in  Fig. 28.  The  panel  division  is 
40( length) x 8(draft)  in  equal  interval.  The 
towing  test  of  3m-model  is  conducted  at  Yoko¬ 
hama  national  University  tank.  The  wave 
profile  alongside  the  model  at  Froude  number 
0.28,  0.30,  0.32,  0.34  are  illustrated  in 

Figs. 29  ^  32.  Full  lines  give  the  measured 
results  and  dotted  lines  give  the  computation. 
Fairly  good  agreement  between  computed  and 
measured  wave  profiles  is  observed  throughout 
the  results.  The  slight  difference  may  be 
attributed  to  effects  of  the  nonlinearity  and  . 
the  boundary  layer  displacement.  The  wave 
patern  around  the  model  at  Froude  number  0.30 
is  illustrated  by  contour  courves  in  Fig. 33. 
Similarity  between  computed  and  measured 
wave  patterns  is  observed. 

In  Fig. 34,  the  computed  wave  resistance 
coefficient  is  compared  with  the  residual 
resistance  coefficient  based  on  the  Schoenherr 
friction  coefficient  and  the  wave  pattern 
resistance  by  the  longitudinal  cut  method. 
The  computed  value  is  slightly  higher  than 
the  residual  resistance.  This  may  correspond 
to  the  tendency  of  lower  wave  height  at  the 
stern  in  the  computed  wave  profile.  Since 
the  curvature  of  the  hull  surface  at  the 
stern  is  much  higher  than  the  case  of  other 
models,  the  number  of  panel  division  in  this 
area  may  not  be  sufficient  for  good  accuracy. 
The  position  of  humps  and  hollows  is  in  good 
agreement  in  theoretical  and  experimental 
curves. 
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Fig.  28  Body  plan  of  Series  60 
CD=  0.60 


F  =  0.28 
n 


Fig.  30  Computed  and  measured  wave  profile 

alongside  Series  60  model 

F  -  0.30 
n 


Fig.  31  Computed  and  measured  wave  profile 

alongside  Series  60  model 

F  =  0.32 
n 


Fig. 


32  Computed  and  measured  wave  profile 
alongside  Series  60  model 


F  =  0.34 
n 
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Fig.  33  Computed  and  measured  wave  contour 
of  Series  60  model  Fn=  0.30 


Series  60  model 


10.  CONCLUSIONS 

The  validity  of  the  new  slender  ship 
formulation  is  examined  by  the  computation 
of  the  wave  pattern  and  wave  resistance  of 
the  Wigley  hull,  the  sailing  yacht  hull  and 
the  Series  60  model. 

Satisfactory  agreement  is  obtained  in 
pressure  distribution  on  the  hull  surface, 
the  wave  profile  alongside  the  hull,  and 
the  wave  resistance,  between  computed  and 
measured  values  with  respect  to  the  Wigley 
hull.  The  computed  wave  resistance  of  the 

canoe  body  of  the  sailing  yacht  hull  without 

keel  shows  good  agreement  with  towing  test 

results,  in  spite  of  small  length  to  beam 
ratio.  The  effect  of  the  solid  keel  is  not 

fully  accounted  for  by  the  present  theory. 
The  hydrodynamic  forces,  when  the  hull  is 
at  a  finite  drift  angle,  may  be  calculated 


by  the  present  theory  supplemented  by  the 
lifting  surface  computation.  Although  a 
good  agreement  between  the  computed  wave 
profile  alongside  the  Series  60  hull  and 
the  measurement  is  obtained,  a  slight  devia¬ 
tion  is  observed  in  the  computed  wave  resis¬ 
tance  from  the  towing  test  result.  This 
fact  may  suggest  that  fine  panel  division 
is  required  for  the  prediction  of  wave  resis¬ 
tance  of  conventional  hull  forms  such  as 
Series  60  model,  because  of  the  large  curva¬ 
ture  of  the  hull  surface,  especially  at  the 
stern  area. 

As  the  conclusion,  the  new  formulation 
of  slender  ship  approximation  has  achieved 
a  remarkable  improvement  in  the  theoretical 
computation  of  the  wave  pattern  and  wave 
resistance.  The  result  seems  to  confirm 
the  usefulness  of  this  theory  in  the  predic¬ 
tion  of  hydrodynamic  characteristics  of  prac¬ 
tical  hull  forms  in  steady  forward  motion. 
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DISCUSSION 
Ronald  Yeung 

University  of  California  at  Berkeley,  USA 

In  spite  of  the  nonlinear  conditions  stated  in  the  beginning  of  section 
2,  it  seems  clear  that  the  starting  point  of  this  work  remains  the  same 
as  the  Neumann-Kelvin  problem.  This  is  evident  from  the 
representation,  Eq.  (12)  of  the  paper.  What  followed  from  there  is 
essentially  an  approximation  to  the  N-K  solution,  and  one  should  not 
expect  the  present  calculations  can  do  any  better  than  the  3-D 
Neumann-Kelvin  solution.  In  terms  of  the  slender-body 
approximation  carried  out  here,  or  in  Prof.  Maruo’s  1982  work,  I 
don’t  feel  that  it  is  rationally  based,  at  least  not  completely.  I  will 
point  out  2  objections.  (1)  The  neglect  of  the  line  integral  in  Eq. 
(15)  cannot  be  justified  simply  on  the  basis  of  traditional  infinite-fluid 
slender-body  theory.  Sources  on  the  free  surface  exert  much  stronger 
influence  than  submerged  distribution.  It  is  well  established  these 
days  that  the  waterline  integral  in  the  N-K  problem  yields  a 
significant  contribution.  This  contribution  is  taken  into  account  in 
the  matched  asymptotic  theory  of  Yeung  &  Kim  (1984,  15th  ONR 
Symposium).  This  leads  to  the  2nd  point.  (2)  In  our  work,  which 
Prof.  Maruo  might  not  be  aware  of,  we  showed  that  the  near  field 
approximation,  Eq.  (25),  of  paper  is  more  elaborate  than  an  impulsive 
2-D  source  and  a  function,  say,  F,  that  depends  only  on  the  axial 
distance  ’x\  Using  matched  asymptotics,  we  showed  that  the 
transverse  wave-field  is  contained  in  F(x,y,z),  with  explicit 
expressions  given  in  Yeung  &  Kim  (1984).  Prof.  Maruo’s  F-function 
corresponds  to  setting  y-z-0  in  ours.  It  is  clear  that  your  analysis 
eventually  lead  to  a  rather  ad-hoc  "fix"  in  the  paragraph  following 
Eq.  (55).  It  appears  this  deficiency  can  be  corrected  in  the  manner 
that  we  have  derived  from  the  matched  field.  I  don’t  think  such 
development  should  be  done  as  a  matter  of  convenience,  rather,  it 
should  be  rationally  based.  I  would  like  Prof.  Maruo  to  comment  on 
these  two  issues. 

AUTHORS’  REPLY 

The  slender  body  theory  is  based  on  the  rational  perturbation 
analysis.  The  fundamental  technique  is  the  series  expansion  of  the 
complete  solution  of  the  fully  nonlinear  boundary  value  problem,  its 
existence  being  assumed,  with  respect  to  the  slenderness  ratio  6,  as  a 
small  perturbation  parameter.  The  lowest  order  of  the  expansion 
gives  the  linearized  solution,  which  is  discussed  in  this  paper.  The 
rigorous  derivation  of  the  result  by  the  perturbation  technique  is  not 
employed  in  this  paper,  because  it  has  been  given  in  another 
literature.  The  general  form  of  the  linearized  solution  in  the  near 
field  is  given  by  the  velocity  potential  of  the  form  4>  =  $(2D)  +  g(x) 
where  $aD)  is  the  solution  of  the  two-dimensional  Laplace  equation 
<$(2D)^  +  =  o  and  satisfies  the  boundary  conditions  on  the 

body  surface  and  on  the  free  surface.  g(x)  is  a  function  of  x  only, 
which  is  determined  by  matching  with  the  far  field  solution.  Both  of 
these  functions  are  0(e2).  It  is  readily  proved  that  the  line  distribution 
of  sources  along  the  waterline  is  0(€3),  so  that  it  must  be  deleted 
from  the  linearized  scheme.  The  function  F(x,y,z)  referred  in  the 
discussion  is  derived  from  the  linearized  far  field  potential,  which  is 
not  correct  in  the  near  field.  In  order  to  obtain  the  consistent 
approximation  in  the  near  field,  one  must  expand  it  with  respect  to 
the  transverse  coordinates  y,  z,  and  detain  only  the  term  of  the  lowest 
order.  It  is  reduced  to  the  limit  at  y  =  z  =  0,  if  the  function  is 
bounded.  It  corresponds  to  the  function  g(x).  It  should  be 
emphasized  that  the  higher  order  terms  with  respect  to  e  should  not 
be  detained,  because  they  are  subject  to  the  nonlinear  portion  of  the 
boundary  conditions  which  is  not  taken  into  account  in  the  theory. 
The  present  discussion  is  concerning  the  higher  order  terms  only,  and 
does  not  make  sense  accordingly.  It  seems  that  the  argument 
presented  by  Prof.  Yeung  is  nothing  but  the  consequence  of  the  lack 
of  knowledge  about  the  rational  perturbation  analysis  of  the  complex 
nonlinear  problem. 


DISCUSSION 
Hongbo  Xu 

Massachusetts  Institute  of  Technology,  USA  (China) 

Prof.  Maruo,  the  results  you  have  are  impressive.  My  question  is 
about  the  theoretical  results  for  Wigley  hull  at  an  angle  of  attack. 
Have  you  compared  the  lateral  force  and  yaw  moment  coefficients 
with  experimental  data?  The  angle  of  attack  <x  used  in  your 
computation  appears  to  be  rather  large  (up  to  20°).  As  we  know,  the 
stall  angle  for  a  wing  is  about  12*  to  15*.  It  may  be  important  to 
find  the  approximate  range  for  oc  in  which  the  slender  ship  theory  is 
valid. 

AUTHORS’  REPLY 

The  example  for  the  Wigley  hull  in  finite  drift  angle  is  rather  an 
academic  aspect  because  the  leading  edge  separation  must  be  present 
by  the  form  with  a  sharp  edge,  though  the  theory  does  not  take 
account  of  it.  Therefore,  the  forces  and  moment  computed  by  the 
theory  may  not  represent  the  actual  value  except  at  small  angles,  less 
than  5°  say.  However,  the  comparison  of  the  wave  profile  shown  in 
Fig.  9  indicates  that  the  theory  can  predict  the  behavior  of  the  free- 
surface  flow  fairly  well,  even  at  10°,  which  is  not  so  small. 

DISCUSSION 

Kazu-hiro  Mori 
Hiroshima  University,  Japan 

You  explained  that  your  results  agree  with  the  measured  "fairly 
well."  I  don’t  think  so,  but  the  agreement  is  strikingly  well!  In  your 
introductory  remarks,  you  disclosed  your  negative  opinion  to  the 
direct  numerical  method.  Although  it  takes  much  computing  time,  it 
has  a  potentiality;  e.g.,  the  viscosity  can  be  taken  into  account.  The 
methods  may  be  complimentary.  I  hope  you  may  not  have  such  a 
negative  opinion  to  the  numerical  method,  for  you  are  so  influential. 

AUTHORS’  REPLY 

The  computational  fluid  dynamics  depends  on  the  capacity  of 
computers.  It  has  achieved  a  great  success  in  various  fields  in 
hydrodynamics,  such  as  in  compressible  aerodynamics. 
Unfortunately,  the  present  stage  of  the  application  of  CFD  to  the 
free-surface  flow  around  the  hull  does  not  seem  to  reach  the  level  of 
feasibility  as  a  useful  tool  to  resolve  problems  in  the  practical  field 
of  shipbuilding.  However,  the  recent  progress  of  the  computer 
capacity  is  remarkable,  so  that  there  is  much  prospect  that  CFD  will 
become  a  powerful  tool  with  practical  feasibility  in  the  field  of  the 
full  form  research  in  future.  Please,  never  be  afraid. 
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Numerical  Solution  of  the  "Dawson" 
Free-Surface  Problem  Using  Havelock  Singularities 

C.  Scragg,  J.  Talcott  (Science  Applications  International  Corporation,  USA) 


ABSTRACT 

A  method  of  solving  the  steady  free-surface  ship  wave  prob¬ 
lem  satisfying  “Dawson’s”  double-body  linearization  of  the  free- 
surface  boundary  condition,  which  employs  distributed  Havelock 
singularities  on  both  the  hull  surface  and  on  the  free  surface  is  pre¬ 
sented.  The  use  of  Havelock  singularities,  as  opposed  to  Rankine 
singularities,  allows  the  solution  to  be  extended  into  the  far-field 
without  difficulties.  The  present  technique  combines  the  superior 
aspects  of  Rankine/ Dawson  methods  in  the  calculation  of  near- 
field  waves  and  the  far-field  superiority  of  the  Havelock  methods. 
Encouraging  results  are  presented  for  two  simple  hull  forms,  a 
submerged  body  of  revolution  and  a  Wigley  hull. 

NOMENCLATURE 


B 

C[kx  i  ky  ) 

Cw 

9 

G 

H 

k 

kx 

ky 

k0 

L 

n 

P 

Rw 

S(x,y) 

V 

V 

(x,y,z) 

Z{x,y) 

Z0 

<$> 

V 
p 


Beam 

Wave  spectral  function 
Wave  resistance  coefficient 
Gravitational  constant 
Green  function 
Draft 

Wave  number 
Longitudinal  wave  number 
Lateral  wave  number 
Characteristic  wave  number  =  g/U 2 
Ship  length 

Unit  normal  vector  into  the  fluid 

Pressure 

Wave  resistance 

Hull  surface 

Ship  speed 

Fluid  velocity  vector 

Ship-fixed  coordinate  system,  with  x  forward, 

y  to  port,  and  z  upward 

Free-surface  elevation 

Double-body  wave  elevation 

Velocity  potential 

Double-body  velocity  potential 

Perturbation  potential 

Fluid  density 

Havelock  source  density 


INTRODUCTION 

In  1977,  Dawson  [1],  introduced  a  method  of  linearizing  the 
free-surface  boundary  condition  using  a  perturbation  about  the 
zero-Froude  number  potential.  Since  then,  there  has  been  signif¬ 
icant  interest  in  utilizing  zero-Froude  number  or  “double-body” 
linearization  schemes  in  the  field  of  wave  resistance  and  in  the 
prediction  of  Kelvin  waves.  Although  there  are  several  different 
methods  of  linearizing  the  free-surface  boundary  conditions  (see 


Raven,  [2]),  we  refer  to  this  basic  approach  as  Dawson’s  method 
even  though  we  do  not  actually  use  the  same  version  of  the  lin¬ 
earized  free-surface  equations  given  by  Dawson  in  his  pioneer¬ 
ing  work.  Several  researchers  have  developed  computer  codes 
which  satisfy  the  exact  hull  boundary  condition  and  Dawson’s 
free-surface  condition  by  distributing  Rankine  singularities  over 
the  ship’s  hull  and  on  the  free  surface.  During  the  1988  Workshop 
on  Kelvin  Wake  Computations  (Lindenmuth,  et  al.  [3]),  it  be¬ 
came  apparent  that  the  best  of  these  Rankine/ Dawson  codes  were 
capable  of  predicting  quite  accurately  the  wave  elevations  in  the 
near-field  region  directly  around  the  ship.  However,  these  codes 
encountered  difficulties  in  the  prediction  of  the  freely-radiating 
far-field  Kelvin  waves.  The  solutions  exhibited  excessive  numeri¬ 
cal  wave  damping  and/or  wave  reflections  off  the  computational 
boundaries. 

Although  Rankine  singularities  provide  a  convenient  and  effi¬ 
cient  method  for  the  calculation  of  the  zero-Froude  number  prob¬ 
lem,  they  actually  introduce  some  numerical  difficulties  into  the 
calculation  of  the  Kelvin  wave  field.  These  difficulties  are  avoided 
by  solving  Dawson’s  problem  with  distributed  Havelock  singular¬ 
ities.  Since  Rankine  sources  are  symmetrical,  it  is  necessary  to 
impose  some  sort  of  numerical  radiation  condition  to  prevent  up¬ 
stream  radiating  waves.  This  difficulty  is  not  encountered  when 
Havelock  singularities  are  used  since  the  Havelock  singularity  in¬ 
herently  satisfies  the  radiation  condition.  The  use  of  Havelock 
singularities  also  eliminates  problems  associated  with  wave  re¬ 
flections  off  the  computational  boundaries.  Since  neither  Rankine 
singularities  nor  Havelock  singularities  distributed  over  the  hull 
surface  alone  can  satisfy  Dawson’s  free-surface  boundary  condi¬ 
tion,  it  is  also  necessary  to  panelize  some  region  of  the  free  surface 
surrounding  the  hull.  With  Rankine  singularities,  wave  reflec¬ 
tions  at  the  edge  of  the  computational  domain  can  create  serious 
problems,  usually  solved  by  the  introduction  of  some  numerical 
damping  scheme.  But  with  Havelock  singularities,  there  is  no  dif¬ 
ficulty  at  the  edge  of  the  panelized  region  since  Havelock  singu¬ 
larities  always  satisfy  the  linearized  free-surface  boundary  condi¬ 
tion,  and  consequently  the  far-field  waves  always  propagate  away 
from  the  hull  as  linear  Kelvin  waves.  At  moderate  distances  from 
the  hull,  the  zero-Froude  number  potential  approaches  the  undis¬ 
turbed  free-stream  potential,  and  consequently,  Dawson’s  free- 
surface  boundary  condition  limits  to  the  linearized  free-surface 
boundary  condition  satisfied  by  Havelock  singularities.  There¬ 
fore,  with  Havelock  singularities  distributed  on  the  free  surface, 
the  singularity  strength  necessary  to  satisfy  the  Dawson  free- 
surface  boundary  condition  will  smoothly  approach  zero  as  the 
double-body  flow  approaches  the  free-stream.  The  computational 
domain  is  defined  quite  naturally  as  the  limited  region  of  non¬ 
zero  singularity  strength  directly  around  the  hull.  Furthermore, 
this  computational  domain  in  which  free-surface  panels  are  re¬ 
quired,  is  determined  by  examining  the  zero-Froude  number  so¬ 
lution,  eliminating  the  need  for  elaborate  free-surface  panelization 
schemes. 
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This  approach  leads  to  a  solution  which  satisfies  the  same 
field  equations  and  the  same  boundary  conditions  as  the  Rank- 
ine/Dawson  codes,  and  therefore,  the  near-field  solutions  are  the 
same.  But  since  the  use  of  Havelock  singularities  eliminates  the 
numerical  problems  associated  with  Rankine  singularities,  this 
method  leads  to  solutions  which  are  also  valid  in  the  far-field. 

THEORY 

Consider  a  ship  moving  with  steady  forward  speed  U  in  the 
presence  of  a  free  surface.  We  define  a  ship-fixed  coordinate  sys¬ 
tem  with  the  positive  z-axis  in  the  direction  of  travel,  the  y-axis 
directed  to  port,  and  the  z-axis  vertically  upward.  The  origin 
is  located  on  the  mean  free  surface.  We  assume  that  the  fluid 
is  incompressible  and  inviscid  and  that  the  flow  is  irrotational. 
Consequently,  we  can  define  a  velocity  potential  $  which  satisfies 
the  Laplace  equation  throughout  the  fluid  domain, 

V2$  =  0,  (1) 

and  is  related  to  the  fluid  velocity  vector  V  by 

V  =  V$.  (2) 

On  the  surface  of  the  body  S(xyz)}  we  require  that  the  flow 
be  tangential  to  the  hull  surface, 

V#  •  n  =  0,  on  y  —  S(x,  z),  (3) 

where  n  is  a  unit  normal  vector  directed  out  of  the  hull. 

On  the  free  surface  Z(x,y ),  the  velocity  potential  must  sat¬ 
isfy  the  kinematic  free-surface  boundary  condition, 

<&z  =  $XZX  +  $yZy,  on  z  =  Z(x,y),  (4) 

and  the  dynamic  free-surface  boundary  condition, 

ffZ  +  iv$-V$  =  if/2,  on  z  =  Z(x,y),  (5) 

where  g  is  the  gravitational  constant.  In  addition,  we  require 
that  the  disturbance  created  by  the  body  must  vanish  at  points 
infinitely  far  away,  and  we  require  that  the  far-field  free-surface 
waves  generated  by  the  body  may  not  radiate  upstream  of  the 
ship. 

The  free-surface  gradients  Zx  and  Zy  can  be  written  in  terms 
of  the  velocity  potential  by  differentiating  equation  (5)  with  re¬ 
spect  to  x  and  y.  Then  by  substituting  the  gradients  into  equa¬ 
tion  (4),  we  can  write  a  single  free-surface  boundary  condition 
which  must  be  satisfied  by  the  potential: 

+  =  0,  on  z  =  Z(x,y).  (6) 

The  manner  in  which  this  non-linear  free-surface  boundary  con¬ 
dition  is  linearized  is  what  distinguishes  the  Dawson  problem 
from  the  Neumann- Kelvin  problem.  In  both  problems,  we  seek 
a  solution  to  the  Laplace  equation  (1)  which  satisfies  an  exact 
hull  boundary  condition  (2).  In  the  Neumann- Kelvin  problem  we 
rewrite  the  potential  as  the  sum  of  a  free-stream  potential  and 
a  perturbation  potential  <p* ,  and  we  assume  that  the  perturba¬ 
tion  potential  is,  in  some  sense,  small  relative  to  the  free-stream 
potential, 

$  =  -Ux  +  <p'.  (7) 

If  we  substitute  equation  (7)  into  the  free-surface  boundary  con¬ 
dition  (6),  and  retain  only  terms  which  are  linear  in  <p\  then  we 
obtain  the  linearized  Kelvin  free-surface  boundary  condition 

<pxx  +  *o V’i  —  on  z  =  0,  (8) 

where  k0  is  the  characteristic  wave  number  defined  by 

=  jfr  (9) 


To  show  that  the  boundary  condition  can  be  applied  at  the  po¬ 
sition  of  the  mean  free  surface,  one  can  expand  the  potential  in 
a  Taylor  series  about  z  —  0,  and  assume  that  the  free-surface 
elevation  Z  is  of  the  same  order  as  the  perturbation  potential. 

In  Dawson’s  approach  to  the  problem,  the  potential  is  di¬ 
vided  into  a  double-body  potential  <f>  and  a  perturbation  potential 

$  =  0  +  y>,  (10) 

and  it  is  assumed  that  the  perturbation  potential  is  small  rela¬ 
tive  to  the  double-body  potential  <f>.  The  double-body  potential 
corresponds  to  the  limiting  solution  as  the  Froude  number  goes 
to  zero  (i.e.  g  »  U  ),  for  which  case  the  free  surface  acts  as  a 
reflection  plane.  The  double-body  potential  is  a  solution  to  the 
Laplace  equation  at  all  points  outside  of  the  body, 

V2<f>  =  0,  (11) 

and  satisfies  the  exact  hull  boundary  condition, 

n  •  V<f)  =  0,  on  y  =  S(xyz),  (12) 

and  a  reflection  boundary  condition  applied  on  the  position  of 
the  undisturbed  free  surface, 

4>z  =  0,  on  2  =  0.  (13) 

The  double-body  solution  can  be  readily  obtained  by  well-known 
panelization  methods  utilizing  Rankine  (1  /R)  singularities,  and 
it  will  be  assumed  throughout  the  remainder  of  this  discussion 
that  the  double-body  potential  and  its  derivatives  can  be  treated 
as  known  quantities. 

The  perturbation  potential  must  be  a  solution  to  the  Laplace 
equation  throughout  the  fluid  domain,  and  must  satisfy  the  same 
hull  boundary  condition, 

n  •  Vy?  =  0,  on  y  =  S(x, z).  (14) 

To  obtain  the  linearized  free-surface  boundary  condition  which 
must  be  satisfied  by  the  perturbation  potential,  we  substitute 
equation  (10)  into  the  free-surface  boundary  condition,  equa¬ 
tion  (6),  and  retain  only  first  order  terms  in  <py 

i(V<£  •  V<f))£<px  +  (V^>  •  V<p)x<f>x  +  -(V^  * 

+  (V<£  ■  V <f)y<j>y  +  g<Pz  =  ~9<f>z  -  j(V<£  •  V<f>)x(f>x  (15) 

-  I(V<^>  V(^)y^y,  on  Z-Z(x,y). 

In  order  to  apply  the  free-surface  boundary  condition  at  the  po¬ 
sition  of  the  undisturbed  free  surface,  it  is  necessary  to  expand 
equation  (15)  in  a  Taylor  series  about  z  =  0.  By  defining  a  wave 
elevation  Z0  which  depends  only  upon  the  double-body  potential 

Z0  =  ±-(U2  -  W  •  V*),  (16) 

2  9 

and  assuming  that  the  wave  elevation  Z(x,y)  is  composed  of  Zo 
plus  additional  terms  which  are  of  the  order  < p ,  we  can  obtain  the 
linearized  boundary  condition  to  be  satisfied  on  the  mean  free 
surface: 

(<f>x)2<pxx  +  2((^x^y)^y  +  (<£y)  Vyy  +  2(<&r<krr  +  <f>y<f>xy)<Px 
+  +  $y4>yy)(Py  +  9<Pz  —  ~9^0^zz 

—  (<f>x<l>Tx  4-  <l>y<f>zy)<i>x  —  (^x^xy  +  <^y^yy)^y» 

(17) 

where  we  have  used  the  reflection  condition,  <pz  =  0,  to  remove 
terms  involving  the  vertical  component  of  the  double-body  flow 
on  z  =  0. 

It  is  important  to  note  that  since  the  double-body  potential 
tends  to  the  free-stream  potential  as  we  move  away  from  the  body, 
the  Dawson  free-surface  boundary  condition  limits  to 
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source  panels  over  the  hull  surface  and  M  panels  over  the  undis- 
U2<pxx  4-  gipz  —  0,  as  \fx 2  -f  y 2  -+  oo.  (18)  turbed  free  surface,  the  pertubation  potential  can  be  written  as 


This  is  identical  to  the  linear  Kelvin  free-surface  boundary  con- 
dition  written  in  equation  (8).  Consequently,  the  differences  be¬ 
tween  the  Dawson  solution  and  the  Neumann- Kelvin  solution 
must  be  due  to  the  differences  between  their  respective  free- 
surface  boundary  conditions,  equations  (17)  and  (8),  which  occur 
in  a  relatively  limited  region  around  the  hull. 

We  propose  to  represent  the  double-body  perturbation  po¬ 
tential  (p  by  a  distribution  of  Havelock  singularities  on  the  hull 
surface  and  on  the  free  surface  in  a  region  immediately  surround¬ 
ing  the  hull.  At  points  farther  away  from  the  hull,  where  the  Daw¬ 
son  free-surface  condition  tends  to  the  Kelvin  condition,  the  Have¬ 
lock  source  strength  necessary  to  satisfy  the  free-surface  boundary 
condition  goes  to  zero.  In  this  approach  it  will  be  necessary  to 
add  the  double-body  potential  <f> ,  which  is  represented  by  a  dis¬ 
tribution  of  Rankine  singularities,  to  the  perturbation  potential 
<p,  represented  by  Havelock  singularities,  in  order  to  calculate  the 
total  flow  field  around  the  hull. 

Alternatively,  one  could  represent  both  the  double-body  po¬ 
tential  and  the  perturbation  potential  by  distributions  of  Have¬ 
lock  singularities  on  the  hull  and  the  free  surface.  In  this  ap¬ 
proach,  we  seek  the  total  potential  #,  which  must  be  a  solution  to 
the  Laplace  equation  subject  to  the  hull  boundary  condition  (3). 
To  obtain  the  linearized  boundary  condition  which  must  be  sat¬ 
isfied  by  4>  on  the  mean  free  surface,  we  substitute  equation  (10) 
into  equation  (17): 

{4>a r)2$xx  +  2(<l>x<fiy)$xy  +  (<£y)2<£yy  +  2  (<f>x<j>xx  +  <f>y4>xy)$x 

+  ^(^x^xy  +  fiy^yy^y  +  9®z  =  ~~9^0(f>zz 

+  2  {4>x(f>xx  +  <f>y<j>xy)<f>Z  +  2  {<f>x(j)Xy  +  <j>y<j>yy)<i>y  ■ 

(19) 

We  note  that  this  boundary  condition  is  very  similar  to  the  lin¬ 
earized  free-surface  boundary  condition  which  must  be  satisfied 
by  the  perturbation  potential  <p,  equation  (17),  differing  only  in 
the  coefficients  of  the  last  two  terms  on  the  right  hand  side.  This 
approach,  the  solution  to  the  total  potential  as  represented  by 
distributions  of  Havelock  singularities,  requires  no  fewer  compu¬ 
tations  than  the  previous  approach,  since  the  double-body  poten¬ 
tial  must  still  be  solved  as  a  “first  step”  to  the  problem.  However, 
since  the  two  sets  of  equations  to  be  solved  for  the  perturbation 
potential  and  for  the  total  potential  will  involve  identical  influ¬ 
ence  matrices  on  the  left  hand  side,  and  very  similar  expressions 
on  the  right  hand  side,  one  can  solve  both  problems  with  little  ad¬ 
ditional  computational  load.  Obviously,  the  two  methods  should 
yield  the  same  answers,  but  we  decided  to  pursue  both  approaches 
so  that  we  could  investigate  any  numerical  advantages  of  solving 
for  the  perturbation  potential  versus  the  total  potential. 

NUMERICAL  APPROACH 

The  typical  numerical  approach  to  solving  this  Dawson  prob¬ 
lem  involves  the  distribution  of  Rankine  singularities  placed  on 
panels  covering  the  hull  surface  and  some  region  of  the  free  sur¬ 
face.  Since  Rankine  singularities  do  not  satisfy  the  linearized 
free-surface  boundary  condition,  these  solutions  are  limited  to 
the  computational  domain  over  which  the  free  surface  has  been 
panelized.  The  principle  difference  of  the  present  approach  is  the 
use  of  Havelock  singularities  as  opposed  to  Rankine  singularities. 

By  distributing  Havelock  singularities  over  the  hull  surface 
and  over  the  free  surface  in  a  near-field  region  immediately  sur¬ 
rounding  the  vessel,  we  can  obtain  a  potential  solution  which  will 
satisfy  the  Dawson  free-surface  boundary  condition  and  the  ra¬ 
diation  condition  at  all  free-surface  points.  The  use  of  the  more 
complex  Havelock  singularities,  as  opposed  to  Rankine  singulari¬ 
ties,  eliminates  the  difficulties  associated  with  the  use  of  a  limited 
computational  domain  and  allows  us  to  extend  the  solution  into 
the  far-field  without  the  wave  attenuation  created  by  the  intro¬ 
duction  of  artificial  damping.  If  we  distribute  N  constant  density 
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where  a  is  the  source  density  and  G  is  the  Havelock  Green  func¬ 
tion  given  by  (see  Wehausen  and  Laitone  [4]), 
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where 


R=  -  O2  +  (V  ~  l)2  +  (*  -  0s  . 

R'  =  v/(*  -  £)2  +  (»  -  W  +  (*  +  <)2 . 

and 

* =>/**+*?• 

where  kx  and  ky  are  the  longitudinal  and  lateral  wave  numbers 
of  the  free-surface  waves.  In  the  single  integral,  the  longitudinal 
wave  number  is  not  an  independent  variable,  but  is  related  to  ky 
by 


*i  =  [J  (*0  +  ^  +  4^)]  • 

The  function  ft(ky)  is  given  by 

_  2  (*0  +  ^+4^) 

\fkl  +  4k'y 

The  unknown  source  densities  are  determined  by  applying  the 
hull  boundary  condition,  equation  (14),  at  the  centroid  of  each 
hull  surface  panel  and  applying  the  Dawson  free-surface  bound¬ 
ary  condition,  equation  (17),  at  the  centroid  of  each  free-surface 
panel.  Since  the  Havelock  singularity  automatically  satisfies  the 
Kelvin  free-surface  boundary  condition,  the  source  density  re¬ 
quired  to  satisfy  the  Dawson  condition  should  smoothly  tend  to¬ 
ward  zero  at  points  away  from  the  hull  where  the  Dawson  con¬ 
dition  limits  to  the  Kelvin  condition.  To  evaluate  the  total  po¬ 
tential  4>,  it  is  necessary  to  include  a  term  corresponding  to  the 
free-stream  velocity, 
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(22) 


The  source  densities  cr»  in  equations  (20)  and  (22)  will  of  course 
be  different  due  to  the  fact  that  they  will  be  determined  using 
different  boundary  conditions  on  the  free  surface,  equations  (17) 
and  (19).  We  note  the  absence  of  the  waterline  integral  which 
is  necessary  in  the  typical  formulation  of  the  Neumann-Kelvin 
problem  where  Havelock  singularities  are  distributed  only  over 
the  hull  surface  and  along  the  intersection  of  the  hull  and  the 
free  surface.  The  waterline  integral  arises  out  of  an  application 
of  Stokes  Theorem  to  the  integration  over  the  free  surface,  re¬ 
ducing  the  surface  integral  to  a  contour  integral.  Since  we  have 
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retained  the  free-surface  integration,  no  contour  integral  around 
the  waterline  occurs. 

The  first  two  terms  in  the  Green  function  correspond  to  a 
Rankine  source  and  its  negative  image  above  the  free  surface. 
These  terms  can  be  evaluated  using  standard  techniques.  The 
contribution  to  the  potential  due  to  free-surface  waves  is  con¬ 
tained  within  the  two  integral  terms  in  equation  (21),  To  calcu¬ 
late  this  wave  potential  we  first  define  a  wave  spectral  function 
C(kx,ky)  which  can  be  evaluated  analytically  for  a  flat  panel  of 
uniform  source  density: 

C(kx,  if)  =  Jds  .  (23) 

Then  the  contribution  to  the  potential  from  the  two  integral  terms 
in  the  Green  function  is 

2  y*oo  yoo  gkx+ikxx+ikvy 

<Pw  —c  —  kQ  /  dky  f  dkx  C(kx,ky)— g - j-r— 

n  J-OO  Jo  Kx  (24) 

The  boundary  conditions  on  the  hull  and  the  free  surface  involve 
first  and  second  derivatives  of  the  potential  which  can  be  cal¬ 
culated  by  multiplying  the  spectral  function  by  the  appropriate 
wave  number  prior  to  performing  the  integration. 

The  calculation  of  the  Kelvin  waves  generated  by  a  discrete 
Havelock  singularity  at  zero  depth  can  be  particularly  trouble¬ 
some.  However,  in  the  present  formulation  of  the  problem,  the 
singularities  are  distributed  uniformly  over  flat  free-surface  panels 
of  finite  dimensions.  By  first  performing  the  spatial  integration 
over  the  panel,  we  effectively  filter  out  much  of  the  high  wave 
number  content  of  the  Havelock  source  and  we  can  obtain  well 
behaved  spectral  functions  for  an  arbitrary  panel,  even  one  at  zero 
depth.  Some  of  the  higher  order  derivatives  of  the  potential  which 
occur  in  the  Dawson  free-surface  boundary  condition  can  lead  to 
an  integrand  which  contains  sufficient  high  wave-number  content 
to  present  numerical  difficulties.  However,  these  high  wave  num¬ 
bers  correspond  to  waves  which  are  not  properly  resolved  by  the 
free-surface  panelization  and  which  should  be  removed  from  the 
spectral  function  to  prevent  aliasing.  In  the  results  presented  in 
the  following  sections,  a  cosine  squared  filter  has  been  applied 
to  the  spectral  functions  with  the  filtering  length  set  at  twice 
the  length  of  the  free-surface  panels.  The  spectral  functions  have 
been  cut-off  at  half  the  panel  dimension. 

It  is  interesting  to  examine  the  limiting  behavior  of  a  distri¬ 
bution  of  Havelock  singularities  as  both  the  depth  of  the  panel 
and  its  collocation  point  go  to  zero.  If  the  panel  is  located  at 
an  infinitesimal  depth  e  <  0,  then  the  collocation  point  should 
be  interpreted  as  being  locating  at  the  limit  as  the  field  point 
approaches  the  panel  from  below,  z  —  e~ .  The  linearized  free- 
surface  boundary  condition  is  actually  satisfied  on  the  other  side 
of  the  panel,  at  z  -  0,  and  there  will  exist  a  discontinuity  in  <pz 
across  the  panel  due  to  the  first  Rankine  term  in  equation  (21). 
Consequently,  a  free-surface  distribution  of  Havelock  singulari¬ 
ties  will  not  satisfy  the  Kelvin  free-surface  boundary  condition 
at  points  located  on  the  panel  itself,  although  it  will  satisfy  the 
boundary  condition  at  all  other  points  on  the  free  surface.  There¬ 
fore,  on  panels  located  at  points  away  from  the  hull,  where  the 
Dawson  free-surface  condition  approaches  the  Kelvin  free-surface 
condition,  the  Havelock  source  density  must  go  to  zero,  for  oth¬ 
erwise  the  free-surface  boundary  condition  could  not  be  satisfied 
at  the  collocation  point. 

The  N  unknown  source  strengths  on  the  hull  surface  panels 
and  the  M  unknown  source  strengths  on  the  free-surface  pan¬ 
els  are  obtained  by  solving  a  set  of  independent  linear  equations 
composed  of  the  N  hull  boundary  conditions  and  the  M  free- 
surface  boundary  condition.  Consequently,  we  have  eliminated 
the  finite  differencing  schemes  usually  employed  in  the  solution 
to  the  Dawson  problem. 


RESULTS  -  SUBMERGED  BODY  OF  REVOLUTION 

To  investigate  our  numerical  approach,  we  initially  examined 
a  fully  submerged  body,  since  this  would  avoid  any  difficulties 
associated  with  the  intersection  of  the  hull  with  the  free  surface. 
We  chose  the  submerged  prolate  spheroid  for  which  Neumann- 
Kelvin  results  have  been  presented  by  Doctors  and  Beck  [5].  The 
ellipsoid  of  revolution  can  be  defined  by 

r  =  ±L[l-(2x/Lf]i/2  ,  (25) 

where  r  is  the  radius  of  the  body  and  L  is  the  length.  The  hull  cen¬ 
terline  was  located  at  a  depth  of  z  =  0.16L.  The  body  was  pan- 
elized  with  240  panels  on  the  half-body  (symmetry  about  y  =  0 
is  assumed),  using  8  rows  of  30  panels  with  cosine  spacing  in  the 
longitudinal  direction.  For  this  body  of  revolution,  the  hull  sur¬ 
face  can  be  panelized  with  flat  quadrilaterals,  and  panel  warpage 
is  not  an  issue.  The  free  surface  was  panelized  using  240  square 
panels  (on  the  half-space  y  >  0)  with  dimensions  of  Lf  10  on  each 
side.  The  free-surface  panels  were  arranged  on  a  rectangular  grid 
centered  over  the  body,  with  30  panels  longitudinally  and  8  pan¬ 
els  laterally.  The  panelization  of  both  the  free  surface  and  the 
submerged  spheroid  is  shown  in  Figure  1.  This  panelization  was 
chosen  to  cover  the  entire  region  of  the  free  surface  over  which 
the  double-body  velocity  magnitude  differed  from  the  free-stream 
by  more  than  1.0%.  For  this  submerged  body,  the  maximum  dif¬ 
ference  between  the  double-body  velocity  magnitude  and  the  free 
stream  velocity  is  «  9%.  The  magnitude  of  the  double-body 
velocity  on  z  =  0  is  plotted  in  Figure  2,  where  the  solid  lines 
represent  1%  contours  for  which  the  magnitude  is  greater  than 
the  free-stream  and  the  dashed  lines  represent  contours  less  than 
the  free-stream  velocity.  We  expect  that  the  Dawson  free-surface 
condition  differs  from  the  Kelvin  condition  only  over  this  limited 
region,  and  consequently,  the  Havelock  singularity  density  should 
go  to  zero  on  the  panels  near  the  edges  of  our  panelized  domain. 

Approach  I  -  Perturbation  Potential 

At  a  Froude  number  of  0.4,  the  solution  of  the  perturbation 
potential,  <p,  resulted  in  the  distribution  of  Havelock  singulari¬ 
ties  on  the  free  surface  shown  in  Figure  3  (positive  contours  are 
shown  as  solid  lines  and  negative  contours  are  dashed).  As  ex¬ 
pected,  the  source  density  is  greatest  near  the  body  and  goes 
smoothly  to  zero  at  the  edges  of  the  domain.  The  greatest  source 
density  which  occurs  on  any  edge  panel  is  less  than  2%  of  the 
peak  value  (-0.012),  which  occurs  directly  over  the  body.  The 
corresponding  Havelock  singularity  densities  on  the  hull  surface 
are  shown  in  Figure  4.  Each  curve  represents  a  row  of  panels 
at  one  circumferential  angle  on  the  body.  The  peak  singularity 
densities  found  on  the  hull  occur  on  the  row  of  panels  nearest 
the  free  surface,  and  are  about  twice  the  value  of  the  peak  free- 
surface  sources.  Contrast  this  singularity  distribution  with  that 
obtained  using  our  Neumann-Kelvin  solution  technique,  Figure  5, 
which  of  course,  does  not  have  any  singularities  on  the  free  sur¬ 
face.  The  Havelock/Dawson  solution  has  peak  singularity  densi¬ 
ties  which  are  about  one  fourth  of  the  peak  values  obtained  in 
the  Neumann-Kelvin  solution,  but  more  importantly,  the  Have¬ 
lock/Dawson  solution  is  significantly  smoother,  indicating  that 
the  geometric  approximation  of  flat  panels  of  constant  source 
strength  is  more  accurate  for  an  equal  number  of  hull  surface 
panels.  We  also  note  that  the  Havelock /Dawson  solution  yields 
singularity  densities  which  go  smoothly  to  zero  at  both  the  bow 
and  stern. 

The  near-field  free-surface  elevations  are  calculated  from  the 
pertubation  potential  using  a  linearized  version  of  the  Bernoulli 
equation  which  is  consistent  with  the  linearized  Dawson  free- 
surface  boundary  condition: 

P  =  \pXjW1  ~  P9Z  ~  \p^^  *  “  PW  •  »  (26) 
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where  p  is  the  pressure  and  p  is  the  density  of  the  fluid.  The 
free-surface  elevation  calculated  over  the  panelized  domain  is  pre¬ 
sented  in  Figure  6  (non-dimensionalized  by  the  characteristic 
wave  number  ko).  As  expected,  the  edges  of  the  computational 
domain  do  not  create  any  wave  attenuation  or  reflections.  The 
extension  of  this  solution  to  the  far-field  is  accomplished  by  us¬ 
ing  equation  (23)  to  calculate  the  free-wave  spectrum  C{k'x1ky) 
associated  with  the  Havelock  singularities  on  both  the  hull  and 
the  free  surface,  and  then  calculating  the  far-field  potential  from 
the  far-field  limit  of  equation  (24): 

«  -i ko  r  dky  tc(k'x, .  (27) 

J-oo 

In  Figure  7  is  shown  a  comparison  of  the  far-field  Kelvin  waves 
calculated  from  the  Havelock/ Dawson  solution  (solid  line)  and 
from  the  Neumann-Kelvin  solution  (dotted  line).  The  similarity 
is  remarkable.  The  components  of  the  far-field  waves  generated 
by  the  singularities  on  the  hull  and  on  the  free  surface  can  be 
calculated  separately,  and  this  result  is  shown  in  Figure  8.  Al¬ 
though  the  singularity  strengths  on  the  hull  are  twice  as  large  as 
those  on  the  free  surface,  the  far-field  waves  generated  by  these 
singularities  (solid  line  in  Figure  8)  are  significantly  smaller  due 
to  the  exponential  attenuation  with  depth. 

Approach  II  -  Total  Potential 

The  second  numerical  approach  we  examined  was  the  solu¬ 
tion  of  the  total  potential  $  by  distributed  Havelock  singularities 
on  the  hull  and  free  surface.  The  free-surface  singularities  ob¬ 
tained  are  shown  in  Figure  9.  Again  we  see  the  rapid  reduction 
in  the  singularity  density  as  we  move  away  from  the  body.  At  the 
outermost  panels,  the  densities  (less  than  3%  of  the  peak  values) 
are  similar  in  absolute  value  to  those  obtained  in  the  previous  ap¬ 
proach,  and  may  represent  some  measure  of  the  numerical  noise. 
The  peak  values  (-0.007)  are  less  and  the  distribution  of  Have¬ 
lock  singularities  seems  to  be  limited  to  an  even  smaller  region 
than  was  observed  in  the  solution  to  the  perturbation  potential. 
Unlike  the  pertubation  potential,  the  singularities  do  not  seem 
to  go  monotonically  to  zero  as  we  move  laterally  away  from  the 
body,  but  exhibit  a  slight  oscillatory  behavior,  suggesting  that 
this  approach  may  require  a  finer  free-surface  panelization.  The 
singularity  densities  distributed  over  the  hull  surface  are  shown 
in  Figure  10.  Both  the  qualitative  and  quantitative  similarities 
between  these  source  densities  and  the  corresponding  Neumann- 
Kelvin  results  (Figure  5)  are  striking.  The  strong  singularities  at 
the  bow  and  stern  are  an  order  of  magnitude  greater  than  the 
peak  values  found  on  the  free-surface  panels. 

As  before,  the  near-field  free-surface  elevations  are  calculated 
from  a  consistent  linearized  version  of  the  Bernoulli  equation.  To 
obtain  the  pressure  equation  in  terms  of  the  total  potential  $ 
rather  then  the  perturbation  potential  (p,  we  substitute  equa¬ 
tion  (10)  into  equation  (26),  which  leads  to 

p=ipU2-pgz  +  ^pV<j>  Vt-pV<l>-V*  .  (28) 

The  non-dimensional  free-surface  wave  elevations  are  given  in  Fig¬ 
ure  11.  Although  the  wave  heights  obtained  here  are  slightly 
higher  than  those  obtained  from  the  perturbation  potential  (Fig¬ 
ure  6),  the  overall  agreement  is  quite  good.  The  far-field  wave 
elevations  obtained  from  the  free-wave  spectrum  are  compared 
to  the  Neumann-Kelvin  results  in  Figure  12.  The  present  results 
(solid  line  in  Figure  12)  are  somewhat  higher  than  those  obtained 
from  the  perturbation  solution  (Figure  7)  and  consequently,  the 
quantitative  agreement  with  the  Neumann-Kelvin  results  (dotted 
line)  is  not  quite  as  good,  although  qualitatively,  the  results  are 
similar.  The  contribution  to  the  far-field  waves  from  the  hull  sur¬ 
face  singularities  dominates  the  solution,  as  shown  in  Figure  13. 
The  waves  generated  by  singularities  on  the  hull  are  shown  by 


the  solid  line  and  those  generated  by  free-surface  singularities  are 
shown  by  the  dotted  line. 

Wave  Resistance  Calculation 


The  wave  resistance  can  be  calculated  either  by  integrating 
the  linearized  Bernoulli  pressure,  equation  (26)  or  (28),  over  the 
hull  surface,  or  by  calculating  the  energy  in  the  far-field  Kelvin 
waves.  Pressure  integration  is  the  standard  technique  employed  in 
Dawson’s  method,  while  most  Neumann-Kelvin  solvers  calculate 
the  wave  resistance  from  the  energy  in  the  free-wave  spectrum. 
Using  equation  (23)  to  calculate  the  free- wave  spectrum  from  the 
distribution  of  Havelock  singularities  on  both  the  hull  and  free 
surface,  we  can  obtain  the  wave  resistance  from 

Rw  =  2 xpkl  J dky  /? 1 C(k'x, iv)|2  .  (29) 

The  non-dimensional  wave  resistance  coefficient  Cw  is  defined  as 


Cw 


\psv 2 


(30) 


where  S  is  the  total  wetted  surface  area  of  the  hull.  We  will 
use  Cd  to  designate  the  comparable  resistance  coefficient  ob¬ 
tained  from  pressure  integration.  It  is  probably  more  reasonable 
to  compare  Cw  with  a  drag  coefficient  obtained  by  integrating 
the  full  non-linear  Bernoulli  pressure  over  the  hull  surface  rather 
than  the  linearized  version  contained  in  equations  (26)  and  (28). 
The  results  obtained  from  the  free-wave  spectrum  and  from  pres¬ 
sure  integration  over  the  hull  are  presented  in  Table  I  for  both 
Have  lock /Dawson  approaches  and  compared  with  the  Neumann- 
Kelvin  result.  The  Neumann-Kelvin  solution  given  by  Doctors 
and  Beck  [5]  is  within  1%  of  the  comparable  result  presented 
here. 


Table  I.  Wave  Resistance  Coefficient  for  Submerged  Body 


C?> 

Cw 

H/D  Soln:  <p 

0.0132 

0.0143 

0.0150 

H/D  Soln:  $ 

0.0148 

0.0162 

0.0190 

N-K  Soln. 

— 

0.0124 

0.0124 

C^:  Obtained  by  integrating  the  linearized  Bernoulli  pressure. 
Cfpi  Obtained  by  integrating  the  non-linear  Bernoulli  pressure. 
Cw  :  Obtained  from  free-wave  spectrum. 

The  steep  gradients  found  in  the  source  densities  directly 
over  the  body  suggest  that  the  solutions  would  benefit  from  the 
use  of  smaller  panels  in  this  region.  The  calculations  were  re¬ 
peated  using  quarter  size  panels  on  an  inboard  region  defined  by 
-0.6  <  x/L  <  0.6  and  -0.2  <  y/L  <  0.2,  with  the  outboard 
region  using  the  larger  panels  shown  in  Figure  1.  The  solutions 
had  more  well  defined  singularity  densities  but  the  resulting  wave- 
fields  and  wave  resistances  did  not  change  significantly. 

RESULTS  -  WIGLEY  HULL 

Our  initial  attempts  to  solve  the  Dawson  problem  using  dis¬ 
tributed  Havelock  singularities  employed  the  submerged  body  de¬ 
scribed  above.  In  this  section  we  report  on  the  results  obtained 
when  the  same  numerical  approach  was  applied  to  a  surface  pierc¬ 
ing  body,  specifically  the  Wigley  hull  form  defined  by 

y=1-B[l-(2x/L)*}  [l-(z/Hf]  ,  (31) 

where  B  =  beam  =  Lf  10,  and  H  =  draft  =  Lj 16.  The  pan¬ 
elized  free  surface,  Figure  14,  contains  300  square  panels  (i/10 
on  each  side)  in  the  half-space  y  >  0.  The  hull  surface  paneliza¬ 
tion  contained  only  50  quadrilateral  panels,  each  panel  having  a 
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length  of  L/ 10  and  a  depth  of  Hj 5.  This  panelization  is  much 
coarser  than  we  would  usually  use  for  a  comparable  Neumann- 
Kelvin  solution,  but  we  wanted  to  match  panel  size  on  the  hull 
with  adjoining  free-surface  panels.  The  fact  that  the  hull  surface 
panels  are  flat  quadrilaterals  means  that  there  will  exist  some 
gaps  between  the  panel  edges. 

The  double  body  velocity  magnitudes  are  shown  in  Figure  15. 
Due  to  the  high  length/beam  ratio  of  the  Wigley  hull  and  the  rel¬ 
atively  large  free-surface  panels,  the  double-body  velocity  magni¬ 
tudes  calculated  at  the  centers  of  the  panels  never  differ  from  the 
free  stream  velocity  magnitude  by  more  than  3%.  On  the  out¬ 
ermost  panels,  the  double-body  velocities  are  reduced  by  more 
than  one  order  of  magnitude.  Consequently,  we  would  not  ex¬ 
pect  the  Havelock /Dawson  solution  to  differ  significantly  from 
the  Neumann-Kelvin  solution.  The  slight  fore/aft  asymmetry 
which  can  be  seen  in  the  contours  is  one  effect  of  the  gaps  in  the 
hull  surface  created  by  the  use  of  flat  quadrilateral  panels. 

The  free-surface  singularity  distribution  corresponding  to  the 
solution  of  the  perturbation  potential  at  a  Froude  number  of  0.40 
is  shown  in  Figure  16.  The  singularity  densities  go  smoothly  to 
zero  at  a  very  short  distance  from  the  hull.  Since  the  free-surface 
panelization  does  not  seem  to  adequately  resolve  the  distribution 
of  singularities  near  the  hull,  it  would  appear  that  smaller  panels 
distributed  over  a  more  limited  free-surface  domain  would  yield  a 
better  result  for  the  same  number  of  panels.  The  corresponding 
hull  surface  singularity  distribution  is  given  in  Figure  17.  Each  of 
the  5  curves  in  the  figure  represents  a  row  of  panels  at  the  same 
depth  on  the  hull.  The  singularity  densities  are  comparable  in 
peak  values  to  the  densities  on  the  free  surface,  although  adjoin¬ 
ing  hull  and  free-surface  panels  can  have  quite  different  densities, 
as  evidenced  on  panels  near  both  the  bow  and  stern.  The  den¬ 
sities  on  the  free  surface  reach  their  peak  values  near  the  ends 
of  the  hull  while  the  hull-surface  singularities  seem  to  be  tending 
smoothly  to  zero  at  the  ends.  Comparing  these  singularities  with 
the  Neumann-Kelvin  solution  shown  in  Figure  18,  we  note  that 
(like  the  similar  comparison  for  the  submerged  hull)  the  Have¬ 
lock/Dawson  solution  results  in  much  smaller  peak  values  and 
much  smoother  trends. 

Calculated  non-dimensionalized  near-field  free-surface  eleva¬ 
tions  are  given  in  Figure  19.  As  before,  the  computations  are  not 
affected  by  the  edge  of  the  panelized  domain,  and  can  be  readily 
extended  into  the  far-field.  The  far-field  wave  elevations  are  com¬ 
pared  to  the  Neumann-Kelvin  result  in  Figure  20,  where  the  solid 
line  represents  the  Have  lock/ Dawson  result  and  the  dotted  line 
represents  the  Neumann-Kelvin  result.  There  is  more  high  wave 
number  energy  in  the  Neumann-Kelvin  result,  as  evidenced  by  the 
steep  diverging  waves  which  occur  at  non-dimensional  distances 
of  —10  to  —12,  but  otherwise  the  results  are  quite  similar.  The 
generation  of  the  far-field  waves  is  dominated  by  the  free-surface 
singularities,  as  can  be  seen  in  Figure  21. 

For  this  particular  case,  the  wave  resistance  coefficient  ob¬ 
tained  from  the  Havelock/Dawson  solution  Cw  =  0.00204  com¬ 
pares  very  well  with  the  value  obtained  from  the  Neumann-Kelvin 
solution  (Cw  =  0.00212).  The  drag  coefficient  obtained  by  in¬ 
tegrating  the  linearized  Bernoulli  pressure  is  somewhat  higher 
(i Cd  =  0.00258)  while  the  drag  coefficient  obtained  from  the  full 
non-linear  Bernoulli  pressure  is  0.00248.  However,  these  results 
may  not  be  too  meaningful  given  the  coarseness  of  the  paneliza¬ 
tion  on  the  hull  surface. 

The  second  approach  to  the  Havelock/Dawson  problem,  solv¬ 
ing  for  the  total  potential  rather  than  the  perturbation  potential 
yielded  a  disappointing  result.  The  free-surface  singularities,  Fig¬ 
ure  22,  did  not  tend  smoothly  to  zero  at  the  edges  of  the  panelized 
domain,  but  exhibited  regular  oscillations  as  we  moved  laterally 
away  from  the  stern.  The  singularity  densities  shown  in  the  fig¬ 
ure  are  quite  small,  one  tenth  the  magnitude  of  the  hull-surface 
singularities  (which  are  quite  similar  to  the  Neumann-Kelvin  sin¬ 
gularities),  but  they  generate  a  comparable  wave  field  due  to  their 
free-surface  location.  In  fact,  the  far-field  wave  elevations  shown 
in  Figure  23  show  that  a  remarkable  degree  of  cancellation  will 


occur  between  the  waves  generated  by  the  free-surface  singular¬ 
ities  and  the  hull-surface  singularities.  We  speculate  that  the 
solution  is  suffering  from  a  loss  in  numerical  accuracy  caused  by 
this  cancellation.  It  would  appear  that  this  problem  is  unique  to 
this  particular  approach.  In  the  first  approach,  the  solution  for 
the  perturbation  potential,  the  free-surface  waves  are  dominated 
by  the  singularities  distributed  over  the  free-surface  panels,  and 
the  loss  of  accuracy  does  not  occur. 

SUMMARY  AND  CONCLUSIONS 

Our  original  objective  in  this  effort  was  to  develop  a  method 
of  combining  the  superior  near-field  predictions  of  the  Rank- 
ine/Dawson  codes  with  the  superior  far-field  predictions  of  the 
Havelock  codes.  We  set  out  to  demonstrate  that  the  use  of  Have¬ 
lock  singularities  distributed  over  the  free  surface  as  well  as  on 
the  hull  surface,  rather  than  Rankine  singularities,  could  result 
in  a  solution  to  the  Dawson  problem  which  was  free  of  the  wave 
reflections  often  caused  by  the  boundaries  of  the  computational 
domain  and  free  of  the  wave  attenuations  introduced  by  numer¬ 
ical  damping  schemes.  This  Havelock/Dawson  solution  could  be 
extended  to  an  arbitrary  distance  in  the  far-field. 

By  examining  two  simple  geometries,  a  submerged  spheroid 
and  a  Wigley  hull,  we  have  demonstrated  the  feasibility  of  the 
method.  The  free-surface  singularity  densities  go  to  zero  at  the 
outer  edges  of  the  panelized  domain  and  both  the  near-field  and 
far-field  wave  elevations  are  well  behaved,  with  no  evidence  of 
wave  reflections  or  artificial  damping.  The  far-field  wave  eleva¬ 
tions  have  been  shown  to  be  comparable  to  those  obtained  from 
a  solution  to  the  Neumann-Kelvin  problem. 

We  have  presented  results  obtained  from  two  different  nu¬ 
merical  approaches.  In  the  first  approach,  we  solve  for  a  pertur¬ 
bation  potential  represented  by  distributions  of  Havelock  singu¬ 
larities,  to  which  must  be  added  a  double-body  potential  which 
is  obtained  in  the  usual  manner  from  distributions  of  Rankine 
singularities  on  the  hull.  In  the  second  approach,  we  solve  for 
the  total  potential  represented  by  distributions  of  Havelock  sin¬ 
gularities.  The  two  approaches  should  yield  comparable  results, 
but  we  found  that  with  the  first  approach  we  did  not  experience 
the  degree  of  numerical  difficulties  encountered  with  the  second 
approach. 

The  singularity  distributions  obtained  when  solving  for  the 
perturbation  potential  were  exceptionally  well  behaved.  The  peak 
values  of  the  singularity  densities  were  comparable  on  the  hull 
and  on  the  free  surface,  and  were  significantly  smaller  in  peak 
value  and  noticeably  smoother  than  the  singularity  distributions 
obtained  from  the  Neumann-Kelvin  solution.  For  the  two  simple 
geometries  examined  in  this  study,  the  hull-surface  singularities 
tended  toward  zero  at  both  the  bow  and  the  stern.  The  wave 
fields  were  dominated  by  the  contributions  from  the  free-surface 
singularities. 

The  second  approach,  solving  for  the  total  potential,  yielded 
acceptable  results  only  for  the  submerged  body.  For  both  the  sub¬ 
merged  spheroid  and  the  Wigley  hull,  the  hull-surface  singularity 
distributions  obtained  were  remarkably  similar  to  those  obtained 
with  our  Neumann-Kelvin  solver.  The  free-surface  singularity 
distributions  were  significantly  smaller  than  the  hull-surface  dis¬ 
tributions,  but  their  location  on  the  free  surface  resulted  in  wave 
fields  which  were  comparable  to  those  generated  by  the  singular¬ 
ities  on  the  hull.  For  the  Wigley  hull,  it  appeared  that  cancel¬ 
lation  between  the  waves  generated  by  the  hull  singularities  and 
the  free-surface  singularities  resulted  in  a  loss  of  accuracy. 

It  has  yet  to  be  demonstrated  that  the  Havelock/Dawson 
approach  can  reproduce,  for  realistic  hull  forms,  the  superior 
near-field  results  of  the  Rankine/Dawson  methods  which  were 
reported  by  Lindenmuth  et  al.  [3].  The  only  geometries  investi¬ 
gated  to  date  have  been  so  simple  that  one  would  not  expect  sig¬ 
nificant  differences  between  Neumann-Kelvin  results  and  Rank¬ 
ine/Dawson  results.  However,  these  encouraging  results  indicate 
that  the  Havelock/Dawson  method  may  well  give  us  the  ability 
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to  combine  the  best  aspects  of  both  the  Rankine/Dawson  codes 
and  the  Havelock  codes. 

ACKNOWLEDGMENTS 

This  work  was  supported  by  the  Applied  Hydromechanics 
Research  program  of  the  Applied  Research  Division  of  the  Of¬ 
fice  of  Naval  Reseacrh,  and  administered  by  the  David  Taylor 
Research  Center. 

REFERENCES 

[1]  Dawson,  C.W.  “A  Practical  Computer  Method  for  Solving 
Ship- Wave  Problems”.  The  Proceedings  of  the  Second  Interna¬ 
tional  Conference  on  Numerical  Ship  Hydrodynamics,  Berkeley, 
California,  1977. 

[2]  Raven,  H.C.  “Variations  on  a  Theme  by  Dawson”.  Seven¬ 
teenth  Symposium  on  Naval  Hydrodynamics,  The  Hague,  The 
Netherlands,  1988. 

[3]  Lindenmuth,  W.T.,  T.J.  Ratcliffe  and  A.M.  Reed.  Com¬ 
parative  Accuracy  of  Numerical  Kelvin  Wake  Code  Predictions  - 
“Wake-Off’ .  David  Taylor  Research  Center  Report  DTRC/SHD- 
1260-01,  May  1988. 

[4]  Wehausen,  J.V.  and  Laitone,  E.V.  Surface  Waves.  “Encyclo¬ 
pedia  of  Physics,”  Vol.  IX.  Springer- Verlag,  Berlin,  1960. 

[5]  Doctors,  L.J.  and  Beck,  R.F.  “Convergence  Properties  of  the 
Neumann- Kelvin  Problem  for  a  Submerged  Body”.  Journal  of 
Ship  Research,  Vol.  31,  No.  4,  December  1987. 


265 


Ship  length 


PRNELIZRTION 


SOURCE  DENSITY 


-1.5  -i'.O  -0.5  0.0  0.S  1.0  l.S  1 .45  o!oO  -K4S 

X  /  Ship  Length 

Figure  1.  Hull  panels  on  a  submerged  body  of  revolution  and 
corresponding  free-surface  panels. 

Figure  3.  Source  density  on  the  free-surface  resulting  from  a 
solution  to  the  perturbation  potential  at  Fn=0.40.  Solid  lines  are 
positive  contours,  dashed  lines  are  negative. 
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Figure  2.  Double-body  velocity  magnitude  on  the  free  surface. 
Solid  lines  are  contours  greater  than  1,  dashed  lines  are  less 
than  1. 


Figure  4.  Source  strengths  on  hull  surface  panels  resulting  from 
a  solution  to  the  perturbation  potential.  Each  curve  represents 
panels  along  one  circumferential  angle. 
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Figure  5.  Source  strengths  on  hull  surface  panels  resulting  from  Figure  7.  Comparison  of  far-held  wave  elevations  obtained  from 

a  solution  to  the  Neumann-Kelvin  problem  at  Fn=0.40.  the  solution  to  the  perturbation  potential  Dawson  problem  (solid 

line)  and  the  Neumann-Kelvin  problem  (dashed  line). 
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Figure  6.  Free-surface  elevations  resulting  from  a  solution  to  the 
perturbation  potential  at  Fn=0.40.  Solid  lines  are  positive  con¬ 
tours,  dashed  lines  are  negative. 
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Figure  8.  Contributions  to  the  far- field  wave  elevations  from  the 
hull-surface  panels  (solid  line)  and  from  the  free-surface  panels 
(dashed  line),  corresponding  to  the  solution  to  the  perturbation 
potential. 
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SOURCE  STRENGTHS 


Figure  17.  Source  strengths  on  the  hull-surface  panels  of  Wigley 
hull  resulting  from  a  solution  to  the  perturbation  potential.  Each 
curve  represents  a  row  of  panels  at  a  constant  depth. 


SOURCE  STRENGTHS 


Neumann-Kelvin  Solution 


Figure  18.  Source  strengths  on  hull-surface  panels  of  Wigley 
hull  resulting  from  a  solution  to  the  Neumann-Kelvin  problem 
at  Fn=0.40. 
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Figure  19.  Free-surface  elevations  resulting  from  a  solution  to  the 
perturbation  potential  for  Wigley  hull  at  Fn=0.40. 


NAVE  ELEVATION 


Figure  20.  Comparison  of  far-field  wave  elevations  obtained  from 
the  solution  to  the  perturbation  potential  Dawson  problem  (solid 
line)  and  the  Neumann-Kelvin  problem  (dashed  line). 
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WAVE  ELEVATION 


WAVE  ELEVATION 


Figure  21.  Contributions  to  the  far-field  wave  elevations  from  the 
hull-surface  panels  (solid  line)  and  from  the  free-surface  panels 
(dashed  line),  corresponding  to  the  solution  to  the  perturbation 
potential. 


Figure  23.  Contributions  to  the  far-field  wave  elevations  from  the 
hull-surface  panels  (solid  line)  and  from  the  free-surface  panels 
(dashed  line),  corresponding  to  the  solution  to  the  total  potential. 


SOURCE  DENSITY 


Figure  22.  Source  density  on  the  free-surface  resulting  from  a 
solution  to  the  total  potential  for  the  Wigley  hull  at  Fn=0.40. 
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Free-Surface  Effects  on  a  Yawed  Surface-Piercing  Plate 

H.  Maniar,  J.N.  Newman,  H.  Xu 
(Massachusetts  Institute  of  Technology,  USA) 


ABSTRACT 

Analytical  and  experimental  results  are  presented  for 
a  thin  vertical  surface- piercing  plate,  moving  in  the  plane 
of  the  free  surface  with  constant  velocity  at  a  small  angle 
of  attack. 

The  analytical  development  is  a  generalization  of  lin¬ 
ear  thin-wing  theory,  using  a  normal  dipole  distribution 
on  the  plate  and  in  the  wake  downstream  of  the  trailing 
edge.  A  Kutta  condition  is  imposed  at  the  trailing  edge. 
The  linear  free-surface  boundary  condition  and  far-field 
condition  are  satisfied  by  using  for  the  dipole  potential 
the  transverse  derivative  of  the  classical  ship-wave  Green 
function  for  steady  forward  motion.  Computations  are 
performed  for  a  rectangular  planform  with  aspect  ratio 
0.5,  and  these  are  compared  with  experimental  data.  Re¬ 
sults  are  presented  for  the  integrated  force  and  moment, 
distributed  pressure,  strength  of  the  leading-edge  singu¬ 
larity,  and  profile  of  the  free  surface  alongside  the  plate. 

Attention  is  focused  on  a  local  nonuniformity  at  the 
intersection  of  the  free  surface  and  trailing  edge.  The  nu¬ 
merical  solution  is  not  convergent  at  this  point,  with  the 
Kutta  condition  imposed.  Experiments  are  made  to  study 
this  region.  These  show  that  there  is  a  jump  in  the  free 
surface  across  the  wake  behind  the  trailing  edge,  contrary 
to  the  assumed  boundary  conditions,  but  this  jump  exists 
only  above  a  critical  Froude  number.  The  jump  is  accom¬ 
panied  by  a  sharp  transverse  flow,  contrary  to  the  Kutta 
condition. 


1.  INTRODUCTION 

The  classical  model  of  a  thin  ship  was  introduced  in 
wave-resistance  theory  by  J.  H.  Michell,  to  represent  the 
steady  forward  motion  of  a  ship  hull  with  transverse  sym¬ 
metry.  As  in  the  analogous  thickness  problem  of  thin-wing 
theory,  the  solution  can  be  constructed  from  a  centerplane 
distribution  of  sources  with  local  strength  proportional  to 
the  longitudinal  slope  of  the  body.  The  thin-ship  model 
has  been  used  extensively  for  symmetric  source-like  appli¬ 
cations  including  the  analyses  of  wave  resistance  in  calm 
water,  and  seakeeping  in  head  seas. 


Relatively  little  work  has  been  devoted  to  the  lift¬ 
ing  problem,  where  a  thin  body  is  yawed  or  cambered. 
This  problem  combines  the  fields  of  lifting  surfaces  and 
ship  waves.  Following  the  analogous  lifting  problem  of  a 
thin  wing,  a  centerplane  distribution  of  transverse  dipoles, 
or  an  equivalent  combination  of  vortices,  can  be  used  to 
represent  the  velocity  potential.  The  kinematic  boundary 
condition  on  the  plate  yields  an  integral  equation  over  this 
surface  for  the  unknown  dipole  moment.  As  in  the  thin- 
wing  formulation  a  Kutta  condition  is  appropriate  at  the 
trailing  edge,  and  trailing  vortices  (or  dipoles  of  moment 
independent  of  x)  must  be  distributed  in  the  wake  to  sat¬ 
isfy  the  condition  of  pressure  continuity  across  this  surface. 
But  unlike  the  usual  thin-wing  analysis,  the  dipole  poten¬ 
tial  must  be  generalized  to  satisfy  the  free-surface  bound¬ 
ary  condition;  this  substantially  complicates  the  numerical 
analysis,  and  necessitates  the  development  of  special  algo¬ 
rithms  to  achieve  satisfactory  results. 

From  the  practical  standpoint  several  applications  re¬ 
quire  the  solution  of  this  problem.  The  most  obvious  are 
the  yawed  steady  motion  of  a  sailboat,  which  normally  re¬ 
quires  a  side  force  to  oppose  the  aerodynamic  load  on  the 
sails.  The  same  problem  occurs  in  the  yawed  motion  of  a 
ship  from  the  standpoint  of  maneuvering  in  calm  water. 
Similar  considerations  apply  to  the  struts  on  a  hydrofoil 
vessel,  and  to  the  hulls  of  a  SWATH  or  catamaran  (which 
can  experience  lifting  effects  in  straight  motion  without 
yaw  due  to  the  interactions  between  the  hulls).  In  the 
unsteady  generalization  similar  problems  arise  concerning 
the  transverse  modes  of  ship  motions  in  waves.  Finally,  in 
an  unlikely  scenario  which  stimulated  this  investigation, 
the  bow  assembly  of  a  ship  was  installed  with  the  stem  off- 
center,  and  questions  arose  subsequently  concerning  the 
hydrodynamic  effects  of  this  defect. 

It  is  appropriate  to  idealize  this  class  of  problems  by 
considering  the  linearized  case  of  a  flat  plate  with  rectan¬ 
gular  planform.  In  this  case  the  integral  equation  for  the 
dipole  moment  was  derived  by  Newman  [l],  but  lacking 
numerical  results  that  work  was  never  published.  Sub¬ 
sequently  in  two  independent  studies  Daoud  [2]  and  Kern 
[3]  attempted  to  obtain  numerical  results,  but  these  efforts 
were  not  conclusive  due  to  the  limited  computational  re¬ 
sources  of  that  time  and  the  use  of  numerical  integration 
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to  evaluate  the  free-surface  integral  in  the  kernel.  Anal¬ 
yses  based  on  low- aspect- ratio  approximations  have  been 
presented  by  Chapman  [4]  and  others. 

Several  more  general  panel  codes  have  been  developed 
to  represent  the  flow  past  a  yacht  hull,  including  the  com¬ 
bined  effects  of  the  free  surface  and  a  transverse  lift  force. 
These  codes,  which  are  reviewed  by  Larsson  [5],  are  effec¬ 
tive  as  design  tools  but  they  are  not  sufficiently  efficient 
and  robust  to  study  detailed  aspects  of  the  flow.  Simi¬ 
larly,  recent  work  by  Ba  et  al  [6]  presents  numerical  and 
experimental  results  for  several  surface-piercing  foils  but 
the  numerical  procedure  is  not  able  to  resolve  details  of 
the  flow  near  the  intersection  with  the  free  surface. 

With  the  combined  resources  of  supercomputers  and 
special  algorithms  for  the  kernel,  it  seemed  to  us  that  a 
direct  numerical  solution  of  the  integral  equation  might 
now  be  feasible,  and  would  illuminate  several  features  of 
the  flow  past  a  surface-piercing  body. 

One  detail  of  the  overall  problem  which  relates  di¬ 
rectly  to  ship  design  is  the  strength  of  the  leading-edge 
singularity,  particularly  where  the  bow  intersects  the  free 
surface.  Recent  naval  ships  have  been  designed  with  a 
circular  stem  profile  of  negligible  radius  compared  to  the 
length  scales  of  the  hull.  Thus  a  relatively  small  trans¬ 
verse  flow  component  can  induce  separation,  cavitation, 
or  ventilation  at  the  stem,  and  these  effects  can  only  be 
quantified  by  considering  the  global  lifting  problem.  This 
was  a  primary  motivation  for  initiating  the  present  work, 
which  includes  specific  results  to  address  this  issue,  but  as 
the  investigation  progressed  our  attention  moved  down¬ 
stream  to  the  trailing  edge. 

Observations  of  real  flows  just  behind  the  trailing  edge 
commonly  reveal  a  sharp  ‘jump*  in  the  free-surface  eleva¬ 
tion  across  the  wake,  as  in  the  experiments  of  van  den 
Brug  et  al  [7].  This  jump  cannot  be  reconciled  with  the 
potential-flow  boundary  conditions  since,  if  the  pressure 
is  constant  on  the  free  surface  and  continuous  across  the 
wake,  the  free-surface  elevation  must  be  continuous.  The 
theoretical  results  described  below  are  derived  on  this  ba¬ 
sis,  but  a  pronounced  nonuniformity  exists  in  the  solution 
near  the  intersection  of  the  free  surface  and  trailing  edge. 

To  provide  further  insight  into  the  trailing-edge  flow 
experiments  have  been  carried  out  to  observe  the  elevation 
of  the  free  surface  along  the  sides  of  a  thin  uncambered 
strut,  as  a  function  of  the  Froude  number  and  angle  of 
attack.  Two  surprising  results  have  emerged  from  these 
observations.  First,  it  appears  that  the  jump  occurs  only 
above  a  certain  critical  Froude  number,  and  not  more  gen¬ 
erally  for  all  Froude  numbers.  (In  [7]  there  is  also  a  ref¬ 
erence  to  two  distinct  regimes,  depending  on  the  Froude 
number.)  Based  on  our  experiments,  and  using  the  chord 
length  to  define  the  Froude  number,  the  critical  value  is 
approximately  0.65.  The  magnitude  of  the  jump  increases 
with  the  Froude  number  beyond  this  point,  and  the  jump 
appears  to  be  linearly  proportional  to  the  angle  of  attack. 
The  other  surprise  is  that  when  the  jump  occurs  there  is 
a  distinct  transverse  flow  component,  in  contradiction  to 
the  Kutta  condition.  The  vertical  extent  of  this  transverse 
flow  is  similar  to  the  elevation  of  the  jump. 


Figure  1.  Definition  sketch  of  the  plate  and  coordinate 
system. 


2.  ANALYTICAL  FORMULATION 

We  consider  a  vertical  rectangular  surface-piercing 
plate  of  zero  thickness,  moving  with  constant  velocity  U 
and  a  small  angle  of  attack  a.  The  chord  length  is  c  and 
the  draft  (submerged  span)  is  s .  To  simplify  the  presen¬ 
tation  we  assume  that  the  plate  is  uncambered.  Cartesian 
coordinates  ( x ,  y,  z)  are  defined  with  the  origin  at  the  in¬ 
tersection  of  the  trailing  edge  and  the  waterline,  the  i-axis 
in  the  direction  of  forward  motion  of  the  plate,  and  the  y- 
axis  positive  downwards.  The  geometry  of  the  plate  and 
the  coordinate  system  are  shown  in  Figure  1. 

Following  the  classical  description  of  a  planar  lifting 
surface,  the  fluid  is  assumed  to  be  inviscid,  incompressible, 
and  irrotational  except  for  a  thin  sheet  of  trailing  vorticity 
in  the  wake.  The  perturbation  velocity  field  is  represented 
as  the  gradient  of  a  potential  <j>  which  must  satisfy  the 
Laplace  equation 

VV  =  0  (!) 

in  the  fluid  domain. 

Since  the  angle  of  attack  is  assumed  small,  the  bound¬ 
ary  conditions  may  be  linearized  on  the  free  surface  SFi 
body  surface  SB  ,  and  wake  Sw  .  On  SF  the  kinematic  and 
dynamic  boundary  conditions  are  combined  in  the  form 


*±-Kd-±=  0 
dx 2  ay 


on  y  ~  0 


(2) 


where  K  =  g/U2  is  the  wave  number  of  a  plane  progressive 
wave  with  the  phase  velocity  U  and  g  is  the  graviational 
acceleration.  Together  with  this  boundary  condition  a  ra¬ 
diation  condition  is  imposed  that  the  far-field  waves  are 
confined  to  a  domain  downstream  of  the  body.  On  SB  the 
appropriate  kinematic  boundary  condition  may  be  written 
as 

^  =  Ua  on  z  —  0  (3) 

oz 

The  pressure  in  the  fluid  is  given  by  the  linearized 
Bernoulli  equation 

d(f> 

P~Pa  =  pU—  +  pgy  (4) 
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Figure  2.  Results  at  a  Froude  number  F  =  0.8  for  the  spanwise  distribution  of  lift  (C^)  and  moment 
(Cm).  Symbols  denote  different  discretizations  of  Sb  with  the  indicated  numbers  of  panel  segments 
in  the  chordwise  and  spanwise  directions,  respectively. 


where  pa  is  the  atmospheric  pressure  on  free  surface.  Since 
the  pressure  must  be  continuous  across  the  wake  Sw ,  ex¬ 
tending  downstream  from  the  trailing  edge,  it  follows  that 

A(^_r)  =  0  (5) 

where  superscripts  denote  the  limiting  values  on  z  — ►  0±. 

In  accordance  with  the  Kutta  condition  the  velocity 
is  assumed  to  be  finite  and  continuous  at  the  trailing  edge. 
Finally,  for  large  depths  beneath  the  free  surface,  the  ve¬ 
locity  is  assumed  to  vanish. 

From  (4)  the  elevation  of  the  free  surface  is  given  by 


If  Green’s  theorem  is  applied  to  the  control  volume 
bounded  by  SFi  SB)  Sw ,  and  a  closure  at  infinity,  the 
only  nonvanishing  contribution  is  from  the  normal  dipoles 
on  SB  USW.  The  result  is 

«*>  =  -5 

(9) 

where  and  S^  denote  the  side  of  SB  and  Sw  where 
z  — +  0+,  and  where  dG/dn  —  dGjdz  —  —  dGfd$.  Let¬ 
ting  m(f,r?)  =  <t>{£,ri,  0+)  -  <£(£,17,0"),  equation  (9)  ex¬ 
presses  the  velocity  potential  in  terms  of  a  continuous  nor¬ 
mal  dipole  distribution  over  the  lifting  surface  and  its  wake 
with  the  unknown  moment  Differentiating  both 

sides  of  this  equation  with  respect  to  z>  and  imposing  the 
boundary  condition  (3)  on  SB  ,  the  resulting  equation  may 
be  written  as 


From  (5)  it  follows  that  the  free-surface  elevation  is  con¬ 
tinuous  across  the  wake.  Since  the  only  inhomogeneous 
boundary  condition  (3)  implies  a  solution  <£  which  is  odd 
in  z ,  the  free-surface  elevation  will  vanish  everywhere  on 
the  x-axis  except  along  the  two  sides  of  the  plate,  where 
this  elevation  will  be  equal  in  amplitude  and  opposite  in 
sign. 

Green’s  theorem  can  be  used  to  reduce  this  boundary- 
value  problem  to  an  integral  equation  on  SB.  For  this 
purpose  we  first  define  the  Green  function 

G(x,0  =  ---  +  #(*>  0  (7) 

r  ro 


where  x  =  (x,y,*)  is  the  field  point,  £  -  (£,*?,?)  is  the 
source  point,  and  r  and  ro  are,  respectively,  the  distances 
between  the  field  point  and  the  source  point  or  its  image 
above  the  free  surface: 


r=[(z-02  +  (v-’>)2+(*-*)2]l/2 

r0  =  [(*  -  02  +  (y  +  *?)2  +  (*  -  f)2]1/2  • 


(8) 


The  function  H(x,  £)  is  harmonic  in  the  fluid  domain, 
and  will  be  defined  subsequently  to  satisfy  the  free-surface 
boundary  condition  and  radiation  condition. 


d^dr)  =  U  a  (10) 

f=o 

This  is  a  Fredholm  integral  equation  of  the  first  kind,  to 
be  solved  for  the  unknown  function  m(x,y). 

From  the  boundary  condition  (5)  the  unknown  m(x,  y) 
is  independent  of  x  on  Sw  , 

m(x,y)  =  m(0,y)  for  -oo  <x<0;  0<y<s 

(ii) 

Thus  the  unknown  function  m  is  confined  to  the  domain 
of  the  lifting  surface  SB .  Moreover,  since  the  potential  is 
continuous  outside  the  surfaces  SB  and  Sw  5  the  difference 
in  the  potential  between  the  two  sides  must  vanish  at  the 
leading  edge  and  the  lower  edge  of  SB .  This  gives  the 
conditions 


j-  lim  -g-  ff  rn(£,r)) 

4jt  .-o  dz  JJs  +  usl 


dG 


m(c,  y)  =  0  for  0  <  y  <  s  ^ 

m(x,  s)  =  0  for  0  <  x  <  c 

However,  no  similar  conditions  can  be  applied  on  the  wa¬ 
terline. 

The  Green  function  G  is  well  known  in  ship-wave  the¬ 
ory,  and  corresponds  to  the  velocity  potential  of  a  sub- 
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Figure  3.  Spanwise  distribution  of  the  leading-edge  singularity  strength  (C)  and  drag  coefficient 
(Cd)  for  the  same  conditions  described  in  Figure  2. 


merged  source  moving  with  constant  horizontal  velocity 
beneath  the  free  surface.  The  following  form,  as  given  by 
Newman  [8],  is  convenient  for  numerical  applications: 


f  To 


H-  Re 


2 i  r/2 

lim  —  /  cos  <pd<p 
.e-0  7T  J_t 


l 


7T  /  2 


OO  g-fc(y  +  »?)  +  *fc|2-C|  *ec  ¥>  +  fc(z-f)  tan  <p 


+ 


k  -  K  cos2  <p  +  it 

rirfl 

4tH(£-x)  I  sec2  t? sin  t? 

r/2 

e~K(y+r))  sec2  (x -  ()  sec  d  +iK 


dk 


(13) 


Here  H (£  -  x)  is  the  unit  step  function,  equal  to  1  if  £  >  x 
and  0  otherwise.  The  double  integral  in  (13)  represents 
a  symmetrical  nonradiating  disturbance,  and  the  single 
integral  accounts  for  the  wave  field  downstream. 


In  the  limits  of  zero  or  infinite  Froude  number  the 
Green  function  reduces  to  (1/r  ±  l/r0),  respectively.  The 
solution  of  the  integral  equation  (10)  is  then  equivalent  to 
that  for  the  submerged  plate  plus  its  image  above  the  free 
surface,  in  an  otherwise  unbounded  fluid,  where  the  angle 
of  attack  of  the  image  is  ±a  respectively. 

Except  for  the  Rankine  singularity  1/r,  which  must  be 
treated  separately  to  account  correctly  for  its  limiting  con¬ 
tribution  on  the  boundary  ,  the  kernel  of  the  integral 
equation  (10)  can  be  evaluated  from  the  second  normal 
derivative  of  G  on  the  centerplane  z  =  0.  From  Laplace’s 
equation  the  corresponding  tangential  derivatives  can  be 
used  instead.  Thus  the  values  of  the  integrals  in  (13)  are 
only  required  on  the  centerplane,  where  special  algorithms 
described  by  Newman  [8,9]  are  applicable.  Following  this 
approach  the  double  integral  in  (13)  is  replaced  by  poly¬ 
nomial  approximations,  and  the  single  integral  is  replaced 
by  a  pair  of  complementary  Neumann  expansions.  Cor¬ 
responding  analytic  expressions  have  been  derived  for  the 
second  normal  derivative  of  these  integrals,  and  effective 
algorithms  are  described  by  Xii  [10].  Using  this  approach 
the  kernel  in  (10)  can  be  evaluated  without  the  computa¬ 
tional  burden  of  numerical  integration  and  with  uniform 
accuracy  of  the  results. 


The  single  integral  in  (13)  contains  an  essential  sin¬ 
gularity  along  the  x-axis,  which  corresponds  physically  to 
the  short  diverging  waves  with  vanishing  wavelength  and 
unbounded  amplitude  downstream  of  a  source  in  the  free 
surface.  Thus  the  limiting  value  of  (13)  is  nonuniform  for 
\z  -  f  |  — ►  0,  but  if  z  -  f  =  0  the  value  of  the  single  integral 
is  continuous  as  a  function  of  the  longitudinal  and  verti¬ 
cal  coordinates.  Thus  when  the  source  and  field  points  are 
both  restricted  to  the  plane  y  =  0  the  single  integral  can  be 
evaluated  without  fundamental  difficulties.  On  the  other 
hand,  the  second  derivative  of  the  Green  function  does 
amplify  a  logarithmic  singular  component  of  the  double 
integral  when  r0  — ►  0.  This  singularity  is  weaker  than  the 
Rankine  components  1/r  and  l/r0,  but  it  may  be  respon¬ 
sible  for  the  nonuniform  features  of  the  solution  at  the 
intersection  of  the  plate  with  the  free  surface. 

To  obtain  a  numerical  solution  of  the  integral  equa¬ 
tion  (10)  the  domain  S£  is  discretized  in  a  similar  manner 
to  lifting-surface  theory,  generalizing  the  approach  of  Lan 
[11]  with  a  nonuniform  distribution  of  panels  optimized 
to  account  for  the  square-root  singularities  at  the  leading 
edge  and  lower  tip  and  for  the  more  complicated  behavior 
at  the  free  surface.  Further  details  regarding  the  analytic 
formulation  and  numerical  analysis  are  given  by  Xii  [10]. 
Standard  algorithms  [12]  are  used  to  evaluate  the  con¬ 
tribution  from  the  Rankine  singularities  1/r  and  l/r0  as 
distributions  with  constant  density  over  each  panel.  The 
remaining  contribution  from  the  free-surface  integrals  is 
evaluated  by  one-point  quadrature  at  the  control  point  of 
each  panel.  The  boundary  condition  is  satisfied  by  collo- 


Figure  4.  Comparison  of  the  lateral-force  coefficients  at 
various  Froude  numbers.  The  experimental  data  is  from 
van  den  Brug,  et  al  (1971)  and  slender  body  approximation 
is  due  to  Chapman  (1976). 


276 


cation,  leading  to  a  system  of  N  algebraic  equations  with 
the  same  number  of  unknowns.  The  contribution  from  the 
dipoles  in  the  wake  is  evaluated  by  the  same  approach, 
with  the  wake  discretized  by  rectangular  panels  and  trun¬ 
cated  at  a  sufficiently  large  distance  downstream  deter¬ 
mined  so  that  the  results  are  not  affected.  This  scheme 
has  been  validated  in  the  zero-Froude-number  limit  by 
comparison  with  numerical  results  in  the  aerodynamic  lit¬ 
erature. 


Tests  of  numerical  convergence  have  been  made  by 
comparing  the  results  based  on  discretizations  with  6x6, 
12  X  12,  24  X  24,  and  48  x  48  panels.  Note  that  the  latter 
computations  involve  a  total  of  2304  unknowns,  and  the 
solution  of  a  linear  system  of  equations  with  2304  x  2304  = 
5.3  x  106  coefficients  to  be  evaluated  from  the  derivatives 
of  the  Green  function  (13).  Convergence  to  two  significant 
figures  is  achieved  for  the  integrated  force  coefficients  with 
the  24  x  24  —  576  discretization. 


The  theoretical  results  shown  here  are  for  an  aspect 
ratio  equal  to  0.5.  This  value  was  selected  to  permit  com¬ 
parison  with  the  experimental  results  of  van  den  Brug  [7]. 
Integrated  quantities  include  the  lift  coefficient  CLl  yaw 
moment  Cm  about  the  mid-chord  point,  drag  coefficient 
CD ,  and  the  thrust  coefficient  CT  from  the  leading-edge 
suction  force.  The  lift  force  and  yaw  moment  are  evaluated 
directly  by  pressure  integration  over  the  discretized  surface 
Sb  ■  The  leading-edge  suction  force  is  derived  by  assuming 
the  square-root  singularity  of  the  nondimensional  pressure 
coefficient 


_  p+  -p  _  2_  3m(z,y) 
p  -  tpU2  ~  u  '  dx 


(14) 


Most  of  the  computations  with  less  than  1000  panels 
were  performed  on  a  VAX-750  computer.  Those  for  larger 
numbers  of  panels  were  performed  on  a  Cray-YMP. 

Results  for  the  spanwise  distribution  of  the  lift  and 
moment  coefficients  are  shown  in  Figure  2.  Figure  3  shows 
the  spanwise  distribution  of  the  leading-edge  singularity 
strength  and  drag  coefficient.  The  leading-edge  singularity 
vanishes  at  the  free  surface,  since  the  pressure  is  constant 
on  this  surface.  The  other  coefficients  plotted  in  these 
two  figures  are  all  affected  near  the  free  surface  by  a  local 
nonuniformity  which  manifests  itself  most  strongly  near 
the  trailing  edge,  and  is  discussed  further  below. 


to  be  of  the  form 

ACP  ~  2C(y)y/c/ y/ c  -  x  (15) 


near  the  leading  edge.  After  integrating  both  equations 
with  respect  to  z, 


C(»)  = 


2 Uy/C  x—e  yJC-  X 


(16) 


This  limit  is  extracted  by  Aitken’s  extrapolation  algo¬ 
rithm,  and  the  sectional  leading-edge  thrust  coefficient  is 
evaluated  from  the  relation 


ct{y)  =  \c*{  y)  (17) 


Figure  4  compares  the  total  lift  and  moment  coeffi¬ 
cients  with  the  experimental  data  of  van  den  Brug  [7]  and 
with  the  slender-body  theory  of  Chapman  [4].  The  re¬ 
sults  appear  to  be  satisfactory,  with  improved  agreement 
from  the  present  results  compared  to  those  of  Chapman 
especially  in  the  case  of  the  moment. 

Near  the  trailing  edge  the  solution  is  not  convergent, 
as  indicated  in  Figure  5.  Here  the  pressure  coefficient 
is  derived  from  L’HospitaPs  rule  in  terms  of  the  second 
derivative  of  m  with  respect  to  the  angular  coordinate  9 
defined  by  the  relation  sin0  =  2 \Jx{c  -  x)/c.  From  the 
Kutta  condition  the  pressure  coefficient  should  vanish  at 
the  trailing  edge,  whereas  the  actual  values  computed  in 
this  manner  are  not  precisely  zero  and  the  error  appears 
to  increase  without  limit  as  the  free  surface  is  approached 
from  below. 


Finally,  the  drag  coefficient  is  derived  from  the  rela¬ 
tion  Cd  =  Cx«  —  CT.  Note  that  is  the  total  drag  co¬ 
efficient  including  the  sum  of  induced  drag  and  wave  drag. 
(Integration  in  the  Treftz  plane  is  not  practical  due  to  the 
difficulties  of  evaluating  the  wave  field  far  downstream.) 
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Figure  5.  Spanwise  distributions  of  pressure  coefficients 
at  the  trailing  edge  for  the  same  conditions  described  in 
Figure  2. 


The  perspectives  in  Figure  6  show  in  a  revealing  man¬ 
ner  the  complete  pressure  distribution  on  SB  as  a  function 
of  the  Froude  number.  In  the  two  limits  of  zero  and  infinity 
the  result  is  well  behaved  near  the  trailing  edge,  and  the 
same  appears  to  be  true  for  the  Froude  number  F  =  0.3, 
where  the  waves  on  the  free  surface  are  relatively  short. 
However  at  F  —  0.8  a  local  nonuniformity  is  apparent  at 
the  intersection  of  the  free  surface  and  trailing  edge.  This 
nonuniformity  is  confined  to  a  few  panels  adjacent  to  the 
intersection  point;  as  the  number  of  panels  is  increased, 
the  domain  of  the  nonuniformity  is  reduced. 

To  evaluate  the  free-surface  profile  along  the  intersec¬ 
tion  of  the  plate,  the  unknown  m  must  be  differentiated 
numerically  with  respect  to  the  horizontal  coordinate  x, 
and  extrapolated  vertically  from  the  uppermost  colloca¬ 
tion  point  to  the  free  surface.  The  results  are  shown  for 
various  discretizations  in  Figure  7.  For  the  case  F  =  0.3 
a  finer  discretization  has  been  used  longitudinally,  to  ac¬ 
count  for  the  shorter  wavelength  scale.  Other  results  are 
shown  later  in  conjunction  with  the  experiments. 
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Figure  6.  Normalized  pressure  distributions  on  the  plate,  at  the  indicated  Froude  numbers. 


Figure  7.  Free  surface  profile  on  the  plate.  Symbols  denote  different  discretizations  with  the 
indicated  numbers  of  panel  segments  in  the  chordwise  and  spanwise  directions. 


Figure  8.  Side  views  of  the  experimental  set-up  and  flow  at  an  angle  of  attack  a  =  6°  and  Froude 
number  F  =  0.69,  just  above  the  critical  Froude  number.  In  the  left  figure  the  angle  of  attack  is 
such  that  the  view  is  from  the  pressure  side,  and  in  the  right  figure  from  the  suction  side.  The 
jump  is  indicated  in  the  left  figure  by  the  bright  area  extending  downstream  from  the  trailing  edge. 
Grid  spacing  is  one  inch,  and  the  height  of  the  jump  is  about  0.4  inches. 


3.  EXPERIMENTS 

Experiments  have  been  carried  out  to  observe  the  flow 
past  a  thin  uncambered  strut,  mounted  vertically  and  in¬ 
tersecting  the  free  surface  in  the  water  tunnel  of  the  MIT 
Marine  Hydrodynamics  Laboratory.  This  tunnel,  which 
has  a  square  cjoss  section  of  20  by  20  inches  (0.51  x  0.51 
meters),  is  normally  used  for  tests  of  propellers  and  cap¬ 
tive  bodies  without  a  free  surface.  By  lowering  the  water 
level  it  is  possible  to  perform  tests  with  a  free  surface,  and 
relatively  uniform  inflow  conditions  can  be  achieved  with 
a  level  free  surface  if  the  depth  Froude  number  is  less  than 
approximately  0.5.  The  present  tests  were  conducted  at 
a  nominal  dej5th  of  14  inches  (0.35m),  and  at  velocities 
up  to  3.2  feet  per  second  (1  m/s).  Large  windows  on  the 
sides  and  bottom  of  the  tunnel  facilitate  observations  of 
the  flow. 

A  suitable  strut  model  with  rectangular  planform  was 
constructed  from  aluminum  plate,  with  chord  6.125  inches 
(156mm)  and  maximum  thickness  0.25  inches  (6mm).  The 
profile  was  shaped  to  have  an  approximately  parabolic 
leading-edge  section,  and  a  blunt  trailing  edge  of  thickness 
0.04  inches  (1mm).  To  facilitate  observations  a  square  grid 
with  1  inch  spacing  was  established  and  threads  were  glued 
to  the  surface,  as  shown  in  Figure  8.  The  upper  portion  of 
the  strut  was  attached  to  a  vertical  shaft  which  could  be 
rotated  to  vary  the  angle  of  attack.  The  submerged  span 
was  adjusted  by  varying  the  elevation  of  the  model  and 
water  depth,  to  obtain  aspect  ratios  up  to  one. 

The  inflow  velocity  was  measured  with  a  laser  Doppler 
anemometer  (LDA).  Some  efforts  were  made  to  use  the 
LDA  to  survey  the  region  near  the  trailing  edge,  and  it 
was  possible  to  conclude  in  this  manner  that  there  was  no 
substantial  separation. 

The  principal  measurements  were  visual  and  photo¬ 
graphic  observations  of  the  free-surface  elevation  on  the 
two  sides  of  the  strut,  which  could  be  resolved  to  an  accu¬ 
racy  of  about  1/16  inch  (1.5mm).  Near  the  leading  edge 
a  thin  spray  sheet  makes  it  difficult  to  establish  the  free- 


surface  elevation,  and  no  attempt  was  made  to  record  data 
over  the  forward  30%  of  the  chord.  Measured  values  of  the 
jump  were  based  on  the  difference  in  elevation  of  the  free 
surface  on  the  two  sides  of  the  strut  at  the  last  grid  line, 
1/8  inch  (3mm)  upstream  of  the  trailing  edge. 

In  the  following  discussion  results  are  given  in  nondi- 
mensional  form  based  on  the  chord  length,  and  the  inflow 
velocity  is  defined  by  the  corresponding  Froude  number, 
restricted  to  a  maximum  value  of  0.8  due  to  the  depth  ef¬ 
fect  noted  above.  Except  where  otherwise  noted  the  tests 
were  conducted  at  an  aspect  ratio  equal  to  one. 

Initial  observations  revealed  that  there  exists  a  crit¬ 
ical  Froude  number  Fc  ~  0.65.  For  F  <  Fc  there  is  no 
observable  jump,  and  the  free  surface  is  continuous  across 
the  wake  downstream  of  the  trailing  edge.  Conversely,  a 
distinct  jump  exists  if  F  >  Fc.  The  height  of  the  jump 
is  nearly  proportional  to  the  angle  of  attack.  Viewed 
from  just  below  the  plane  of  the  free  surface  on  the  high- 
pressure  side,  as  in  the  left  photograph  shown  in  Figure  8, 
the  jump  appears  as  a  brightly  illuminated  triangular  sur¬ 
face  which  extends  20-30%  of  the  chord  length  downstream 
of  the  trailing  edge.  Viewed  from  the  low-pressure  side,  as 
in  the  right  photograph,  the  jump  is  apparent  from  the  in¬ 
tersection  point  where  the  two  sides  of  the  jump  cross  and 
reverse  their  relative  elevations  in  an  oscillatory  manner. 

Figure  9  shows  the  corresponding  view  from  below. 
Most  of  the  threads  at  the  trailing  edge  are  oriented  in 
the  expected  manner  to  accord  with  the  Kutta  condition 
of  smooth  tangential  flow  past  the  trailing  edge,  but  the 
uppermost  two  threads  are  sharply  deflected  indicating  a 
pronounced  cross-flow  near  the  free  surface.  The  vertical 
extent  of  this  cross-flow  is  comparable  to  the  jump  height, 
increasing  in  proportion  to  the  angle  of  attack. 

If  the  Froude  number  is  increased  gradually  through 
the  critical  value  FCi  it  is  apparent  that  the  jump  is  related 
primarily  to  a  change  in  the  flow  on  the  low-pressure  side 
of  the  strut.  Figure  10  illustrates  this  regime  by  showing 
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Figure  9.  View  from  below  in  the  same  condition  as  Figure 
8.  Note  the  sharp  deflection  of  the  two  uppermost  threads 
at  the  trailing  edge. 
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Figure  10.  Free-surface  profiles  on  the  pressure  (upper) 
and  suction  (lower)  sides  of  the  plate  at  subcritical  (0.63) 
and  supercritical  (0.74)  Froude  numbers,  at  an  angle  of 
attack  a  ~  6° .  Elevation  is  normalized  by  the  chord  length 
and  angle  of  attack. 


1  -  x/c 

Figure  12.  Difference  in  free-surface  elevation  between  the 
two  sides  of  the  plate  at  the  Froude  numbers  indicated,  as 
a  function  of  the  chordwise  position,  aspect  ratio  1.0,  angle 
of  attack  6° . 


Aspect  ratio 

Figure  13.  Effect  of  aspect  ratio  on  the  jump  height. 
Froude  number  =  0.74. 


Figure  11.  Normalized  jump  height  versus  Froude  number  Figure  14.  Comparison  of  computed  and  experimental 

for  an  aspect  ratio  1.0.  Height  is  normalized  by  the  chord  free-surface  elevation  difference,  aspect  ratio  0.5,  angle  of 

length.  attack  6°,  Froude  number  0.7. 
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separate  free-surface  profiles  on  the  two  sides  of  the  strut 
at  Froude  numbers  close  to  the  critical  value.  The  eleva¬ 
tion  of  the  free  surface  on  the  high-pressure  side  changes 
relatively  slowly  near  Fc ,  but  an  abrupt  shift  occurs  on 
the  low-pressure  side.  For  F  <  Fc  there  is  a  steep  slope 
of  the  free  surface  on  the  low  pressure  side,  with  the  el¬ 
evation  rising  to  meet  the  flow  from  the  opposite  side  at 
the  trailing  edge.  Above  the  critical  Froude  number  this 
effort  is  abandoned,  in  favor  of  independent  flows  on  the 
two  sides  with  more  gradual  slopes. 

Figure  11  shows  the  jump  amplitude  as  a  function  of 
the  Froude  number.  The  tendency  for  the  jump  to  vanish 
below  a  critical  Froude  number  Fc  is  clear;  the  value  of  Fc 
appears  to  be  close  to  0.65. 

The  difference  in  elevation  between  the  two  sides  of 
the  strut  for  Froude  numbers  just  below  and  above  the 
critical  value  is  shown  in  Figure  12.  The  difference  is  plot¬ 
ted  here  in  order  to  remove  the  symmetric  disturbance 
due  to  thickness.  However  for  the  supercritical  case  the 
nonsymmetric  feature  noted  in  connection  with  Figure  10 
must  be  considered  in  attempting  to  distinguish  between 
thickness  and  lifting  effects. 

In  Figure  13  the  effect  of  aspect  ratio  on  the  jump 
elevation  is  plotted,  indicating  a  nearly  linear  proportion¬ 
ality.  Thus  the  jump  elevation  is  nearly  proportional  to 
the  span  or  draft,  for  aspect  ratios  less  than  one. 

In  Figure  14,  we  compare  the  experimental  and  the¬ 
oretical  values  of  the  free-surface  elevation  difference  as  a 
function  of  position  along  the  chord,  for  an  aspect  ratio 
equal  to  0.5.  The  theoretical  curve  shown  is  for  F  =  0.7 
whereas  F  —  0.69  in  the  experiments.  However  other  the¬ 
oretical  results  are  similar  at  F  =  0.6  and  F  =  0.8,  hence 
the  small  difference  in  Froude  numbers  is  not  significant 
to  this  comparison.  The  results  are  similar  up  to  a  point 
about  20%  of  the  chord  upstream  of  the  trailing  edge,  with 
the  calculations  based  on  the  theory  20-30%  less  than  the 
experiments.  Closer  to  the  trailing  edge,  however,  the  two 
results  are  dissimilar.  The  experimental  difference  associ¬ 
ated  with  the  jump  remains  positive,  whereas  the  calcu¬ 
lated  difference  changes  sign  before  reverting  to  the  forced 
value  of  zero  at  the  trailing  edge. 

4.  CONCLUSIONS 

For  a  vertical  surface-piercing  lifting  surface  we  have 
demonstrated  that  convergent  numerical  results  can  be  de¬ 
rived  for  most  parameters  of  practical  importance.  These 
include  the  integrated  force  and  moment  coefficients,  and 
their  spanwise  distributions.  Also  included  are  calculated 
values  of  the  leading-edge  singularity  which  can  be  used  to 
predict  the  occurrence  of  ventilation,  cavitation,  or  sepa¬ 
ration,  and  to  design  the  stem  radius  of  ships  or  surface- 
piercing  struts  on  a  rational  basis  to  avoid  these  undesir¬ 
able  phenomena. 

To  obtain  the  present  results  special  numerical  tech¬ 
niques  have  been  developed  to  evaluate  the  kernel  of  the 
integral  equation,  t.e.  the  second-derivative  of  the  free- 
surface  Green  function,  and  the  discretization  of  the  lifting 
surface  has  been  selected  to  improve  the  convergence  rate. 


To  demonstrate  numerical  convergence  up  to  4032  panels 
have  been  used.  This  level  of  computation  is  only  feasible 
by  using  a  supercomputer,  but  reasonable  engineering  ac¬ 
curacy  can  be  achieved  with  0(500)  panels  except  for  low 
Froude  numbers  where  the  wavelength  is  short. 

The  numerical  solution  breaks  down  locally  at  the 
intersection  of  the  trailing  edge  with  the  free  surface.  At 
this  point  the  pressure  distribution  is  singular,  and  it  is 
unclear  if  this  is  the  result  of  the  numerical  differentiation 
and  extrapolation  required  to  derive  this  parameter,  or  if 
there  is  a  more  fundamental  cause. 

Special  experiments  have  been  conducted  to  study  the 
flow  near  this  singular  point,  and  we  find  that  a  free- 
surface  jump  occurs  when  the  Froude  number  exceeds  a 
critical  value  Fc.  For  an  aspect  ratio  of  one  Fc  ~  0.65, 
based  on  the  chord  length.  For  aspect  ratios  in  the  range 
0.25-1.0  the  critical  Froude  number  does  not  change  sig¬ 
nificantly.  For  smaller  values  of  the  Froude  number  there 
is  no  evidence  of  a  jump.  In  the  supercritical  regime  where 
the  jump  occurs,  a  pronounced  transverse  velocity  can  be 
observed  just  behind  the  trailing  edge,  contrary  to  the 
Kutta  condition. 

The  subcritical  regime  with  no  jump  appears  to  be 
compatible  with  the  classical  view  of  a  vertical  trailing 
vortex  sheet  in  the  wake  which  intersects  the  free  surface. 
The  boundary  conditions  of  constant  pressure  on  the  free 
surface  and  continuous  pressure  across  the  vortex  sheet 
require  the  free-surface  elevation  to  be  continuous  across 
the  wake.  Extending  this  argument,  the  kinematic  bound¬ 
ary  condition  on  the  free  surface  implies  continuity  of  the 
vertical  velocity  component  across  the  wake,  and  hence 
vanishing  of  the  trailing  vorticity  on  the  free  surface.  On 
this  basis  the  slope  of  the  spanwise  lift  distribution  should 
vanish  at  the  free  surface,  as  in  the  simpler  limiting  case  of 
zero  Froude  number  where  a  simple  image  solution  applies. 

Our  description  of  the  supercritical  regime  is  more 
speculative.  If  the  jump  is  considered  to  be  a  vertical  free 
surface,  joined  from  below  by  the  trailing  vortex  sheet,  the 
pressure  is  continuous  across  the  vortex  sheet  and  hence 
the  magnitude  of  the  fluid  velocity  is  the  same  on  both 
sides  of  the  sheet.  This  determines  the  velocity  at  the 
lower  edge  of  the  jump,  and  moving  upward  along  the 
face  of  the  jump  the  velocity  is  reduced  to  balance  the  hy¬ 
drostatic  pressure.  A  discontinuity  in  the  vertical  velocity 
component  across  the  wake  is  accommodated  by  the  dif¬ 
ferent  slopes  of  the  free  surface  on  the  two  sides  of  the 
jump,  hence  the  trailing  vorticity  and  slope  of  the  span- 
wise  lift  distribution  can  be  nonzero.  The  latter  conditions 
must  apply  ultimately  in  the  limit  of  infinite  Froude  num¬ 
ber,  where  the  negative  image  solution  implies  that  the 
spanwise  lift  is  zero  (but  its  slope  is  nonzero)  at  the  free 
surface. 

A  large  negative  pressure  is  required  locally  to  offset 
the  surface  tension  associated  with  the  sharp  curvature  at 
the  base  of  the  jump,  and  this  may  explain  the  sharp  cross 
flow  just  behind  the  trailing  edge  near  the  free  surface. 

There  is  no  indication  that  the  jump  observed  in  ex¬ 
periments  is  related  to  the  numerical  instability  in  the 
same  region,  which  is  present  for  lower  Froude  numbers. 
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Moreover  the  numerical  predictions  of  the  free-surface  ele¬ 
vation  and  pressure  distribution  near  the  free  surface  actu¬ 
ally  change  sign  just  ahead  of  the  trailing  edge,  increasing 
the  longitudinal  gradient  in  a  manner  precisely  opposite 
to  the  experimental  flow.  Since  the  computations  are  de¬ 
pendent  on  numerical  differentiation  and  extrapolation,  it 
is  impossible  to  be  definitive  on  this  point. 


4.  Chapman,  R.B.,  “Free  Surface  Effects  for  Yawed  Sur¬ 
face  Piercing  Plates,”  Journal  of  Ship  Research ,  Vol.  20, 
No.  3,  1976,  pp  125-136. 

5.  Larsson,  L.,  “Scientific  Methods  in  Yacht  Design,”  An¬ 
nual  Review  of  Fluid  Mechanics ,  Vol.  22,  1990,  pp  349- 
385. 


Further  research  is  required  to  resolve  these  questions. 
We  hope  that  independent  experiments  will  be  conducted 
to  confirm  and  extend  our  observations,  and  to  provide  a 
more  detailed  velocity  survey  of  the  jump  region.  Further 
progress  with  the  numerical  analysis  may  also  lead  to  a 
more  robust  algorithm  for  calculating  the  pressure  coeffi¬ 
cient  and  free-surface  elevation  near  the  trailing  edge. 
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DISCUSSION 


Arthur  M.  Reed 

David  Taylor  Research  Center,  USA 

I  have  two  questions  concerning  this  paper:  (1)  Due  to  the  small  size 
of  the  experimental  fail,  could  you  please  comment  on  the  issue  of 
scale  effects  (surface  tension  and  Reynolds  Number)  with  regard  to 
the  "classical  froude"  where  a  jump  in  the  free  surface  at  the  trailing 
edge  occurs;  (2)  In  the  case  of  SWATH  ships,  we  see  that  there  is 
a  jump  at  the  trailing  edge  for  IF  ~  0.3  -  0.35,  where  the  SWATH 
strut  aspect  ratio  is  0. 10  -  0. 15  and  the  "angle  of  attack"  of  the  strut 
is  due  to  the  flow  induced  by  the  opposite  strut  and  the  two  hulls. 
Please  comment  on  the  effect  of  aspect  ratio  on  critical  IF  and  critical 
IF  for  SWATH  ships. 

AUTHORS’  REPLY 

We  only  can  speculate  regarding  the  questions  raised  by  Dr.  Reed 
concerning  the  effects  of  surface  tension,  Reynolds  number,  and 
aspect  ratio.  Surface  tension  may  be  significant  in  balancing  the 
pressure  field,  as  noted  in  Section  4.  However,  we  envisage  no 
critical  importance  of  this  parameter  with  respect  to  the  occurrence  of 
a  jump.  A  similar  view  applies  to  the  Reynolds  number. 

The  aspect  ratio  may  be  more  important;  for  small  values  of  this 
parameter  the  draft,  rather  than  the  length,  may  be  the  most 
significant  length  scale  (despite  our  observations  to  the  contrary  in  a 
relatively  narrow  range).  In  this  event  it  would  be  expected  that  the 
critical  Froude  number  for  a  swath  strut  (based  on  length)  would  be 
lower  than  the  value  we  observe,  by  a  factor  approximately  equal  to 
the  square  root  of  the  aspect  ratio.  The  cause  of  the  cross-flow 
should  not  affect  the  existence  of  the  jump,  and  thus  the  observations 
noted  by  Dr.  Reed  appear  to  be  consistent  with  our  own. 

We  hope  that  other  experimental  observations  will  be  made  with  thin 
lifting  surfaces  of  larger  dimensions  to  clarify  these  issues. 


DISCUSSION 

Theodore  Wu 

California  Institute  of  Technology,  USA 

My  sincere  congratulations  to  Prof.  Nick  Newman  and  his  coauthors 
for  giving  us  such  an  interesting  paper. 

In  respect  to  the  surface-tension  effects  that  may  be  involved  in  this 
problem,  I  would  like  to  report  a  demonstration  of  flow  instability 
(seemingly  with  a  hysteresis)  made  a  couple  of  decades  ago  by  a 
colleague  of  mine,  Taras  Kicenuik.  Starting  with  a  surface-piercing 
strut  at  yaw  to  a  uniform  stream  of  water,  held  steadily  without  flow 
separation  from  the  strut,  a  mere  scratching  of  the  water  surface  with 
a  fine  musical  wire  across  any  upstream  station  would  at  once  lead  to 
a  rapid  ventilation  along  the  suction-side  of  the  strut  down  to  its 
lower  tip,  thus  opening  up  a  long  and  deep  pocket  of  air  ventilation, 
which  can  be  readily  closed  up  with  some  manual  patching  of  the  free 
surface.  (I  will  try  to  find  if  any  technical  report  has  been  issued  on 
this  experimental  observation.) 

AUTHORS’  REPLY 

Professor  Wu  has  recalled  a  closely-related  experiment  which 
illustrates  the  effect  of  hysteresis  on  ventilation.  We  assume  that  the 
Froude  number  and/or  angle  of  attack  in  that  work  were  substantially 
larger  than  in  our  own  experiments.  We  saw  no  indication  of 
ventilation  in  the  indicated  ranges  of  Froude  number  and  angle  of 
attack.  We  did  not  observe  any  signs  of  hysteresis  with  respect  to  the 
jump  at  the  trailing  edge,  either  in  the  context  of  changing  the  Froude 
number  or  the  angle  of  attack,  and  when  these  parameters  were  fixed 
there  were  no  indications  of  instability  in  the  height  of  the  jump  at 
the  trailing  edge. 
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ABSTRACT 


1 ■ INTRODUCTION 


The  development  of  Wave  Devouring 
Propulsion  System  and  results  of  it’s 
sea  trial  are  presented  in  this  paper. 
WDP  system  is  an  idea  not  only  for 
the  ship  propulsion  system  which  con¬ 
verts  wave  energy  directly  into 
thrust  but  also  the  ship  motion  reduc¬ 
tion  system.  This  system  consist  of  a 
ship  hull  and  a  hydrofoil  installed  at 
the  bow.  Improvement  of  the  propulsive 
efficiency  in  waves  and  high  seawor¬ 
thiness  is  measured  during  the  sea 
trial . 


NOMENCLATURE 


a 

B 

C 

g 

Hw 

Hw 

K 

L 

Ra 

Ra~ 


AR 

R~ 

T 

T~ 


wave  amplitude, 
ship  breadth. 

2  2 

C=pg*  •  Hw  •  B  /L 

gravitational  acceleration, 
wave  double  amplitude. 

Hw  =  2a 

significant  wave  height. 

wave  number, 
ship  length. 

added  resistance  in  waves, 
nondimensional  added 
resistance . 

Ra~=Ra/C 

resistance  increase  in  waves. 
AR  -Ra-T 

nondimensional  coefficient 
of  resistance  increase. 

=  AR/C 

thrust  of  foil, 
nondimensional  thrust 


It  is  well  known  that  aquatic 
mammals,  dolphins  or  whales,  which 
propel  themselves  with  their  lunatic 
tails  have  high  propulsive  efficiency. 
Theoretical  or  experimental  studies 
have  already  succeeded  in  explaining 
this  oscillating  hydrofoil  propulsion 
system.  The  thrust  generating  mechanism 
of  these  propulsion  system  is  quite 
simple.  With  forward  speed  and  the  com¬ 
bined  motion  of  heaving  and  pitching  of 
the  fin  produces  relative  fluid  veloci¬ 
ty  which  brings  about  an  apparent  in¬ 
clined  flow  against  the  fin.  Due  to  the 
Ku tta- Joukowsky  lift  theorem,  lift 
force  is  generated  perpendicularly  to 
the  flow.  The  mechanism  of  thrust 
generation  is  shown  schematically  in 
Fig  .  1  . 


Fig.  1  Thrust  generation  of  a  fin 
in  waves. 


Tw 

<?p 

e' 


coefficient . 

T~  =T/C 

significant  wave  period, 
mass  density  of  water, 
pitch  amplitude, 
nondimensional  pitch 
amplitude . 

=  0p/ ( K • a ) 
wave  length. 


If  we  put  a  horizontal  hydrofoil 
in  the  oscillating  flow  field,  such  as 
in  waves,  the  relative  flow  acting  on 
the  hydrofoil  causes  thrust. 

The  wave  devouring  propulsion 
system  ( WDPS )  consists  of  a  ship  hull 
and  hydrofoil,  which  acts  as  a  direct 
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wave  energy  to  the  thrust  converter 
using  these  mechanisms.  The  hull  is  a 
collector  of  wave  energy,  and  the 
motion  of  hydrofoil  generates  the 
thrust.  The  hydrofoil  is  installed  in 
front  of  the  ship’s  bow  and  the  pitch 
motion  of  the  hydrofoil  is  controlled 
under  the  sea. 

The  flow  against  the  hydrofoil  in 
waves  is  (U  +  u  ,  v).  U  is  the  ship’s 
forward  speed.  u,  v  is  the  wave’s 
vertical  and  horizontal  velocity  compo¬ 
nent  plus  relative  hydrofoil  motion  due 
to  ship  motion  and  hydrofoil  pitch 
motion  in  the  waves.  Thrust  is  gener¬ 
ated  as  a  horizontal  component  of 
lift(L),  the  magnitude  of  which  is 
periodically  increased  or  decreased  but 
the  thrust  has  a  negative  direction  of 
U  .  Moreover,  we  must  note  the  verti¬ 
cal  direction  of  the  lift  which  has  an 
opposite  direction  to  inflow  velocity 
v.  This  means  that  the  lift  force 
creates  pitch  canceling  moment,  and 
thus,  decreases  the  ship’s  pitch  mo¬ 
tion. 


Now,  the  object  of  this  study  will 
be  discuss.  Our  concern  is  the  perform¬ 
ance  of  the  WDPS  ship  in  waves.  There¬ 
fore,  two  important  subjects  were  ex¬ 
pected  . 

First,  the  improvement  of  the 
propulsive  efficiency  of  the  ship  using 
an  oscillating  hydrofoil,  because  the 
hydrofoil  converts  wave  energy  directly 
into  thrust. 

Second,  the  reduction  of  the  ship 
motion  in  waves  is  expected. 

Moreover,  it  is  needed  for  WDPS 
ship  production  that  the  force  acting 
on  the  hull  and  hydrofoil  quantitative¬ 
ly  through  the  sea  trial. 


Resistance  increase  of  the  ship  in 
waves  is  well  known  phenomena  for  naval 
architects.  This  problem  was  studied 
theoretically  or  experimentally  by  many 
researchers.  From  the  momentum  theory, 
the  resistance  increase  in  waves  has  a 
physical  explanation  that  the  work  done 
by  the  relative  hull  motion  against  the 
wave.  Linear  damping  component  is 
concerned  with  the  wave  making  resist¬ 
ance  which  takes  away  the  energy  in  the 
form  of  progressive  waves.  If  the 
reduction  of  motion  in  waves  was  possi¬ 
ble,  we  could  expect  the  reduction  of 
"resistance  increase  in  waves".  But  if 
we  consider  it  from  such  a  view  point 
that  the  reduction  in  motion  reduces 
the  increment  of  added  resistance  in 
waves,  there  are  few  studies.  It  seems 
that  there  is  a  field  left  not  yet 
studied  .  It  may  be  true  that  there  is 
a  limitation  of  the  improvement  in  the 
total  ship  resistance  in  waves  by 
normal  hull  design. 


Furthermore,  we  can  expect  some 
thrust  increase  in  waves  due  to  the 
hydrofoil  effect.  For  example,  the 
ship  proceeding  in  the  North  Pacific 
sea  in  the  winter  season  was  studied. 
It  was  observed  that  the  wave  length 
of  about  100m  has  excessive  wave  power 
in  this  area,  therefore,  a  ship  with  a 
length  of  less  than  80m  is  desired  for 
WDPS  system.  From  the  feasibility 
study  of  the  thrust  generation  and  the 
reduction  of  resistance  increase  in 
waves,  we  can  expect  the  WDPS  ship 
running  in  waves  at  8  kt  without  any 
energy  supply.  Our  approach,  using  a 
hydrofoil  in  the  wave,  might  be  the 
answer  to  improve  the  propulsive  effi¬ 
ciency  and  advance  seaworthiness  of 
the  ship. 

Surprisingly  enough,  in  1985,  H. 
Linden(l)  already  field  a  British  pat¬ 
ent.  He  really  built  a  13-ft  boat, 
named  "Autonaut" ,  equipped  with  two 
elastic  fins  both  at  bow  and  stern. 
According  to  the  contemporary  report, 
she  could  travel  herself  against  the 
wind  and  waves  at  a  speed  from  3  to  4 
Kt . 


Regarding  recent  experimental 
studied  of  WDPS,  which  are  concerned 
with  direct  wave  energy  to  the  thrust 
conversion,  only  Jakobsen(2)  and  the 
author ( 3 ) , ( 4 )  have  carried  out  experi¬ 
ments  . 

Abkowitz(5)  reported  on  an  anti¬ 
pitching  fin  using  a  model  test.  He 
used  a  pair  of  hydrofoils,  total  pro¬ 
jected  area  of  the  hydrofoils  is  less 
than  7%  of  the  ship  waterline  area, 
and  the  effectiveness  of  antipitching 
fin  was  confirmed.  He  also  mentioned  a 
significant  improvement  in  speed  in 
waves.  He  was  concerned  with  the 
advancement  of  the  lateral  motion  of 
the  ship,  therefore,  did  not  discussed 
the  trust  generation  of  the  fin. 

T.Y.  Wu(6)  first  showed  theoreti¬ 
cally  that  wave  energy  can  be  convert¬ 
ed  into  thrust  and  propulsive  efficien¬ 
cy  becomes  more  than  one  or  even  minus. 
He  studied  the  two  dimensional  oscil¬ 
lating  hydrofoil  in  waves. 

Bessho(7)  studied  the  restriction 
of  the  lateral  ship  motion  using  two 
fins  one  at  the  bow  and  stern.  His 
group  showed  the  possibility  of  ship 
with  less  heaving  and  pitching  in 
waves . 

Naitou  and  the  author(8)  succeeded 
in  calculating  the  motion  of  a  WDPS 
ship  and  the  propulsive  efficiency, 
especially  the  reduction  in  resistance 
increase  in  waves  using  OSM  and  the 
steady  wing  theory.  The  results  will  be 
discussed  later. 
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2. WDPS  SEA  TRIAL  PROJECT 

WDPS  sea  trial  project  was  planned 
using  a  20-ton  fishing  vessel.  Princi¬ 
pal  dimensions  of  the  test  ship,  the 
foil  dimensions  and  foil  section  are 
listed  below.  To  know  the  thrust  in¬ 
crease  in  waves,  a  larger  hydrofoil 
area  was  selected  compared  with  Abko- 
witz’s  experiment.  The  projected  area 
of  hydrofoil  is  7.4%  of  the  ship’s 
waterline  area. 


2.1  TEST  SHIP  PRINCIPAL  DIMENSIONS 

Lpp  :  15.7  m 

B  :3.8m 

d  :  1.1  m 

Displacement:  19.9  ton 
Speed 

Max  :  10  kt  (2000  rpm ) 
Service:  7.4kt  (1500  rpm) 

Hydrofoil  Dimensions 

Cord  Length  :  1.05  m 

Span  :  3.8  m 

Depth  :  1.65  m 

Section  :  NACA0015 


Center  of  the  wing  pitch  motion  is 
located  at  a  quarter  cord  length  aft 
from  the  wing  leading  edge. 

General  arrangement  of  WDPS  ship, 
side  view  and  top  view  are  shown  in 
Figs.  2  and  3. 

2.2  THEORETICAL  AND  MODEL  INVESTIGA¬ 
TIONS 

Model  testing  and  theoretical 
calculations  are  performed  before  the 
actual  sea  trial. 

A  3.5  m  model  was  tested  in  a 
tank  in  1987,  i.e.  the  hydrofoil  cord 
length  was  Lpp/15,  span  is  same  as  the 
ship  breadth.  The  pivoting  point  of  the 
hydrofoil  is  located  at  the  quarter 
cord  length  of  the  hydrofoil  span  which 
is  identical  to  the  center  of  the 
steady  lift  force. 

The  thrust  generation  and  resist¬ 
ance  increase  is  calculated  theoreti¬ 
cally.  The  coefficients  of  ship  motion 
was  calculated  by  OSM ,  the  hydrodynam¬ 
ics  force  acting  on  the  hydrofoil  is 
calculated  using  the  quasi-steady 
theory  including  the  three-dimensional 
effect.  The  resistance  increase  in 
waves  is  calculated  using  a  simplified 
version  of  the  Gerr i t suma ( 9 )  formula. 


Fig.  2  Side  view  of  WDPS  ship. 


Fig.  3  Top  view  of  WDPS  ship. 
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Theoretical  prediction  and  the 
results  of  model  testing  of  the  pitch 
motion,  with  and  without  hydrofoils 
shown  in  Fig. 4. 


6~ 


Fig.  4  Theoretical  and  model 
testing  results  of  nondimensional 
pitch  amplitude  at  a  head  sea 
condition  (Fn=0.25). 


Up  to  30%  of  the  pitch  reduction 
compared  to  the  original  ship  is  seen 
at  the  wave  length  to  ship  length  ratio 
is  greater  than  1.6,  so  we  can  expect 
a  pretty  good  pitch  reduction  effect, 
but  compared  to  the  reduction  of  model 
experiments,  we  had  a  much  higher  pitch 
reduction  efficiency. 

Figure  5  shows  the  theoretical 
results  of  the  resistance  increase  in 
the  head  sea  condition  at  Fn=0.25. 


Ra~ 


A  L 

Fig.  5  Theoretical  calculation  of 
the  resistance  increase  in 
head  sea  condit ion( Fn=0 . 25 ) 


This  Figure  shows  the  comparison 
of  the  coefficients  of  resistance  in¬ 
crease  with  and  without  a  hydrofoil  at 
sea . 

Figure  6  shows  the  thrust  increase 
in  waves.  We  can  see  that  the  reduction 
in  the  resistance  increase  in  waves  is 
due  to  the  additive  effects  obtained  by 
the  direct  effect  and  indirect  effect. 
The  direct  effect  is  thrust  generation 
due  to  the  hydrofoil  and  the  indirect 
effect  is  dependent  on  the  reduction  in 
ship  motion  which  is  also  effectively 
affected  by  the  existence  of  the  hydro¬ 
foil. 


r 


Fig.  6  Calculation  of  the  thrust 

generation  of  a  fin  in  head 
sea  condition  (Fn=0.25). 


r 


Fig.  7  The  theoretical  calculation 
of  WDPS  ship’s  resistance 
increase  in  head  sea 
condition. (Fn=0.25) 
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Figure  7  shows  the  theoretical 
calculation  of  resistance  increase  in 
head  seas.  We  can  see  a  minus  resist¬ 
ance  increase  at  the  results  of  WDPS 
ship  in  the  wave  length  to  ship  length 
ratio  greater  than  1.1.  This  is  total 
thrust  gain  from  wave  energy.  If  the 
hull  resistance  during  a  calm  sea  is 
less  than  the  thrust  gain  from  the 
waves,  the  WDPS  ship  can  sails  against 
waves  without  the  need  to  use  fuel  for 
power . 

The  results  of  3.5m  model  towing 
test  during  a  head  sea  condition  is 
also  plotted.  Towing  speed  was 
Fn=0 . 249 .  The  difference  between  with 
hydrofoil  (WDPS)  and  without  hydrofoil 
is  shown  drastically.  Frictional  cor¬ 
rection  is  not  taken  account.  Theoreti¬ 
cal  prediction  and  tested  results  are 
in  fairly  good  agreement  with  this 
figure . 

WDPS  ships  at  sea  is  shown  in 
Fig. 8  and  9.  It  is  observed  in  Fig. 8 
that  the  rather  tiger  splash  in  front 
of  the  strut.  This  figure  shows  speed 
trial  test  using  engine  power  and  a 
foil.  In  Fig. 9,  we  can  see  a  foil  and 
strut  configurations  which  WDPS  ship 
was  equipped  with. 


3. WDPS  SYSTEM  DESIGN 

Before  the  actual  sea  trial,  a 
WDPS  structural  analysis  and  design  are 
needed.  Selected  design  wave  height 
to  length  ratio  is  1/30  and  design 
wave  length  is  1.6  Lpp  of  the  ship. 


Fig.  8  WDPS  ship  speed  trial 

(1500  rpm.  at  a  heading  sea 
condition ) . 


Taking  into  the  consideration  of 
the  actual  sea  trial  using  a  rather 
small  vessel,  structural  design  was 
decided  carefully  to  have  enough 
strength.  At  the  same  time,  reinforce¬ 
ment  of  hull  structure  are  investigat¬ 
ed  . 

During  the  tank  test  in  1987,  we 
used  the  two  bow  hydrofoil  system,  left 
and  right,  which  was  moved  independent¬ 
ly  using  two  servo  motor.  But  in  this 
actual  sea  trial,  we  selected  one 
hydrofoil  and  the  passive  control 
system  to  simplify  the  experiment  and 
keep  safety  of  the  mechanism  at  sea. 

WDPS  hydrofoil  supporting  system 
consists  of  two  struts,  a  hydrofoil 
pitch  spring  system,  and  the  struts 
up-down  mechanism.  The  necessity  to 
change  the  spring  constant  easily  on 
board,  variable  spring  constant  system 
consists  of  a  hydraulic  pressure  cylin¬ 
der  and  an  accumulator  was  selected. 
Changing  the  nitrogen  gas  pressure  of 
the  accumulator,  we  were  able  to  use 
wide  pitch  spring  constant. 

Loading  and  equipment  of  the 
system,  hull  reinforcement  of  the 
testing  ship  were  accomplished  at 
Kanasashi  Ship  Yard.  The  ship  used  in 
the  test  was  made  of  FRP  and  aged.  The 
structure  of  the  ship  is  of  a  monocoque 
type  so  that  the  fore  deck  shell 
scarcely  supports  the  external  force  or 
weight  of  the  testing  apparatus.  There¬ 
fore  extra  reinforcement  of  the  support 
structures  are  needed  in  the  bow  sec¬ 
tion  . 


Fig. 9  WDPS  ship  raising  a  foil. 
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Support  structures  and  equipment 
weighting  up  to  about  6  tons,  were 
installed  at  the  bow,  and  more  weight 
(3  ton)  is  needed  at  the  stern  to  keep 
the  even  trim  and  to  have  enough  GM 
height.  During  the  experiments,  we  had 
a  hard  situation  that  the  blue  sea  hit 
the  hydrofoil  when  hydrofoil  was 
hauled  from  sea  but  we  had  no  damage  to 
the  hull,  struts,  hydrofoil  or  any  of 
the  instruments.  So,  we  consider  that 
the  reinforcement  and  structural  design 
were  a  success. 

4. RESULTS  OF  SEA  TRIAL 

The  period  of  experiment  was  from 
December  12th, 1988  to  January  13th, 
1989. 

The  measurement  and  testing  plan 
is  given  below. 

(1)  Efficiency  of  WDPS  using  as  a  sub¬ 
propulsion  system. 

(2)  Motion  reduction  effect  of  WDPS  at 
sea . 

(3)  Self  propulsion  test  of  WDPS  in 
waves . 

(4)  Force  measurements  acting  on  the 
hydrofoil  and  struts. 

(1)  and  (2)  measured  the  differ¬ 
ence  of  the  ship  speed  and  motion,  with 
and  without  a  hydrofoil  in  the  same 
sea  condition  at  the  same  rotation  of 
the  propeller.  Tidal  or  ship  wake 
effects  are  canceled  using  a  relative 
flow  speed-meter. 

(3)  measured  the  forward  speed  of 
the  ship  using  a  WDPS  without  engine 
power . 

(4)  measured  the  force  acting  on 
the  struts  using  strain  gauges. 


4 . 1  APPARATUS  OF  SEA  TRIAL 

Suruga  Bay  , offshore  of  Miho  and 
Kunou  was  used  as  the  test  area.  The 
items  and  apparatus  used  in  the  test 
are  given  below. 

4.1.1  TESTING  APPARATUS 

Relative  Ship  Speed 

:  Relative  Flow  Meter 
Propeller  Rotation 

:  Optical  Rotating  Meter 
Ship  Motion{6  degree  of  Freedom) 

:  Rate  Gyro 
Wave  Height 

:  Wave  Prove  (Drop  type) 

Wind  Direction  and  Speed 
;  Wind  Meter 
Stress  of  the  WDPS  arm 
:  Strain  Meter 
Pitch  Angle  of  Foil 

:  Linear  Potentio  Meter 


An  on  board  microcomputer  was  used 
for  data  sampling,  and  at  the  same 
time,  data  were  recorded  on  a  data  re¬ 
corder.  Sampling  program  and  analysis 
program  were  made  for  this  fast  sam¬ 
pling  and  analysis. 


4.2  SPEED  TRIAL  IN  WAVES 

A  calibration  test  of  the  relative 
flow  meter  was  carried  out  using  the 
mile  post  of  the  Miho  beach.  The  output 
of  this  flow  speed  data  was  adopted  as 
the  standard  of  the  ship  log  speed.  To 
know  the  basic  propulsive  performance 
of  the  ship,  original  condition  without 
a  fin,  a  speed  trial  was  carried  out  on 
a  day  in  which  the  sea  was  calm. 

Results  of  speed  trials  are  shown 
in  Fig. 10.  This  figure  shows  the  speed 
reductions  in  a  rather  slow  speed 
range,  less  than  1000  rpm,  due  to  the 
frictional  resistance  increase  by  the 
existence  of  the  hydrofoil  and  struts. 
However  the  high  speed  range  (2000  rpm) 
there  was  no  discrepancy  between  with 
and  without  hydrofoil  results  because 
the  wave  making  resistance  dominated  at 
the  higher  speed  range  for  the  total 
resistance . 


Ship  speed  (kt) 


Fig. 10  Ship  speed  trial  in  calm 
water . 


It  was  normally  observed  that  the 
operators  of  such  small  ships  drive 
them  at  high  cruising  speeds.  It  may  be 
considered  that  the  weakness  of  the 
WDPS  at  rather  the  low  speed  range  in  a 
calm  sea  is  not  so  serious. 

Figure  11  and  Table  1  show  the 
results  of  the  wave  data.  A  significant 
wave  height  and  mean  wave  period  can  be 
seen  in  Figs  12  and  13. 
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Table  1.  Wave  Statics  Data  (01/12/1989) 


Elapsed 
time 
(min. ) 

RMS 

(m) 

T  max 
(sec. ) 

T  1/3 
(sec.) 

T  mean 
(sec. ) 

Hw  max 
(■> 

Hw  1/3 
(■) 

Hw  mean 
(m) 

30 

0.192 

11.00 

5.77 

3.41 

1.20 

0.71 

0.43 

75 

0.192 

11.00 

6.18 

3.37 

1.22 

0.73 

0.40 

120 

0.196 

10.20 

6.83 

3.60 

1.23 

.0:70 

0.38 

Along  the  coast  of  Miho  and  Kunou, 
it  is  known  that  the  wave  condition  is 
not  so  sever  even  in  the  winter  season, 
Also  it  is  a  one  reason  why  we  selected 
the  WDPS  test  field,  but  during  abnor¬ 
mally  hot  weather  in  the  winter  sea¬ 
son,  we  scarcely  had  a  proper  wind  and 
wave  condition.  You  can  see  in  Figs  12 
and  13  that  the  wave  is  a  wind  wave, 
because  the  wave  period  is  shorter  and 
the  length  of  waves  are  less  than  the 
ship  length. 


2 


Fig. 11  Example  of  wave  power 
spectrum  (01/12/1989). 


January  12th,  1989  we  had  a  good 
wave  condition.  The  direction  of  the 
incident  waves  and  the  swell  were 
different  all  day  but  in  the  after¬ 
noon,  wave  height  decreased  and  the 
swell  subsided.  Table  1  and  Fig.  11 
shows  changes  in  the  wave  height. 

Hw  1/3  (m) 


Day 

Fig. 12  Significant  wave  height. 
Tw  mean(sec.) 


Day 


Fig. 13  Mean  wave  period. 


On  this  day,  we  had  a  speed  of  2.5 
kt  in  the  head  sea  condition  without 
using  engine  power.  By  the  law  of 
Froude,  this  speed  corresponds  to  5.6 
kt  with  a  ship  length  of  80  m.  In 
North  Pacific  in  the  winter  season,  the 
wave  condition  was  better  than  this 
case.  It  might  be  possible  that  the 
WDPS  ship  of  a  length  of  80  m  could 
cruise  at  a  speed  8  kt . 

The  steering  speed  of  this  WDPS 
ship  is  2.5  kt.  Also  it  was  observed  in 
the  unidirectional  incident  wave,  the 
WDPS  ship  turns  her  bow  to  the  incident 
waves . 

With  a  hydrofoil  in  waves,  the 
speed  increase  in  the  head  sea  is 
observed  during  the  certain  wave  condi¬ 
tions.  Each  speed,  with  or  without  a 
hydrofoil  in  waves,  are  shown  in  Figs 
13  and  14.  The  speed  increase  in  waves, 
especially  in  the  head  sea,  is  thought 
as  a  propulsive  efficiency  increase  in 
waves.  We  can  see  the  wave  length 
affecting  the  ship’s  advance  speed  in 
Fig.  7  and  model  testing  results  are 
also  shown  in  Fig.  8.  The  wave  condi¬ 
tion  strongly  influenced  the  ship’s 
speed  and  significant  wave  height  (Hw 
1/3)  and  mean  wave  period  ( Tw  mean)  are 
shown  in  wave  tables  in  Table  2  and  3. 


Ship  speed  (kt) 


Following 

lea 

-  ^  ^ 

without  : 

'oi  1  - — 

_ 

Calm  sea  w 

th  foil 

vFol  lowing 

I  sea  with  1 

'oi  1 

- ff - 

1000  1500  2000 

Prop.  rev.  (rpm) 

Fig. 14  Results  of  speed  trial  in 
head  sea  condition. 


Table  2.  Wave  Data  (01/12/1989  Heading  Sea) 


Prop. 

(rpm) 

Hwl/3 

(a) 

Tw  mean 
(sec. ) 

0 

0.965 

3.12 

1000 

0.965 

3. 12 

1500 

0.955 

3.06 

2000 

0.965 

3.12 

Table  3.  Wave  Data  (01/12/1989  Following  Sea) 


Prop. 

(rpm) 


Tw  mean 
(sec. ) 


Ship  speed  (kt) 


. 

Calm  sea  w 

ith  foil 

"llead  sea  w 

ithout  foil 

■♦Head  sea 

with  foil 

- u - 

1000  1500  2000 

Prop.  rev.  (rpm) 

Fig. 15  Results  of  speed  trial 
in  a  following  sea 
condition . 


Sailing  with  a  propeller  rotation 
speed  1500  rpm ,  against  the  swell,  a 
7.7  kt  forward  speed  could  be  obtained. 
This  speed  is  equal  to  a  calm  sea 
condition  without  a  hydrofoil.  This 
data  shows  the  possibility  that  the 
WDPS  is  useful  as  a  sub-propulsor  for 
the  ship. 


4.3  SEAWORTHINESS  OF  WDPS  SHIP 

The  motion  reduction  effect,  espe¬ 
cially  pitch  motion,  is  discussed  here. 
From  the  theoretical  analysis,  it  is 
expected  that  the  pitch  reduction 
effect  is  superior.  Figure  15  shows  the 
rate  of  the  significant  pitch  ampli¬ 
tude,  with  hydrofoil  data  are  divided 
by  the  without  hydrofoil  data.  If  the 
pitch  motion  of  WDPS  is  less  than  the 
ordinary  ship,  then  the  plotted  values 
become  less  than  one.  In  this  case,  we 
have  a  20  to  35%  pitch  reduction  at  the 
mean  wave  period  is  1.75  to  2.7. 


Ratio  of  pitch  decrease 

1.0 


Fig. 16  Results  of  pitch  motion 
in  a  head  sea  condition. 


Not  only  can  we  see  the  pitch 
reduction  effect  from  this  figure,  but 
also  the  crews  of  the  ship  mentioned 
that  she  has  less  pitching  motion  in 
the  rough  sea  than  they  had  experi¬ 
enced  . 

At  first,  the  crew  would  not  sail 
WDPS  ship  during  the  rough  sea  condi¬ 
tion  even  the  bay  area  because  they 
have  no  significance.  However  after  the 
effectiveness  of  the  hydrofoil  was  con¬ 
firmed,  they  willingly  tested  the  WDPS 
ship  in  heavy  sea  conditions  where 
they  had  never  sailed  ordinary  hydro¬ 
foil-less  ship  at  the  test  speed  range. 
We  had  a  chance  to  compare  the  sailing 
test  of  her  sister  ship  in  the  same 
rough  sea  at  the  same  time.  The  sister 
ship  could  hardly  sail  together  with 
the  WDPS  ship  due  to  hard  bow  slamming 
of  the  waves . 


Fig. 17  Turning  trajectory  of  ship 
(without  foil  1 500rpm ) . 


0 


-4- 


0  Course  trajectory 


150ii 


190m 


SAmpling  data  1200 


with  foil  L  15° 


Fig. 17  Turning  trajectory  of 

ship  (with  foil  1500  rpm). 
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From  our  experiment  of  the  wave 
devouring  propulsion  system  at  sea, 
following  results  were  obtained 

a)  Improvement  of  the  ship  propul¬ 
sive  performance  in  waves  were  ob¬ 
served  . 

b)  Reduction  in  motion,  especial¬ 
ly  the  pitch  motion  was  observed. 

c)  Vertical  hull  vibration  due  to 
the  foil  was  not  observed. 
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Numerical  and  Experimental  Analysis  of 
Propeller  Wake  by  Using  a 
Surface  Panel  Method  and  a  3-Component  LDV 

T.  Hoshino  (Mitsubishi  Heavy  Industries,  Ltd.,  Japan) 


ABSTRACT 

Hydrodynamic  modeling  of  the  trailing  vor¬ 
tex  wake  of  a  propeller  is  one  of  the  most  im¬ 
portant  factors  in  developing  a  propeller 
theory.  A  variety  of  trailing  vortex  wake 
models  have  been  proposed  hitherto.  However, 
details  of  geometrical  features  have  not  been 
known  clearly.  In  the  present  study,  flow 
fields  around  propeller  are  precisely  measured 
in  a  cavitation  tunnel  using  a  3-component 
Laser  Doppler  Velocimeter  (LDV).  Based  on  the 
experimental  finding  that  the  pitch  of  the  tip 
vortices  are  smaller  than  that  of  the  inboard 
trailing  vortex  sheets,  the  surface  panel 
method  with  a  deformed  wake  model  of  the 
trailing  vortices  is  proposed.  Then,  the  pres¬ 
sure  distributions  on  the  blade  and  the  flow 
fields  around  propeller  were  calculated  by  the 
present  surface  panel  method.  A  better  agree¬ 
ment  of  pressure  distributions  near  the  hub  is 
observed  when  the  hub  effect  is  considered  in 
the  calculations.  It  is  shown  that  the  calcu¬ 
lated  flow  fields  around  propeller  are  in  good 
agreement  with  the  measured  ones.  Open-water 
characteristics  of  propeller  calculated  by  the 
present  method  are  also  in  good  agreement  with 
experimental  data. 


NOMENCLATURE 

2iTa(r)  Pitch  of  blade  section  =  P(r) 

B± j  Influence  coefficient  due  to  the  j-th 

source  panel  on  blade  and  hub  surfaces 
c(r)  Chord  length 

Cij  Influence  coefficient  due  to  the  j-th 

doublet  panel  on  blade  and  hub  surfaces 
CpCPi)  Pressure  coefficient 

=  (p(Pi)-Po)/P(VA2+(i«)2)/2 
D  Propeller  diameter 

ei  ,e2  Local  coordinates  on  panel 

J  Advance  coefficient  =  VA/(nD) 

K  Number  of  propeller  blades 

Kt  Thrust  coefficient  of  propeller 

=  T/  (p  n2  D4  ) 

Kq  Torque  coefficient  of  propeller 

=  Q/(pn2D5) 

L  Number  of  chordwise  wake  panels 


n  Normal  coordinate  for  blade  section 

n  Propeller  rotational  speed,  [rps] 

n  Unit  vector  outward  normal  to  surface 

N  Total  number  of  blade  and  hub  panels 

2Nq  Number  of  chordwise  blade  panels 

Nr  Number  of  radial  blade  panels 

0  Propeller  center 

p(Pi )  Pressure 

p0  Static  pressure  at  infinity 

P(r)  Pitch  of  blade  section 

Pw(r)  Pitch  of  trailing  vortex  sheet 

Q  Propeller  torque 

r  Radial  coordinate  from  propeller  axis 

=  / y  2  +z2 

rQ  Propeller  radius  -  D/2 

rh  Radius  of  propeller  hub 

rWh  Radius  of  hub  vortex 

rWT  Radius  of  ultimate  wake 

R(P,Q)  Distance  between  field  point  P  and 
boundary  point  Q 

Rijk  Distance  between  the  i-th  control  point 
and  the  j-th  integration  point 
s  Chordwise  coordinate  for  blade  section 

sL(r)  Chordwise  coordinate  of  leading  edge 

5  Boundary  surface 

Sj  Surface  of  the  j-th  panel 

t ]  ,t2  Tangential  coordinates  on  panel 

T  Propeller  thrust 

x,y,z  Cartesian  coordinates  in  the 

blade-fixed  frame 
xr(t)  Propeller  rake 

v  Velocity 

vt  Perturbation  velocity  vector  tangent  to 

blade  surface 
VA  Speed  of  advance 

Vj  Velocity  vector  of  relative  inflow 

Vt  Total  velocity  vector  tangent  to  blade 

surface 

Wij  Influence  coefficient  due  to  the  j-th 

doublet  strip  on  wake  surface 
Bg(0  Pitch  angle  of  blade  section 

8w(r)  Pitch  angle  of  trailing  vortex  sheet 

6  i j  Kronecker  delta 

ASi  Area  of  the  i-th  panel 

Potential  jump  across  wake  surface 
Ad> j  Discrete  potential  jump  in  the  j-th 

panel 

9  Angular  coordinate  from  generator  line 

of  propeller  =  tan-1  (-y/z) 
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0k  Angular  coordinate  of  generator  line 

of  k-th  blade  =  2ir(k-l)/K 
p  Fluid  density 

$  Perturbation  velocity  potential 

cj)j  Discrete  potential  in  the  j-th  panel 

9  Angular  velocity  =  2TTn 

V  Gradient  operator 

Subscripts 

bK  Face  and  back  sides  of  blade, 

respectively  (  K=l;face,  K=2;back  ) 

B  Blade 

D  Drag 

H  Hub 

i.j  Values  on  panels  i,j,  respectively 

k  Value  on  k-th  blade 

P  Potential 

Q  Value  on  boundary  point  Q 

r  ,  0  Radial  and  tangential  components, 

respectively 

TE  Value  on  trailing  edge 

w  Wake 

x ,  y ,  z  Components  in  Cartesian  coordinate, 

respectively 
+  Upper  surface 

Lower  surface 

p,V  Values  on  corner  points  U,V  of  panel, 

respectively 

1.  INTRODUCTION 

In  recent  years,  propellers  with  various 
blade  geometries  such  as  a  highly  skewed  pro¬ 
peller  have  been  fitted  to  ships  in  order  to 
reduce  the  propeller  induced  vibration  and 
noise,  or  to  improve  the  propulsive  perfor¬ 
mance  of  ship.  A  reliable  numerical  method  is 
indispensable  for  the  design  and  analysis  of 
such  propellers. 

A  number  of  propeller  design  and  analysis 
methods  based  on  lifting  surface  theories  such 
as  Vortex  Lattice  Method  (VLM)[1]  and  Quasi- 
Continuous  Method  (QCM)[2]  have  been  develop¬ 
ed.  However,  the  propeller  lifting  surface 
methods  are  essentially  based  on  the  thin  wing 
theory.  Therefore,  they  are  insufficient  to 
predict  the  pressure  distribution  on  propeller 
blade,  especially  near  the  hub  where  the  ef¬ 
fect  of  blade  thickness  and  hub  would  be 
dominant. 

On  the  other  hand,  surface  panel  method 
has  been  remarkably  advanced  in  the  field  of 
aerodynamics  for  the  design  and  analysis  of 
three-dimensional  wing  and  bodies  [3-12].  The 
surface  panel  method  is  one  of  the  most  ad¬ 
vanced  methods,  because  it  allows  precise  rep¬ 
resentations  of  the  complicated  blade  geometry 
of  the  propeller  such  as  the  highly  skewed  pro¬ 
peller.  In  the  past  few  years,  the  surface 
panel  method  has  been  applied  to  marine  propel¬ 
lers  and  also  advanced  turboprop  problems  [13- 
20].  In  most  of  such  propeller  theories,  howev¬ 
er,  the  geometry  of  the  trailing  vortex  wake 
of  a  propeller  slipstream  has  been  treated  ap¬ 
proximately  because  of  the  complexity  of  the 
slipstream. 

Since  the  induced  velocities  on  the  blade 
due  to  the  helical  trailing  vortex  wake  of  a 


propeller  are  much  larger  than  those  due  to 
the  trailing  vortex  wake  of  a  wing,  hydro- 
dynamic  modeling  of  the  trailing  vortex  wake 
behind  the  propeller  becomes  important  in 
developing  propeller  theories.  In  the  past, 
the  trailing  vortex  wake  had  been  replaced  by 
a  prescribed  helical  surface  with  a  constant 
pitch  obtained  from  the  undisturbed  inflow  or 
a  constant  hydrodynamic  pitch  calculated  from 
the  lifting  line  theory  as  described  by 
Hanaoka  [21].  In  the  actual  propeller,  the 
trailing  vortices  leave  the  trailing  edge  of 
the  propeller  blade  and  flow  into  the  slip¬ 
stream  with  the  local  velocity  at  that  posi¬ 
tion.  Therefore,  the  detailed  knowledge  of  the 
velocity  distributions  of  the  propeller  slip¬ 
stream  would  be  indispensable  to  establish  the 
realistic  model  of  the  trailing  vortex  wake. 

Due  to  the  recent  development  of  measuring 
technique  with  Laser  Doppler  Velocimeter(LDV) , 
the  measurements  of  time  dependent  flow  fields 
around  propeller  have  been  reported  by  many 
researchers  [22-27].  Based  on  the  results  of 
the  flow  field  measurements,  Kerwin  and  Lee 
[1]  proposed  a  roll-up  wake  model  which  took 
into  consideration  the  contraction  of  the  slip¬ 
stream  and  the  roll-up  of  the  trailing  vortex 
sheets.  However,  the  roll-up  model  in  which 
the  trailing  vortices  are  assumed  to  be  con¬ 
centrated  into  a  single  hub  vortex  and  a  set 
of  tip  vortices  at  a  certain  distance  behind 
the  blade  is  considered  to  be  too  simplified. 
More  realistic  geometry  of  the  trailing  vortex 
wake  behind  propeller  has  to  be  taken  into 
consideration. 

In  the  present  paper,  a  surface  panel 
method  is  described  for  analyzing  the  flow 
fields  around  propeller  operating  in  uniform 
flow  at  first.  Green’s  identity  is  applied  to 
obtain  an  integral  equation  with  respect  to 
the  unknown  potential  strength  over  the  sur¬ 
face  of  the  propeller  blades,  hub  and  wake. 
Such  method  was  firstly  developed  by  Morino 
for  general  lifting  bodies  [6,7].  An  improve¬ 
ment  on  Kutta  condition  is  added  to  the  Morino 
method.  That  is,  the  Kutta  condition  of  equal 
pressure  on  the  upper  and  lower  surfaces  at 
the  trailing  edge  is  applied  in  the  present 
study. 

Next,  flow  fields  around  propeller  models 
operating  in  uniform  flow  are  precisely 
measured  in  a  cavitation  tunnel  using  a  3- 
component  LDV.  Based  on  the  measured  velocity 
distributions  of  the  propeller  slipstream,  a 
deformed  wake  model  is  proposed  where  the  con¬ 
traction  of  the  slipstream  and  the  variation 
of  the  pitch  of  the  inboard  helical  trailing 
vortex  sheets  are  taken  into  account. 

Then,  pressure  distributions  on  the 
propeller  blade  and  open-water  characteristics 
calculated  by  the  present  method  are  compared 
with  the  experimental  data.  Further,  flow 
fields  around  the  propeller  are  calculated  by 
the  surface  panel  method  and  compared  with 
those  measured  by  the  LDV. 
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2.  FORMULATION  OF  PROPELLER  PROBLEM 


2.1  Coordinate  Systems  and  Geometry  of 
Propeller 


We  consider  a  propeller  rotating  clockwise 
with  a  constant  angular  velocity  ft  in  an 
inviscid,  incompressible,  irrotational  flow 
with  a  uniform  axial  speed  VA  far  upstream. 
The  propeller  consists  of  a  finite  number  of 
axisymmetrically  arranged  blades  of  identical 
shape  and  a  hub. 

We  define  a  Cartesian  coordinate  system 
0-xyz  with  origin  0  fixed  at  the  center  of  the 
propeller,  where  x  is  measured  along  the  down¬ 
stream  axis  of  rotation  as  shown  in  Fig.l. 
The  z-axis  coincides  with  generator  line  of 
the  first  blade  and  the  y-axis  completes 
right-handed  coordinate  system.  A  cylindrical 
coordinate  system  O-xr0  is  also  introduced  for 
convenience.  Angular  coordinate  0  is  measured 
clockwise  from  the  z-axis  when  viewed  in  the 
direction  of  positive  x.  Radial  coordinate  r 
is  measured  from  the  x-axis.  Then,  the  Car¬ 
tesian  coordinate  system  O-xyz  is  transformed 
into  the  cylindrical  coordinate  system  O-xr0 
by  the  relation 

x  =  x,  y  =  -r*sin0,  z  =  r*cos0,  (1) 
where 

r  =  /y2+z2,  0  =  tan _1 (-y/z) . 


Further,  we  introduce  a  helical  coordinate 
system  (r,s,n)  with  pitch  2ira(r).  The  s-axis 
is  measured  chordwise  from  leading  to  trailing 
edge  of  the  blade  section.  The  n-axis  is 
measured  normal  to  the  s-axis  from  face  to 
back  side.  Then,  the  cylindrical  coordinate 
system  O-xr0  is  related  to  the  helical  coor¬ 
dinate  system  (r,s,n)  by 


x  =  [a(r ) *s-r *n]//a(r) 2+r2+xR(r) , 
r  =  r, 

0  =  [s+a(r) *n/r ]//a(r)2+r2. 


(2) 


where  xR(r)  is  propeller  rake  defined  by  the  x 
coordinate  of  generating  line  at  radius  r. 


Blade  section  of  propeller  is  usually 
defined  in  a  way  similar  to  that  of  a  two- 
dimensional  wing  by  the  ordinates  nb|<;(r,s)  of 
face  and  back  sides  along  the  chord  where  <  =  1 
and  2  show  the  face  and  back  sides,  respec¬ 
tively.  Then  the  coordinate  of  a  point  on  the 
surface  of  the  k-th  blade  can  be  expressed  as 


x  «  xbK(r,s), 
y  =  ~r*sin[0b<(r, s)  +  0k ] , 
z  =  r*cos[0b(C(r ,  s)  +  0k  ]  , 

where 


(3) 


xbK(r,s)  =  [a(r)  's-r -nb|C(r,s)  ]//a(r)2+r2 
+xR(r), 

0bK(r,s)  =  [s+a(r)  *nbJC(r,s)/r ]//a(r)2+rT , 


0k  =  2ir(k-l  )/K,  k  -  i  •  2  ,  * '  *  tK, 


K.  -  number  of  propeller  blades. 


2.2  Velocity  Potential  and  Boundary  Condition 

Under  the  assumption  of  potential  flow, 
the  flow  field  around  a  propeller  is  charac¬ 
terized  by  a  perturbation  velocity  potential  cj), 
which  satisfies  LaplaceTs  equation 


V24)  =  0 


(4) 


and  vanishes  at  infinity.  We  consider  a  bound¬ 
ary  surface  S,  which  is  composed  of  propeller 
blade  surface  Sb  ,  hub  surface  Sh  and  wake  sur¬ 
face  Sw,  and  also  unit  outward  normal  vector  n 
to  the  surface  S.  Applying  Green's  identity, 
the  perturbation  potential  at  any  field  point 
P(x,y,z)  can  be  written  as  a  distribution  of 
source  and  doublet  over  the  boundary  surface 
[6,7]: 


4ttE(J)(P  ) 


where 
E  = 


0 

1/2 

1 


=  JTs<t>  (Q)^r-H 

-JOT. 


1 


s’'/3iiq  R(P,Q) 

3d>(Q)  1 


)dS 


S  3nQ  R(P,Q) 


dS 


for  the  point  P  inside  S, 
for  the  point  P  on  S, 
for  the  point  P  outside  S. 


(5) 


z 


Fig.l  Coordinate  systems  of  propeller 


and  R(P,Q)  is  the  distance  from  the  field 
point  P(x,y,z)  to  the  boundary  point  Q(x',yf, 
z’)  and  3/3np  is  the  normal  derivative  to  the 
boundary  surface  at  the  point  Q. 

Kinematic  boundary  condition  is  that  the 
velocity  normal  to  the  blade  surfaces  Sb  and 
the  hub  surface  Sh  should  be  zero.  Using  rela¬ 
tive  inflow  velocity  Vi  ,  the  boundary  condi¬ 
tion  with  respect  to  a  moving  frame  fixed  on 
the  propeller  blade  can  be  written  as 

=  ~Vt  *  no  =  -( VA+ftxr)  *  ,  on  Sb  and  Sh  , 

^  m 

where  VA  and  ft  are  the  advance  and  angular 
velocity  vectors  respectively  and  r  is  the 
position  vector  of  the  point  P  on  the  boundary 
surface. 
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We  assume  that  the  wake  surface  Sw  is  in¬ 
finitely  thin  and  there  is  no  flow  and  no 
pressure  jump  across  the  surface  Sw,  while  the 
potential  jump  is  allowed.  The  boundary  condi¬ 
tion  on  the  wake  surface  Sw  can  be  written  as 

9<t>-  ,  . 

3^  =  3^’  p*  =  p-  on  S«’  (7) 

where  p+  are  the  pressures  on  the  wake  surface 
Sw  »  and  subscripts  +  and  -  denote  the  upper 
and  lower  sides,  respectively.  For  the  steady 
propeller  problem  the  potential  jump  Acj)  across 
the  wake  surface  is  constant  along  an  ar¬ 
bitrary  streamline  in  the  wake  and  can  be 
expressed  as 

A<J>  =  (f)+_  (j)_  on  Sw  •  (8) 

Considering  Eqs.(6)  through  (8),  the 
boundary  integral  equation  (5)  for  the  point  P 
on  the  blade  and  hub  surface  reduces  to 

-&,«„<»■  o«%."4Sh. 

(9) 

Here  $  denotes  that  Cauchy's  principal  value 
should  be  taken  and  Q'  is  any  point  on  the 
wake  surface  Sw . 

Eq.(9)  is  a  Fredholm  integral  equation  of 
second  kind  for  the  velocity  potential  (j)  and 
can  be  solved  uniquely.  The  resulting  surface 
potential  distribution  can  be  differentiated 
to  obtain  velocities  and  pressures,  which  are 
integrated  to  yield  the  total  forces  and 
moments. 


( Upstream  View ) 


3.  Numerical  Procedure 

3.1  Discretization  of  Propeller  Blade,  Hub 
and  Wake  Surface 


In  order  to  obtain  a  numerical  solution 
for  the  boundary  integral  equation  (9),  the 
surface  of  propeller  blades,  hub  and  wake  is 
divided  into  a  number  of  small  elements.  In 
the  past  application  of  the  panel  method  to 
the  propeller  problem,  planar  quadrilateral 
panel  has  been  used  to  approximate  the 
surface.  However,  the  elements  representing 
the  propeller  blades  must  be  nonplanar  due  to 
the  helical  blade  surface,  which  results  in 
gaps  at  the  edge  of  the  planar  panel  and 
therefore  numerical  errors.  In  order  to  yield 
a  closed  surface  and  avoid  such  numerical 
errors,  the  surface  of  the  blades,  hub  and 
wake  is  approximated  by  a  number  of  qua¬ 
drilateral  hyperboloidal  panels  in  the  present 
paper.  This  paneling  is  one  of  the  important 
features  of  the  present  method. 

The  discretization  of  a  propeller  is 
divided  into  three  portions,  i.e.,  the  gener¬ 
ation  of  blade  panels,  the  generation  of  hub 
panels,  and  the  generation  of  wake  panels.  We 
consider  the  discretization  of  a  propeller 
blade  at  first.  In  the  choice  of  the  radial 
distribution  of  panel  strips  for  a  propeller 
blade,  it  should  be  noted  that  the  better 
results  could  be  obtained  if  the  finer  panel 
strip  was  used  in  the  region  of  rapid  varia¬ 
tion  of  sectional  properties.  Therefore,  we 
will  use  the  cosine  spacing  which  concentrates 
the  panel  strips  at  the  hub  and  tip.  If  the 
radial  interval  from  the  hub  rh  to  the  tip  r0 
is  divided  into  Nr  small  panel  strips,  the 
radii  of  the  corner  points  of  each  panel  strip 
can  be  expressed  as  follows: 


ry  “  Y<ro+rh>--|-(ro-rh>cosV  (10) 


where 


0  for  p  =  1 , 

WO  f°r  M-2.3.--WI. 

(Downstream  View) 


Fig. 2  Panel  arrangement  for  a  highly  skewed  propeller 
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In  the  chordwise  spacing  of  the  blade 
panels,  cosine  spacing  is  considered  to  be  the 
best.  Therefore,  the  chordwise  positions  of 
the  corner  points  of  each  panel  are  given  by 

syv  =  si_(rp)+  -y^~(l-cosgv),  (11) 

where 

SlCO  =  s-coordinate  of  the  leading  edge, 
c(r)  -  chord  length  of  the  blade, 

=  V7T/Nc,  v  =  0,1.2,  •  •  •  ,NC, 

Nq  =  number  of  chordwise  division. 

This  concentrates  the  panels  at  the  leading 
and  trailing  edges,  where  greater  resolution 
is  required.  A  propeller  blade  surface  is  thus 
discretized  into  Nrx2Nq  quadrilateral  elements 
per  each  blade. 

Propeller  hub  is  considered  to  be  an  axi- 
symmetric  body  on  which  the  propeller  blades 
are  mounted.  The  blade  panels  adjacent  to  the 
hub  surface  are  shortened  or  stretched  to  ob¬ 
tain  the  intersections  with  the  hub  surface. 
Then  the  axial  positions  of  the  hub  panels 
meet  with  those  of  the  blade  panels  at  the 
intersections.  The  hub  portion  from  the  lead¬ 
ing  to  the  trailing  edge  is  divided  into  some 
strips  equally  spaced  in  circumferential  angle 
between  the  root  blades.  This  generates  the 
panels  with  helical  pattern  on  the  hub.  The 
hub  portion  upstream  of  the  leading  edge  of 
the  blade  is  divided  into  straight  panels  with 
equal  axial  and  circumferential  spacings.  On 
the  other  hand,  the  hub  portion  dov/nstream  of 
the  trailing  edge  is  helically  divided  with 
the  pitch  at  the  root  of  the  propeller.  An  ex¬ 
ample  of  the  panel  arrangement  on  propeller 
blade  and  hub  surface  for  a  5-bladed  highly 
skewed  propeller  is  shown  in  Fig. 2. 

Trailing  vortex  leaves  the  trailing  edge 
of  the  blade  and  flows  into  the  slipstream 
with  the  local  velocity  at  that  position. 
However,  the  wake  surface  is  usually  ap¬ 
proximated  by  prescribed  helical  surface  in 
order  to  avoid  time  consuming  calculation  of 
the  slipstream  velocities.  In  the  present 
paper,  the  surface  of  the  trailing  vortex  wake 
is  determined  based  on  the  measured  velocity 
distributions  of  the  propeller  slipstream.  The 
wake  surface  is  divided  into  Nr  wake  strips, 
which  start  from  the  trailing  edges  of  the 
blade  strips.  Then,  each  wake  strip  is  divided 
into  L  wake  panels.  The  axial  spacing  of  the 
wake  panel  is  finer  near  the  blade  and 
gradually  becomes  coarser  in  the  downstream. 
Details  of  the  numerical  modeling  of  the 
trailing  vortex  wake  is  shown  in  the  following 
chapter. 

3.2  Linear  Algebraic  Equations 

As  mentioned  above,  the  blade  and  hub  sur¬ 
face  is  divided  into  N  small  panels  Sj  and  the 
wake  surface  is  divided  into  NR  x  L  small 
panels  .  The  values  of  the  potential  and 
(Vj  .ng)  are  assumed  to  be  constant  within  each 
panel  and  equal  to  the  values  (j>j  ,  A<t>j  and 
(Vj  .nj)  at  the  centroid  of  the  panel, 
respectively.  Then,  by  satisfying  Eq.(9)  at 


the  centroid  of  each  panel,  one  obtained  a 
system  of  N  linear  algebraic  equations  as 

T(6j  j  -Ci  j  )<J>j  -  l  ¥  -  L  Bn(WrnO(l2) 

j=i  J*i  j=i 

for  i  =  1,  2,  ....,  N. 


Here  6ij  is  the  Kronecker  delta  and  Cij  ,  Wjj 
and  Bij  are  influence  coefficients  defined  by 


■  JU,[ 


(13) 


where  Rijk  and  R^  are  the  distances  from  the 
control  point  of  the  panel  on  the  k-th  blade 
and  hub  surfaces  to  the  integration  point  on  Sj 
and  S^. 

The  influence  coefficients  and  B± j  are 
evaluated  analytically  in  the  near  field  [7]. 
On  the  other  hand,  they  are  approximated  by  a 
Taylor  series  expansion  in  the  far  field  in 
order  to  save  computation  time.  The  coeffi¬ 
cient  Wij  are  also  calculated  by  using  the  ex¬ 
pression  for  Cij.  Then,  Eq.(12)  can  be  solved 
numerically  to  yield  the  values  of  the  unknown 
potential  $j . 

The  Kutta  condition  is  applied  to  obtain 
the  values  of  the  unknown  potential  jump  A<t>j 
on  the  wake  surface.  An  equal  pressure  Kutta 
condition  is  introduced  in  the  present  study. 

A  detailed  formulation  of  the  numerical  Kutta 
condition  is  shown  in  APPENDIX. 


3.3  Velocity  and  Pressure  on  the  Surface 


The  velocity  and  pressure  distributions  on 
the  blade  and  hub  surfaces  can  be  evaluated 
directly  by  taking  the  gradient  of  the  in¬ 
fluence  coefficients  for  the  velocity  poten¬ 
tial  Eq . ( 1 3 ) .  However,  it  takes  too  much  com¬ 
putation  time  because  the  influence  coeffi¬ 
cients  for  the  induced  velocity  must  be  newly 
calculated.  On  the  other  hand,  the  velocity 
and  pressure  on  the  surface  can  be  obtained 
also  by  differentiating  the  velocity  potential 
over  the  body  surface  which  is  already  known. 
This  method  takes  much  shorter  computation 
time  than  the  former  but  numerical  differen¬ 
tiation  is  used  to  introduce  some  numerical 
errors . 

In  the  present  paper,  the  latter  method  is 
adopted  to  calculate  the  velocity  and  pressure 
distributions  on  the  body  surface.  The  numeri¬ 
cal  differentiation  was  conducted  as  follows 
[12].  The  distributions  of  the  velocity  poten¬ 
tial  <j)  are  approximated  by  a  quadratic  equa¬ 
tion  passing  through  the  potentials  at  the 
centroids  of  three  adjacent  panels  as 

<j)  =  at2  +  bt  +  c,  (14) 


where  t  is  the  surface  distance  and  a,  b,  and 
c  are  the  coefficients  of  the  quadratic  equa¬ 
tion.  Then,  the  derivatives  of  the  potential 
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along  the  tangent  directions  ti  and 
panel  surface  can  be  expressed  as 


4>t  1  =  -  2ait1+b1  t 

4>t2  =  *  2a2t2+b2, 


t2 


to  the 


(15) 


respectively . 

Next,  we  take  the  ei  axis  in  the  direction 
of  ti  and  the  e2  axis  in  the  direction  perpen¬ 
dicular  to  ti  in  the  plane  composed  of  ti  and 
t2  as  shown  in  Fig. 3.  Denoting  the  unit  vec¬ 
tors  in  the  directions  of  the  ei  ,  e2,  and  t2 
axis  by  ei  ,  e2,  and  t2  ,  respectively,  the 
derivatives  of  the  potential  along  the  e\  and 
e2  axes  can  be  expressed  as 


*  -  J!  - 

1)01  =  a.,  ' 


<t>e2  = 


_  9(j) 


4>t2”^t2 *ei  )4)t1 


(16) 


3e2  (t2*e2) 

Then  the  perturbation  velocity  tangent  to  the 
body  surface  can  be  obtained  by 


vt  “  4>e1  e1  +  <l>e2e2  *  (17) 

Adding  the  tangential  component  of  the  rela¬ 
tive  inflow  velocity  Vi  ,  we  obtain  the  total 
velocity  tangent  to  the  body  surface  as 

Vt  «  Vi-CV^iOn+vt 

=  [(Vi -ei  )+4>©i  ]ei  +  [ ( Vj -e2  )+<J)e2  ]e2  ,  (18) 

where 

n  =  6^62- 


The  pressure  on  the  body  surface  can  be 
expressed  by  Bernoulli’s  equation  as 


3-4  Field  Point  Velocity 

The  induced  velocities  at  the  field  point 
P  outside  the  closed  surface  S  can  be  evalu¬ 
ated  by  taking  the  gradient  of  the  velocity 
potential  4>  as  follows: 


v(P)  =  VP$(P) 

=  4^c  <t>(Q)Vp^-(57T7TT>dS 

SB+SH  3np  R(P,Q) 

+^iI<;..^(Q')Vpr^-(^TT)dS 


4ir"Sw 


8n0,xR(P,Q’)J 


+4tt^*sb  +  Sh  (VI  *nQ^Vp^R(ptQ)  ^dS  *  (21) 


Then,  Eq.(21)  can  be  approximated  by 


Z  <DjVPCij+  Z  A^jVpWij-  Z  (Vx  * nj ) VpBi j  , 

j-1  J  J  J-1  J-1 


where 


'-'■j  •  i 


'►“u  ’  .tiJ, 


''■■j  ■ 


(22) 


(23) 


Here,  the  influence  coefficients  VpCij  ,  VpBij 
and  VpWij  can  be  evaluated  analytically  in  a 
manner  similar  to  the  determination  of  the  in¬ 
fluence  coefficients  for  the  potential  [8]. 


P(Pi)  =  Po+  iP[|Vi|2-|Vt|2],  09) 

where 


p0  =  static  pressure  at  infinity, 
p  =  density  of  water. 

The  pressure  is  finally  expressed  in  terms  of 
the  non-dimensional  pressure  coefficient  CpCPi ) 
,  which  is  defined  as 


Cp(Pi) 

where 


p(Pj)-Po 

fpWo2 


WQ  =  /vA  2+(rft) 2 . 


(20) 


Fig. 3  local  coordinate  system  on  a  panel 


3-5  Thrust  and  Torque  of  Propeller 

The  total  forces  and  moments  acting  on  a 
propeller  can  be  obtained  by  integrating  the 
pressures  over  the  blade  and  hub  surfaces. 
Denoting  the  components  of  the  outward  normal 
vector  ni  by  (nx*  ,  nyi  ,  nzi),  the  potential 
components  of  the  thrust  Tp  and  torque  Qp  of 
the  propeller  can  be  expressed  as 

N 

TP  =  K  Z  p(Pi)nxi*ASi, 

l'u 

Qp  —  K  Z  p(Pi)(nyi nz i * y i ) AS 1 , 
i=  1 

where 

ASa=  area  of  panel, 

(xi,  yi,  zi)  =  coordinates  of  the  point  Pi. 

With  the  skin  friction  coefficient  C^Pj.), 
the  viscous  components  of  the  thrust  TD  and 
torque  Qq  of  the  propeller  can  be  written  as 

T0  =  -fpK  Z 

c  i  =  1 

1  N  ,  (25) 

Qd  =  TpK  Z  Cf(Pi)(Vtzi-yi-Vtyl-zi)|vtl|ASi, 
i  =  1 

where 

(Vtxi.,Vtyi,  Vtzi)  =  components  of  the  tangen¬ 
tial  velocity  Vti  at  the  point  P^ 
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Then  we  obtain  the  total  thrust  and  torque 
of  the  propeller  as 

T  =  TP  +  Td,  Q  =  QP  +  Qd.  (26^ 

Finally,  advance,  thrust  and  torque  coeffi¬ 
cients  are  defined  as 


VA  x  Q 

J  =  S’  Kt  =  *9  =  pn2D5' 

where 

n  =  propeller  rotational  speed, 

D  =  propeller  diameter. 


(27) 


4.  MEASUREMENTS  OF  FLOW  FIELD  AROUND  PROPELLER 

4.1  3-component  LDV  System 

The  LDV  system  used  in  the  present  study 
is  a  five  beam,  two-color,  3-component  type 
with  a  3-watt  Argon-ion  laser  as  shown  in 
Fig. 4.  This  LDV  system  allows  simultaneous 
measurement  of  three  components  of  time  depen¬ 
dent  velocities  around  a  propeller  [25]. 

In  order  to  measure  the  time  dependent 
velocity  at  the  specified  field  point,  one 
propeller  revolution  is  divided  into  256  an¬ 
gular  positions  and  the  velocity  data  are  com¬ 
bined  with  the  present  angular  positions  of 
the  propeller.  In  the  present  measurements, 
total  of  5120  data  are  collected  for  each 
velocity  component  and  rearranged  according  to 
each  angular  position.  Then,  mean  values  and 
standard  deviations  of  the  velocity  are  ob¬ 
tained  at  each  blade  angular  position. 

The  water  in  the  tunnel  is  filtered  to 
10  yin  particle  size  and  then  seeded  with  4  Um 
metallic  coated  particle  which  is  best  for  the 
present  3-component  LDV  system  because  of  its 
high  reflection  index  and  adequate  size. 

4.2  Definition  of  Field  Point  Velocity 


Table  1  Principal  particulars  of  propeller 
models 


Propeller 

Diameter  of  Propeller  (mm) 

Pitch  Ratio  at  0.7R 

1.0000 

1.2000 

Expanded  Area  Ratio 

0.6500 

Bass  Ratio 

0.1800 

QEHI 

Number  of  Blades 

5 

5 

Blade  Thickness  Fraction 

Mwmm 

Rake  Angle  (deg.) 

mm 

IBES 

Table  2  Conditions  for  flow  measurement  by  LDV 


Propeller 

Advance 

Ratio, 

J 

A 

0.40, 

0.56, 

0.72 

B 

0.50, 

0.70, 

0.S0 

C 

0.60, 

0.84, 

1.08 

x/ro  =  -0.25  0  0.25  0.5  1.0  2.0 
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Fig. 5  Measuring  positions  around  propeller 


v r  «  -vy * sin0+vz *cos0 f 
vq  =  -vy 'cos0-vz * sin0. 

If  the  velocity  measurements  were  conducted  in 
a  vertical  plane,  the  y-component  vy  is  iden¬ 
tical  but  opposite  in  sign  with  the  tangential 
component  vq  ,  and  the  z-component  vz  is  iden¬ 
tical  with  the  radial  component  vr  as  follows  : 


We  define  the  velocity  components  in  the 
x-,  y-  and  z-axis  directions  of  the  flow 
around  a  propeller  to  be  vx  ,  vy  ,  vz  as  shown 
in  Fig.l.  Then,  the  velocity  components  in  the 
r-  and  0-ddrections  vr  and  vq  can  b£  expressed 
as: 


LDV  optical  system 


Blade  pulses/rev.  Disk  devices 


Fig. 4  3-component  LDV  system 


vx  =  vx, 
vr  =  vz, 

V0  =  “Vy. 


(29) 


In  a  uniform  flow,  the  flow  field  around 
propeller  is  axisymmetrical  and  oscillating 
with  the  blade  frequency.  If  the  propeller 
rotates  with  a  constant  angular  velocity,  the 
time  dependent  velocity  measurements  at  a  cer¬ 
tain  radius  correspond  to  the  measurements  at 
the  same  radius  for  many  different  angular 
positions  of  the  measuring  points  at  a  fixed 
propeller  position.  Hence,  the  velocity 
measurements  with  respect  to  a  certain  propel¬ 
ler  position  give  the  instantaneous  velocity 
distribution  of  the  propeller  at  a  certain 
time. 


4.3  Propeller  Models  and  Measuring  Conditions 

Velocity  measurements  of  the  propeller 
slipstream  were  conducted  in  a  uniform  flow 
for  three  propeller  models  which  are  five- 
bladed  and  different  in  pitch.  Principal  par¬ 
ticulars  of  propeller  are  shown  in  Table  1. 
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In  the  LDV-measurements,  propeller  rota¬ 
tional  speed  was  kept  constant  of  n=20  rps  and 
advance  speed  of  the  propeller  was  changed 
to  vary  the  advance  coefficient  J.  Measuring 
conditions  for  each  propeller  are  shown  in 
Table  2.  Measuring  positions  of  the  flow  field 
around  the  propeller  by  LDV  were  taken 
upstream  and  downstream  of  the  propeller  as 
shown  in  Fig. 5. 

4.4  Results  of  Measurements  of  Flow  Field 
around  Propeller 

As  an  example  of  the  results  of  the  LDV 
measurements,  circumferential  variations  of 
three  components  of  the  velocities  around  the 
propeller  B  at  the  advance  coefficient  of 
J=0.70  are  shown  in  Figs. 6  -  8.  It  is  shown 
that  each  velocity  component  is  periodically 
fluctuating  with  the  blade  frequency. 

Fig. 6  shows  the  velocity  fluctuations 
measured  at  various  radial  positions  just 
upstream  of  the  propeller  (  x/ro=_0.25  ).  The 
variations  of  the  axial  and  tangential 
velocities  vx ,  vq  are  observed  at  inner  radii. 

Fig. 7  shows  the  velocity  fluctuations  at 
axial  position  of  x/ro=0.25  just  behind  the 
propeller.  The  sudden  change  of  the  radial 
velocity  component  shows  the  velocity  jump 
across  the  trailing  vortex  sheet.  The  slope  of 
the  velocity  jump  of  the  radial  component  at 
inner  radii  (  r/rQ  <  0.5  )  is  opposite  to  that 
at  outer  radii  (  r/r0  >0.8  ).  This  shows  that 
the  strength  of  the  trailing  vortex  changes 
its  sign  between  the  inner  and  outer  radii. 


8  (deg.) 


Fig. 6  Circumferential  variations  of  veloci¬ 
ties  upstream  of  propeller  B 
(  J=0.70,  x/ro=-0. 25  ) 


8  (deg.) 


Fig. 7  Circumferential  variations  of  velocities  downstream  of  propeller  B  (  J=0.70,  x/rQ=0.25 
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Propeller  B  ( x  /  r0  =  i.oo) 

_  r/ra  =  0.70 
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_  r/r0  —  0.50 


180 

1  (deg.) 


t>x/V* 


Velocity  Defect 


-%/V* 


± 


Vx/Hk 


Velocity  Jump 


270 


Fig. 8  Circumferential  variations  of  velocities  downstream  of  propeller  B  (  J-0.70,  x/rQ-1.00  ) 


Further,  this  corresponds  to  the  opposite 
slope  of  the  radial  circulation  distribution 
at  each  radius.  The  strong  variations  in  the 
radial  velocity  component  at  r/ro=0.95  seem  to 
be  due  to  strong  tip  vortices.  Therefore,  the 
tip  vortices  are  considered  to  be  located  near 
this  radius  just  behind  the  propeller.  The 
velocity  defects  in  the  axial  and  tangential 
velocity  components  observed  at  the  position 
where  the  velocity  jump  of  radial  component 
occurred  correspond  to  the  viscous  wake  of  the 
boundary  layer  on  the  propeller  blades. 

Fig. 8  shows  the  velocity  fluctuations  at 
axial  position  of  x/ro-1.00  downstream  of  the 
propeller.  Same  tendency  is  observed  on  the 
axial,  tangential  and  radial  velocity 
components.  The  velocity  defects  in  the  axial 
and  tangential  components,  however,  become 
small.  This  shows  the  diffusion  of  the  viscous 
wake  of  the  blades.  The  trailing  vortex 
sheets  are  still  observed  as  the  velocity 
jumps  of  radial  component.  The  tip  vortices 
are  considered  to  be  located  between  r/ro=0.85 
and  r/ro=0.90,  because  the  velocity  change  of 
axial  component  is  opposite  between  those  two 
radial  positions.  Same  tendency  was  observed 
for  the  other  operating  conditions  and  the 
other  propellers. 

Velocity  distributions  around  the  propel¬ 
ler  B  at  the  advanced  ratio  of  J=0.70  are 
shown  in  Fig. 9  as  the  form  of  the  equi- 
velocity  contour  curves  of  axial  component  and 
the  velocity  vectors  of  cross  components  in  a 
plan  parallel  to  the  propeller  plane.  This 


figure  is  observed  from  the  downstream  side  of 
the  propeller.  Since  the  propeller  is  right- 
handed,  the  tip  vortices  are  rotating  in  the 
anti-clockwise  direction  as  shown  in  Fig. 9. 
Radial  position  of  the  center  of  the  tip  vor¬ 
tices  moves  from  the  blade  tip  to  the  inner 
radii  along  the  downstream  direction.  This 
means  the  contraction  of  the  slipstream. 
Trailing  vortex  sheets  are  also  observed  in 
these  figures.  Angular  position  of  the  tip 
vortex  is  larger  than  that  of  the  trailing 
vortex  sheet  and  the  difference  of  the  angular 
position  is  increasing  along  the  downstream 
direction.  This  means  that  the  pitch  of  the 
tip  vortex  is  smaller  than  that  of  the  trail¬ 
ing  vortex  sheet. 

4.5  Hydrodynamic  Pitch 

Using  the  circumferentially  averaged  axial 
and  tangential  velocities  Tx ,  Vq  ,  hydrodynamic 
pitch  angle  of  the  trailing  vortex  sheets  in 
the  propeller  slipstream  can  be  calculated  by 

e.  =  t3"'1  <30) 

where 

Tx  =  mean  axial  velocity  , 

Vq  =  mean  tangential  velocity. 

Radial  distributions  of  the  hydrodynamic 
pitch  angle  just  behind  the  propeller  for 
three  kinds  of  propellers  are  shown  in  Fig. 10, 
comparing  with  the  geometrical  pitch  angles  as 
follows  : 
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Propeller  B 

x/r0  =  0.25 


Propeller  B 
X  /  To  =  2.00 


Fig.9~b  Velocity  distributions  downstream  of  propeller  B  (  J=0.70  ) 

Propeller  A  Propeller  B  Propeller  C 


Fig. 10  Comparison  of  radial  distributions  of  hydrodynamic  pitch  angle  of  propeller  slipstream 
(  Effect  of  propeller  loading  ) 


0G  -  tan1  (^)  .  (31) 

where 

P(r)  =  geometrical  pitch  distribution. 

In  spite  of  difference  of  the  operating  condi¬ 
tion  of  the  propeller,  the  hydrodynamic  pitch 
angles  3w  are  nearly  constant  and  slightly 
larger  than  the  geometrical  pitch  angles  gG. 
Same  tendency  is  kept  for  the  three  propellers 
which  are  different  in  pitch.  This  is  the 
reason  why  the  geometrical  pitch  was  intro¬ 
duced  for  the  pitch  of  the  ultimate  trailing 
vortex  wake  in  QCM  [2]. 

The  hydrodynamic  pitch  Pw  (r)  of  the 
propeller  slipstream  can  be  obtained  by 

Pw(r)  =  27rr*tan3w.  (32) 


An  example  of  radial  distributions  of  the 
hydrodynamic  pitch  of  the  slipstream  is  shown 
in  Figs. 11  -  13  for  the  propeller  B.  It  is 
known  that  the  hydrodynamic  pitch  increases  as 
the  distance  from  the  propeller  increases. 
Amount  of  increase  in  the  hydrodynamic  pitch 
becomes  larger  as  the  advance  ratio  decreases. 
This  shows  the  tendency  opposed  to  the  conven¬ 
tional  wake  model,  in  which  the  hydrodynamic 
pitch  of  the  slipstream  had  been  assumed  to  be 
proportional  to  the  advance  coefficient  [21]. 
Increase  in  the  hydrodynamic  pitch  would  be 
due  to  the  contraction  of  the  slipstream  along 
the  downstream  direction.  Pitch  of  the  tip 
vortices  is  obtained  from  the  axial  variations 
of  the  angular  positions  of  the  center  of  the 
tip  vortices  and  also  plotted  in  Figs. 11  -  13. 
Pitch  of  the  tip  vortices  is  considerably 
smaller  than  that  of  the  inboard  helical 
trailing  vortex  sheets. 
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Propeller  B 


Fig. 11  Variations  of  hydrodynamic  pitch  down 
stream  of  propeller  B  (  1=0.50  ) 


Fig. 14  A  model  of  vortex  pattern  of  propel¬ 
ler  (  from  16th  ITTC  report[28]  ) 


Propeller  B 


Fig. 15  Model  of  propeller  slipstream 


Fig. 13  Variations  of  hydrodynamic  pitch  down¬ 
stream  of  propeller  B  (  J=0.90  ) 

The  present  LDV-measurement  shows  that  the 
helical  trailing  vortex  sheets  behind  propel¬ 
ler  are  not  always  concentrated  into  a  set  of 
tip  vortices  and  a  single  hub  vortex  as  shown 
in  Fig. 14.  The  roll-up  model  of  the  trailing 
vortex  sheets  would  be  too  simplified.  In  or¬ 
der  to  construct  a  more  realistic  model  of  the 
trailing  vortex  sheets,  it  is  necessary  to 
take  into  account  the  increase  in  pitch  of  the 


inboard  helical  trailing  vortex  sheets  and  the 
decrease  in  pitch  of  the  tip  vortices  near 
outer  edge  of  the  slipstream. 

4.6  Numerical  Modeling  of  Trailing  Vortex  Sheet 

A  linear  wake  model  of  the  trailing  vor¬ 
tex  sheets  which  was  based  on  the  geometrical 
pitch  of  blades  and  ignored  the  contraction  of 
slipstream  was  used  in  the  previous  paper[20]. 
Based  on  the  measured  velocity  distributions 
of  the  propeller  slipstream,  a  new  wake  model 
of  the  helical  trailing  vortex  sheets  is 
considered.  In  the  present  study,  the  trailing 
vortex  wake  is  divided  into  two  parts,  transi¬ 
tion  wake  region  and  ultimate  wake  region  as 
shown  in  Fig. 15.  Contraction  and  variations  of 
pitch  of  the  trailing  vortex  sheets  are  con¬ 
sidered  in  the  transition  wake  region.  On  the 
other  hand,  radial  positions  and  pitch  of  the 
trailing  vortex  sheets  are  kept  constant  in 
the  ultimate  wake  region. 

Contraction  of  the  propeller  slipstream  is 
considered  at  first.  If  the  radial  interval 
from  the  hub  vortex  radius  r  =  rwh  to  the  tip 
vortex  radius  r  =  rWT  the  ultimate  wake  is 
divided  into  Nr  small  panel  strips  by  the 
cosine  spacing,  the  radii  of  each  panel  strip 
can  be  expressed  as  follows: 
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r/ r, 


Propeller  B 


x/r, 

Fig. 16  Comparison  of  contraction  of  slipstream 
linear  Wake  Model 


Fig. 17  Comparison  between  linear  and  deformed 
wake  models 


r wy  =  -|-(rwT-rwh)-~-(rwT-rwh)cosay  .  (33) 

Radial  positions  of  the  trailing  vortex  sheet 
at  the  trailing  edge  of  the  propeller  blade 
must  coincide  with  those  of  the  panel  strips 
on  the  blade  surface  given  by  Eq.(10).  Then 
variations  of  the  radial  positions  of  the 
trailing  vortex  panel  strips  in  the  transition 
wake  region  can  be  approximated  by  a  polyno¬ 
mial  expression  as 

rtp  =  ru-(rjj-r„u)-f  r(£)  ,  (34) 

where 

f'rCO  =  /£>1- 013^-1. 920£2  +  1.228£3-0.321£\ 
X~XTE 

4  XF  ~XTE  1 

xTE  =  x-coordinate  at  the  trailing  edge  of 
blade , 

xp  =  x-coordinate  of  the  point  where  the 
ultimate  wake  region  starts  . 

Based  on  the  measured  results,  the  radius 
of  the  tip  vortices  in  the  ultimate  wake 
region  can  be  expressed  as  a  function  of  slip 
ratio  s  as  follows: 


Table  3  Principal  particulars  of  DTRC  propel¬ 
ler  models 


Propeller  Number 

P.4679 

P.4718 

Diameter  of  Propeller 

610 

610 

Pitch  Ratio  at  0.7R  (mm) 

1.572 

0.888 

Expanded  Area  Ratio 

0.755 

0.440 

Bass  Ratio 

0.300 

0.300 

Number  of  Blades 

3 

3 

Blade  Thickness  Fraction 

0.099 

0.069 

Skew  Angle  (deg.) 

51 

25 

Rake  Angle  (deg.) 

0 

0 

Blade  Section 

NACA 

NACA 

Design  Advanced  Coefficient 

1.077 

0.751 

r«T/r0  =  0.887  -  0.125s,  (36) 

where 

s  =  slip  ratio  =  1  ~  J/p, 
p  =  pitch  ratio  at  0.7  radius. 

The  radius  of  the  hub  vortex  and  the  axial 
coordinate  of  the  starting  point  of  the  ul¬ 
timate  wake  are  kept  constant  as 

rwh/r0  =  0.1,  xF/rQ  =  2.0.  (37) 

Variations  of  the  radial  positions  of  the 
center  of  the  tip  vortices  calculated  by  the 
above  equations  are  shown  in  Fig *16,  comparing 
with  those  obtained  from  the  results  of  the 
flow  measurements  by  LDV.  It  can  be  said  that 
the  contraction  of  the  slipstream  is  approxi¬ 
mated  well  by  using  the  present  formulae. 

Variations  of  the  pitch  distributions  in 
the  transition  and  ultimate  wake  regions  can 
be  also  expressed  in  the  similar  manner  as  the 
contraction  of  the  propeller  slipstream.  The 
deformed  wake  model  based  on  the  measurements 
of  the  flow  field  around  the  propeller  are 
compared  with  the  conventional  linear  wake 
model  in  Fig.  17.  Large  deformation  of  the  tip 
vortices  can  be  observed  in  the  new  wake 
model,  which  is  similar  to  the  wake  model 
based  on  the  measured  wake  pitch  shown  by 
Jessup  [27 ] . 

5. NUMERICAL  EXAMPLES 

5.1  Pressure  Distribution  on  Blade 

In  order  to  evaluate  the  accuracy  and  the 
applicability  of  the  present  panel  method, 
David  Taylor  Research  Center  (  DTRC  )  propel¬ 
ler  models  P.4718  and  P.4679  were  selected, 
since  very  precise  measurements  of  blade  sur¬ 
face  pressure  were  conducted  by  Jessup[29, 30] . 
Both  propellers  are  three-bladed  and  different 
in  skew.  Principal  particulars  of  the  propel¬ 
lers  are  shown  in  Table  3. 

5-1.1  Effect  of  Iterative  Kutta  Condition 

In  the  present  calculation,  the  propeller 
blade  surface  was  divided  into  240  hyper- 
boloidal  quadrilateral  panels  per  blade 
(Nr=12,  Nc=10)  and  the  hub  surface  was  ap¬ 
proximated  by  155  panels  per  1/3  sector  for 
both  propellers.  Panel  arrangements  of  the 
propellers  are  illustrated  in  Fig. 18. 
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DTRC  P.4679  (Upstream  View)  DTRC  P.471 8  (Upstream  View) 


Fig. 18  Panel  arrangements  for  DTRC  propeller  models 


— a —  fjrst  Solution 
— o —  Second  &  Third  Iterative  Solutions 


Fig. 19  Comparison  of  chordwise  pressure 
distributions  at  0.7  radius 
(  effect  of  Kutta  condition  ) 

The  chordwise  pressure  distributions  on 
the  blade  at  0.7  radius  were  calculated  at 
several  steps  of  the  iterative  Kutta  condi¬ 
tion.  Fig. 19  shows  comparison  between  the 
first,  second  and  third  solutions.  The  first 
solution  which  corresponds  to  the  application 
of  the  Morino  Kutta  condition  gives  large  dis¬ 
crepancy  of  the  pressure  on  the  upper  and 
lower  sides  at  the  trailing  edge,  while  the 
second  and  third  solutions  give  almost  equal 
pressure  at  the  trailing  edge  by  the  applica¬ 
tion  of  the  iterative  Kutta  condition.  It  can 
be  pointed  out  that  the  convergence  of  the 
present  iterative  Kutta  condition  is  very  fast. 


— □ —  NC  =  6 
— a —  NC  =  10 
- o -  NC  =  14 


Fig. 20  Comparison  of  chordwise  pressure 
distributions  at  0.7  radius 
(  effect  of  panel  size  ) 

5.1.2  Effect  of  Panel  Size 

Comparative  calculations  for  three  kinds 
of  discretized  models  were  conducted  to  inves¬ 
tigate  the  effect  of  panel  size.  The  propeller 
blade  was  replaced  with  144  (Nc  =6),  240 
(Nc=10),  and  336  (Nc=14)  panels  per  blade 
respectively  and  the  hub  was  approximated  by 
125,  155,  and  185  panels  per  1/3  sector 

respectively . 

The  chordwise  pressure  distribution  at  0.7 
radius  were  also  calculated  and  compared  as 
shown  in  Fig. 20.  Results  of  Nc=6  are  fairly 
different  from  those  of  Nc  =10  and  14.  There 
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-  Panel  Method 

with  Hub 

- Panel  Method  o  a  Experiment 

without  Hub  (Jessup) 


Fig. 21  Comparison  of  chordwise  pressure 

distributions  with  and  without  a  hub 
for  DTRC  P4679 

is,  however,  not  so  large  discrepancy  of  the 
calculated  pressure  between  the  Nc=10  and 
Nc=14,  except  at  the  leading  edge. 

5.1.3  Comparison  with  Experimental  Data 

The  discretized  models  with  240  blade 
panels  and  155  hub  panels  were  used  in  the 
following  comparison.  The  pressure  distribu¬ 
tions  of  the  blades  at  0.5,  0.7,  and  0.9  radii 
were  calculated  with  and  without  a  hub  to  in¬ 
vestigate  the  hub  effect.  In  the  case  without 
the  hub,  end  plate  panels  are  attached  to  the 
inner  blade  panels  in  order  to  compose  a 
closed  surface.  The  calculated  results  were 
compared  with  experiments  as  shown  in  Figs. 21 
and  22.  They  show  good  agreement  between  the 
calculation  with  the  hub  and  the  experiments 
for  the  both  propellers.  On  the  other  hand, 
the  calculation  without  the  hub  underestimates 
the  pressure  especially  at  inner  radii,  where 
the  hub  effect  is  expected  to  be  large. 


-  Panel  Method 

with  Hub 

- Panel  Method  o  a  Experiment 

without  Hub  (Jessup) 


Fig. 22  Comparison  of  chordwise  pressure 

distributions  with  and  without  a  hub 
for  DTRC  P4718 

5.2  Field  Point  Velocity 

In  order  to  evaluate  the  accuracy  of  the 
present  panel  method,  flow  fields  around 
propeller  were  calculated  for  both  the  linear 
wake  and  the  deformed  wake  models  and  compared 
with  the  measurements  by  LDV .  Each  of  the 
three  propeller  models  A,  B  and  C  is  replaced 
with  240  panels  per  blade  (Nr  =12,  Nc=10)  and 
84  hub  panels  per  1/5  sector  (3  rows). 

Comparison  of  the  two  calculated  velocity 
distributions  with  the  measured  ones  in  the 
upstream  and  downstream  of  the  propeller  B  is 
shown  in  Figs. 23  and  24  as  the  form  of  equi- 
velocity  contour  curves  and  shown  in  Fig. 25  as 
the  velocity  vectors  in  a  plane  parallel  to 
the  propeller  plane.  Both  calculation  results 
of  the  axial  velocity  vx  agree  well  with  the 
measurements  in  the  upstream  of  the  propeller. 
On  the  other  hand,  agreement  between  the  cal¬ 
culations  and  the  measurements  of  the  veloci¬ 
ties  is  better  for  the  deformed  wake  model 
than  for  the  linear  wake  model  in  the  down¬ 
stream  of  the  propeller. 
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!5 


Measured  by  LDV 


Calculation  with  Deformed  Wake 


Calculation  with  Unear  Wake 


Fig. 23  Comparison  of  axial  components  of  velocities  upstream  of  propeller  B 

(  J=0. 70,  x/r  =-0.25  ) 


Measured  by  LDV 


x/Td  =  0.50 

Calculation  with  Deformed  Wake 


Calculation  with  Unear  Wake 


Fig. 24  Comparison  of  axial  components  of  velocities  downstream  of  propeller  B 

(  J-O.70,  x/r  =0.50  ) 


Measured  by  LDV 
z 


X/To  =  0.50 

Calculation  with  Deformed  Wake 


Calculation  with  Linear  Wake 
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Fig. 25  Comparison  of  cross  components  of  velocities  downstream  of  propeller  B 

(  JO. 70,  x/r  0.50  ) 


Propeller  B  (J  =  o.70)- 


0  Measured  by  LDV 
•  Calculation  with 
Deformed  Wake 


0.0  1.0  2.0  Z'x/Vi  *  Calculation  with 


x/f# 


Fig. 26  Comparison  of  circumferentially  aver¬ 
aged  velocities  for  propeller  B 


Radial  distributions  of  the  circumferen¬ 
tially  averaged  velocities  calculated  by  the 
present  method  are  compared  with  the  measure¬ 
ments  for  the  propeller  model  B.  Calculated 
results  using  the  linear  wake  model  are  also 
shown  in  Fig. 26.  The  agreement  between  the 
calculations  and  the  measurements  is  generally 
good.  There  is,  however,  disagreements  in  the 
axial  velocities  at  outer  radii  for  the  cal¬ 
culations  with  the  linear  wake  model.  It  can 
be  said  that  close  agreement  between  the  cal¬ 
culations  and  the  measurements  is  due  to  the 
consideration  of  both  the  contraction  of  the 
propeller  slipstream  and  the  variation  of 
pitch  of  the  trailing  vortex  sheets  in  the 
present  calculation. 

5.3  Open-Water  Characteristics 

The  open-water  characteristics  of  the 
three  kinds  of  propellers  calculated  by  the 
present  panel  method  with  the  deformed  wake 
model  are  shown  in  Figs. 27  -  29,  comparing 
with  the  experiments  and  the  calculations  by 
the  previous  panel  method  with  the  linear  wake 
model  [20].  The  present  panel  method  gives 
slightly  lower  values  of  thrust  and  torque 
than  the  previous  panel  method.  This  dif¬ 
ference  would  be  due  to  the  effect  of  the  con¬ 
traction  and  the  pitch  variations  of  the 
trailing  vortex  sheets  considered  in  the 
present  panel  method.  It  can  be  said  that  the 
open-water  characteristics  of  propeller  calcu¬ 
lated  by  the  present  panel  method  with  the 
deformed  wake  model  are  also  in  good  agreement 
with  the  experimental  data. 


Panel  Method  with  Deformed  Wake 
Panel  Method  with  Linear  Wake 
Experiment 


Fig. 27  Comparison  of  open-water  characteris¬ 
tics  of  propeller  A 


Panel  Method  with  Deformed  Wake 


Panel  Method  with  Linear  Wake 
Experiment 


Fig. 28  Comparison  of  open-water  characteris¬ 
tics  of  propeller  B 


Panel  Method  with  Deformed  Wake 
Panel  Method  with  Linear  Wake 
Experiment 


Fig. 29  Comparison  of  open-water  characteris 
tics  of  propeller  C 
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6.  CONCLUDING  REMARKS 

A  surface  panel  method  to  analyze  the 
hydrodynamic  properties  of  a  propeller  operat¬ 
ing  in  a  uniform  flow  was  presented.  Further, 
flow  fields  around  three  propeller  models  were 
investigated  precisely  by  using  a  3-component 
LDV.  Based  on  the  measured  velocity  distribu¬ 
tions  of  the  slipstream,  a  deformed  wake  model 
of  the  helical  trailing  vortex  sheets  behind 
propeller  was  proposed.  Comparison  of  the  cal¬ 
culations  by  the  present  panel  method  with  the 
measurements  led  the  following  conclusions: 

(1)  Convergence  of  the  iterative  Kutta  condi¬ 
tion  used  in  the  present  method  is  remarka¬ 
bly  fast. 

(2)  The  present  panel  method  can  predict  blade 
pressure  distributions  precisely,  especially 
at  the  inner  radii  where  the  thickness  and 
hub  effects  are  large. 

(3)  Three-dimensional  flow  field  around  a 
propeller  can  be  predicted  by  the  present 
panel  method  with  reasonable  accuracy. 

(4)  Open-water  characteristics  of  propeller 
calculated  by  the  present  panel  method  with 
the  deformed  wake  model  are  also  in  good 
agreement  with  experimental  data. 
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APPENDIX 

Equal  Pressure  Kutta  Condition 

The  so-called  Kutta  condition  is  a  physi¬ 
cal  condition  that  the  velocity  at  the  trail¬ 
ing  edge  of  the  blade  should  be  finite.  This 
physical  Kutta  condition  cannot  be  applied 
directly  to  a  general  numerical  procedure. 
Therefore,  three  forms  of  numerical  Kutta  con¬ 
dition  for  three-dimensional  lifting  bodies 
were  proposed  by  Hess  as  follows  (Ref. 5,  p.36): 

(a)  A  stream  surface  of  the  flow  leaves  the 
trailing  edge  with  a  direction  that  is 
known,  or  at  least  can  be  approximated. 


(b)  As  the  trailing  edge  is  approached,  the 
surface  pressures  (  velocity  magnitudes  )  on 
the  upper  and  lower  surfaces  have  a  common 
limit. 

(c)  The  source  density  at  the  trailing  edge  is 
zero. 

Morino  introduced  an  approximate  Kutta 
condition  that  the  strength  of  the  doublet  in 
the  wake  surface  is  equal  to  the  difference  in 
the  value  of  the  doublet  strength  of  the  upper 
and  lower  panels  adjacent  to  the  trailing 
edge[6,  7].  This  can  be  expressed  as 


A<j>  =  A<(>te.  (38) 

However,  this  form  of  the  Kutta  condition  was 
found  to  contain  a  fundamental  error  when  the 
free  stream  from  the  trailing  edge  had  a  cross 
flow  component  as  pointed  out  by  Kerwin  et  al. 
[19]  and  the  present  author  [20].  Therefore, 
in  the  present  study  the  Kutta  condition  (b) 
is  employed,  where  the  pressure  is  same  at  the 
two  control  points  of  the  upper  and  lower 
panels  adjacent  to  the  trailing  edge.  The 
equal  pressure  Kutta  condition  becomes  non¬ 
linear  function  with  respect  to  the  unknown 
potential  (j)  and  cannot  be  solved  directly. 
Ling  et  al.  [13]  introduced  Simplex  method  to 
satisfy  the  equal  pressure  Kutta  condition 
iteratively.  However,  that  method  takes  many 
iterative  calculations  for  obtaining  a  conver¬ 
gent  solution  in  general.  A  Newton-Raphson 
iterative  procedure  is,  therefore,  adopted  in 
the  present  method  for  faster  convergence. 

The  equal  pressure  Kutta  condition  will  be 
applied  to  determine  the  unknown  Acj)j  of  the 
doublet  strength  in  the  wake  surface.  In  the 
numerical  calculation,  the  Kutta  condition 
that  the  pressure  difference  at  the  control 
points  on  the  upper  and  lower  blade  panels  ad¬ 
jacent  to  the  trailing  edge  should  be  zero  can 
be  expressed  as 

APi  =  P+TE (R i )~P-TE (pi )  ~  0  (39) 


for  i  =  1 , 2, * • ’ ,Nr 9 


where  subscript  TE  indicates  the  value  at  the 
control  point  of  each  panel  adjacent  to  the 
trailing  edge.  If  we  define  the  derivative 


9(APi) 


(40) 


3(  A<t>j )  * 

Eq.(39)  can  be  solved  iteratively  by  solving 
the  following  sets  of  linear  equations. 
Namely,  using  the  values  of  A4>j(m)  andAPj(m) 
at  the  m-th  step,  the  equation  tor  the  next 
step  solution  A<]>j ( m  +  n  can  be  derived  from 
Eq . (40)  as 

. . < m i  A  (m )  (41) 

-A(j)j  ]  =  -APi 


3  r  ( m+1 ) 

^  Ai  j  CA4> j 
for  i  =  1,2,3,  ‘ "  *  ,Nr. 


The  above  process  is  repeated  until  the  value 
of  the  pressure  difference  Api(m } becomes  zero 
within  the  desired  accuracy.  The  initial 
guess  of  the  solution  A(|>j ( 1  )  was  obtained  by 
applying  the  Morino  Kutta  condition  given  by 
Eq . (38) . 
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DISCUSSION 

Jinzhang  Feng 

Pennsylvania  State  University,  USA  (China) 

1 .  Numerical  prediction  of  a  propeller  wake  is  very  difficult  because 
it  demands  an  adequate  representation  of  the  deformed  wake  vortex. 
With  the  experience  the  author  has,  would  he  comment  on  the 
feasibility  of  using  an  empirical  model  with  a  few  open  parameters, 
such  as  the  one  proposed  in  Eq.  (33)  to  predict  the  flow  field  behind 
the  propeller? 

2.  In  both  Figures  21  and  22,  the  hub  effect  on  pressure  distribution 
at  sections  r/r0  >  0.5  is  larger  than  expected.  Usually  one  would 
assume  the  hub  effect  is  very  much  confined  to  r/rQ  <0.5  region  and 
to  a  less  extent.  Is  this  because  in  his  computation  the  author  used 
a  conical  cap  proceeding  the  propeller  disk  to  close  the  hub? 

AUTHORS’  REPLY 

(1)  The  present  empirical  wake  model  was  based  on  the  LDV- 
measurements  of  slipstream  for  a  few  propellers  and  therefore 
applicability  of  the  wake  model  would  be  limited.  Further 
measurements  and/or  calculations  of  propeller  slipstream  for  various 
propellers  would  be  indispensable  to  construct  more  general  wake 
model.  (2)  A  conical  cap  proceeding  the  propeller  was  not  only  used 
in  the  calculations  but  also  in  the  measurements  of  pressure 
distributions  and  the  measurements  were  conducted  under  the  same 
condition.  The  reason  why  the  hub  effect  on  the  pressure  distribution 
is  larger  than  expected  would  be  large  hub  to  diameter  ratio  for  the 
controllable  pitch  propeller. 

DISCUSSION 

Gun  iL  Choi 

Hyundai  Heavy  Industries  Co.,  Ltd,  Korea 

According  to  your  expression  the  contraction  of  the  propeller 
slipstream  in  the  ultimate  wake  region  is  obtained  as  follows: 

for  the  case  of  neglecting  slip  ratio  rwT/r<>  =  0.887 
for  the  case  of  J  =  0  rwT/ro  “  0.762 

The  above  calculations  indicate  that  the  contraction  of  slipstream  in 
the  lightly  loaded  propeller  will  be  more  than  10%  which  is  difficult 
to  understand. 

AUTHORS’  REPLY 

In  reply  to  the  question  by  Mr.  Choi,  according  to  the  momentum 
theory,  the  radius  of  propeller  slipstream  is  expressed  as  follows: 

rwX  =1.0  for  the  case  of  slip  ratio  =  0.0 
rwT  =  0.707  for  the  case  of  slip  ratio  =1.0 

The  above  values  are  different  from  those  obtained  by  Eq.  (36) 
because  of  extreme  off-design  conditions  of  the  propeller,  however, 
the  tip  radius  given  by  Eq.  (36)  is  close  to  the  measured  one  as 
shown  in  Fig.  16. 


DISCUSSION 

William  B,  Morgan 

David  Taylor  Research  Center,  USA 

The  author  draws  the  conclusion  that  his  panel  method  with  his 
deformed  wake  model  is  in  good  agreement  with  experimental  data. 
However,  the  data  given  in  Figs.  27  through  29  would  indicate  that 
there  would  be  little  improvement  with  the  deformed  wake  model. 
Does  the  author  have  any  comment?  Also,  the  deformed  wake  model 
is  apparently  based  on  measurements.  Did  the  author  try  to  base  the 
wake  model  on  calculated  deformed  wake?  It  would  appear  that  even 
a  lifting  line  model  could  be  used  to  calculate  the  deformed  wake. 
Also,  in  Figure  16,  how  much  did  the  contraction  of  the  slipstream 
deviate  from  a  momentum  theory  analysis? 

AUTHORS’  REPLY 

(1)  The  effect  of  wake  model  on  the  integrated  values  of  pressure 
distribution  over  the  surface  such  as  thrust  and  torque  of  a  propeller 
would  be  small  but  the  flow  fields  around  propeller  especially  in 
slipstream  were  greatly  affected  by  wake  model  as  shown  in  Figs.  23- 
25.  Therefore,  wake  model  would  become  important  in  solving  the 
interaction  problem  between  two  propulsors  such  as  counter-rotating 
propellers.  (2)  Amount  of  contraction  or  hydrodynamic  pitch  of 
slipstream  in  the  ultimate  wake  region  would  be  calculated  by  a 
momentum  theory  or  a  lifting-line  theory.  However,  variations  of  the 
radial  positions  and  the  pitch  distributions  of  the  trailing  vortices  in 
the  transition  wake  region  would  be  too  difficult  to  be  estimated  by 
numerical  calculations  only.  Therefore,  a  deformed  wake  model 
based  on  LDV-measurement  was  proposed  in  the  present  paper. 

DISCUSSION 

Wolfgang  Faller 

Sulzer-Escher  Wyss  GambH  Ravensburg,  Germany 

On  Fig.  24  of  your  paper  you  show  calculated  velocities  in  the  tip 
vortex  regions.  Does  your  method  provide  pressure  values  in  these 
regions  also  and/or  have  you  compared  these  pressures  to  tip  vortex 
cavitation  data  obtained  from  your  experiments? 

AUTHORS’  REPLY 

I  have  never  compared  the  calculated  pressure  with  the  results  of 
observation  of  tip  vortex  cavitation  because  the  present  panel  method 
could  not  calculate  the  pressure  inside  the  tip  vortex.  Viscous  effect 
would  be  dominant  for  the  inception  of  tip  vortex  cavitation  and 
therefore  must  be  considered  in  the  calculation  method  to  estimate  the 
tip  vortex  cavitation. 
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DISCUSSION 

Kuniharu  Nakatake 
Kyushu  University,  Japan 

I  admire  your  elaborate  experimental  work  and  calculations.  I  have 
two  questions:  (1)  Do  you  have  any  explanation  about  the  smaller 
pitch  of  tip  vortices?  (2)  Even  your  modified  wake  model  does  not 
express  the  hub  vortex.  Do  you  have  any  idea? 

AUTHORS’  REPLY 

(1)  The  smaller  pitch  of  tip  vortices  would  be  due  to  the  strong 
induced  velocities  by  the  strong  tip  vortices  themselves.  (2)  A  wake 
model  including  the  hub  vortex  were  considered,  in  which  the  hub 
vortex  started  from  the  end  of  hub  surface  as  shown  in  Fig.  A. 
However,  propeller  characteristics  were  not  so  affected  by 
consideration  of  the  hub  vortex.  Precise  measurement  of  flow  fields 
around  a  hub  vortex  would  be  indispensable  to  construct  a  more 
realistic  hub  vortex  model. 


DISCUSSION 
Shi-Tang  Dong 

China  Ship  Scientific  Research  Center,  China 

Congratulate  on  author’s  excellent  work.  I  would  like  to  ask  two 
questions:  (1)  You  calculate  the  total  forces  acting  on  the  propeller 
by  integrating  the  pressure  distribution  on  the  blade  surface.  How  do 
you  ensure  the  accuracy  in  calculating  the  force  acting  on  the  nose 
region  of  the  leading  edge  of  the  blade  section  especially  at  off  design 
condition  since  the  direction  of  surface  normal  changes  rapidly  and 
the  shape  is  rather  thin  and  sharp  at  the  leading  edge,  and  there  exists 
pressure  peak  there  at  off-design  condition?  (2)  Have  you  any  special 
consideration  in  arranging  the  panels  at  the  tip  region  for  highly 
skewed  propeller?  Thank  you. 

AUTHORS’  REPLY 

First  of  all,  I  would  like  to  thank  all  discussers  for  their  interest  and 
their  stimulating  comments  on  my  paper.  In  reply  to  the  questions 
by  Prof.  Dong:  (1)  As  Prof.  Dong  pointed  out,  the  direction  of 
surface  normal  and  the  surface  pressure  change  rapidly  at  the  leading 
edge.  Therefore,  the  cosine  spacing  was  adopted  for  the  chordwise 
spacing  of  the  blade  panels,  which  concentrated  the  panels  at  the 
leading  edge.  Then  the  number  of  chordwise  divisions  Nc  =  10  or  14 
was  enough  for  calculating  the  force  acting  on  the  blade  as  shown  in 
Fig.  22.  (2)  Twisting  of  the  panel  becomes  large  at  the  tip  region 
especially  for  tip  unloaded  and  highly  skewed  propeller.  Therefore, 
the  cosine  spacing  was  also  used  for  the  radial  spacing  to  concentrate 
the  panels  at  the  tip  region. 
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Cavity  Thickness  on  Rotating  Propeller  Blades  - 
Measurements  by  Two  Laser  Beams 

H.D.  Stinzing  (VWS,  Berlin  Model  Basin,  Germany) 


ABSTRACT 

A  prediction  of  propeller-induced 
vibratory  hull  pressures  needs  compu¬ 
tation  of  the  cavity  volume,  which  de¬ 
pends  on  blade  geometry  and  operating 
conditions  of  the  propeller.  In  order 
to  verify  or,  if  necessary,  to  improve 
the  theoretical  model  developed  by  the 
Hamburg  Ship  Model  Basin  (HSVA) ,  meas¬ 
urements  of  thickness  and  extension  of 
the  blade  cavitation  at  two  propeller 
models  of  different  blade  geometry 
were  executed  by  a  laser  technique, 
and  the  results  were  compared  with 
those  following  from  computations. 

Extensive  preliminary  studies  for 
optimizing  the  laser  technique  were 
necessary  in  order  to  develop  a  pre¬ 
cise  and  easily  applicable  method.  The 
essential  feature  of  the  new  procedure 
is  the  use  of  two  laser  beams  of 
constant  intensity  intersecting  at  the 
surfaces  of  the  cavity  and  of  the  pro¬ 
peller  blades,  resp. 

INTRODUCTION 

As  a  result  of  the  efforts  to  in¬ 
crease  the  delivered  power  of  ship 
propellers,  to  build  lighter  hulls  and 
to  use  propellers  with  larger  diam¬ 
eters  ship  hull  vibrations  are  an 
increasing  problem.  These  vibrations 
are  mainly  caused  by  forces  acting  on 
the  propeller.  The  non-uniform  wake 
field  of  the  ship  results  in  period¬ 
ically  changing  load  of  the  propeller 
blades  which  affects  the  hull  through 
the  propeller  shaft.  In  addition,  the 
propeller  produces  pressure  fluctu¬ 
ations  which  are  transferred  to  the 
hull  through  the  water. 

An  essential  reason  for  the  pro¬ 
peller-induced  pressure  fluctuations 
is  the  nonsteady  propeller  cavitation. 
The  extension  and  the  thickness  of  the 
cavity  on  a  propeller  blade  vary  ac¬ 
cording  to  the  blade  position  and  the 


operating  conditions  of  the  propeller. 
These  volume  variations  cause  pressure 
fluctuations  and  thereby  vibrations  at 
the  afterbody. 

The  prediction  of  such  propeller- 
induced  pressure  fluctuations  thus  re¬ 
quires  the  calculation  of  the  cavity 
volume.  For  this  the  Hamburg  Ship 
Model  Basin  (HSVA)  has  developed  a 
theoretical  model  that  had  to  be  con¬ 
firmed  and,  if  necessary,  improved  by 
measurements  executed  by  the  Berlin 
Model  Basin  (VWS) . 

The  aim  of  the  investigations 
discussed  below  was  to  provide  a  meth¬ 
od  to  measure  the  cavity  thickness  on 
rotating  propeller  blades  by  using  the 
advantages  of  laser  light  and  to  apply 
this  technique  to  two  different  pro¬ 
peller  models  operated  in  the  small 
cavitation  tunnel  of  the  VWS.  The  re¬ 
sults  had  to  be  compared  with  calcu¬ 
lations  made  by  the  HSVA. 

MEASURING  TECHNIQUES 

Basic  Methods 

The  simplest  methods  to  "measure" 
the  cavity  thickness  are  visual  ob¬ 
servation  or  simple  photographs  taken 
at  stroboscopic  illumination  of  the 
propeller.  Both  provide  useful  infor¬ 
mation  about  the  shape  of  the  cavity, 
its  thickness,  however,  can  only  be 
roughly  estimated. 

Slightly  more  accurate  results 
are  achieved  by  stereo-photogrammetry 
which  gives  the  three-dimensional 
shape  of  the  cavity.  This  technique, 
however,  still  may  produce  errors  as 
high  as  100  percent  (1)  .  Another  dis¬ 
advantage  is  the  troublesome  eval¬ 
uation  of  stereo-photographs. 

The  pin-gauge  method  uses  stream¬ 
lined,  scaled  pins  normally  fixed  to 
the  blade  surface  (2)  .  They  allow  an 
easy  estimation  of  the  cavity  thick¬ 
ness.  But  great  disadvantages  of 
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this  method  result  from  the  dis¬ 
turbance  of  the  flow  around  the  blades 
and  from  cavitation  that  may  be  pro¬ 
duced  by  the  pins  themselves. 

The  final  breakthrough  in  cavity 
thickness  measurement  was  achieved  by 
the  use  of  lasers  utilizing  the  strong 
beaming  and  the  high  intensity  of 
their  light.  The  basic  idea  of  this 
technique  was  to  measure  the  distance 
between  the  light  spots  that  appear 
where  the  laser  beam  hits  the  surfaces 
of  the  blade  and  the  cavity,  resp.  To 
make  those  spots  as  small  as  possible 
the  beam  has  to  be  pulsated  like  a 
stroboscope.  These  pulsations  are  gen¬ 
erated  by  means  of  an  acousto-optic  or 
electro-optic  modulator,  triggered  by 
the  propeller  shaft.  In  case  of  an 
acousto-optic  modulator,  which  has  the 
same  effect  as  an  optical  grating,  for 
the  selection  of  the  1st  order  beam  a 
pinhole  has  to  be  attached  in  front. 
By  using  an  electro-optic  modulator, 
which  rotates  the  plane  of  polar¬ 
ization  of  the  laser  light,  a  polariz¬ 
er  is  needed  additionally. 

If  a  single  laser  beam  is  used  to 
measure  the  cavity  thickness,  a  sight 
device  is  necessary  to  define  the 
measuring  direction  (3).  By  means  of 
this  device  a  vertical  virtual  plane 
containing  the  measuring  direction  is 
selected,  while  the  laser  beam  enters 
the  tunnel  horizontally.  In  order  to 
hit  the  cavity  where  the  measuring  di¬ 
rection  penetrates  the  cavity  surface, 
the  laser  beam,  which  initially  is  po¬ 
sitioned  on  the  blade  surface,  has  to 
be  shifted  parallel  with  the  propeller 
shaft.  The  cavity  thickness  then  fol¬ 
lows  from  the  shift  with  regard  to  the 
measuring  direction  and  the  blade  ge¬ 
ometry  (Fig . 1 > . 

In  the  beginning  of  a  measurement 
the  laser  beam,  entering  the  tunnel 
horizontally  and  normally  to  the  pro¬ 
peller  shaft,  is  adjusted  to  the  meas¬ 
uring  point  on  the  blade  surface  while 
the  tunnel  pressure  is  high,  i.e. 
while  the  propeller  is  not  cavitating. 
Then  the  measuring  direction  is  de¬ 
fined  by  means  of  the  sight  device  and 
the  tunnel  pressure  is  reduced  accord¬ 
ing  to  the  desired  cavitation  number. 
Finally  the  laser  is  shifted  as  far  as 
the  light  spot,  that  is  visible  on  the 
cavity  surface,  lies  in  the  measuring 
direction. 

In  the  past  useful  results  were 
obtained  by  this  method.  That's  why  it 
served  as  a  basis  for  the  investiga¬ 
tions  within  the  scope  of  our  proj¬ 
ect. 

Another  technique  to  measure  the 
cavity  thickness  by  means  of  laser 
light  is  to  use  two  convergent  and 
synchronously  pulsated  laser  beams  in¬ 
tersecting  in  a  point.  The  beam  inter¬ 
section  first  is  positioned  in  the 


Fig.1  Cavity  thickness  measurement  according 
to  Ukon,Y.  and  Kurobe,Y.(3) 


measuring  point  on  the  blade  surface 
when  the  propeller  is  not  cavitating. 
The  cavity  thickness  there  is  then 
calculated  from  the  distance  of  the 
two  light  spots  observable  on  the  cav¬ 
ity  surface,  when  the  propeller  is 
cavitating.  This  method  has  been  suc¬ 
cessfully  applied  on  large  ships  (4) . 

Method  Applied  By  The  VWS 

Due  to  the  good  results  obtained 
with  a  single  pulsated  laser  beam  in 
Japan,  that  technique  initially  was 
selected  to  be  used  at  VWS,  too.  To  re¬ 
examine  the  measuring  principle,  the 
beam  of  a  He-Ne  laser  of  5  mW  power 
was  electro-optically  modulated  using 
a  Pockels-cell  and  a  Glan-Taylor  po¬ 
larizer  attached  in  front  of  it.  All 
the  components  were  mounted  on  an  op¬ 
tical  bench  that  was  fixed  to  a  tube 
stand.  So  the  laser  beam  could  be 
freely  directed  towards  the  propeller 
in  the  cavitation  tunnel.  The  250  V 
pulses  required  to  control  the 
Pockels-cell,  were  supplied  by  a  spe¬ 
cial  video  amplifier  that  on  his  part 
was  controlled  by  a  pulse  generator 
triggered  by  the  propeller  shaft.  The 
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pulse  generator  could  produce  square- 
wave  pulses  of  any  duty  factor. 

Preliminary  tests  showed  that  not 
nearly  all  positions  on  the  back  of 
the  propeller  can  be  reached  by  a 
laser  beam  directed  normally  to  the 
tunnel  window.  That  is  because  of  the 
limited  height  of  the  windows  as  well 
as  the  geometry  of  the  propeller. 
That's  why  an  inclined  laser  beam  must 
be  used  inspite  of  a  number  of 
disadvantages:  Since  the  tunnel  window 
is  not  a  coated  optical  glass  but 
simple  perspex,  the  reflection  losses 
at  the  outer  surface  may  be  quite 
high.  Moreover,  the  inclined  beam  is 
refracted  in  the  window  as  well  as  in 
the  tunnel  water  so  that  the  direction 
in  which  it  strikes  the  propeller  is 
unknown.  This  means  that  the  cavity 
thickness  can  no  longer  be  calculated 
from  the  laser  shift  as  described 
above,  but  has  to  be  measured  as  the 
direct  distance  of  the  light  spots, 
using  a  glass  scale  for  instance.  This 
technique  is  more  complicated. 

A  further  result  of  the  prelim¬ 
inary  tests  was  that,  even  at  90° 
angle  of  incidence,  a  laser  power  of 
only  5  mW  is  too  low.  Especially  in 
the  case  of  a  smooth  cavity  surface  it 
is  difficult  and  over  and  above  it 
often  impossible  to  recognize  the 
light  spot  generated  by  such  a  weak 
laser.  In  addition,  since  long  light 
pulses  are  perceived  as  lines  on  the 
blade  or  the  cavity  surface  the  de¬ 
sired  punctiform  illumination  requires 
very  short  pulses  (approx.  50  ps) 
which  complicates  the  visual  obser¬ 
vation.  Finally,  the  intensity  losses 
in  the  tunnel  water,  mainly  caused  by 
air  bubbles,  have  to  be  taken  into  ac¬ 
count,  too. 

The  results  of  the  preliminary 
tests  called  for  another  measuring 
principle  and  in  addition  for  the  in¬ 
stallation  of  a  more  powerful  laser. 
Because  of  the  considerably  larger  di¬ 
mensions  of  the  35  mW  He-Ne  laser 
presently  used  in  the  VWS  and  the  very 
restricted  space  on  the  portside  of 
the  VWS  cavitation  tunnel  it  became 
necessary  to  install  the  laser  away 
and  to  transport  its  light  to  the 
measuring  point  through  an  optical 
fiber.  That  means  that  now,  instead 
of  the  laser,  only  the  much  smaller 
and  lighter  fiber  positioner  had  to  be 
shifted.  However,  substantial  losses 
in  light  intensity,  mainly  caused  by 
the  coupling  into  the  optical  fiber 
(monomode  with  a  3  pm  core) ,  are 
disadvantageous . 

The  preliminary  tests  have  shown 
that  the  laser  beam  always  can  be  ob¬ 
served  clearly  and  sharp-edged  where 
it  is  crossed  by  the  propeller  blades 
and  thus  strikes  the  solid  blade 
surface  -  provided  that  adequately 


long  light  pulses  are  used.  This  led 
to  the  idea  to  use  two  permanent  laser 
beams  intersecting  in  one  point,  in¬ 
stead  of  a  single  pulsated  beam,  and 
to  utilize  the  beam  intersection, 
which  in  the  interesting  propeller 
regions  always  can  be  clearly  seen,  as 
a  pointer  tip.  If  this  pointer  tip  is 
moved  parallel  with  the  propeller 
shaft  from  a  position  on  the  propeller 
blade  to  the  cavity  surface,  the  cav¬ 
ity  thickness  in  this  direction  is  ob¬ 
tained  directly  from  that  shift.  The 
decisive  advantage  of  this  method  is 
the  existence  of  a  defined  measuring 
direction  independent  on  the  direction 
of  the  laser  beams. 

A  precondition  for  the  posi¬ 
tioning  of  the  beam  intersection  point 
is  the  visual  fixation  of  the  pro¬ 
peller  by  additional  stroboscopic  il¬ 
lumination.  One  can  always  adjust  the 
intensity  of  the  stroboscope  flashes 
so  that  the  laser  light  is  not  out¬ 
shined,  simply  by  adequate  covering  of 
the  reflector. 

Using  a  stroboscope  has  the  fur¬ 
ther  advantage  that  the  complete 
three-dimensional  shape  of  the  cavity 
can  be  observed  while  it  is  measured. 
This  is  important  especially  when 
measurements  have  to  be  made  in  crit¬ 
ical  regions,  namely  near  to  the 
leading  edge  of  the  blade  or  under  the 
bulge  of  the  cavity  close  to  the 
trailing  edge  or  when  bubbles  com¬ 
plicate  the  observation  of  the  cavity 
surface . 

MEASUREMENTS  AND  RESULTS 
Measurements 

The  measurements  were  performed  with 
models  of  the  six-bladed  "Hongkong- 
Express”  propeller  (HSVA  No.  2076, 
211.11  mm  diameter)  and  the  five- 
bladed  "Sydney-Express"  propeller 
(HSVA  No.  2054,  200.00  mm  diameter). 
The  axial  velocities  adjusted  by  means 
of  sieves  are  shown  in  Figs. 2  and  3. 

To  define  the  measuring  points 
the  suction  sides  of  the  two  measuring 
bades  (in  both  cases  blade  No.  1)  have 
been  provided  with  rasters  by  polar 
coordinates  consisting  of  circular 
arcs  spaced  in  equidistances  of  0.02  R 
(where  R  designates  the  propeller  ra¬ 
dius)  and  with  radii  every  2°  (Fig. 4). 
This  raster  was  definitely  fixed  by 
the  point  given  by  half  the  chord 
length  of  the  0.7  R  arc.  The  radius 
going  through  this  point  was  also  used 
to  define  the  blade  position. 

In  order  to  obtain  realistic 
measuring  conditions  for  the  models 
data  of  the  ships  served  as  a  basis. 
These  are  the  ship  velocity  vs=22.5 
kn,  the  rate  of  revolutions  n=92  min- 1 
and  the  torque  Q=2,750  kNm  for  the 
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Fig. 2  Axial  inflow  of  propeller  No.  HSVA  2076 


Fig. 3  Axial  inflow  of  propeller  No.  HSVA  2054 


"Hongkong  Express"  and  vs =22.0  kn, 
n=110  min”1  and  Q=2,000  kNm  for  the 
"Sydney  Express".  These  values  give 
the  torque  coefficients  Kq =0.045  and 
Kq  =  0 . 035 ,  resp. ,  and  from  the  open 
water  diagrams  result  the  thrust 
coefficients  Kt=0.250  and  Kt=0.215, 
resp . 

To  define  the  caviation  numbers  a 
depth  of  the  propeller  shafts  of  7.0  m 
for  the  "Hongkong  Express"  and  6.7  m 
for  the  "Sydney  Express"  were  assumed. 
Thus  the  propeller  diameters  of  7.6  m 
and  7.0  m,  resp.,  and  1.0  m  of  height 
of  the  stern  wave  give  the  cavitation 
numbers  Go. 8  =0.340  and  Go  .  b =0.280, 
resp.  ,  with  regard  to  the  highest  po¬ 
sition  on  0.8  R. 

The  test  setup  is  shown  in  Fig. 5: 
The  beam  of  the  He-Ne  laser  (1)  is 
coupled  into  a  10  m  long  optical  fiber 
(3)  with  the  aid  of  a  fiber  coupler 
(2).  On  the  other  end  it  is  fed  into 
simple  LDA-optics  (5)  using  a  fiber 
positioner  (4) .  The  optical  system, 
consisting  of  a  beam  splitter,  a  beam 
displacer  and  a  front  lens  (focal 
length  600  mm)  ,  divides  the  entering 
laser  beam  into  two  convergent  beams 
intersecting  in  one  point.  For  posi- 


Prop.  No.  HSVA  2076 


Prop.  No.  HSVA  2054 


Fig. 4  Polar-coordinate  raster  for 
measuring-point  definition 


tioning  this  intersection,  fiber  po¬ 
sitioner  and  optics  are  fixed  to  two 
translation  stages  (7)  with  a  rotary 
stage  (8)  between  them.  These  stages 
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Fig. 5  Test  setup 

(1)  He-Ne-laser  (6)  stroboscope  lamp 

(2)  fiber  coupler  (7)  translation  stage 

(3)  optical  fiber  (8)  rotary  stage 

(4)  fiber  positioner  (9)  tube  stand 

(5)  LDA-optics 


are  mounted  on  a  manifoldly  adjustable 
tube  stand  (9)  .  The  cavity  thickness 
is  measured  with  the  lower  translation 
stage  which  is  aligned  parallel  with 
the  propeller  shaft.  With  the  strobo¬ 
scope  lamp  (6)  ,  triggered  by  the  pro¬ 
peller  shaft,  the  propeller  is  flashed 
in  proper  phase  relation  and  thus 
visually  fixed. 

The  tests  were  performed  as  shown 
in  Fig. 6:  At  first  thrust  and  torque 
of  the  propeller  are  adjusted  accord¬ 
ing  to  the  coefficients  Kt  and  Kq  , 
resp. ,  by  adjusting  the  flow  velocity 
at  a  given  propeller  speed.  Then  the 
desired  blade  position  is  fixed  by 
changing  the  stroboscope  trigger  ade¬ 
quately.  After  that  the  tunnel  pres¬ 
sure  is  reduced  according  to  the  cav¬ 
itation  number,  to  examine  the  ex¬ 
tension  of  the  cavity.  Subsequently 
the  pressure  is  increased  until  the 
cavitation  disappears,  this  being  nec¬ 
essary  for  positioning  the  beam  inter¬ 
section  in  the  measuring  point  on  the 
blade  surface  using  the  rotary  and  the 
translation  stages.  For  the  same  rea¬ 
son  it  is  necessary  to  reduce  the  in- 


Fig.6  Schematic  of  test  procedure 


tensity  of  the  laser  light  which  ex¬ 
pediently  can  be  achieved  by  means  of 
two  rotating  polarizing  filters,  in¬ 
serted  between  fiber  positioner  and 
LDA-optics.  Following  the  positioning, 
the  light  intensity  is  increased  again 
and  the  adjustment  of  the  lower  trans¬ 
lation  stage  is  noted  down.  Finally 
the  tunnel  pressure  is  lowered  again 
down  to  the  required  value  to  get 
cavitation  and  the  beam  intersection 
is  shifted  into  the  cavity  surface 
with  the  aid  of  the  lower  stage.  The 
adjustment  of  which  is  noted  down 
again.  The  cavity  thickness  then  fol¬ 
lows  directly  from  the  beam  shift. 

According  to  this  method,  330 
points  in  16  blade  positions  were 
measured  on  propeller  HSVA  No.  2076 
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Fig. 10  Cavity  volume  variation  in  the  course  of  one  revolution 


and  139  points  in  7  positions  on 
propeller  HSVA  No.  2054. 

Results 

The  measured  cavity  thicknesses  are 
shown  in  Figs.  7  to  9  in  an  isometric 
representation,  which  gives  a  good 
survey  of  the  cavity  geometry  and  its 
changes  according  to  the  blade  posi¬ 
tion. 

To  facilitate  the  calculation  of 
the  cavity  volume  as  a  step  function, 
the  cavity  thickness  measured  in  di¬ 
rection  of  the  propeller  shaft  has 
been  converted  to  the  direction  normal 
to  the  blade  surface.  The  required 
angles  were  determined  experimentally 
by  reflecting  a  laser  beam  at  the 
blade  surface. 

The  cavity  volumes  appearing  on  a 
single  blade  and  on  the  complete  pro¬ 
peller  during  one  revolution  are  shown 
in  Fig.  10.  It  is  conspicuous  that  the 
"Hongkong-Express"  propeller  produces 
a  considerably  greater  cavity  volume 
than  the  "Sydney-Express"  propeller 
despite  the  higher  cavitation  number. 
But  the  resultant  volume  fluctuations 
are  much  smaller  on  the  "Hongkong- 


Express"  than  on  the  "Sydney-Express" 
propeller,  which  may  be  explained  by 
the  larger  number  of  blades,  the  dif¬ 
ferent  blade  geometry  and  especially 
the  larger  skew. 

The  calculations  made  by  the  HSVA 
differ  considerably  from  the  results 
of  the  VWS  measurements  as  Fig.  11 
shows.  This  applies  to  the  cavitation 
inception,  the  extension  of  the  cavity 
and  the  cavity  thickness  likewise. 

According  to  the  calculations,  on 
the  "Hongkong-Express"  propeller  the 
cavitation  incepts  later  and  closer  to 
the  blade  root  and  it  disappears  much 
quicker  than  is  revealed  by  the  meas¬ 
urements.  Correspondingly,  the  differ¬ 
ences  in  cavity  extension  may  be  quite 
large.  At  blade  positions  between 
<p=350°  and  (p=0°,  measurements  and  cal¬ 
culations  agree  fairly  well,  but  out¬ 
side  this  range  the  calculated  exten¬ 
sions  are  considerably  smaller  than 
the  measured  values.  Such  differences 
are  inevitably  connected  with  dif¬ 
ferences  in  cavity  thickness.  Similar 
values  are  only  obtained  for  the  blade 
position  of  tp=350°.  At  the  following 
positions  the  measured  cavity  thick¬ 
nesses  may  exceed  the  results  obtained 
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by  linear  calculation  by  a  factor  of 
5.  The  greatest  differences  in  each 
case  appear  at  the  trailing  edge  of 
the  propeller  blade. 

On  the  "Sydney-Express"  propeller 
the  calculated  cavitation  inception 
appears  much  earlier  than  the  measured 
one,  which  is  in  contrast  to  the 
"Hongkong-Express"  propeller.  Accord¬ 
ingly,  up  to  blade  positions  of  (p=0° 
and  tp=10°  the  calculated  cavity  exten¬ 
sions  are  larger  than  the  measured 
ones.  For  subsequent  positions  the 
situation  is  vice  versa.  Furthermore 
it  can  be  stated  that  the  measured 
cavities  are  located  closer  to  the  tip 
region  than  the  calculated  ones. 

Concerning  the  cavity  thickness 
on  the  "Sydney-Express"  propeller  the 
smallest  differences  belong  to  blade 
positions  near  to  vp=350°.  After  that 
the  measured  values  become  consid¬ 
erably  larger  and  again  the  greatest 
differences  can  be  observed  at  the 
trailing  edge. 

One  possible  reason  for  the  dis¬ 
crepancy  between  measurement  and 
calculation  results  might  have  been 
the  poor  condition  of  the  propellers. 
Especially  the  "Hongkong-Express"  pro¬ 
peller,  that  is  made  of  aluminum,  has 
a  lot  of  corrosion  pits  at  the  leading 
edge.  Another  reason  may  be  that  the 
cavity  thickness  depends  on  the  con¬ 
centration  of  the  cavitation  nuclei 
and  macroscopic  gas  bubbles  within  the 
tunnel  water,  but  these  parameters 
have  not  been  taken  into  account  in 
the  calculations. 

However,  to  be  able  at  least  to 
estimate  the  effect  of  the  gas  bubbles 
on  the  measured  cavity  thicknesses, 
the  number  and  size  of  the  bubbles 
(relative  values)  were  determined  by  a 
light  scatter  method  at  nearly  all 
measurements  and  shown  as  histograms. 
In  addition,  at  all  tests  the  oxygen 
content  of  the  tunnel  water  was  meas¬ 
ured  by  means  of  an  electrode. 

The  histograms  didn’t  give  any 
significant  differences  in  bubble-size 
spectra.  According  to  visual  observa¬ 
tion  one  may  also  suppose  that  the 
propeller,  working  in  a  closed  cir¬ 
cuit,  produces  his  own  bubble  spec¬ 
trum.  After  a  relatively  short  period 
of  about  one  minute  the  same  situation 
can  be  observed  again  and  again.  How¬ 
ever,  this  does  not  exclude  that  dif¬ 
ferent  bubble  spectra  in  fact  result 
in  different  cavity  thicknesses. 

The  oxygen  measurements  proved 
that  the  content  of  dissolved  gas  does 
not  affect  the  cavity  thickness.  A 
test  run  over  a  whole  day,  constantly 
revealed  the  same  thickness  for  a 
given  position,  while  the  oxygen  con¬ 
tent  was  greatly  reduced  by  degasing. 
The  accuracy  of  these  thickness  meas¬ 
urements  was  0.1  to  0.2  mm.  The  same 


can  be  assumed  for  most  of  the  meas¬ 
urements  performed.  Only  if  the  cavity 
is  hard  to  be  observed,  or  if  meas¬ 
urements  must  be  taken  under  the  bulge 
of  the  cavity  or  if  heavy  fluctuations 
or  bubbles  complicate  positioning  on 
the  cavity  surface,  the  accuracy  of 
measurement  is  smaller.  In  such  cases 
it  is  estimated  to  be  0.5  mm. 

CONCLUSIONS 

The  striking  advantage  of  the  new 
method  is  its  well-defined  measuring 
direction.  Its  try-out  with  two  pro¬ 
peller  models  has  shown  that  it  meas¬ 
ures  cavities  fast  and  exactly.  A 
Japanese  report  (5)  received  after 
closing  the  investigations  described, 
seems  to  confirm  the  practicability  of 
this  technique. 

The  following  task  is  to  improve 
the  thearetical  model.  In  addition  ef¬ 
forts  should  be  made  to  modify  the 
measuring  technique  so  that  the  cavity 
outside  the  propeller  blades,  i.e. 
within  the  range  of  the  tip  vortex, 
can  be  measured,  too.  Finally  a  method 
has  to  be  developed  to  vary  and  record 
size  and  number  of  the  macroscopic  gas 
bubbles  of  the  tunnel  water  in  order 
to  clarify  their  effect  on  the  pro¬ 
peller  cavitation. 
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DISCUSSION 


Jinzhang  Feng 

Pennsylvania  State  University,  USA  (China) 

Cavitation  measuring  is  difficult.  It  is  more  so  near  the  blade  tip 
where  the  cavity  bulb  is  usually  fluctuating.  The  author,  however, 
has  measured  the  bulb  thickness  remarkably  close  to  the  blade  tip  as 
shown  on  Fig.  7  and  Fig.  8.  Is  this  because  the  author  used  time 
average  to  smooth  out  the  fluctuation  or  because  the  propeller  the 
author  used  in  the  test  has  a  very  little  loading  at  the  blade  tip? 

AUTHORS’  REPLY 

The  operating  conditions  of  both  the  propeller  models  were  derived 
from  normal  operating  conditions  of  the  full  scale  propellers  (see 
values).  So,  their  loads  should  have  been  normal,  too.  At  these 
loads  and  the  cavitation  numbers  mentioned,  cavity  fluctuations  did 
not  occur  at  the  blade  tip  but  at  the  blade  root  boundary  of  the  cavity 
where  its  thickness  was  small.  There,  indeed,  mean  values  were 
measured.  But  due  to  the  thin  cavity  these  values  contribute  only 
very  little  to  the  cavity  volume,  the  quantity  wanted. 


DISCUSSION 

Spyros  A.  Kinnas 

Massachusetts  Institute  of  Technology,  USA 

The  paper  offers  valuable  experimental  information  of  unsteady  cavity 
shapes,  which  can  be  used  to  validate  existing  analytical  techniques. 
I  would  like  to  address  the  following  two  points  though:  (a)  The 
technique  used  in  the  paper  measures  the  cavity  thickness  only  on  the 
propeller  blade.  As  it  appears  though  from  Figs.  7-9,  the  cavity 
seems  to  extend  beyond  the  trailing  edge  of  the  blade.  Is  the  volume 
of  the  cavity  extending  behind  the  trailing  edge  accounted  for  in  the 
computation  of  the  cavity  volume?  (b)  The  analytical  method  that  is 
used  appears  to  underpredict  the  cavity  extend  and  volume 
substantially.  A  reference  for  this  method  would  be  nice  to  have 
been  given.  Is  it  a  quasi-steady  vs  unsteady  method  and  is  it  a 
stripwise  2-D  method  vs  a  completely  3-D  method? 

AUTHORS’  REPLY 

Figs.  7-9  indicate  that  the  cavities  indeed  extended  beyond  the  trailing 
edges  of  the  propeller  blades.  The  technique  described  does  not 
enable  cavities  to  be  measured  outside  the  blades.  So  the  specified 
cavity  volumes  only  include  the  measured  blade  cavities.  For  the 
calculation  of  the  cavity  thicknesses,  a  quasi-steady  and  2-D  method 
was  used.  It  is  described  in  detail  by  K.-Y.  Chao  and  H.  Streckwall 
in  "Kavitationsuntersuchungen,  Druckschwankungsmessungen  und 
Vibrationsbewertung  an  schnellen  Containerschiffen  hoher  Leistun," 
HSVA-Rep.  No.  1569,  August  1989. 
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The  Dynamics  and  Acoustics  of 
Travelling  Bubble  Cavitation 

S.  Ceccio,  C.  Brennen  (California  Institute  of  Technology,  USA) 


ABSTRACT 

Individual  travelling  cavitation  bubbles  gener¬ 
ated  on  two  axisymmetric  headforms  were  detected 
using  a  surface  electrode  probe.  The  growth  and  col¬ 
lapse  of  the  bubbles  were  studied  photographically, 
and  these  observations  are  related  to  the  pressure  fields 
and  viscous  flow  patterns  associated  with  each  head- 
form.  Measurements  of  the  acoustic  impulse  generated 
by  the  bubble  collapse  are  analyzed  and  found  to  cor¬ 
relate  with  the  maximum  volume  of  the  bubble  for 
each  headform.  These  results  are  compared  to  the  ob¬ 
served  bubble  dynamics  and  numerical  solutions  of  the 
Rayleigh-  Plesset  equation.  Finally,  the  cavitation  nu¬ 
clei  flux  was  measured  and  predicted  cavitation  event 
rates  and  bubble  maximum  size  distributions  are  com¬ 
pared  with  the  measurements  of  these  quantities. 

1.  INTRODUCTION 

Though  the  dynamics  and  acoustics  of  travelling 
bubble  cavitation  have  been  extensively  studied  both 
experimentally  and  theoretically,  the  behavior  of  nat¬ 
urally  occurring  cavitation  bubbles  near  surfaces  has 
not  been  examined  in  great  detail.  It  has  been  known 
for  some  time  that  cavitation  bubbles  generated  near 
surfaces  are  usually  not  spherical  (as  often  assumed 
in  theory)  but  hemispherical  caps  (Knapp  and  Hollan¬ 
der  (1948)  and  Parkin  (1952)),  and  a  cavitation  bubble 
collapsing  near  a  solid  boundary  may  produce  a  micro¬ 
jet  of  fluid  which  has  been  speculated  to  cause  surface 
cavitation  damage  (Benjamin  and  Ellis  (1966),  Plesset 
and  Chapman  (1970),  Lauterborn  and  Bolle  (1975), 
Kimoto  (1987)  and,  for  a  review,  Blake  and  Gibson 
(1987)).  The  complex  shapes  that  travelling  bubbles 
assume  will  clearly  be  influenced  by  macroscopic  flow 
phenomena  such  as  pressure  gradients,  boundary  lay¬ 
ers,  separation,  and  turbulence.  Researchers  have  at¬ 
tempted  to  study  these  effects  by  observing  cavita¬ 
tion  bubbles  induced  in  a  venturi  (Kling  and  Hammitt 
(1972))  or  above  a  surface  (Chahine  et.  al.  (1979),  van 
der  Meulen  (1989)).  Yet  detailed,  systematic  studies 
of  hydrodynamically-produced  cavitation  bubbles  are 
almost  non-existent.  The  random  nature  of  naturally 
occurring  cavitation  is  the  primary  reason  why  investi¬ 
gators  have  focused  on  integral  measurements  in  their 
study  of  cavitating  flows,  leaving  the  detailed  behavior 
of  individual  cavitation  bubbles  unexamined. 

Analyses  of  cavitation  noise  have  generally  been 
based  on  the  theoretical  behavior  of  single,  spherical 
bubbles  following  the  work  of  Fitzpatrick  and  Stras- 
berg  (1956).  From  this  data  base,  researchers  have 
synthesized  the  acoustic  emission  from  cavitating  flows 


with  multiple  events  (Blake  (1986)).  Many  experi¬ 
ments  have  attempted  to  extract  the  actual  behavior 
of  individual  bubbles  from  the  integral  measurement 
of  the  noise  produced  by  cavitation  (Mellon  (1956), 
Blake,  Wolpert,  and  Geib  (1977),  Hamilton  (1981), 
Hamilton,  Thompson,  and  Billet  (1982),  and  Marboe, 
Billet,  and  Thompson  (1986)).  Although  trends  are 
seen  in  the  measured  spectra  which  may  be  related  to 
theoretical  predictions,  the  difficulty  of  obtaining  free 
field  acoustic  spectra  in  the  confines  of  most  water 
tunnels  has  always  made  interpretation  of  experimen¬ 
tal  spectra  problematic. 

Researchers  have  also  attempted  to  treat  cav¬ 
itation  as  a  stochastic  process.  The  spectral  emis¬ 
sion  of  a  cavitating  flow  will  depend  not  only  on  the 
noise  produced  by  single  bubbles  but  also  on  the  cav¬ 
itation  rate  and  event  statistics  (Morozov  (1969)  and 
Baiter  (1986)).  Furthermore,  cavitation  noise  scaling 
like  that  suggested  by  Blake,  Wolpert,  and  Geib  (1977) 
will  be  significantly  influenced  by  changes  in  the  cavi¬ 
tation  event  rate.  As  the  number  of  cavitation  events 
increase,  bubble  interactions  will  affect  individual  bub¬ 
ble  volume  histories  and  their  acoustic  emission  (e.g. 
Morch  (1982),  Arakeri  and  Shanmuganathan  (1985), 
and  d’Agostino,  Brennen,  and  Acosta  (1988)).  Analy¬ 
ses  of  multiple  bubble  effects  depend  upon  a  Knowledge 
of  the  nuclei  distribution  in  the  flow  and  the  dynamics 
causing  the  nuclei  to  cavitate. 

Yet,  the  effect  of  nuclei  number  distribution  on 
the  total  cavitation  process  is  poorly  understood,  and 
this  is  due  largely  to  the  difficulty  of  accurately  mea¬ 
suring  this  quantity.  In  fact,  most  cavitation  studies 
neglect  to  include  any  measure  of  the  nuclei  number 
distribution.  As  we  shall  demonstrate,  the  number 
and  size  distribution  of  cavitation  bubbles,  and  the 
resulting  noise  emission,  can  vary  substantially  over 
the  course  of  an  experiment,  even  at  a  nominally  fixed 
operating  point.  Although  the  mean  cavitation  event 
rate  may  be  approximately  determined  by  the  acous¬ 
tic  pulse  rate  (Marboe,  Billet,  and  Thompson  (1986)), 
cavitation  bubble  size  distributions  have  only  been  de¬ 
termined  in  very  rough  form  (Baiter  (1974)  and  Meyer, 
Billet,  and  Holl  (1989)).  Although  knowledge  of  the 
cavitation  rate  and  bubble  size  distribution  is  essen¬ 
tial,  no  simple  method  has  been  found  to  count  and 
measure  cavitation  bubbles. 

The  above  observations  indicate  a  need  to  study 
the  dynamics  and  acoustic  emission  of  individual  cavi¬ 
tation  bubbles.  A  method  of  detecting  and  measuring 
cavitation  bubbles  was  needed,  and  this  paper  presents 
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data  obtained  through  the  use  of  a  new  electrical  probe 
developed  for  this  purpose.  Using  this  new  instrument 
experiments  were  performed  to  study  individual  cavi¬ 
tation  events  and  their  statistics  in  an  attempt  to  ad¬ 
dress  the  above  issues. 

2.  NOMENCLATURE 

A  (Ro)  streamtube  capture  area  for  given  nuclei 
Cp  pressure  coefficient,  (P  —  Pq)  /  (\pU2) 

CpM  minimum  pressure  coefficient 

on  body  surface 
/  frequency 

I  measured  acoustic  impulse 

I*  dimensionless  acoustic  impulse 

N  ( Rq )  free  stream  nuclei  distribution 
Bro(BM)  max.  bubble  volume  distribution 
associated  with  nuclei  of  size  Rq 
Pi'  (Rm)  maximum  bubble  volume  distribution 
Pa  acoustic  pressure 

Po  freestream  pressure 

Py  water  vapor  pressure 

r  acoustic  path  length 

R(t)  calculated  bubble  radius 

Rc  critical  nuclei  radius 

Rq  headform  radius  at  Cpm 

Rjj  headform  radius 

Rl  bubble  radius  along  trajectory 

Rm  cavitation  bubble  maximum  radius 

Rmr  cavitation  bubble  maximum  reduced  radius 

Ro  nuclei  radius 

Re  Reynolds  number,  UD/v 

S  water  surface  tension 

Sp  acoustic  pressure  spectral  coefficients 

t  time 

f  1 ,  t2  integration  limits  for  experimental  impulse 

T  acoustic  pulse  duration 

T*  calculated  dimensionless  pulse  duration 

U  free  stream  velocity 

V  (t)  calculated  bubble  volume 

We  Weber  number,  pU2Rn/S 

a  constant,  pulse  width  relationship 

P  constant,  nuclei  stability  relationship 

k  headform  radius  of  curvature  at  C pm 

v  water  viscosity 

p  water  density 

a  cavitation  number,  (P  —  Py)  /  pU2) 

<7 1  bubble  cavitation  inception  index 

<7 ac  attached  cavity  formation  index 

0  cavitation  event  rate 

3.  EXPERIMENTAL  SETUP 

The  experiments  were  conducted  in  the  Caltech 
Low  Turbulence  Water  Tunnel  (LTWT);a  full  descrip¬ 
tion  of  the  facility  is  presented  by  Gates  (1977).  For 
all  experiments,  the  test  section  free  stream  velocity 
was  set  and  the  tunnel  static  pressure  lowered  until 
the  desired  cavitation  number  was  reached.  The  oper¬ 
ating  air  content  was  generally  between  6  —  8 ppm,  and 
the  tunnel  water  was  well  filtered.  The  free  stream 
nuclei  number  distribution  of  the  upstream  fluid  was 
measured  using  in-line  pulsed  holography.  A  detailed 
description  of  the  holographic  system  is  presented  by 
Katz  (1981). 

Two  axisymmetric  headforms  were  used  in  the 
present  experiments.  The  first  was  a  Schiebe  head- 
form  with  an  ultimate  diameter  of  5.08c77i.  (Gates 
et  al  (1979));  the  second,  which  has  a  modified  ellip¬ 
soidal  shape  with  a  diameter  of  5.59cm,  is  known  as  the 
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Figure  1.  Surface  pressure  distributions  and  profiles 
of  the  I.T.T.C  body  and  the  Schiebe  body. 

I.T.T.C.  headform  (Lindgren  and  Johnsson  (1966)). 
Surface  pressure  distributions  for  the  Schiebe  body 
(Gates  et  al  (1979))  and  the  I.T.T.C.  headform  (Hoyt 
(1966))  are  available  in  the  literature.  The  headform 
contours  and  surface  pressure  distributions  are  pre¬ 
sented  in  Figure  1. 

The  headforms  were  fabricated  out  of  lucite,  a 
material  whose  acoustic  impedance  is  a  fair  match  to 
that  of  water.  The  hollow  interior  of  both  bodies  was 
filled  with  water  in  which  a  hydrophone  was  placed. 
The  hydrophone,  an  ITC-1042,  has  a  relatively  flat 
response  out  to  80 kHz.  Except  for  ultralow  frequen¬ 
cies  (<  1  Hz),  the  hydrophone  signal  was  not  filtered. 
All  acoustic  signals  were  digitized  at  a  sampling  rate 
of  1  MHz.  Because  of  the  relatively  good  acoustic 
impedance  match  between  lucite  and  water,  the  in¬ 
terior  hydrophone  allows  the  noise  generated  by  the 
cavitation  bubbles  to  reach  the  hydrophone  relatively 
undistorted;  reflected  acoustic  signals  from  other  parts 
of  the  water  tunnel  only  make  their  appearance  after 
the  important  initial  signal  has  been  recorded. 

In  addition  to  the  hydrophone,  each  headform 
was  provided  with  novel  equipment  developed  from 
instrumentation  which  had  previously  been  used  to 
measure  volume  fractions  in  multiphase  flows  (Bernier 
(1981)).  This  instrumentation  consisted  of  a  series 
of  electrodes  arrayed  on  the  headform  surface  which 
were  used  to  detect  and  measure  individual  cavitation 
bubbles.  A  pattern  of  alternating  electric  potentials  is 
applied  to  the  electrodes  and  the  electric  current  from 
each  is  monitored.  When  a  bubble  passes  over  one  of 
the  electrodes  the  impedance  of  the  local  conducting 
medium  is  altered,  causing  a  change  in  the  current 
from  the  electrode.  This  change,  which  is  detected 
and  recorded,  permits  the  position  and  volume  of  the 
bubble  to  be  monitored. 
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One  specific  electrode  geometry  consisted  of 
patches  arrayed  in  the  flow  direction  to  cover  the  ma¬ 
jor  extent  of  the  cavitating  region.  Another  consisted 
of  electrodes  which  encircled  the  entire  circumference 
of  the  headform  in  the  region  of  maximum  bubble 
growth.  These  two  electrode  geometries  were  used  for 
different  purposes.  Signals  from  the  patch  electrodes 
indicated  cavitation  at  a  specific  location  on  the  head- 
form,  and,  by  electronically  triggering  flash  photog¬ 
raphy,  simultaneous  plan  and  profile  photographs  of 
individual  bubbles  could  be  taken  at  a  prescribed  mo¬ 
ment  in  the  bubble  history.  Thus,  a  whole  series  of 
bubbles  could  be  inspected  at  the  same  point  in  their 
trajectory.  Furthermore,  by  simultaneously  recording 
the  acoustic  signal  from  the  hydrophone,  one  could 
correlate  the  noise  with  the  geometry  of  the  bubbles. 

The  circular  geometry  was  used  to  detect  the  oc¬ 
currence  of  every  cavitation  bubble  at  a  particular  lo¬ 
cation  on  the  headform.  This  position  was  chosen  to  be 
near  the  location  of  maximum  bubble  volume,  and  for 
relatively  moderate  event  rates  only  one  bubble  would 
occur  over  the  electrode  at  any  given  time.  Because 
almost  all  the  cavitation  bubbles  maintain  the  same 
distance  above  the  electrodes  (this  will  be  discussed 
below),  the  output  of  the  circular  electrode  system  is 
directly  proportional  to  the  area  covered  by  the  bub¬ 
ble,  and  the  peak  of  the  signal  is  proportional  to  the 
major  diameter  of  the  bubble  base.  This  system  was 
calibrated  photographically  and  found  to  be  quite  lin¬ 
ear.  The  volume  of  the  bubbles  was  then  determined 
from  a  measure  of  the  base  diameter  using  a  functional 
relationship  derived  through  the  photographic  study  of 
many  individual  bubbles  (Ceccio  (1990)).  Two  kinds 
of  experiments  were  performed  with  the  circular  elec¬ 
trode  system.  The  first  involved  the  measurement  of 
event  statistics  and  bubble  maximum  size  distribu¬ 
tions.  In  the  second,  the  acoustic  emission  of  indi¬ 
vidual  cavitation  bubbles  was  analyzed  and  the  result 
correlated  with  the  bubble  maximum  volume. 

4.  OBSERVATIONS  OF  SINGLE  CAVITA¬ 
TION  BUBBLES 
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Cavitation  bubbles  were  observed  on  both  the 
Schiebe  and  I.T.T.C.  headforms  over  a  range  of  cav¬ 
itation  numbers.  The  cavitation  number  was  var¬ 
ied  between  the  traveling  bubble  cavitation  inception 
value,  <7,,  and  the  value  at  which  attached  cavitation 
occurred,  aac.  The  inception  index  on  both  bodies 
was  strongly  dependent  on  the  ambient  nuclei  num¬ 
ber  distribution  (Ooi  (1981)).  Inception  occurred  on 
the  Schiebe  body  at  cavitation  numbers  as  high  as 
—  0.65,  and  on  the  I.T.T.C.  body  at  cq  =  0.58 
for  tunnel  water  of  6  —  7 ppm  air  content.  However  on 
both  bodies  the  inception  index  was  reduced  to  about 
ax  =  0.50  immediately  after  deaeration.  Any  definition 
of  the  bubble  cavitation  inception  index  must  there¬ 
fore  be  associated  with  a  particular  free  stream  nuclei 
number  distribution.  The  attached  cavitation  forma¬ 
tion  index  for  the  Schiebe  body  was  aac  =  0.40  and  for 
the  I.T.T.C.  body  aac  =  0.41.  These  values  were  al¬ 
most  constant  over  the  fairly  narrow  range  of  Reynolds 
numbers  of  the  experiments  (Re  =  4.4xl05— 4.8x  105). 

Before  detailing  the  results  from  each  headform, 
one  observation  can  be  made  for  both  geometries.  For 
a  given  tunnel  velocity  and  cavitation  number,  the 
maximum  bubble  volumes  were  quite  uniform.  Al¬ 
though  the  incoming  nuclei  diameter  ranged  over  al¬ 
most  three  orders  of  magnitude,  the  maximum  cav¬ 
itation  bubble  volume  varied  over  only  one  order  of 
magnitude.  The  reason  for  this  is  given  below. 

For  both  headforms,  the  growth  phase  of  the  nu¬ 
clei  was  very  similar  to  that  described  in  the  original 
observations  of  Knapp  and  Hollander  (1948)  and  El¬ 
lis  (195*2).  For  most  of  their  evolution,  the  bubbles 
take  on  a  hemispherical  or  “cap”  shape  and  move  ex¬ 
tremely  close  to  the  headform  surface;  only  very  oc¬ 
casionally  would  quasi- spherical  bubbles  be  observed 
at  a  distance  above  the  surface.  Small  waves  could  be 
observed  on  the  bubble  surface  in  many  instances.  As 
the  bubbles  reach  their  maximum  volume  they  become 
somewhat  elongated  in  the  direction  normal  to  their 
motion  while  their  thickness  normal  to  the  surface  re¬ 
mains  relatively  constant.  At  this  point,  the  difference 
in  the  flows  around  the  two  bodies  begins  to  cause 
differences  in  the  bubble  dynamics. 

The  Schiebe  body  was  designed  to  suppress  lam¬ 
inar  separation  in  the  region  of  cavitation  (Schiebe 
(1972)).  It  possesses  a  sharp  pressure  drop  with  a  min¬ 
imum  pressure  coefficient  of  -0.75  (Figure  1).  Figure 
2  represents  a  schematic  of  the  typical  bubble  evolu¬ 
tion,  and  Figure  3  consists  of  a  series  of  photographs  of 
bubbles  at  various  stages  during  this  process.  After  the 
bubble  has  reached  its  maximum  volume,  it  begins  to 
lose  its  cap-like  shape  and  becomes  elongated  progress¬ 
ing  into  a  pyramid-like  shape;  the  bubble  thickness 
normal  to  the  headform  surface  consistently  decreases 
after  reaching  its  maximum.  The  bubble  then  collapses 
rapidly  and  develops  an  elongated  shape.  The  elonga¬ 
tion  of  the  bubble  and  the  formation  of  tubes  is  proba¬ 
bly  due  to  rotation  of  the  bubbles  caused  by  the  shear 
in  the  boundary  layer.  As  the  bubble  collapses  it  may 
fission  into  two  or  three  tubes  of  collapsing  vapor,  and 
the  residual  gas  in  these  tubes  may  cause  a  rebound 
to  produce  a  rough  bubble  or  group  of  bubbles  after 
collapse. 


-  5mm 

Figure  2.  Schematic  diagram  of  typical  bubble  evo¬ 
lution  on  the  Schiebe  headform. 


The  I.T.T.C.  headform  has  a  relatively  smooth 
pressure  drop  with  a  minimum  pressure  coefficient  of 
-0.62.  A  distinguishing  feature  of  this  headform  is 
that,  unlike  the  Schiebe  body,  it  possess  a  laminar 
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Figure  4.  Schematic  diagram  of  typical  bubble  evo¬ 
lution  on  the  I.T.T.C.  headform. 

separation  region  (Figure  1).  Figure  4  is  a  schematic 
of  the  typical  bubble  evolution,  and  Figure  5  presents 
a  series  of  photographs  of  bubbles  at  various  stages 
of  this  development.  The  bubble  has  a  cap-like  shape 
until  it  reaches  its  maximum  volume  where  it  then 
becomes  further  elongated  evolving  into  the  wedge¬ 
like  shape.  However,  unlike  the  bubbles  on  the  Schiebe 
body,  the  cavity  starts  to  lift  off  the  surface  and  begins 
to  roll  up  into  a  snout-like  shape.  This  may  be  due  to 
recirculating  flow  associated  with  the  separation  region 
or  the  stretching  of  the  bubble  in  the  velocity  gradient. 
As  it  collapses,  the  “snout”  continues  to  role  up  into 
a  vapor  tube  eventually  collapsing  to  produce  a  rough 
bubble  after  collapse. 

On  both  the  Schiebe  and  I.T.T.C.  headforms, 
the  rough  bubble  or  group  of  bubbles  which  is  formed 
after  collapse  is  sheared  by  the  surface  flow  and  usually 
disperses  into  smaller  bubbles  on  the  order  of  50/xm, 
although  a  second  collapse  and  rebound  is  not  uncom¬ 
mon.  The  mean  lifetime  of  a  bubble  depends  upon  the 
tunnel  velocity,  cavitation  number,  and  initial  nuclei 
size,  but,  for  most  of  the  observed  bubbles  on  both 
headforms,  it  is  approximately  3ms. 

The  laminar  separation  on  the  I.T.T.C.  body 
has  been  carefully  studied  in  the  context  of  its  effect 
on  attached  cavitation  (Arakeri  and  Acosta  (1973)). 
Clearly,  the  separated  flow  also  influences  bubble  cav¬ 
itation  for  cavitation  bubbles  were  observed  riding  over 
the  separation  “bubble”.  As  seen  in  Figures  4  and  5, 
the  underside  of  the  bubbles  become  roughened  as  they 
pass  over  the  region  of  turbulent  reattachment.  These 
local  flow  disturbance  seem  to  shear  vapor  off  the  un¬ 
derside  of  the  bubble,  leaving  a  trail  of  much  smaller 
bubbles.  This  phenomenon  was  not  observed  on  the 
Schiebe  body. 

Furthermore,  some  bubbles  were  seen  to  cause 
local  attached  cavitation.  When  the  operating  cavita¬ 
tion  number  was  close  to  the  attached  cavity  formation 
index,  trailing  “streamers”  were  often  observed  down¬ 


stream  of  the  cavitation  bubble  (Figure  6).  These 
streamers  were  generally  associated  with  the  larger 
bubbles  on  the  I.T.T.C.  body  (and  occasionally  on  the 
Schiebe  body)  and  were  seen  to  develop  gradually  at 
the  location  of  the  laminar  separation  point  (Arakeri 
and  Acosta  (1973)).  As  the  bubble  is  swept  down¬ 
stream,  the  streamers  continue  to  grow,  and  in  may 
cases  persist  even  after  the  bubble  has  collapsed.  Why 
these  bubbles  cause  the  attached  cavitation  streamers 
at  the  lateral  extremities  of  the  bubble  is  unclear.  This 
phenomena  has  also  been  observed  with  travelling  bub¬ 
ble  cavitation  on  hydrofoils  (van  der  Meulen  (1980), 
and  Rood  (1989)).  The  process  could  be  considered 
an  inception  mechanism  for  attached  cavities. 

The  classic  observations  of  Knapp  and  Hollan¬ 
der  (1949)  nmy  be  compared  those  of  this  study.  Both 
experiments  revealed  that  bubbles  travelling  near  sur¬ 
faces  are  cap  shaped,  and  the  gross  characteristics  of 
growth  and  collapse  are  similar.  However,  the  pres¬ 
sure  distribution  on  the  ogive  of  Knapp  and  Hollander 
generated  a  long  and  steady  growth,  and  the  bubbles 
often  retained  a  quasi-spherical  shape  even  near  the 
final  stages  of  collapse.  These  bubbles  would  often  re¬ 
bound  many  times  maintaining  their  quasi-  spherical 
shape  after  each  collapse.  The  bubbles  observed  in 
this  study  usually  rebounded  only  once  and  lost  most 
of  their  coherent  shape  after  the  first  collapse.  This 
difference  may  be  explained  by  noting  that  the  water 
tunnel  facility  used  by  Knapp  and  Hollander  was  not 
equipped  with  any  deaeration  system,  and  extremely 
bubbly  flows  were  used  to  increase  the  odds  of  pho¬ 
tographing  a  cavitation  event.  Consequently,  the  cav- 
itating  nuclei  observed  by  Knapp  and  Hollander  were 
large,  containing  more  undissolved  gas.  Increasing  the 
amount  of  residual  gas  reduces  the  violence  of  the  bub¬ 
ble  collapse  making  coherent  rebounds  possible.  On 
the  other  hand,  the  nuclei  populations  of  the  present 
study  were  quite  small,  and  the  cavitation  bubbles  ob¬ 
served  were  almost  entirely  vaporous.  Such  bubbles 
collapse  violently  and  therefore  coherent  rebounds  are 
less  likely. 

Photographs  of  bubbles  presented  by  Ellis  (1952) 
show  many  of  the  features  in  the  present  study.  Prin¬ 
cipally,  bubbles  formed  close  to  the  headform  also  pro¬ 
gressed  from  a  cap  shape  to  a  wedge  shape  before  col¬ 
lapse,  although  the  collapse  mechanism  is  difficult  to 
distinguish  in  Ellis’  silhouette  images.  He  observed 
that  the  bubble  surface  profile  approximately  coin¬ 
cided  with  lines  of  constant  pressure  for  bubbles  near 
the  point  of  maximum  volume.  This  accounts  for  the 
wedge  shape  of  the  bubble.  Examination  of  the  iso- 
baric  lines  computed  for  flow  around  the  Schiebe  body 
(Schiebe  (1972))  also  show  the  bubbles  observed  in  this 
study  are  being  shaped  by  the  pressure  gradients  close 
to  the  surface. 

Returning  to  the  present  study,  the  collapse 
mechanisms  for  bubbles  on  both  headforms  were  dis¬ 
cerned  through  the  study  of  many  photographs.  A 
composite  mechanism  is  presented  in  Figure  7  for  the 
Schiebe  body  with  sample  photographs  in  Figure  8. 
For  the  I.T.T.C.  body  similar  results  are  included  in 
Figures  9  and  10.  Previous  researchers  have  noted  the 
generation  of  a  liquid  microjet  in  bubbles  collapsing 
near  a  solid  surface  (Lauterborn  and  Bolle  (1975)  and 
Kimoto  (1987),  for  example),  and  this  microjet  is  of¬ 
ten  identified  as  the  main  cause  of  cavitation  erosion 
damage.  Although  many  photographs  were  taken  dur¬ 
ing  the  present  investigation,  a  reentrant  microjet  was 
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Figure  5.  Series  of  photographs  detailing  typical  bubble  evolution  on  the  I.T.T.C 
hendfonn,  U  =  8.7?n/.s  and  a  =  0.45. 
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Figure  6.  Series  of  photographs  detailing  bubbles  with  tails  the  I.T.T.C.  headform, 
U  =  9m/ s  and  a  =  0.42. 
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not  observed  in  any  of  the  present  photographs  of  bub¬ 
ble  collapse,  although  the  jet  may  have  occurred  too 
rapidly  to  be  detected.  The  observed  bubbles  lack  the 
compact  geometry  we  might  expect  to  be  associated 
with  coherent  microjet  formation. 

5.  MEASUREMENT  OF  THE  ACOUSTIC 
EMISSION  OF  SINGLE  CAVITATION  BUB¬ 
BLES 

The  detailed  relationship  between  the  collapse 
mechanism  of  hydrodynamic  cavitation  bubbles  and 
the  resulting  noise  generation  is  not  completely  clear, 
but  some  features  are  suggested  by  the  present  work. 
First,  as  other  investigators  have  concluded  (for  ex¬ 
ample  Harrison  (1952)  and  Chahine,  Courbiere,  and 
Garnaud  (1979)),  the  majority  of  the  noise  is  gener¬ 
ated  by  the  violence  of  the  first  collapse;  the  growth 
phase  contributed  no  measurable  noise  signal.  The 
rebound  produces  a  rough  bubble  which  may  also  col¬ 
lapse  to  produce  a  second  noise  pulse  of  lesser  mag¬ 
nitude.  However,  noise  was  not  necessarily  generated 
by  every  bubble  collapse.  Smaller  bubbles  would  often 
collapse  without  an  acoustic  pulse,  and  larger  bubbles 
would  sometimes  produced  a  muted  collapse. 

Figure  11  presents  two  examples  of  the  initial 
noise  pulse  generated  by  the  collapse  of  a  bubble  on 
the  I.T.T.C.  headform.  The  first  pulse  has  only  one 
peak,  but  the  second  trace  is  an  example  of  a  multiple 
peak  event.  Multiple  peaks  suggest  bubble  fission 
prior  to  collapse,  and  the  photographs  presented  in 
the  previous  section  reveal  that  many  bubbles  have 
undergone  fission. 

Although  some  researchers  have  used  the  peak 
acoustic  pressure  to  characterized  cavitation  noise  in¬ 
tensity  (e.g.  Van  der  Meulen  (1989)),  in  this  study  the 
magnitude  of  acoustic  pulses  will  be  characterized  by 
the  acoustic  impulse  defined  as 
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Figure  7.  Schematic  diagram  of  typical  bubble  col¬ 
lapse  mechanism  on  the  Schiebe  headform. 
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Figure  9.  Schematic  diagram  of  typical  bubble  col¬ 
lapse  mechanism  on  the  I.T.T.C.  headform. 


The  times  t\  and  to  were  chosen  to  exclude  the 
shallow  pressure  rise  before  collapse  and  the  reverbera¬ 
tion  produced  after  the  collapse.  Experimentally  mea¬ 
sured  impulses  for  the  Schiebe  body  at  a  tunnel  veloc¬ 
ity  of  U  =  9m/ s  and  cavitation  numbers  of  a  =  0.55 
and  a  —  0.42  are  presented  in  Figure  12  and  13.  The 
data  all  appear  to  lie  below  an  envelope  which  passes 
through  the  origin.  The  existence  of  this  well-defined 
impulse  envelope  suggests  that  a  collapsing  bubble  can 
generate,  for  a  certain  maximum  volume,  a  specific 
impulse  if  it  collapses  in  some  particular  but  unknown 


Figure  11.  Two  examples  of  typical  cavitation  ini¬ 
tial  noise  pulses.  The  bubbles  were  generated  on  the 
I.T.T.C.  headform  at  cr  =  0.45  and  U  -  8.7 m/s. 
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Figure  8,  Series  of  photographs  detailing  typical  bubble  collapse  mechanism  on 
the  Schiebe  headform,  U  =  9m /s  and  a  =  0.45. 
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Figure  10.  Series  of  photographs  detailing  typical  bubble  collapse  mechanism  on 
the  I.T.T.C.  headform,  U  =  8.7m/s  and  a  —  0.45. 
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Figure  12.  Acoustic  impulse  plotted  against  the 
maximum  bubble  volume  for  the  Schiebe  body  at 
U  —  9 m/s  and  a  —  0.42. 

way.  It  can,  however,  produce  less  than  this  maximum 
impulse  if  it  collapses  in  other  ways. 

The  different  symbols  represent  the  different 
number  of  acoustic  peaks  which  are  generated  upon 
collapse.  As  shown  in  Figure  12,  the  probability  that 
a  collapse  will  produce  multiple  peaks  increases  for 
larger  bubbles.  Yet,  even  as  the  number  of  peaks  in¬ 
creases,  the  impulse  often  reaches  its  maximum  possi¬ 
ble  value  implying  that,  in  some  collapse  mechanisms, 
fission  does  not  decrease  the  total  stored  energy  avail¬ 
able  to  produce  noise.  Other  large  bubbles  collapse  to 
produce  almost  no  acoustic  impulse.  The  production 
of  noise  upon  collapse  is  the  result  of  violent  changes 
in  bubble  volume  near  the  point  of  minimum  bubble 
volume,  but  larger  bubbles  may  be  sheared  apart  and 
dissipate  thus  losing  their  organized  shape  and  pre¬ 
venting  a  coherent  and  concentrated  collapse.  Fur¬ 
thermore,  larger  bubbles  may  contain  more  contam¬ 
inant  gas  (as  a  result  of  dissolution)  and  this  would 
cushion  the  collapse  and  reduce  the  acoustic  emission. 

At  higher  cavitation  numbers  such  as  that  of  Fig¬ 
ure  13  the  number  of  larger  bubbles  is  reduced,  and 
most  bubbles  collapse  to  produce  only  one  acoustic 
pulse.  However,  a  large  number  of  very  small  bub¬ 
bles  will  collapse  and  produce  no  significant  impulse, 
and  these  cases  are  represented  by  the  “0”  symbols. 
Mute  events  are  generally  not  examples  of  “pseudo- 
cavitation”  as  observed  by  Dreyer  (1987)  but  distinct 
cavitation  events  with  a  near-silent  collapse  mecha¬ 
nism. 

The  general  trends  in  the  data  for  the  Schiebe 
body  are  also  evident  in  the  results  from  the  I.T.T.C. 
headform.  Significantly,  however,  the  average  acous¬ 
tic  impulse  is  about  three  times  larger  than  that  of 
the  Schiebe  body.  This  will  be  discussed  further  be¬ 
low.  Furthermore,  as  the  cavitation  number  is  low¬ 
ered  to  near  the  attached  cavitation  inception  index 
of  the  I.T.T.C.  body,  the  impulse  data  changes  sig¬ 
nificantly.  Figure  14  presents  an  example  of  data 
from  the  I.T.T.C.  body  taken  at  a  tunnel  velocity  of 
U  ~  8.7 m/s  and  a  cavitation  number  of  a  —  0.42 
at  near  the  attached  cavitation  formation  index.  The 
impulses  generated  by  smaller  bubbles  are  much  more 
uncertain,  and,  for  many  larger  bubbles,  no  significant 
impulse  is  generated.  Since  these  larger  bubbles  gen- 


Figure  13.  Acoustic  impulse  plotted  against  the 
maximum  bubble  volume  for  the  Schiebe  body  at 
U  =  9 m/s  and  a  =  0.55. 

erally  have  trailing  streamers,  it  would  seem  that  the 
streamers  interfere  with  the  collapse  in  a  way  which 
decreases  or  eliminates  the  noise. 

The  average  number  of  peaks  for  a  given  average 
diameter  is  plotted  in  Figure  15  for  both  headforms. 
For  smaller  bubbles,  the  average  is  less  than  unity,  re¬ 
flecting  the  influence  of  muted  bubbles,  and  for  larger 
bubbles,  multiple  peaking  produces  an  average  above 
unity.  For  the  case  of  the  I.T.T.C.  body,  however,  the 
muting  effect  of  the  trailing  streamers  causes  a  reduc¬ 
tion  in  the  average  number  of  peaks  for  the  data  set 
with  the  largest  average  volume.  This  data  set  occurs 
at  the  lowest  cavitation  number,  near  the  attached  cav¬ 
itation  inception  point. 

6.  COMPARISON  WITH  ANALYTICAL  RE¬ 
SULTS 

In  order  to  place  the  above  experimental  results 
in  some  analytical  perspective,  calculations  were  made 
of  the  bubble  sizes  and  acoustic  impulses  predicted  by 
integration  of  the  Rayleigh-Plesset  equation  starting 


Figure  14.  Acoustic  impulse  plotted  against  the 
maximum  bubble  volume  for  the  I.T.T.C.  body  at 
U  =  8.7m/s  and  a  =  0.42. 
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with  various  sizes  of  freestream  nuclei.  The  known 
surface  pressure  distributions  for  both  headforms  were 
employed  to  construct  the  pressure-time  history  which 
a  nucleus  would  experience  while  passing  near  the 
headform.  No  slip  between  the  bubble  and  the  liquid 
and  a  small  offset  from  the  stagnation  streamline  are 
assumed.  Calculations  were  performed  with  various 
free  stream  velocities,  cavitation  numbers,  and  offsets 
from  the  stagnation  streamline.  Figure  16  provides 
an  example  of  the  dependence  of  the  maximum  bub¬ 
ble  radius  on  the  original  nucleus  size  for  the  I.T.T.C. 
headform  and  various  cavitation  numbers.  Note  that 
nuclei  below  a  certain  size  (which  depends  on  the  cavi¬ 
tation  number)  hardly  grow  at  all  and  would  therefore 
not  contribute  visible  cavitation  bubbles.  This  critical 
size  is  predicted  by  the  stability  analysis  of  Johnsson 
and  Hsieh  (1966)  and  Flynn  (1964).  Bubbles  below  the 
critical  size  grow  quasistaticalty,  whereas  larger  bub¬ 
bles  grow  explosively.  A  bubble  is  critically  unstable 


RL  ^  8  S  1 

Rh  >  3 pRnU2  (—a  —  Cpm ) 


Figure  16.  Numerical  calculation  of  the  bubble  max¬ 
imum  radius  as  a  function  of  nucleus  radius  for  nuclei 
passing  near  the  I.T.T.C.  headform. 


where  Cpj \j  is  the  minimum  pressure  coefficient 
(-0.62  for  the  I.T.T.C.  headform)  and  Ri  is  the  local 
bubble  size.  The  computations  show  that  so  long  as 
the  bubble  remains  stable,  then  Ri  is  somewhere  in  the 
range  Rq  <  Ri  <  2 Rq  for  the  common  circumstances 
of  interest  here.  Consequently,  the  critical  nucleus  size 
Rc  is  given  by 


Rc  > 


8  0S  1 
3  pU2  (-<7  -  Cpm) 


(3) 


where  0  is  a  constant.  The  results  of  this  simple 
expression  are  presented  in  Figure  17  along  with  data 
on  the  critical  nucleus  size  obtained  from  the  Rayleigh- 
Plesset  solutions.  The  qualitative  agreement  is  excel¬ 
lent  and  suggests  a  value  of  0  slightly  greater  that  0.5. 
Note  that  the  higher  the  velocity,  Z7,  the  smaller  the 
critical  size,  and  therefore  the  larger  the  number  of 
nuclei  that  will  be  involved  in  cavitation. 
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The  other  feature  of  Figure  16  which  is  impor¬ 
tant  to  note  is  that  virtually  all  nuclei  greater  than  the 
critical  nucleus  size  grow  to  approximately  the  same 
maximum  size.  The  asymptotic  growth  rate  of  an  un¬ 
stable  cavitating  bubble  is  a  function  only  of  the  pres¬ 
sure  and  not  the  initial  nucleus  size.  Consequently, 
the  maximum  size  achieved  will  be  approximately  in¬ 
dependent  of  the  nucleus  size.  This  accounts  for  the 
uniformity  of  cavitation  bubbles  observed  experimen¬ 
tally.  Similar  calculations  were  performed  for  nuclei 
experiencing  the  Schiebe  body  pressure  distribution, 
and  the  results  were  qualitatively  similar  to  those  of 
the  I.T.T.C.  body. 

The  above  calculations  yield  the  volume- time 
history  for  a  cavitating  bubble,  and  the  acoustic  pres¬ 
sure  generated  by  the  bubble  may  be  approximately 
given  by 


PA{r,t.)  = 


p  <fv 

47r r  dt 2 


(4) 


Figure  15.  Average  number  of  peaks  as  a  function 
of  average  maximum  bubble  volume  for  bubbles  gen¬ 
erated  on  the  Schiebe  body  and  the  I.T.T.C.  body. 
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Figure  17.  Crital  nuclei  radius  as  a  function  of  how 
parameters  for  nuclei  passing  near  the  I.T.T.C.  head- 
form. 
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impulse  possible  for  a.  given  bubble  volume  since  a. 
spherically  symmetric  collapse  is  probably  the  most 
efficient  noise  producing  mechanism.  The  difference 
between  the  measured  impulses  and  the  theoretical 
impulse  is  an  indication  of  the  inefficiency  of  the  ac¬ 
tual  collapse  mechanism.  Furthermore  the  average 
impulses  are  closer  to  the  theoretically  predicted  val¬ 
ues  for  the  I.T.T.C.  body  than  for  Schiebe  body,  and 
this  is  consistent  with  the  photographic  evidence  that 
the  I.T.T.C.  collapse  mechanism  is  more  compact  than 
that  on  the  Schiebe  body. 

The  duration  of  the  impulse  (as  opposed  to  the 
magnitude)  is  much  better  understood.  Here,  the  du¬ 
ration  is  defined  as  T  =  t\  —  t2-  This  time  is  simply 
related  to  the  total  collapse  time  derived  by  Rayleigh 
(1917)  which  is  used  by  many  authors  (e.g.  Blake, 
Wolpert,  and  Geib  (1977)  and  Arakeri  and  Shanmu- 
ganathan  (1985)).  Like  the  collapse  time,  it  will  be 
approximated  by 


Figure  18.  Numerical  calculation  of  the  acoustic 

impulse  as  a  function  of  the  maximum  bubble  volume  n  f2\1^2 

for  bubbles  generated  on  the  Schiebe  body  and  the  T*  =  ar-rr- 1  —  1  (6) 

I.T.T.C.  body.  U 


were  V  ( t )  is  the  bubble  volume,  p  is  the  fluid 
density,  and  r  is  the  distance  from  the  center  of  the 
bubble.  This  relationship  is  valid  in  the  acoustic  far- 
field  and  for  subsonic  wall  velocities.  The  acoustic 
impulses,  I,  were  calculated  from  the  definition  (1) 
where  t\  and  ti  were  taken  to  be  the  times  when 
d2V/dt 2  =  0  before  and  after  the  first  collapse. 

For  those  nuclei  which  become  unstable  and  ex¬ 
plosively  cavitate  the  non-dimensional  impulse,  I*,  is 
defined  as 


47rJ 

pRhU 


(5) 


where  we  have  assumed  r  =  Rjj  since  this  is 
the  location  of  the  hydrophone  in  the  experiments. 
The  impulse  I*  is  plotted  in  Figure  18  against  the 
maximum  volume  of  the  bubbles  non-dimensionalized 
by  R3h.  A  number  of  investigators  (i.e.  Fitzpatrick 
and  Strasberg  (1956)  and  Hamilton  et.al.  (1982))  have 
suggested  that  the  magnitude  of  the  acoustic  signal 
should  be  related  to  the  maximum  size  of  the  bubble, 
and  this  is  born  out  in  Figure  18  where  the  data  for  a 
range  of  cavitation  numbers  and  two  Weber  numbers, 
We,  are  contained  within  a  fairly  narrow  envelope. 

The  median  line  was  converted  to  dimensional 
values  and  is  plotted  in  Figure  19  where  it  is  com¬ 
pared  with  data  sets  from  the  Schiebe  and  I.T.T.C. 
experiments.  It  is  striking  to  note  that  the  envelope  of 
the  maximum  impulse  from  the  experiments  is  within 
a  factor  of  two  of  the  Rayleigh-  Plesset  calculation  for 
the  I.T.T.C.  body  and  within  a  factor  of  six  for  the 
Schiebe  body.  This  suggests  that,  despite  the  depar¬ 
ture  from  the  spherical  shape  during  collapse,  the  in¬ 
compressible  Rayleigh- P lesset  solutions  correctly  pre¬ 
dict  the  order  of  magnitude  of  the  noise  impulse  gen¬ 
erated  by  individual  bubbles. 

It  is  not  surprising  that  the  predicted  impulse 
is  greater  than  the  experimental  value.  In  fact,  the 
theoretical  impulse  may  be  considered  the  maximum 


where  a  is  some  constant  of  order  unity.  It 
follows  that  the  dimensionless  impulse  duration  T*  = 
TU/Rh  should  be  primarily  a  function  of  Rm/Rh, 
and  this  is  confirmed  by  the  results  of  the  Rayleigh- 
Plesset  solutions  shown  in  Figure  20.  Also  plotted 
are  typical  experimental  data  from  the  Schiebe  body. 
Note  that  the  calculated  results  lie  within  a  narrow 
envelope  for  a  range  of  cavitation  numbers  and  that 
the  slope  of  the  narrow  envelope  is  close  to  unity.  The 
experimental  data  is  about  one  third  the  predicted 
magnitude.  Note,  however,  that  the  definitions  of  1 1 
and  to  are  somewhat  arbitrary. 

Figure  21  presents  spectra  of  the  noise  measured 
in  the  experiments.  A  series  of  individual  acoustic 
pulses  were  recorded  at  a  particular  velocity  and  cav¬ 
itation  number.  The  resulting  spectra  were  averaged 
to  produce  the  composite  spectra  in  the  figure;  the 


Figure  19.  Comparison  of  theoretically  predicted 
and  experimentally  measured  acoustic  impulse  as  a 
function  of  the  maximum  bubble  volume  for  bubbles 
generated  on  the  Schiebe  body  and  I.T.T.C.  body. 
Experimental  data  for  cr  =  0.45  and  U  =  9 m/s  for 
the  Schiebe  body  and  V  =  S.lm/s  for  the  I.T.T.C. 
body. 
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signals  were  not  altered  to  remove  the  effects  of  tun¬ 
nel  reverberation.  Such  a  composite  spectrum  will  be 
equivalent  to  the  spectrum  derived  from  a  measure¬ 
ment  of  a  long  series  of  cavitation  noise  pulses,  pro¬ 
vided  the  cavitation  events  occur  randomly  (Morozov 
(1969)).  The  measured  spectral  shape  varies  little  with 
cavitation  number;  only  the  overall  spectral  magnitude 
changes.  A  decrease  of  approximately  —12 dB /decade 
is  noted  until  about  100 kHz  where  a  sharp  falloff  oc¬ 
curs.  This  cut-off  frequency  corresponds  to  the  fre¬ 
quency  response  limit  of  the  hydrophone. 

Asymptotic  analyses  of  the  Rayleigh-Plesset 
equation  (Blake  (1986))  predict  a  spectral  shape  of 
f-2/5  for  frequencies  in  the  range  of  10k Hz  to  100 kHz. 
The  experimental  spectrum  has  a  shape  of  approxi¬ 
mately  /-3/5  which  is  similar  but  not  identical  to  the 
predicted  trend.  Hamilton  (1981),  on  the  other  hand, 
observed  an  almost  completely  flat  spectrum  in  this 
range  based  on  his  integral  measurement  of  bubble 
cavitation  noise.  The  high  frequency  roll-off  associ¬ 
ated  with  fluid  compressibility  was  not  observed  below 
100 kHz,  and  this  is  consistent  with  the  observations 
of  Hamilton  (1981)  and  Barker  (1975). 

7.  OBSERVATIONS  OF  CAVITATION 
EVENT  RATES  AND  BUBBLE  MAXIMUM 
SIZE  DISTRIBUTIONS 

Experiments  were  performed  to  measure  the  cav¬ 
itation  event  rate  and  bubble  maximum  size  distribu¬ 
tion  on  both  headforms  along  with  the  freestream  nu¬ 
clei  number  distribution.  Furthermore,  an  analytical 
model  was  derived  to  study  the  relationship  between 
the  nuclei  flux  and  the  resulting  cavitation  statistics. 

The  cavitation  event  rate  and  bubble  maximum 
size  distribution  were  measured  for  several  thousned 
events  at  various  operating  conditions,  and  examples 
of  these  measurements  for  the  Schiebe  headform  are 
given  in  Figure  22.  Note  that  the  bubble  maximum 
sizes  are  presented  as  reduced  radii.  The  reduced  bub¬ 
ble  radius  is  the  radius  of  a  sphere  of  volume  equal  to 
the  measured  bubble  volume.  Although  the  four  bub¬ 
ble  size  distributions  presented  are  all  at  the  same  cav¬ 
itation  number  and  tunnel  velocity,  their  event  rates 
and  size  distributions  are  quite  different.  Since  the 
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Figure  20.  Comparison  of  theoretically  predicted  and 
experimentally  measured  pulse  width  as  a  function 
of  the  maximum  bubble  volume  for  bubbles  on  the 
Schiebe  body  at  U  =  9 m./s  and  a  —  0.45. 


Figure  21.  Averaged  acoustic  spectra  derived  from 
acoustic  pulses  generated  by  bubbles  on  the  Schiebe 
body  at  average  U  —  8.7 m/s  and  a  =  0.45,0.50,  and 
0.56m/s. 

cavitation  bubble  maximum  volume  distribution  is  di¬ 
rectly  related  to  the  incoming  nuclei  number  distribu¬ 
tion  these  results  clearly  indicate  that  the  nuclei  num¬ 
ber  distribution  can  be  quite  different  for  the  same 
tunnel  operating  conditions.  Weak  control  of  the  num¬ 
ber  of  nuclei  was  affected  through  deaeration  and  nu¬ 
clei  injection.  But,  as  Figure  22  indicates,  the  nuclei 
number  distribution  is  a  highly  variable  factor  which 
influences  travelling  bubble  cavitation  and  cavitation 
noise.  The  time  between  cavitation  events  was  Pois¬ 
son  distributed,  as  would  be  expected  for  randomly 
distributed  nuclei.  Consequently,  the  total  noise  spec¬ 
tra  produced  by  these  flows  should  be  equivalent  to 
the  composite  specrtra  presented  in  Figure  21. 

A  relationship  between  the  nuclei  flux  and  the 
resulting  cavitation  event  rate  and  bubble  maximum 
size  distribution  can  be  developed  as  follows.  Whether 
a  nucleus  cavitates  or  not  is  strongly  determined  by 
the  local  minimum  pressure  it  experiences.  On  the 
surface  of  the  headform,  this  pressure  is  given  by  the 
minimum  pressure  coefficient.  On  streamlines  above 


Figure  22.  Example  of  four  bubble  maximum  size 
distributions  for  a  particular  free  stream  velocity  and 
cavitation  number  for  cavitation  on  the  Schiebe  body. 
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Figure  23.  Example  measurement  of  the  free  stream 
nuclei  number  distribution,  U  =  9 m/s  and  cr  ~  0.45. 

the  body  surface,  the  fluid  pressure  may  still  be  low 
enough  to  cause  a  nucleus  to  cavitate  provided  that 
the  minimum  pressure  it  experiences  is  below  the  crit¬ 
ical  pressure,  derived  from  Equation  (3).  An  incom¬ 
ing  streamtube  may  therefore  be  defined  for  a  nucleus 
of  specific  size  such  that  the  nucleus  will  always  en¬ 
counter  a  pressure  low  enough  to  cause  it  to  cavitate 
during  its  flow  around  the  body.  The  fluid  capture 
area  of  this  streamtube  will  be  a  function  of  the  nuclei 
radius,  ifo,  the  free  stream  cavitation  number,  and  the 
how  geometry.  By  assuming  that  the  pressure  gradient 
normal  to  the  surface  corresponds  to  the  centrifugal 
pressure  gradient  caused  by  the  radius  of  curvature, 
/c,  of  the  surface  at  the  minimum  pressure  point,  and 
by  assuming  no  slip  between  the  nuclei  and  the  fluid, 
the  following  expression  for  the  nuclei  capture  area, 
A(Rq )>  may  be  readily  obtained  (Ceccio  (1990)): 


(7) 

where  Rq  is  the  original  nuclei  radius,  Rq  is  the 
headform  radius  at  the  point  of  minimum  pressure, 
and  Rc  is  the  minimum  cavitatable  nucleus  given  by 
Equation  (3).  Equation  (7)  may  be  rewritten  as 


A  ( Rq  )  =  Ay 


(8) 


where  Ay  is  the  capture  area  enclosing  all 
streamlines  which  involve  pressures  less  than  vapor 
pressure;  note  that  Ay  is  a  function  only  of  the  flow 
geometry  and  free  stream  conditions.  Finally,  the  to¬ 


tal  flux  of  cavitatable  nuclei  or  total  cavitation  event 
rate,  0,  is 


/•OO 

0=  /  A(Ro)N(Ro)UdRo 

JRc 


(9) 


where  N  ( Rq )  is  the  free  stream  nuclei  number 
distribution. 

Now  consider  the  distribution  of  bubble  maxi¬ 
mum  sizes  which  this  process  will  produce.  This  distri¬ 
bution  is  the  result  of  different  nuclei  trajectories  and 
sizes.  Cavitating  nuclei  travelling  on  streamlines  far¬ 
ther  away  from  the  headform  will  not  grow  to  the  same 
maximum  volume  as  those  travelling  near  the  surface. 
Consequently,  a  flux  of  uniform  nuclei,  Ro ,  will  yield 
a  probability  distribution  distribution  of  bubble  maxi¬ 
mum  sizes,  Rm ,  denoted  by  Pro  ( Rm )•  Because  of  the 
slight  dependence  of  bubble  maximum  size  upon  nu¬ 
cleus  size,  Pro  is  a  function  of  Ro-  A  flux  of  nuclei  rep¬ 
resented  by  the  nuclei  number  distribution,  N  (Ro), 
will  therefore  produce  a  distribution  of  maximum  bub¬ 
ble  sizes,  Pr,  given  by 


1  f°° 

Pr  (R0)  =  ±  Pro  A  (Ro)  N  (Ro)  UdRo  (10) 

0  JRc 


If  no  relationship  existed  between  nuclei  size  and 
the  maximum  bubble  size,  Pr  would  be  independent 
of  the  nuclei  number  distribution;  changes  in  N  (Ro) 
would  merely  change  the  total  event  rate.  The  exper¬ 
imental  data  indicate,  however,  that  the  bubble  max¬ 
imum  size  distributions  are  influenced  by  the  nuclei 
number  distribution.  The  varying  event  rates  reported 
in  Figure  22  indicate  different  nuclei  populations,  and 
each  example  is  accompanied  by  a  unique  bubble  size 
distribution.  The  small  influence  of  nuclei  size  upon 
the  maximum  bubble  size  will  ultimately  have  a  sig¬ 
nificant  influence  upon  the  bubble  maximum  size  dis¬ 
tribution. 

We  shall  now  compare  the  measured  cavitation 
event  rates  and  bubble  maximum  size  distributions 
with  the  predicted  quantities  based  on  holographically- 
determined  free  stream  nuclei  number  distributions. 
The  nuclei  populations  were  measured  at  the  same 
time  that  the  cavitation  statistics  were  recorded,  and 
the  smallest  nucleus  which  could  be  detected  with  cer¬ 
tainty  was  approximately  20/xra  in  diameter.  An  ex¬ 
ample  nuclei  distribution  is  presented  in  Figure  23. 
Table  1  presents  the  measured  event  rates  and  the 
predicted  event  rates  based  on  Equations  (7)  and  (9). 
The  measured  event  rates  fall  within  the  range  of  the 
predicted  values,  with  the  uncertainty  in  the  predicted 
event  rates  resulting  from  uncertainty  in  the  measured 


PREDICTED 

MEASURED 

©  (events /sec) 

0  (events /sec) 

128  ±  25 

156 

164  ±  25 

147 

147  ±  25 

162 
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Table  1.  Comparison  of  measured  and  predicted 
cavitation  event  rates  for  cavitation  generated  on  the 
I.T.T.C.  body  at  U  =  9 m/s  and  a  =  0.45. 


BUBBLE  MAX.  REDUCED  RADIUS,  R  M  (mm) 

Figure  24.  Calculated  and  measured  event  rate  and 
bubble  maximum  size  distribution  for  cavitation  on 
the  I.T.T.C.  headform  at  U  —  9 m/s  and  a  =  0.45. 

nuclei  number  distributions.  The  close  match  between 
the  predicted  and  measured  event  rates  indicates  that 
the  nucleus  stability  criteria  from  Equation  (3)  ad¬ 
equately  models  the  actual  cavitation  process.  The 
minimum  cavitatable  nucleus  for  this  flow  is  calculated 
to  be  approximately  20 fim  in  radius,  and  the  measured 
nuclei  number  distribution  indicate  that  most  of  the 
cavitating  nuclei  are  in  the  range  20  to  100 fim.  The 
success  of  the  model  suggests  that  the  quantities  Ay 
and  Rc  may  be  used  to  adequately  characterize  the 
nuclei  capture  area  for  flows  over  more  complicated 
bodies. 

The  calculated  bubble  maximum  volume  distri¬ 
butions,  however,  depart  substantially  from  the  mea¬ 
sured  size  distribution  in  terms  of  its  details.  Fig¬ 
ure  24  presents  a  measured  bubble  maximum  size  dis¬ 
tribution  along  with  the  predicted  distribution  based 
on  Equations  (7),  (9),  and  (10),  the  results  of  Figure 
16,  and  the  measured  free  stream  nuclei  distribution. 
The  calculated  size  distribution  departs  substantially 
from  the  measured  distribution  in  its  details.  The  pre¬ 
dicted  bubble  size  range  is  about  twice  the  observed 
size  range,  and  the  number  of  larger  bubbles  predicted 
is  much  smaller  than  the  observed  percentage.  These 
discrepancies  may  be  the  result  of  several  phenomena. 
First,  the  maximum  size  achieved  by  a  nucleus  sub¬ 
jected  to  a  specific  pressure  history  may  not  be  ad¬ 
equately  predicted  by  the  Rayleigh-  Plesset  equation 
since  bubble  growth  may  be  limited  by  the  positive 
pressure  gradients  above  the  headform  surface.  Once 
the  bubble  has  grown  sufficiently,  the  mean  pressure  on 
the  bubble  surface  will  be  larger  than  the  surface  pres¬ 
sure  used  in  the  Rayleigh-Plesset  calculation,  reducing 
the  driving  force  for  bubble  growth.  Furthermore,  the 
experimental  bubble  maximum  size  distributions  often 
show  several  maxima  which  were  repeatable  for  nom¬ 
inally  fixed  operating  conditions.  These  distributions 
cannot  be  simulated  with  simple,  smooth  nuclei  dis¬ 
tributions  with  several  well  defined  peaks.  It  seems 
likely  that  these  maxima  are  the  result  of  a  compli¬ 
cated  nuclei  number  distribution.  Such  detail  could 
not  be  ascertained  using  the  current  holographic  nu¬ 
clei  distribution  methodology;  its  existance  was  only 
revealed  by  the  electrode  system  which  permits  very 
large  quantities  of  data  on  bubble  size  distributions. 

8.  CONCLUSION 

Although  theories  of  individual  bubble  cavita¬ 
tion  abound,  this  study  demonstrates  that  a  great 
deal  may  still  be  learned  through  the  observation  of 
naturally  occurring  cavitation  bubbles,  especially  bub¬ 


bles  formed  in  flows  near  surfaces.  Cavitation  bubbles 
are  significantly  affected  by  the  viscous  flow  near  sur¬ 
faces,  and  this  in  turn  effects  their  noise  production 
and  possibly  their  damage  potential.  Yet,  numerical 
integration  of  the  Rayleigh-Plesset  provided  a  reason¬ 
able  base  for  comparison  with  the  experimentally  mea¬ 
sured  data.  The  relationship  between  the  nuclei  flux 
and  the  resulting  cavitation  was  successfully  predicted 
based  upon  simple  parameters  derived  from  the  non- 
cavitating  flow  around  the  body,  although  estimation 
of  the  bubble  maximum  size  distribution  was  more  dif¬ 
ficult. 

By  combining  the  results  of  this  study,  cavitation 
noise  may  systematically  be  synthesized.  Analysis  of 
cavitation  event  statistics  and  size  distributions  can 
relate  the  freestream  nuclei  distribution  to  the  cavita¬ 
tion  process.  And,  once  the  number  and  size  of  the 
cavitation  events  are  known,  the  total  noise  emission 
may  be  estimated  based  on  the  single  bubble  measure¬ 
ments.  The  results  presented  here  are  useful  for  the 
case  of  limited  cavitation,  but  multiple  bubble  effects 
must  be  included  to  characterize  flows  in  which  the 
bubbles  interact  with  one  another.  The  importance 
of  the  nuclei  number  distribution  as  a  parameter  in 
cavitation  studies  cannot  be  overemphasized,  although 
simple  and  accurate  methods  are  still  needed  to  mea¬ 
sure  this  quantity  with  speed,  ease,  and  precision. 

ACKNOWLEDGEMENTS 

The  authors  would  like  to  thank  Professor  Allan 
Acosta  for  his  advice  and  considerations.  We  would 
also  like  to  acknowledge  the  assistance  of  Sanjay  Ku¬ 
mar  and  Douglas  Hart.  This  work  was  supported  by 
the  Office  of  Naval  Research  under  contract  number 
N-00014-85-K-0397. 

REFERENCES 

Arakeri,  V.  H.  and  Acosta,  A.  J.  1973.  Viscous  Effects 
in  the  Inception  of  Cavitation  on  Axisymmetric 
Bodies.  ASME  Journal  of  Fluids  Engineering, 
Vol.  95,  pp.  519-527. 

Arakeri,  V.  H.  and  Shangumanathan,  V.  1985.  On  the 
Evidence  for  the  Effect  of  Bubble  Interference  on 
Cavitation  Noise.  Journal  of  Fluid  Mechanics, 
Vol.  159,  pp.  131-150. 

Baiter,  H.  J.  1974.  Aspects  of  Cavitation  Noise.  Sym¬ 
posium  on  High  Powered  Propulsion  of  Ships, 
Wageningen,  The  Netherlands,  Publication  No. 
490,  pp.  1-39. 

Baiter,  H.  J.  1986.  On  Different  Notions  of  Cavi¬ 
tation  Noise  and  What  They  Imply.  Interna¬ 
tional  Symp.  on  Cavitation  and  Multiphase 
Flow  Noise,  ASME  FED  Vol.  45,  pp.  107-118. 

Barker,  S.  J.  1975.  Measurement  of  Radiated  Noise 
is  the  Caltech  High-Speed  Water  Tunnel-Part 
II:  Radiated  Noise  from  Cavitating  Hydrofoils. 
Guggenheim  Aeronautics  Laboratory,  California 
Insitute  of  Technology  Report. 

Benjamin,  T.  B.  and  Ellis,  A.  T.  1966.  The  Collapse 
of  Cavitation  Bubbles  and  the  Pressures  Thereby 
Produced  Against  Solid  Boundaries.  Philosophi¬ 
cal  Transactions  of  the  Royal  Society  of  London, 
Vol.  260,  pp.  221-240. 

Bernier,  J.  N.  1981.  Unsteady  Two-Phase  Flow  Instru¬ 
mentation  and  Measurement.  Rep.  E200.4,  Cal¬ 
ifornia  Institute  of  Technology,  Division  of  Engi¬ 
neering  and  Applied  Science. 


346 


Blake,  J.  R.  and  Gibson,  D.  C.  1987.  Cavitation 
Bubbles  Near  Boundaries.  Ann.  Rev.  Fluid 
Mechanics,  Vol.  19,  pp.  99-123. 

Blake,  W.  K.,  Wolpert,  M.  J.  and  Geib,  F.  E.  1977. 
Cavitation  Noise  and  Inception  as  Influenced  by 
Boundary  Layer  Development  on  a  Hydrofoil. 
Journal  of  Fluid  Mechanics,  Vol.  80,  pp.  617- 
640. 

Blake,  W.  Iv.  1986.  Mechanics  of  Flow  Induced  Sound 
and  Vibration.  Volume  1,  Chapter  6,  Introduc¬ 
tion  to  Bubble  Dynamics  and  Cavitation,  Aca¬ 
demic  Press,  pp.  370-425. 

Ceccio,  S.  L.  1990.  Observations  of  the  Dynamics  and 
Acoustics  of  Travelling  Bubble  Cavitation,  Rep. 
E249.ll,  California  Institute  of  Technology,  Di¬ 
vision  of  Engineering  and  Applied  Science. 

Chahine,  G.  L.,  Courbiere,  P.  and  Garnaud,  P.  1979. 
Correlation  Between  Noise  and  Dynamics  of 
Cavitation  Bubbles.  Sixth  Conference  on  Fluid 
Machinery,  Budapest,  Vol.  1,  pp.  200-209. 

d’Agostino,  L.,  Brennen,  C.  E.  and  Acosta,  A.  J.  1988. 
Linearized  Dynamics  of  Two-Dimensional  Bub¬ 
bles  and  Cavitating  Flows  Over  Slender  Surfaces. 
Journal  of  Fluid  Mechanics,  Vol.  199,  pp.  155- 
176. 

Dreyer,  J.  J.  1987.  Free  Stream  Microbubble  Effects 
on  Travelling  Bubble  Cavitation  Inception  on  the 
Schiebe  Headform.  ARL/PSU  Technical  Memo¬ 
randum  87-205. 

Ellis,  A.  T.  1952.  Observations  on  Cavitation  Bubble 
’Collapse.  Rep.  21-12,  California  Institute  of 
Technology,  Hydrodynamics  Lab. 

Fitzpatrick,  H.  M.  and  Stasberg,  M.  1956.  Hydrody¬ 
namic  Sources  of  Sound.  First  Symposium  on 
Naval  Hydrodynamics,  Washington,  D.  C.,  pp. 
241-280. 

Flynn  ,  H.  G.  1964.  Physics  of  Acoustic  Cavitation  in 
Liquids.  Physical  Acoustics,  editor  W.  P.  Mason, 
Academic  Press. 

Gates,  E.  M.  1977.  The  Influence  of  Freestream  Turbu¬ 
lence,  Freestream  Nuclei  Populations,  and  Drag 
Reducing  Polymer  on  Cavitation  Inception^  on 
Two  Axisymmetric  Bodies.  Rep.  E182-  2,  Cali¬ 
fornia  Institute  of  Technology,  Division  of  Engi¬ 
neering  and  Applied  Science. 

Gates,  E.  M.,  Billet,  M.  L.,  Katz,  J.,  Ooi,  K.  K.,  Holl, 
W.  and  Acosta,  A.  J.  1979.  Cavitation  Incep¬ 
tion  and  Nuclei  Distribution  -  Joint  ARL-CIT 
Experiments.  Rep.  E244-1,  California  Institute 
of  Technology,  Division  of  Engineering  and  Ap¬ 
plied  Science. 

Hamilton,  M.  F.  1981.  Travelling  Bubble  Cavitation 
and  Resulting  Noise.  Appl.  Res.  Lab.,  Penn. 
State,  Tech.  Mem.  TM  81-76. 

Hamilton,  M.  F.,  Thompson,  D.  E.  and  Billet,  M.  L. 
1982.  An  Experimental  Study  of  Travelling  Bub¬ 
ble  Cavitation  and  Noise.  ASME  International 
Symposium  on  Cavitation  Noise,  pp.  25-33. 

Harrison,  M.  1952.  An  Experimental  Study  of  Single 
Bubble  Cavitation  Noise.  Journal  of  the  Acous¬ 
tical  Society  of  America,  Vol.  28,  pp.  776-782. 


Hoyt,  J.  W.  1966.  Wall  Effect  on  I.T.T.C,  Standard 
Head  Shape  Pressure  Distribution.  Contribution 
to  11th  International  Towing  Tank  Conference. 

Johnsson,  V.  E.  and  Hsieh,  T.  1966.  The  Influence  of 
Gas  Nuclei  on  Cavitation  Inception.  Proc.  Sixth 
Symposium  on  Naval  Hydrodynamics,  Washing¬ 
ton  D.  C. 

Katz,  J.  1981.  Cavitation  Inception  in  Separated 
Flows.  Rep.  E183-5,  California  Institute  of 
Technology,  Division  of  Engineering  and  Applied 
Science. 

Kling,  C.  L.  and  Hammitt,  F.  G.  1972.  A  Photo¬ 
graphic  Study  of  Spark  Induced  Cavitation  Bub¬ 
ble  Collapse.  A.S.M.E.  Journal  of  Basic  Engi¬ 
neering,  Vol.  94,  pp.  825-833. 

Knapp,  R,  T.  and  Hollander,  A.  1948.  Laboratory 
Investigations  of  the  Mechanisms  of  Cavitation. 
Trans.  ASME,  July  1948,  p.  419. 

Kimoto,  H.  1987.  An  Experimental  Evaluation  of  the 
Effects  of  a  Water  Microjet  and  a  Shock  Wave 
by  a  local  Pressure  Sensor.  International  Sympo¬ 
sium  on  Cavitation  Research  Facilities  and  Tech¬ 
niques,  ASME  FED  Vol.  57,  pp.  217-224. 

Lauterborn,  W.  and  Bolle,  H.  1975.  Experimental 
Investigation  of  Cavitation-Bubble  Collapse  in 
the  Neighborhood  of  a  Solid  Boundary.  Journal 
of  Fluid  Mechanics,  Vol.  72,  pp.  391-399. 

Lindgren,  H.  and  Johnsson,  C.  A.  1966.  Cavita¬ 
tion  Inception  on  Headforms:  I.T.T.C.  Compar¬ 
ative  Experiments.  Eleventh  International  Tow¬ 
ing  Tank  Conference  Proceedings,  Tokyo. 

Marboe,  M.  L.,  Billet,  M.  L.  and  Thompson,  D.  E. 
1986.  Some  Aspects  of  Travelling  Bubble  Cavi¬ 
tation  and  Noise.  International  Symp.  on  Cavi¬ 
tation  and  Multiphase  Flow  Noise,  ASME  FED 
Vol.  45,  pp.  119-126. 

Mellon,  R.  H.  1956.  An  Experimental  Study  of  the 
Collapse  of  a  Spherical  Cavity  in  Water.  Journal 
Acoustic  Society  of  America,  Vol.  28,  pp.  447- 
454. 

Meyer,  R.  S.,  Billet,  M.  L.  and  Holl,  J.  W.  1989. 
Free  Stream  Nuclei  and  Cavitation.  Interna¬ 
tional  Symp.  on  Cavitation  Inception,  ASME 
FED  Vol.  89,  pp.  55-62. 

Morch,  K.  A.  1982.  Energy  Consideration  on  the 
Collapse  of  Cavity  Clusters.  Applied  Scientific 
Research,  Vol.  38,  p.  313. 

Morozov,  V.  P.  1969.  Cavitation  Noise  as  a  Train 
of  Sound  Pulses  Generated  at  Random  Times. 
Soviet  Physics-Acoustics,  Vol.  14,  pp.  361-365. 

Ooi,  K.  Iv.  1981.  Scale  Effects  on  Cavitation  Inception 
in  Submerged  Jets.  Rep.  El 83-6,  California 
Institute  of  Technology,  Division  of  Engineering 
and  Applied  Science. 

Parkin,  B.  R.  1952.  Scale  Effects  in  Cavitating  Flow. 
Ph.D.  Thesis,  California  Institute  of  Technology. 

Plesset,  M.  S.  and  Chapman,  R.  B.  1970.  Collapse  of 
an  Initially  Spherical  Vapor  Cavity  in  the  Neigh¬ 
borhood  of  a  Solid  Boundary.  Rep.  85-49,  Cali¬ 
fornia  Institute  of  Technology,  Division  of  Engi¬ 
neering  and  Applied  Science. 


347 


Rood,  E.  P.  1989.  Mechanisms  of  Cavitation  Incep¬ 
tion.  International  Symp.  on  Cavitation  Incep¬ 
tion,  ASME  FED  Vol.  89,  pp.  1-22. 

Schiebe,  F.  R.  1972.  Measurement  of  the  Cavitation 
Susceptibility  of  Water  Using  Standard  Bodies. 
Rep.  No.  118,  St.  Anthony  Falls  Hydraulic 
Laboratory,  University  of  Minnesota. 

Van  der  Meulen,  J.  H.  J.  1980.  Boundary  Layer 
and  Cavitation  Studies  of  NACA  16-012  and 
NACA  4412  Hydrofoils.  Thirteenth  Symposium 
on  Naval  Hydrodynamics,  Tokyo. 

Van  der  Meulen,  J.  H.  J.  and  van  Renesse,  R.  L. 
1989.  The  Collapse  of  Bubbles  in  a  Flow  Near 
a  Boundary.  Seventeenth  Symposium  on  Naval 
Hydrodynamics,  The  Hague. 


DISCUSSION 

William  B.  Morgan 

David  Taylor  Research  Center,  USA 

This  paper  presents  a  very  interesting  investigation  of  cavitation 
acoustics  and  the  authors  are  congratulated  for  such  a  fine  and 
thorough  piece  of  work.  I  have  one  question  concerning  Fig.  19. 
This  figure  shows  a  significant  difference  between  the  acoustic 
impulses  from  the  "I.T.T.C."  headform  and  the  "Schiebe’*  headform. 
Do  the  authors  feel  this  difference  is  due  to  the  difference  in  the  way 
the  bubbles  collapse  relative  to  the  headform  or  do  you  think  there 
would  be  an  actual  difference  in  the  radiated  noise? 

AUTHORS’  REPLY 

The  authors  would  like  to  thank  Dr.  Morgan  for  pointing  out  this 
phenomena.  The  significant  difference  in  the  average  acoustic 
impulse  measured  for  the  two  head  forms  prompted  the  authors  to 
investigate  several  factors  which  could  explain  the  difference.  Care 
was  taken  to  accurately  measure  the  true  bubble  maximum  volume, 
since  bubbles  on  the  I.T.T.C.  body  were  often  larger  than  those  on 
the  Schiebe  body.  Yet,  bubbles  of  equal  maximum  volume  on  the 
two  headforms  were  found  to  produce  significantly  different  impulses. 
In  fact,  a  listener  standing  near  the  tunnel  could  easily  detect  the 
difference  in  the  acoustic  emission  between  the  two  headforms. 
Consequently,  the  authors  have  concluded  that  different  acoustic 
impulses  generated  by  bubbles  of  equal  maximum  volume  result  from 
the  significant  difference  in  the  bubble  collapse  mechanisms,  in  turn 
influences  the  radiated  noise. 
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ABSTRACT 

This  paper  describes  the  Hydrodynamic  Monitoring 
Facility  (HMF),  an  instrument  designed  to  measure  slope, 
elevation,  and  velocity  simultaneously  at  an  array  of  spatial 
locations  over  an  area  of  the  water  surface.  The  instrument 
was  designed  to  provide  quantitative  measurements  used  in 
the  study  of  ship  wake  phenomena.  The  HMF  is 
comprised  of  three  separate  systems:  an  optical  wave 
slope  measurement  system  which  uses  a  Helium-Neon 
(HeNe)  laser  source  and  a  wave  height/surface  velocity 
measurement  system  which  uses  a  CO2  laser.  These 
systems  and  the  results  of  an  initial  experiment  will  be 
discussed  in  detail. 

The  experiment  utilized  a  subsurface  air  bubble  source 
and  a  surface  wind  wave  source,  in  conjunction  with  the 
HMF,  to  investigate  the  effects  of  short  wave  propagation 
on  a  spatially  variable  current.  A  multi-frequency  Doppler 
radar  system  was  employed  to  concurrently  investigate  the 
interaction  of  active  microwave  energy  with  the  surface 
buoyant  driven  flow. 

INTRODUCTION 

Many  of  the  hydrodynamic  problems  presently  of 
interest  to  the  Navy  have  not  traditionally  been  investigated 
by  ship  hydrodynamicists.  The  purpose  of  the  Program  in 
Ship  Hydrodynamics  (PSH)  is  to  bring  together  an 
interdisciplinary  research  team  to  investigate  selected 
aspects  of  these  non-traditional  problems.  Because  many 
of  the  hydrodynamic  aspects  of  the  remote  sensing  (both 
acoustic  and  non-acoustic)  of  ships  are  not  well 
understood,  an  increase  in  fundamental  knowledge  related 
to  this  area  has  been  chosen  as  the  primary  goal  of  the 
PSH. 

Much  is  still  unknown  and  there  is  a  lack  of  consensus 
concerning  the  physics  of  the  remote  sensing  of  ship 
wakes  by  Synthetic  Aperture  Radar  (SAR).  Therefore,  a 
major  task  of  the  PSH  has  been  to  obtain  fundamental 
experimental  measurements  in  the  controlled  environment 
of  the  towing  tank.  Calibrated  radar  scatterometers, 
contributed  by  the  Environmental  Research  Institute  of 
Michigan  (ERIM),  have  been  mounted  over  the  towing 
tank  and  the  return  signals  are  correlated  with  high 
resolution  fluid  surface  measurements  in  order  to 
determine  backscattering  mechanisms  of  the  moving 
surface.  This  complete  instrument  suite,  we  believe,  is 
unique  in  the  world. 


The  surface  fluid  flow  in  the  wake  of  a  self-propelled 
body  is  a  manifestation  of  the  flow  below  the  surface.  The 
flow  in  the  wake  is  extremely  complex,  being  a 
combination  of  turbulent  shear  flows,  coherent  vortex 
flows,  free  surface  waves,  internal  waves  and  bubble 
flows  with  complex  interactions  among  the  various 
components. 

The  inaugural  experimental  use  of  the  Hydrodynamic 
Monitoring  Facility  (HMF)  has  been  to  provide  a  detailed 
set  of  tow  tank  measurements  of  large  coherent  vortical 
structures  (with  axes  oriented  parallel  to  the  free  surface) 
(Figure  1).  These  flows  are  modeled  after  the  observed 
diverging  surface  flow  field  in  the  wake  of  surface  ships 
producing  a  persistent,  dark  centerline  wake  in  SAR 
images  (Figure  2).  The  modeled  flow  fields  are  buoyancy 
driven,  with  bubbles  playing  a  significant  role  in  the 
observed  persistence  of  the  vortical  structure.  Surface 
velocity,  two-dimensional  wave  slope  and  height  data  were 
obtained  by  the  HMF  along  with  calibrated  Doppler  radar 
scatterometer  data  over  the  surface,  wave/current 
interaction  region  of  these  flows. 

INSTRUMENTATION 

To  make  substantial  progress  in  the  understanding  of 
the  hydrodynamic  mechanisms  which  allow  ship  generated 
disturbances  to  be  remotely  sensed,  experimental 
measurements  which  can  correlate  the  hydrodynamic 
properties  of  the  flow  field  with  the  electromagnetic 
properties  of  the  sensing  field  are  necessary.  To  make 
these  types  of  measurements,  specialized  facilities  had  to 
be  developed.  To  achieve  this  goal,  the  Hydrodynamic 
Monitoring  Facility  was  developed  under  Navy  University 
Research  Initiative  (URI)  sponsorship. 

The  experimental  study  of  the  surface  perturbations 
associated  with  the  natural  wind  stressed  ocean  have  led  to 


Figure  1 .  Depiction  of  diverging  surface  current  flow  field 
generated  by  the  passage  of  a  high  speed  surface  ship. 
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Figure  2.  Simultaneously  obtained  L-  and  X-band  optical  SAR  imagery  of  a  dark  centerline  wake  feature. 


many  novel  observational  techniques  to  determine  the  sea 
state.  The  method  of  optical  observation  was  quantified  in 
the  classical  work  of  Cox  and  Monk  [1]  in  which  they 
related  the  distribution  of  brightness  of  the  sun  glitter  to  the 
statistics  of  the  sea  surface  slope  distribution.  This  basic 
analysis  has  been  the  underpinning  of  nearly  all  modem 
work  on  optical  and  microwave  scattering  of  larger  scale 
waves.  However,  the  influence  of  the  smaller  waves, 
particularly,  in  the  study  of  microwave  scattering  has  led  to 
the  use  of  more  complete  scattering  calculations.  Recent 
studies,  which  have  relied  on  a  deterministic  approach 
based  on  knowledge  of  the  true  surface  morphology  where 
the  microwave  scattering  occurred,  have  been  very 
successful  in  quantifying  the  scattering  process. 

The  problem  in  the  vicinity  of  a  moving  ship  is  more 
complex  than  in  the  open  ocean  where  only  history  and 


wind  create  the  sea,  but  the  success  of  the  deterministic 
approach  is  compelling.  To  fully  describe  the  “sea" 
surface  implies  that  the  morphology  of  the  fluid  surface 
and  the  associated  velocity  field  are  known  in  sufficient 
detail  to  compute  the  scattering  properties  and  other 
signatures  which  are  desired. 

This  constraint  has  led  to  the  development  of  an 
instrument  system,  the  HMF,  which  provides  a  spatial 
description  of  the  surface  wave  height,  slope  and  velocity 
fields  in  two-dimensions.  Furthermore,  the  HMF 
provides  this  two-dimensional  characterization  in  a 
temporal  period  which  is  short  compared  to  the  wave 
periods  of  interest.  A  detailed  description  of  the  surface 
wave  slope,  height  and  velocity  sensing  systems  will 
follow. 
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Surface-Slope  -  Laser  Refraction 

The  use  of  reflected  and  refracted  laser  light  to  profile 
the  instantaneous  surface  of  a  fluid  medium  has  been 
described  by  Chang  and  Wagner  [2],  using  methods 
closely  related  to  those  described  by  Cox  and  Munk  [1]. 
The  reflection  technique  relies  on  the  fact  that  when  a 
narrow  beam  of  light  crosses  a  dielectric  boundary,  such 
as  the  water  surface,  a  fraction  of  that  light,  about  two 
percent  for  vertical  incidence,  is  reflected  symmetrically 
about  the  surface  normal.  Thus,  if  the  reflected  beam  is 
monitored  by  observing  its  intersection  with  a  screen 
during  a  scan  of  the  laser  beam  across  the  water  surface 
one  gains  knowledge  of  the  surface  slope  at  all  points 
along  the  laser  scan.  This  technique  was  employed  by 
Kwoh  and  Lake  [3]  to  define  a  two-dimensional  wave 
distribution  in  water  where  microwave  scattering 
observations  were  being  taken. 

The  reflected  laser  measurement  of  the  wave  surface  is 
extremely  sensitive  to  the  slope  of  the  surface,  being 
reflected  at  twice  the  surface  normal  angle.  In  regions 
where  the  surface  slope  is  large,  such  as  the  near  wake,  the 
reflection  technique  may  in  fact  be  too  sensitive.  The  use 
of  a  refracted  ray  from  an  underwater  source  reduces  the 
sensitivity  to  about  0.34  of  the  angle  of  the  wave  normal, 
thus  allowing  much  larger  wave  slopes  to  be  monitored. 
This  technique  was  used  by  Kwoh  and  Lake  but  with  the 
origin  of  the  laser  located  above  the  water  rather  than 
below  as  we  have  employed  here.  The  refraction  method 
was  shown  to  be  particularly  suitable  for  determining  the 
structure  of  the  wake  where  the  surface  is  more  structured 
and  varies  rapidly  in  time  and  space  and  was  adopted  for 
the  HMF.  A  schematic  representation  of  the  fluid  slope 
sensor  system  is  provided  in  Figure  3. 

In  this  method,  the  laser  beam  is  incident  sequentially 
in  time  and  space  with  different  angles  of  incidence  from 
below  the  water  surface.  The  refracted  beam  is  detected 
instantaneously  by  a  position  detector  on  an  imaging 
screen  above  the  water.  The  scanning  range  on  the  water 
surface  is  approximately  1  meter  by  1  meter.  This  area  is 
determined  by  the  desired  size  of  the  imaging  screen  above 
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Figure  3.  Schematic  representation  of  two-dimensional 
fluid  slope  measurement  system. 


the  water  surface,  the  laser  intensity  and  the  slope  of  the 
wave  surface.  To  reconstruct  a  wave  surface,  the  water 
surface  area  of  interest  is  scanned  in  a  user  selected  pattern 
with  M  by  N  points.  The  number  of  scanning  points  on 
the  surface  depends  on  the  required  accuracy  of  the 
reconstructed  surface.  The  scanning  of  the  laser  beam  and 
its  detection  are  synchronous  and  fast  enough  to  insure  that 
the  positions  of  the  laser  beam  at  the  initial  time  and 
subsequent  times  are  independent  and  unambiguous 
events.  A  detailed  description  of  the  analysis  procedure 
and  free  surface  reconstruction  is  provided  in  Wu  and 
Meadows  (1990). 

Surface  Wave  Height  and  Velocity  Observations  - 
Tracking  of  Laser  Induced  "Warm  Spots" 

The  surface  wave  height  and  velocity  of  the  water 
behind  a  ship  or  in  the  laboratory  behind  a  model  are  of 
great  importance  in  defining  the  wake  characteristics.  It  is 
imperative  to  observe  the  height  and  velocity  fields  with 
spatial  and  temporal  scales  that  match  those  of  the  waves 
of  interest.  These  high  resolution  requirements  and  the 
desire  to  measure  precisely  on  the  free  surface  rule  out 
many  of  the  conventional  techniques  of  velocity 
measurement.  We  have  adopted  a  thermal  tracer  technique 
as  our  method  of  choice  for  the  HMF. 

A  pattern  of  distributed  thermal  perturbations  or  "warm 
spots"  are  created  using  a  modulated  CO2,  infrared  laser, 
(lasing  at  10.6  |i)  and  a  pointing  system.  These 
perturbations  are  then  tracked  using  stereo  infrared  thermal 
scanners.  The  surface  height  and  velocity  fields  are 
determined  from  the  displacement  of  these  perturbations 
between  successive  infrared  image  frames.  The 
distribution  of  spots  are  user  selectable  in  linear  patterns 
providing  velocity  profiles,  in  structured  patterns  which 
will  yield  two-dimensional  vorticity  and  divergence,  or  in 
other  specific  arrays  which  will  depend  upon  the 
information  desired.  At  the  present  time  warm  spots  of 
5mm  diameter  are  placed  on  the  water  surface  at  a 
maximum  rate  of  40/sec  utilizing  a  10  watt  CO2  laser.  The 
water  surface  is  warmed  +0.75°C  above  ambient  which 
produces  a  0.75  sec  persistence  time  in  the  thermal 
imagers.  Data  is  recorded  in  standard  video  format  at  30 
full  frames  per  second  and  is  analyzed  as  Lagrangian 
trajectories  of  tagged  particles.  A  schematic  representation 
of  this  surface  wave  height  and  velocity  sensing  system  is 
provided  in  Figure  4. 
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Figure  4.  Schematic  representation  of  two-dimensional 
surface  velocity  and  height  system. 
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Figure  5.  Hydrodynamic  Monitoring  Facility  configuration  in  the  Ship  Hydrodynamics  Laboratory. 


The  entire  HMF  sensing  system  is  mounted  on  a 
subcarriage  which  is  towed  at  selected  distances  behind  the 
main  carriage  which  suspends  the  ship  model.  The  HMF 
field  of  view  is  also  free  to  traverse  in  the  cross  tank 
direction  to  provide  spatial  views  of  various  sections  of  the 
downstream  wake.  A  schematic  of  the  entire  system 
arrangement  is  provided  in  Figure  5.  In  addition,  as  a 
result  of  the  initial  testing  and  inaugural  experimentation, 
the  demonstrated  and  design  capabilities  of  the  HMF  are 
provided  in  Table  1. 

ERIM  Calibrated  Doppler  Scatterometer 

The  radar  used  in  this  experiment  is  a  modification  of  a 
previously  constructed  dual-polarized  system  operating  at 
C-band  (4.8  GHz)  and  X-band  (9.6  GHz).  The  original 
device  consisted  of  a  transmit  antenna  fed  by  a  frequency- 
modulated  r.f.  source,  and  a  pair  of  orthogonally-polarized 
receive  antennas  whose  outputs  were  mixed  with  a  portion 
of  the  transmitted  signal  and  recorded  on  analog  tape.  This 
device  was  modified  by  splitting  the  signal  from  one  of  the 
receive  antennas  and  adding  a  90-degree  phase  shift  in 
order  to  sample  the  in-phase  (I)  and  quadrature  (Q) 
components  of  the  received  signal.  These  I  and  Q 
channels  were  simultaneously  sampled,  digitized,  read  into 
memory,  and  subsequently  recorded  on  floppy  disks. 

The  Doppler  spectrum  of  the  radar  return  was  obtained 
by  assigning  the  I  and  Q  components  of  the  received  signal 
to  the  real  and  imaginary  parts  of  a  complex  number,  and 


Fourier  transforming  the  resulting  time  series  over  a  set  of 
256  samples.  The  data  presented  in  this  paper  were 
sampled  at  a  rate  of  100  complex  samples  per  second  and 
thus  cover  the  frequency  range  from  -50  to  +50  Hz.  Each 
spectrum  shown  represents  an  average  10  data  segments  of 
2.56  seconds  duration  each.  Data  were  collected  at  both 
C-band  and  X-band,  and  with  both  vertical  and  horizontal 
polarization;  however,  only  the  C-band  vertically-polarized 
measurements  are  discussed  in  this  paper. 

The  range  of  parameters  observed  by  this  combined 
instrumentation  effort  is  summarized  in  Table  2.  Wave 
making  and  ancillary  data  collection  capabilities  of  the  Ship 
Hydrodynamics  Laboratory  have  been  extensively 
upgraded  to  accommodate  the  experimental  opportunities 
brought  about  by  the  development  of  the  HMF. 

INITIAL  EXPERIMENT:  BUOYANCY  MAINTAINED 
VORTICES  IN  THE  SURFACE  SHIP  WAKE 

The  inaugural  experiments  utilizing  the  HMF  in  the 
Ship  Hydrodynamics  Laboratory  at  The  University  of 
Michigan  as  part  of  the  URI  funded  Program  in  Ship 
Hydrodynamics,  have  sought  to  elucidate  the  effects  of 
bubbles  in  maintaining  the  flow  patterns  in  surface  ship 
wakes. 

Bubble  clouds  have  been  observed  in  the  wakes  of 
ships  at  depths  of  several  tens  of  meters.  These  bubbles 
presumably  originate  from  cavitation,  entrainment  at  the 
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Proposed 

Capabilities 


Demonstrated  Capabilities 
As  of  May  1990 
Slope  Height,  Velocity 

(acceptable)  (visible)  (I.R.  System) 


Scan: .  100  x  100  81  x  81  10  x  5 

(10  x  10) 

Time: .  0.1  s  0.1  s  1.0  s 

Scan  Area: .  1x1m  0.5  m  diam  25  x  18  cm 

(.4  x  .4  m) 

Height  Resolution: .  1  mm  —  (-4  mm) 

(2  mm) 

Maximum  Height: .  15  cm  —  ?? 

Slope  Resolution: .  0.2  0.5  0  typical  — 

Maximum  Slope: .  35  -21°  — 

Velocity  Resolution: .  1  mm/s  —  5.4  cm/P©ral»tence  frame* 

Maximum  Velocity: . 100  cm/s  —  300  cm/s 

Spot  Size: .  1  mm  1.5  mm  10  mm 

2  mm 

Spot  to  Spot  Centers: .  2  to  10  mm  2  mm  10  mm 

(5  to  10  mm) 


Table  1.  Hydrodynamic  Monitoring  Facility  design  and 
demonstrated  capabilities 


Table  2.  Summary  of  range  of  experimental  conditions 
achievable  by  the  Hydrodynamics  Monitoring  Facility. 
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surface,  and  possibly  other  sources.  The  buoyancy  flux 
associated  with  the  bubble  clouds  may  contribute 
substantially  to  the  maintenance  of  an  upwelling  region 
which  in  turn  leads  to  the  persistence  of  the  dark  centerline 
wake  observed  in  radar  images. 

Hydrodynamic  Measurements 

A  laboratory  wave  tank  experiment  was  devised  to 
quantify  the  role  of  these  buoyancy  driven  flows.  A  pair 
of  counter  rotating  vortices  are  generated  near  the  free 
surface,  with  vortex  diameters  on  the  order  of  two  meters. 
This  vortex  pair  produces  diverging  surface  currents  to 
simulate  the  centerline  wake  region  of  a  large  displacement 
vessel  traveling  in  the  cross-tank  direction.  Measurements 
of  surface  velocity,  wave  height,  slope  and  radar  cross- 
section  are  made  across  the  interaction  region.  This  series 
of  measurements  have  been  made  both  with,  and  without, 
externally  generated  waves  present  on  the  surface.  The 
experimental  configuration  is  depicted  in  Figure  6. 

The  objectives  of  this  initial  set  of  experiments  was  to 
investigate  the  interaction  of  short  waves  with  spatially 
variable  current  similar  to  that  produced  by  passage  of  a 
large  displacement  ship.  In  addition,  the  role  of  buoyancy 
driven  flows  in  the  maintenance  and  persistence  of  this 
portion  of  the  centerline  wake  is  evaluated.  The 
measurements  included  a  characterization  of  the  free 
surface  (its  two-dimensional  slope,  wave  height,  and 
velocity  distributions)  as  well  as  the  radar  cross-section 
and  Doppler  spectrum  variations  across  this  region  of 
interaction. 

The  HMF  was  configured  to  provide  two-dimensional 
surface  wave  slope  information  on  a  50  x  50  points  grid  at 
1  cm  spacing  with  a  two-dimensional  frame  completed 
every  0.06  seconds  or  16.65  Hz.  The  infrared  system  for 
surface  wave  height  and  velocity  was  configured  for  this 
initial  experiment  in  an  array  of  25  x  1  grid  points  at  2.5 
cm  spacing.  The  complete  frame  was  sampled  every  0.82 
seconds  or  at  a  rate  of  1.21  Hz.  For  this  initial 
experiment,  the  purpose  was  to  consider  variations  in 
surface  roughness  as  a  result  of  wave/current  interactions 
for  direct  comparison  with  radar  measurements.  The 
selection  of  a  25  x  1  scan  in  the  IR  system  precludes  the 
direct  determination  of  wave  height.  However,  since  the 
absolute  elevation  of  the  water  surface  is  known  within  the 
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Figure  6.  Experimental  configuration  for  buoyancy  driven 
vortex  flow. 
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Figure  7.  Mean  surface  velocity  resulting  from  buoyancy 
driven  subsurface  vortex. 


frame,  the  two-dimensional  wave  height  distribution  can 
be  obtained  from  an  integration  of  the  two-dimensional 
slope  data. 

The  buoyancy  flux  required  to  initiate  the  large  scale 
vortical  flow  was  provided  by  a  linear  bubble  generator 
located  approximately  1  meter  below  the  water  surface. 
The  bubble  volume  in  the  rising  column  of  fluid  directly 
above  the  linear  bubble  generator  was  approximately  6% 
of  the  total  water  column.  Averaging  over  the  total 
volume  of  the  vortical  flow,  (which  has  a  width  of 
approximately  6  meters  in  the  along-tank  direction)  results 
in  a  void  fraction  of  approximately  lxlO6.  This  void 
fraction  is  consistent  with  open  ocean  measurements  of 
high  near  surface  bubble  densities. 

The  average  surface  flow  resulting  from  this 
experimental  configuration  is  presented  in  Figure  7. 
Maximum  divergent  surface  velocities  of  approximately  24 
cm/sec  were  obtained  near  the  bubble  curtain  which 
spatially  decays  to  approximately  40%  of  the  initial  value  at 
a  distance  of  3  meters  from  the  bubble  generator.  Careful 
selection  and  maintenance  of  air  pressure  at  the  bubble 
generator  produced  extremely  repeatable  surface  flow 
conditions. 

The  rate  of  decay  in  the  surface  velocity  field  was 
measured  under  two  test  conditions.  In  the  first  set  of 
experiments  the  initial  bubble  void  fraction  was 
instantaneously  reduced  to  zero  at  time  t  =  0  seconds.  The 
rate  of  decay  of  the  coherent  structures  resulting  from  the 
buoyancy  flow  was  then  measured  with  the  HMF  through 
time.  The  time  rate  of  decay  of  the  maximum  velocity  is 
presented  in  Figure  8  for  these  conditions. 


Figure  8.  Time  rate  of  decay  of  the  maximum  surface 
velocity  for  vortex  decay  with  and  without  bubble 
buoyancy  flux. 
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Similarly  a  second  set  of  experiments  was  conducted 
with  the  same  initial  void  fraction  in  buoyancy  flux, 
however,  at  time  t  =  0  the  bubble  density  was  reduced  to 
1%  of  the  original  volume  (void  fraction  1.7  x  lO7).  The 
purpose  of  this  second  set  of  experiments  was  to  simulate 
role  of  a  small  buoyancy  flux  consistent  with  that  observed 
in  the  late  wake  of  a  surface  ship  in  maintaining  divergent 
surface  currents  in  the  centerline  wake  region.  The  rate  of 
decay  produced  by  the  reduced  buoyancy  flux  is  presented 
in  the  upper  curve  of  Figure  8. 

It  is  apparent  that  a  substantial  reduction  in  the  rate  of 
decay  of  these  large  scale  coherent  structures  is  produced 
by  just  a  small  buoyancy  flux  in  the  central  region.  The 
implication  of  this  set  of  observations  is  that  bubbles 
produced  by  the  passage  of  surface  ship  wake  appear  to 
play  a  substantial  role  in  the  maintenance  of  diverging 
surface  currents  and  the  persistence  of  centerline  wake, 
very  far  downstream  of  high  speed  vessels. 

To  investigate  the  effect  that  these  persistent  and 
sustained  diverging  surface  currents  have  on  the 
anticipated  radar  return  for  the  centerline  portion  of  the 
wake,  wind  generated  waves  produced  by  a  near  surface 
fan  were  propagated  across  the  spatially  varying  current 
pattern.  Presented  in  Figures  9  (a)  through  (c)  are  plots  of 
the  along-tank  wave  slope  spectra  recorded  by  the  HMF  at 
positions  1/2  meter  upwind  of  the  centerline  of  the 
diverging  current,  1  meter  and  3  meters  downstream, 
respectively,  plotted  as  a  function  of  the  along-tank  wave 
number.  The  corresponding  radar  backscattering 
measurements  are  described  in  the  following  section. 

Radar  Measurements 

A  series  of  calibrated  Doppler  scatterometer 
measurements  was  made  to  investigate  the  variations  in 
radar  backscatter  caused  by  the  wave/current  interactions 
across  the  diverging  surface  currents,  both  in  the  absence 
of  wind  and  in  the  presence  of  a  wind-generated  wave 
field.  Three  sets  of  measurements  were  made  using  the 
experimental  setup  shown  in  Figure  6.  For  this  operating 
configuration  the  radar  footprint  was  approximately  50  cm 
in  diameter  consistent  with  the  chosen  geometry  of  the 
HMF. 

The  first  set  of  measurements  was  conducted  with  the 
bubble  source  in  operation  but  without  the  fan.  The 
purpose  of  this  set  of  measurements  was  to  quantify  the 
surface  roughness  generated  directly  by  the  bubbles,  or  by 
the  bubble-induced  turbulence.  The  second  set  of 
measurements  was  made  with  the  fan  on  but  without  the 
bubble  source.  The  purpose  of  this  set  of  measurements 
was  to  characterize  the  surface  wave  field  generated  by  the 
fan.  Finally,  a  set  of  measurements  was  made  with  both 
the  fan  and  the  bubbler  in  operation,  in  order  to  determine 
the  effect  of  the  bubble- generated  currents  on  the  incident 
wave  field. 

An  example  output  from  the  first  set  of  measurements 
(with  only  the  bubble  source  in  operation)  is  shown  in 
Figure  10.  During  this  set  of  measurements,  the  surface 
wave  height  was  much  smaller  than  the  radar  wavelength 
and  thus,  the  backscatter  is  expected  to  be  quite  well 
predicted  by  a  simple  Bragg  scattering  model  (e.g., 
Wright,  [5]).  The  observed  C-band  Doppler  spectra  tend 
to  confirm  this,  being  dominated  in  most  cases  by  peaks 
corresponding  to  approaching  and  receding  Bragg  waves. 
The  wavenumber  of  these  Bragg  waves  is  given  by  the 
equation 


Figure  9.  Wave  slope  spectra  across  wave/current 
interaction  regions. 

(a)  1/2  meter  upwind  of  centerline 

(b)  1  meter  downstream 

(c)  3  meters  downstream 


Figure  10.  Doppler  spectrum  measured  3  meters  from 
bubble  source.  Arrow  "A"  indicates  primary  Bragg  peak 
at  -8.2  Hz  and  nB"  indicates  secondary  Bragg  peak  at  +4.9 
Hz. 
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Figure  11.  Measured  C-band  doppler  spectra  for  bubble  source  only  (left  column),  bubble  source  and  fan-generated 
waves  (center  column),  and  with  fan  only  (rieht  column).  Rows  correspond  to  down  range  positions  in  intervals  of  1 
meter,  with  row  (d)  centered  on  the  bubble  source. 
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kB  =2  k0  sin# 

where  k0  =  In!  (6.2cm)  is  the  electromagnetic 
wavenumber  and  8  =  45°  is  the  angle  of  incidence.  This 
yields  a  wavelength  Xg  -  4.4cm  for  these  waves.  In  still 
water,  the  Doppler  shift  of  the  radar  return  equals  the 
intrinsic  frequency  of  these  waves,  or  fg  =  ±6.5Hz .  In  a 
current  having  a  component  u  in  the  plane  of  incidence, 
the  Doppler  shift  equals  the  apparent  frequency  of  the 
waves,  or 

/d  =  /b  +u/XB. 

The  spectrum  shown  in  Figure  10,  which  was  collected  3 
meters  downrange  from  the  bubble  source  is  dominated  by 
a  single  peak  corresponding  to  the  receding  Bragg  wave, 
as  would  be  expected  for  waves  generated  near  the  bubble 
source.  A  smaller  peak  corresponding  to  an  approaching 
set  of  Bragg  waves  is  also  shown.  The  average  Doppler 
shift  for  these  two  sets  of  waves  is  -1.6  Hz,  which  implies 
a  surface  current  of  7.2  cm/sec  away  from  the  bubble 
source. 

The  Doppler  spectra  observed  at  seven  downrange 
locations  relative  to  the  bubble  source  are  shown  in  Figure 
11.  The  spectrum  shown  in  Figure  10  is  reproduced  in  the 
upper  left  comer  of  Figure  11,  and  the  other  spectra 
observed  during  the  first  set  of  measurements  are  shown 
below  this  one  in  the  first  column.  The  spectra  observed 
with  both  the  fan  and  the  bubble  source  in  operation  are 
shown  in  the  middle  column,  and  the  spectra  obtained  with 
the  fan  in  the  same  relative  position  but  with  the  bubbler 
off  are  shown  in  the  right-hand  column. 

The  Doppler  spectra  in  the  second  and  third  rows  of 
the  first  column  in  Figure  11  show  two  peaks  of 
approximately  equal  amplitude,  corresponding  to  the 
receding  and  approaching  Bragg  waves.  The  mechanism 
for  the  generation  of  the  approaching  Bragg  waves  is  not 
clear,  but  the  amplitude  of  such  waves  would  be  expected 
to  increase  due  to  their  interaction  with  the  surface  currents 
in  his  region.  The  average  Doppler  shifts  for  these  data 
sets  are  -3.4  Hz  and  -3.3  Hz,  implying  currents  of  15 
cm/sec  and  14.5  cm/sec,  respectively. 


The  spectrum  in  Figure  11(d),  on  the  left,  which  was 
collected  with  the  radar  footprint  approximately  centered 
on  the  bubble  source,  is  rather  complicated  but  nearly 
symmetric,  indicating  a  zero  mean  surface  current.  The 
peak  on  the  left  may  be  due  to  a  set  of  receding  Bragg 
waves  on  the  far  side  of  the  radar  footprint  which  are 
Doppler  shifted  by  a  current  of  approximately  19.6  cm/s 
away  from  the  center,  while  the  peak  on  the  right  is  due  to 
the  corresponding  set  of  approaching  Bragg  waves  on  the 
near  side  of  the  footprint.  The  two  central  peaks  may  be 
due  to  waves  which  are  made  nearly  stationary  by  the 
current  near  the  bubble  source. 

Figures  11(c),  (b),  and  (a)  show  dominant  peaks 
corresponding  to  the  approaching  Bragg  waves  generated 
near  the  bubble  source  and  smaller  peaks  corresponding  to 
the  receding  Bragg  waves.  The  average  Doppler  shifts  are 
3.2  Hz,  2.8  Hz,  and  2.7  Hz,  corresponding  to  currents  of 
14  cm/s,  12.3  cm/s  and  11.9  cm/s,  respectively,  away 
from  the  bubble  source.  Another  peak  appearing  at  about 
1 1  Hz  in  each  of  these  spectra  is  not  accounted  for,  but  a 
set  of  peaks  appears  at  the  same  frequency  in  the  X-band 
data  collected  during  the  same  time  interval,  indicating  the 
possibility  of  external  interference. 

The  second  set  of  runs  was  made  at  a  series  of 
distances  away  from  the  fan,  with  the  bubble  source  turned 
off.  The  resulting  Doppler  spectra  are  shown  in  the  right- 
hand  column  of  Figure  11.  These  spectra  are  much 
broader  and  are  centered  at  roughly  -8  Hz.  The 
broadening  of  the  spectra  is  due  to  the  presence  of  much 
higher  amplitude  and  longer  wavelength  waves.  The 
energy  is  mostly  confined  to  negative  Doppler  frequencies, 
corresponding  to  receding  waves,  as  expected  since  the  fan 
was  blowing  away  from  the  radar.  The  Doppler  spectrum 
appears  to  be  centered  at  the  Bragg  peak  with  an  additional 
shift  due  to  a  surface  drift  current  of  about  6-8  cm/s.  The 
received  power  (i.e.,  the  integral  of  the  Doppler  spectrum) 
is  plotted  versus  distance  from  the  fan  in  Figure  12  and 
shows  an  approximately  linear  falloff  over  this  region. 

The  set  of  measurements  shown  in  the  middle  column 
of  Figure  1 1  was  made  with  both  the  fan  and  the  bubble 
source  turned  on.  The  fan  was  directed  toward  the  bubble 
source  and  was  sufficiently  far  away  so  that  waves  were 
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Figure  12.  Backscattered  power  due  to  fan  generated 
waves  versus  distance  from  fan. 
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Figure  13.  Backscattered  power  versus  distance  from 
bubble  source,  with  and  without  fan-generated  waves 
present. 
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generated  only  on  the  near  side  of  the  bubble  source.  The 
spectra  for  the  downwind  side  (at  the  top  of  Figure  1 1)  are 
almost  identical  to  those  collected  with  the  fan  off  (left 
column)  indicating  that  most  of  the  fan-generated  waves 
have  been  attenuated  by  the  bubble-induced  current. 
Approaching  the  upwind  side,  the  spectra  become  more 
complicated  but  show  a  gradual  transition  toward  the  broad 
spectra  observed  in  the  fan-only  case  (right  column). 

The  total  received  power  for  the  left  and  center 
columns  versus  distance  is  plotted  in  Figure  13.  The 
received  power  with  the  fan  off  peaks  at  the  position  of  the 
bubble  source,  as  expected.  With  the  fan  on,  the  received 
power  peaks  slightly  at  the  center  and  then  falls  off  rapidly 
on  the  downwind  side. 

The  received  power  for  the  bubble-only  case  was 
subtracted  from  the  power  for  the  combined  measurement 
to  estimate  the  contribution  from  waves  generated  by  the 
fan  which  have  propagated  through  the  current,  and  the 
results  are  shown  in  Figure  14.  For  the  two  points 
furthest  downwind,  this  contribution  is  on  the  order  of  a 
few  percent  of  the  backscattered  power  in  the  absence  of 
the  bubble-induced  current. 

DISCUSSION  OF  RESULTS 

A  comparison  of  the  results  of  the  radar  and  HMF 
measurements  with  the  predictions  of  wave-current 
interaction  theory  can  be  made  by  applying  the  wave  action 
conservation  principle  and  assuming  that  the  backscatter  is 
proportional  to  the  wave  spectral  density  at  the  Bragg 
wavenumber.  Neglecting  relaxation  effects,  the  action 
conservation  principle  (e.g.,  Phillips,  [6])  states  that  for  a 
continuous  spectrum  of  waves,  the  action  spectral  density 
for  a  given  wave  group  remains  constant,  i.e., 

N(kl)  =  N(k2) 

where  k\  and  k2  are  the  wavenumbers  for  the  wave  group 
at  any  two  locations  in  the  current  pattern.  These 
wavenumbers  are  related  through  the  kinematic 
conservation  equation,  which  can  be  written  as 
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Figure  14.  Backscattered  power  due  to  wind  waves 
interacting  with  bubble-generated  current. 


co i  4*  k\u\  =  co2  +  k2u2 

where  co  is  the  intrinsic  frequency  corresponding  to  the 
wavenumber  k .  The  currents  at  the  positions 
corresponding  to  Figures  9  (a)  through  (c),  were 
approximately  -10  cm/s,  respectively.  Applying  the 
kinematic  conservative  equation,  the  wavenumber  for  the 
left-hand  peak  in  Figure  9(a)  (i.e.,  20  rad/m,  32  cm 
wavelength)  is  reduced  by  approximately  a  factor  of  two 
(64  cm  wavelength)  at  the  location  of  Figure  9(b).  This 
wavenumber  is  not  resolved  by  the  chosen  viewing 
aperture  of  the  HMF  and,  therefore,  does  not  appear  in 
Figure  9(b).  The  second  peak  in  Figure  9(a),  however, 
appears  to  track  through  the  other  two  measurements, 
specifically,  a  wavenumber  of  80  rad/m  (8  cm  wavelength) 
in  Figure  9(a)  translated  into  25  rad/m  (25  cm  wavelength) 
in  Figure  9(b)  and  32  rad/m  (20  cm  wavelength)  in  Figure 
9(c).  For  comparison  with  the  radar  measurements,  we 
have  chosen  u2  =  7  cm  /  s  as  the  surface  current  at  the 
downwind  endpoint  and  k2  =  1.4  rad  /  cm  as  the  Bragg 
wavenumber,  the  apparent  frequency  of  this  wave  is  50 
rad/sec.  The  corresponding  wavenumber  at  the  location 
where  iq  =  -7  cm  /  s  would  be  /q  =  3.0  rad  /  cm. 
Assuming  that  the  incident  wave  action  spectrum  falls  off 
as  k ~45y  the  Bragg  wave  spectral  density  at  the  end  point 
is  then  a  factor  of  (1.4/3.0)4'  =03  smaller  than  that  at 
the  wave  source,  which  is  in  reasonable  agreement  with 
the  observed  reduction  in  backscatter. 

The  significance  of  this  apparent  agreement  is 
encouraging  in  view  of  the  simplifying  assumptions  made 
in  these  calculations,  notably  the  neglect  of  wave 
dissipation  effects  and  the  use  of  a  simple  Bragg  scattering 
model.  The  calculations  and  the  observations  both 
illustrate  the  large  reduction  in  backscatter  caused  by  the 
injection  of  bubbles  and  indicate  that  the  interaction  of 
waves  with  the  mean  surface  current  induced  by  the 
bubbles  is  mainly  responsible  for  this  reduction.  The 
turbulent  fluctuation  of  this  current  may  increase  the 
damping  effect,  but  does  not  appear  to  be  necessary  to 
explain  the  observations. 
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Submerged  Jet  Near  a  Free  Surface 
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ABSTRACT 

The  results  of  two  experimental  investigations  on 
the  flow  structure  of  a  circular  jet  issuing  beneath  a  free 
surface  are  presented.  The  mean  flow  scaling  was 
determined  from  velocity  measurements  made  with  a  hot- 
film  anemometer.  The  free  surface  is  shown  to  decrease 
the  decay  rate  of  the  maximum  velocity  in  comparison  to 
a  free  jet.  The  similarity  scaling  of  the  flow  is  discussed 
based  on  a  simple  model.  The  mean  flow  and  all 
components  of  the  Reynolds  stress  tensor  were 
measured  with  a  three-component  LDV  system. 
Measurements  beneath  a  clean  free  surface  show  that  the 
mean  flow  spreads  laterally  in  a  shallow  surface  current, 
and  the  turbulent  velocity  fluctuations  become 
anisotropic  as  the  surface  is  approached.  Flow 
visualization  reveals  that  the  surface  current  contains 
fluid  structures  ejected  from  the  jet,  and  the  current  is 
suppressed  with  the  addition  of  surface  active  agents. 

NOMENCLATURE 

c  Similarity  constant, 

ci  Similarity  constant. 

d  Jet  exit  diameter. 

h  Jet  centerline  depth. 

hm  Maximum  velocity  depth  from  the  free  surface. 

J0  Jet  momentum  flux. 

L  Half  velocity  width. 

u  Streamwise  velocity  component, 

v  Horizontal  velocity  component. 

w  Vertical  velocity  component. 

x  Streamwise  coordinate,  positive  downstream. 

x0  Streamwise  location  of  virtual  origin. 

y  Horizontal  coordinate,  positive  for  right-handed 
coordinate  system. 

z  Vertical  coordinate,  positive  upward. 

p0  Water  density. 

c  (subscript)  Jet  centerline. 

e  (subscript)  Jet  exit. 

m  (subscript)  Profile  maximum. 


s  (subscript)  Surface. 

y  (subscript)  Half  velocity  width  measured  in  y 

direction. 

z  (subscript)  Half  velocity  width  measured  in  z 

direction. 

Capital  letters  are  used  for  mean  quatities,  primes  to 
denote  RMS  fluctuations,  and  overlines  to  indicate 
Reynolds  stresses,  e.g.,  U,  w',  ZTvT 

INTRODUCTION 

Synthetic  Aperture  Radar  (SAR)  images  of  ship 
wakes  have  generated  a  great  deal  of  interest  in  the 
interaction  of  turbulent  shear  flows  with  a  free  surface. 
These  images  show  a  dark  band  along  the  track  of  the 
ship  believed  to  be  related,  either  directly  or  indirectly,  to 
the  interaction  of  turbulence  in  the  wake  with  the  free 
surface.  The  study  of  a  turbulent  jet  beneath  a  free 
surface  was  undertaken  to  gain  some  insight  on  the 
interaction  of  turbulent  shear  flows  with  the  free  surface. 

The  surface  signature  of  a  submerged  turbulent  jet 
was  documented  by  Bernal  and  Madnia  (1988).  They 
found  that  the  large  scale  structures  in  the  jet  cause 
surface  deformations  and  the  generation  of  surface 
waves  as  they  interact  with  the  free  surface.  Farther 
downstream,  in  the  region  of  interaction  of  the 
turbulence  in  the  jet  with  the  free  surface,  persistent 
surface  dimples  are  observed  associated  with  vortex  lines 
terminating  at  the  free  surface.  This  phenomenon  has 
been  studied  in  detail  by  Bernal  and  Kwon  (1989)  and 
Kwon  (1989)  for  the  case  of  a  vortex  ring  interacting 
with  a  free  surface. 


In  this  investigation  we  consider  the  interaction  of 
a  submerged  jet  with  the  free  surface.  The  flow  geometry 
and  coordinates  system  used  is  shown  schematically  in 
Figure  1.  Here  we  focus  on  the  velocity  field  beneath  the 
surface.  We  discuss  first  the  similarity  scaling  of  the 
mean  velocity  profiles  based  on  velocity  measurements 
obtained  with  a  hot-film  anemometer  at  several  jet 
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Figure  1.  Schematic  diagram  of  the  flow  geometry 

depths.  In  the  second  part  of  the  paper  the  results  of 
measurements  of  the  mean  flow  and  turbulence  stresses 
are  presented.  These  measurements  were  obtained  with  a 
three-component  Laser  Doppler  Velocimeter. 

SCALING  OF  THE  FREE  SURFACE  JET 

Rajaratnam  and  Humphries  (1984)  studied  the 
mean  flow  characteristics  of  free  surface  jets  when  the 
free  surface  is  located  at  the  edge  of  the  jet  nozzle.  In 
their  investigation  they  did  not  study  the  free  surface 
motion  caused  by  the  jet/free-surface  interaction. 
However  they  reported  a  reduction  of  the  mean  velocity 
near  the  surface  at  high  Froude  numbers  which  was 
attributed  to  surface  wave  generation.  Self-similarity 
was  found  for  the  mean  velocity  profiles.  Rajaratnam 
and  Humphries  (1984)  and  more  recently  Ramberg  et  al. 
(1989)  have  studied  two-dimensional  free-surface  jets. 
Ramberg  et  al.  noted  the  pervasive  effects  of  jet 
confinement  in  their  tank.  These  confinement  effects 
have  been  studied  by  Kotsovinos  (1976,  1978).  These 
effects  can  lead  to  breakdown  of  the  similarity  scaling 
laws  because  of  the  momentum  flux  associated  with  the 
entrained  fluid. 

Experimental  Apparatus 

The  scaling  experiments  were  conducted  in  a  water 
tank  facility  consisting  of  a  free  surface  tank  and  a  jet 
tank.  The  free  surface  tank  was  made  of  glass  and  was 
76.2  cm  wide,  76.2  cm  high  and  167.6  cm  long.  The  jet 
flow  was  generated  by  a  jet  tank  located  inside  the  free 
surface  tank.  The  jet  issues  from  a  circular  orifice  0.64 
cm  in  diameter  located  on  the  side  of  the  tank.  A 
circular- arc-shaped  nozzle  with  radius  1.27  cm  provides 
a  smooth  transition  from  the  side  wall  of  the  tank  to  the 
jet  exit  plane.  For  the  data  discussed  here  the  exit 
velocity  was  200  cm/s  which  gives  a  Reynolds  number 
of  12,700. 


Velocity  data  were  obtained  using  a  constant 
temperature  hot  film  anemometer.  A  standard  TSI  quartz 
coated  cylindrical  sensor  was  used  in  the  measurements. 
The  sensor  length  was  0.5 1  mm  and  the  diameter  25  pm. 
The  sensor  axis  was  positioned  perpendicular  to  the  flow 
direction  and  parallel  to  the  free  surface.  The  hot  film 
was  operated  at  the  overheat  ratio  of  1.09.  The  output  of 
the  anemometer  was  DC  shifted  and  amplified  using  a 
Tektronix  AM501  operational  amplifier  wired  as  a 
differential  amplifier  with  a  gain  of  2.6.  The  output  of 
the  differential  amplifier  was  digitized  using  a  Lecroy 
8210  Transient  Digitizer.  Typical  sampling  rates  used 
were  between  200-800  Hz.  The  digitized  output  was 
then  stored  on  permanent  files  using  an  IBM  CS9000 
computer.  Additional  details  on  the  facility  and 
instrumentation  can  be  found  in  Madnia  (1989). 


Scaling 

A  simple  model  is  proposed  based  on  dimensional 
reasoning  and  similarity  concepts  which  describes  the 
scaling  in  the  far  field  of  the  free  surface  jet.  In  this 
model  we  consider  the  momentum  flux  of  the  jet  J0  as 
well  as  the  momentum  flux  of  an  image  jet  above  the 
surface  as  shown  schematically  in  Figure  2.  Thus  the 
free  surface  is  assumed  to  be  a  plane  of  symmetry  for 
the  flow.  It  is  further  assumed  that  the  dominant  length 
scale  is  h,  the  distance  from  the  jet  centerline  to  the  free 
surface.  The  jet  exit  diameter  plays  an  indirect  role 
through  its  effect  on  the  jet  momentum  JQ. 


Figure  2.  Far  field  scaling  of  the  free  surface  jet 

The  similarity  scaling  in  the  far  field  of  the 
turbulent  axisymmetric  jet  has  been  discussed  by  several 
authors  (e.g.,  Rajaratnam  1976).  If  the  jet  momentum 
flux  is  constant,  the  linear  growth  of  length  scales  with 
downstream  distance  implies  that  sufficiently  far 
downstream  compared  to  the  jet  exit  diameter  the  mean 
centerline  velocity,  Um ,  can  be  written  as: 


-  c  x 
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where  p0  is  the  fluid  density  and  c  is  a  constant.  It 
follows  that  for  the  free  surface  jet  at  sufficiently  large 
distance  compared  to  the  jet  depth  h ,  the  maximum 
velocity  Um  is  given  by 


where  2 J0  is  used  instead  of  J0  to  account  for  the 
momentum  of  the  image  jet  above  the  surface.  The 
constant  c  should  be  the  same  as  for  the  free  jet  while 
the  location  of  the  virtual  origin  xQ  depends  on  the 
geometry  of  the  jet  and  consequently  can  not  be  expected 
to  be  the  same  as  for  the  free  jet 

In  order  to  verify  this  scaling  arguments,  the 
equation  for  the  free  surface  jet  can  be  written  in  terms  of 
the  jet  exit  parameters  as  follows 

Ued  ci(x 

Umh  "  V2  h)' 

where  we  have  used  the  relation  J0  ~  po  (Ue  The 
same  analysis  applied  to  the  free  jet  gives, 


Thus,  the  constant  c\  can  be  determined  from  free  jet 
data,  which  gives  c\=  0.162  (Madnia,  1989).  It  should 
be  noted  that  in  order  for  the  constant  c\  to  have  the  same 
value  for  a  free  jet  as  for  a  free  surface  jet  it  is  required 
that  the  selfsimilar  velocity  profiles  in  both  of  these 
flows  have  the  same  shape. 

These  arguments  are  based  on  the  assumption  that 
JQ  is  a  constant  independent  of  x .  As  discussed  by 
Kotsovinos  (1976,1978)  this  fails  to  account  for  the 
momentum  flux  of  the  entrained  fluid  which  tends  to 
reduce  the  momentum  flux  as  the  flow  evolves 
downstream.  Also  in  the  free-surface  jet  problem, 
surface  waves  generated  at  the  interaction  will  carry 
momentum  away  from  the  jet  which  will  result  in  a  lower 
effective  value  of  JQ.  Another  important  effect  is  the 
presence  of  surface  active  agents  which  may  contribute 
to  a  reduced  momentum  flux. 

In  summary,  the  similarity  arguments  presented 
above  suggests  that:  (i)  the  proper  velocity  scale  for  the 
free-surface  jet  is  Ued/h;  (ii)  the  proper  length  scale  for 
the  interaction  is  h,  the  depth  of  the  jet;  and  (iii)  the 
maximum  mean  velocity  approaches  the  free  surface  with 
downstream  distance. 


Results  and  Discussion 

Figure  3  is  a  plot  of  Ued/Umh  as  a  function  of  x/h 
for  free-surface  jet  data  obtained  at  several  values  of  hid . 
It  is  apparent  that  the  proposed  similarity  scaling  results 
in  good  collapse  of  the  data  throughout  the  interaction. 
Yet  the  slope  of  the  data  is  somewhat  smaller  than  the 
expected  value  of  ci/V2=0.115.  It  is  only  when  the 
values  at  xlh=24  and  32  are  used  to  determine  the  slope 
that  there  is  good  agreement  of  the  measured  slope  0.1 14 
with  the  calculated  value. 
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Figure  3.  Decay  of  maximum  mean  velocity. 

The  collapse  of  the  data  in  Figure  3  throughout  the 
interaction  region  suggests  that  velocity  profiles 
measured  at  the  same  value  of  xlh  for  different  hid 
should  collapse  on  a  single  similarity  curve.  Similarity 
profiles  for  various  values  of  x/h  are  presented  in 
Figures  4  and  5.  In  each  figure,  plot  (a)  presents  the 
similarity  profiles  in  the  direction  normal  to  the  free 
surface  and  plot  (b)  presents  the  profiles  parallel  to  the 
free  surface.  For  a  normalized  distance  of  xlh- 12, 
Figure  4(a)  shows  a  significant  reduction  of  the  mean 
velocity  close  to  the  free  surface  (the  free  surface  is 
located  at  z!Lz  ~1).  The  mean  velocity  profiles  at  x!h=24 
and  32  are  given  in  Figure  5.  The  profile  in  the  direction 
perpendicular  to  the  surface  at  x//z=24,  Figure  5(a), 
shows  that  the  maximum  velocity  occurs  away  from  the 
surface.  At  xfh= 32  the  maximum  occurs  closer  to  the 
free  surface.  It  is  apparent  that  only  downstream  of 
xlh= 32  do  the  similarity  profiles  of  the  free  surface  jet 
resemble  those  of  a  free  jet.  We  expect  that  the  far  field 
slope  c  i/V2  can  only  be  obtained  downstream  of  this 
location. 
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▲  x/h=10.67  □  x/h  -12  •  x/h=13.33 


□  x/h=24 
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Figure  4.  Mean  velocity  similarity  profiles.  Ue=200  cm/s, 
x/h  =  10.67,12,13.3.  (a)  Profiles  perpendicular  to  the 
surface,  (b)  Profiles  parallel  to  the  surface. 


The  growth  rate  of  the  mean  velocity  profiles  was 
characterized  by  the  half  velocity  widths  Ly  and  Lz  in  the 
directions  parallel  and  perpendicular  to  the  free  surface. 
These  half  velocity  widths  were  determined  with 
reference  to  the  location  of  the  maximum  velocity  in  the 
profile.  The  similarity  argument  suggests  that  in  the  far 
field  the  maximum  velocity  should  be  found  on  the  free 
surface,  i.e.  hm~ 0,  and  also  Ly  ~LZ .  Thus,  in  the  far 
field  Ly  ~Lz+hm ,  where  Lz+hm  is  a  measure  of  the 
thickness  of  the  high  momentum  region  on  the  vertical 
symmetry  plane.  The  normalized  widths  Ly/h  and  ( Lz 
+hm  )fh  are  plotted  in  Figure  6  as  a  function  of  x/h  for  all 
values  of  h/d .  These  results  show  that  the  high 
momentum  region  is  deeper  than  it  is  wide  throughout 
the  interaction  region.  The  asymmetry  persists  for  large 
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Figure  5.  Mean  velocity  similarity  profiles.  Ue=200 
cm/s,  x/h  =  24,  32.  (a)  Profiles  perpendicular  to  the 
surface,  (b)  Profiles  parallel  to  the  surface. 


distances  downstream.  Only  for  x/h~32  the  values  of  Ly 
and  Lz  +hm  begin  to  converge  toward  each  other  as  is 
expected  in  the  far  field.  Both  Ly/h  and  (Lz  +hm)/h  grow 
almost  linearly  with  x.  The  slope  of  these  lines,  0.078,  is 
in  good  agreement  with  the  results  for  a  free  jet.  This 
result  is  not  consistent  with  reported  measurements  in 
free  surface  jets  by  Rajaratnam  and  Humphries  (1984). 

The  downstream  evolution  of  the  normalized  mean 
surface  velocity  along  the  jet  centerline,  measured  at  a 
distance  of  approximately  2  mm  below  the  surface,  is 
shown  in  Figure  7.  The  mean  surface  velocity  is  very 
small  for  x/h  <  5.  The  mean  surface  velocity  reaches  a 
maximum  at  x/h~  1 1  and  decreases  downstream  of  this 
point.  The  solid  line  in  this  plot  is  a  least  squares  curve 
fit  through  the  normalized  maximum  mean  velocity  data 
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□  h/d— 1  o  h/d=1.5  a  h/d=2.5  o  h/d-3.5 


Figure  6.  Evolution  of  half  velocity  width.  Solid 
symbols,  Ly/h;  open  symbols  Lz/h+hm/h. 


presented  in  Figure  3.  From  Figure  7  it  can  be  seen  that 
the  surface  velocity  approaches  the  maximum  mean 
velocity  in  the  profile  for  large  values  of  xlh.  It  appears 
that  the  rate  of  decay  of  surface  velocity  is  much  slower 
than  its  initial  rate  of  increase  in  the  axial  direction.  This 
can  have  a  significant  effect  in  the  dynamics  of  surface 
waves  in  this  region.  It  is  interesting  to  note  that  the 
location  of  the  maximum  velocity,  xfh=\\9  is 
downstream  of  the  location  of  maximum  surface  activity 
as  determined  by  surface  curvature  measurements,  xlh~ 
5  to  10  (Madnia,  1989). 
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Figure  7.  Evolution  of  mean  velocity  near  the  surface. 


TURBULENCE  MEASUREMENTS 
Experimental  Apparatus 

Measurements  of  jet  turbulence  beneath  a  free 
surface  were  made  using  a  three-component, 
underwater  Laser  Doppler  Velocimeter  (LDV)  designed 
for  wake  measurements  in  a  towing  tank.  The  LDV 
used  the  three  strongest  lines,  514.5  nm  (green),  488.0 
nm  (blue),  and  476.5  nm  (violet),  of  an  Argon  ion  laser 
in  a  three-color,  six-beam  configuration.  The  green 
and  blue  beam  pairs  determined  the  velocity 
components  in  a  plane,  and  the  violet  beams  determined 
the  component  perpendicular  to  this  plane  (Figure  8). 
The  LDV  used  optical  fibers  to  carry  the  transmitted 
beams  to  two  watertight  optical  probes  and  to  carry 
backscattered  light  from  the  probes  to  the 
photodetectors.  The  submerged  probes  were  mounted 
oppositely  in  a  cylindrical  housing,  and  a  pair  of 
underwater  mirrors  folded  the  six  beams  to  a  crossing 
approximately  1.25  m  from  the  housing  axis.  The 
measurement  volume  diameters  were  approximately 
.020  cm  on  all  three  components,  and  frequency  shifting 
using  Bragg  cells  was  employed  to  allow  discrimination 
of  reversed  flow  of  any  component.  The  Doppler  bursts 


Figure  8.  Plan  and  side  views  of  the  three- 
component  LDV  and  jet  nozzle.  The  LDV  translates 
perpendicular  to  the  jet  and  rotates  about  its  own  axis; 
the  jet  nozzle  translates  on  its  axis. 
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were  processed  using  counter-type  processors,  and  the 
burst  information  from  all  three  processors  was  tested 
for  simultaneity  or  was  rejected.  The  data  were  stored 
on  an  IBM  PC.  See  Willmarth  (1987)  for  a  more 
complete  description  of  the  LDV  design. 

The  LDV  was  operated  in  a  2400-gallon  small 
towing  tank  facility  at  the  University  of  Michigan.  The 
LDV  probe  was  suspended  from  a  carriage  that  allowed 
translation  in  one  direction.  A  stepping  motor  attached 
to  the  underwater  housing  allowed  the  LDV  to  be 
rotated  about  its  axis. 

The  jet  itself  consisted  of  a  brass  nozzle  attached 
to  a  pair  of  concentric  PVC  cylinders;  within  the 
cylinders  were  screens  and  honeycomb  for  turbulence 
management.  The  jet  was  suspended  from  the  facility's 
towing  carriage  and  was  moved  axially  to  provide  the 
third  axis  of  positioning.  This  'free'  jet  arrangement 
allowed  entrainment  from  all  directions,  in  contrast  to 
that  used  for  the  scaling  measurements  of  Part  I  where 
the  jet  issued  from  a  wall  that  spanned  the  facility.  The 
jet  exit  diameter  was  .635  cm,  and  the  jet  exit  velocity 
was  200  cm/s.  Figure  8  shows  the  LDV  probe,  the  jet, 
and  the  coordinate  system. 

The  water  in  the  towing  facility  was  continuously 
circulated  and  filtered  when  not  taking  measurements, 
so  as  to  maintain  a  uniform  temperature  throughout  the 
tank.  A  submersible  pump  drew  from  the  towing  tank, 
and  the  jet  discharged  back  into  the  tank;  in  this 
manner,  seeding  uniformity  between  jet  and  ambient 
fluid  could  be  assured.  Titanium  dioxide  was  added  to 
the  water  to  seed  the  fluid  with  scattering  particles  prior 
to  taking  measurements. 


Results  and  Discussion 

Three-component  LDV  measurements  of  the  flow 
velocity  in  a  submerged  turbulent  jet  at  depths  of  60 
and  2  diameters  were  made  to  quantify  the  behavior  of 
turbulence  beneath  a  free  surface.  The  jet  Reynolds 
number  based  on  exit  velocity  and  jet  diameter  was 
approximately  12,700.  The  data  were  obtained  using  a 
simultaneity  window  set  equal  to  the  time  required  for 
a  scattering  particle  travelling  with  the  measured  mean 
speed  to  traverse  the  diameter  of  the  measurement 
volume.  Data  rates  tended  to  be  low,  around  30  Hz 
near  the  jet  centerline  and  less  than  10  Hz  at  the  jet 
edges.  For  the  data  reported  here,  at  least  1000 
individual  measurements  were  recorded  at  each  location; 
this  number  was  chosen  based  on  the  appearance  of  the 
velocity  histograms  for  each  component.  Ensemble 
averages  were  corrected  for  particle  arrival  bias  using 
the  reciprocal  of  the  magnitude  of  the  instantaneous 
velocity  vector  (McLaughlin  and  Tiederman,  1973)  to 
weight  the  individual  measurements. 


Measurements  of  the  flowfield  of  a  deep  jet 
(h/d~ 60)  were  made  as  a  baseline  from  which  to 
compare  measurements  made  in  a  shallow  jet  (hld= 2) 
beneath  a  free  surface.  The  streamwise  velocity 
component  on  the  jet  centerline  is  shown  in  Figure  9, 
plotted  so  as  to  reveal  its  inverse  dependence  onx,  as 
expected  from  similarity  considerations.  The  measured 
slope  of  this  line  gives  UJU**63/(x/d),  in  agreement 
with  that  reported  elsewhere,  e.g.  Rajaratnam  (1976). 
However,  at  32  diameters  downstream,  the  flow  can  still 
not  be  considered  fully  developed,  in  the  sense  that  the 
turbulence  quantities  become  self-similar.  Wygnanski 
and  Fiedler  (1969)  have  shown  that  the  turbulence 


x/d 


Figure  9.  Variation  of  jet  centerline  velocity  with 
downstream  distance,  hid— 60.  Scaling  determined 
from  straight  line  segment  shown. 

quantities  in  an  axisymmetric  jet  do  not  become  self¬ 
preserving  until  about  80  diameters  downstream. 

Profiles  of  mean  velocity,  RMS  turbulent 
fluctuations,  and  Reynolds  stresses  were  measured  at 
downstream  stations  of  16,  24,  and  32  diameters. 
Shown  in  Figs.  lOa-d  are  profiles  at  x/d=32  for  varying 
z  at  y=0;  corresponding  profiles  for  varying  y  at  z=0, 
though  not  shown,  are  in  excellent  agreement  and  serve 
to  verify  that  the  jet  is  indeed  axisymmetric.  The 
profiles  are  plotted  using  similarity  variables, 
normalizing  the  vertical  coordinate  z  by  the  downstream 
distance  x  and  the  velocity  components  by  Uc>  the  mean 
velocity  on  the  jet  centerline.  The  vertical  mean 
velocity  component  W ,  shown  in  Fig.  10b,  shows 
outward  flow  near  the  jet  centerline,  and  inward  flow 
(entrainment)  at  the  jet  edges.  This  behavior  is 
expected  to  differ  when  the  jet  discharges  near  a  free 
surface,  because  of  the  restrictions  the  boundary  places 
on  the  vertical  growth  of  the  jet  and  on  the  entrainment 
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of  fluid  into  the  jet  from  above.  The  RMS  turbulent 
fluctuations  (Fig.  10c)  show  the  horizontal  and  vertical 
fluctuations  v'  and  wf  to  have  the  same  magnitude, 
while  the  magnitude  of  the  streamwise  fluctuations  u'  is 
somewhat  greater.  By  symmetry,  the  cross-stream 
mean  velocity  V (Fig.  10b)  and  the  Reynolds  stresses  u  v 
and  vw  (Fig.  lOd)  should  be  zero;  to  within  the  limits  of 
experimental  error,  these  terms  are  effectively  zero. 

Shallow  jet  data  Qi/d- 2)  were  obtained  at  xjd- 32, 
for  the  same  Reynolds  number,  and  are  presented  in 
Figs,  lla-d.  The  same  similarity  variables  are  used  so 
that  direct  comparison  between  Figs.  10  and  11  is 
possible.  Comparison  of  the  streamwise  mean  velocity 
profiles  (Figs.  10a  and  11a)  reveals  that  the  location  of 
maximum  mean  velocity  approaches  the  surface,  in 
agreement  with  the  scaling  results  of  Part  I  above.  Fig. 
lib  shows  a  profile  of  the  vertical  mean  velocity;  near 
the  jet  centerline,  the  flow  is  again  outward,  and  well 
below  the  centerline,  the  flow  is  entraining  inward.  The 
flowfield  above  the  jet  centerline  shows  the  effects  of 
the  free  surface,  driving  the  vertical  mean  velocity  to 
zero  as  it  is  approached.  The  RMS  turbulent 
fluctuations,  Fig.  11c,  reveal  a  distinctive  behavior  as 
the  surface  is  approached:  The  fluctuations  normal  to 
the  free  surface  are  significantly  diminished,  while  those 
parallel  to  the  surface  are  enhanced.  The  Reynolds 
stresses  are  plotted  in  Fig.  lid,  showing  that  the 

principal  stress  uw  diminishes  to  zero  as  the  surface  is 
approached. 

Measurements  of  turbulence  beneath  a  free  surface 
in  inherently  two-dimensional  flows  such  as  the 
channel  flows  reported  by  Komori,  et.  al.  (1982)  and 
Rashidi  and  Baneijee  (1988),  and  the  plane  surface  jet 
flow  reported  by  Ramberg,  et.  al.  (1989)  have 
previously  shown  that  the  turbulent  fluctuations  become 
anisotropic  beneath  a  free  surface.  Beneath  a  shear- free 
plane  surface  as  is  appropriate  to  the  image  model 
outlined  above,  the  vertical  velocity  and  vertical 
fluctuations  must  go  to  zero  as  a  consequence  of  the 
plane  boundary.  However,  the  interaction  of  the  jet 
with  a  free  surface  shows  considerable  surface  activity, 
including  the  generation  of  surface  waves,  and  the 
vertical  fluctuations  need  not  go  to  zero  as  the  surface 
is  approached.  Recent  research  investigating  the 
dynamics  of  vortex  rings  at  a  free  surface  (Bernal  and 
Kwon,  1989)  revealed  a  process  of  vortex  reconnection 
to  the  free  surface.  The  vortex  lines  comprising  the 
rings  were  found  to  disconnect  and  become  attached  to 
the  surface,  resulting  in  open  vortex  lines  beginning  and 
terminating  at  the  free  surface.  We  suggest  that  the 
physical  mechanism  acting  to  redistribute  the  turbulent 
energy  from  the  vertical  to  lateral  fluctuations  is  a 
process  whereby  vortex  filaments  in  turbulence  become 
attached  to  the  free  surface. 


Lateral  velocity  profiles  were  taken  between  the 
jet  centerline  z-0  and  the  free  surface  z=h,  again  at 
x/d=32.  Those  points  nearest  the  free  surface  were 
within  1  mm  of  the  undisturbed  surface  and  were  as 
close  to  the  surface  as  was  possible  without  the 
measurement  volume  being  interrupted  by  surface 
deformations.  Though  not  shown,  these  data  reveal  a 
significant  increase  in  the  jet  width  as  the  surface  is 
approached.  The  flow  is  inward  at  the  jet  edges  on  and 
just  above  the  jet  centerline,  corresponding  to 
entrainment,  but  is  outward  in  a  thin  layer  just  beneath 
the  surface  that  extends  laterally  to  several  jet  widths 
from  the  jet  centerline.  We  refer  to  this  thin  layer  as 
the  surface  current. 

To  investigate  this  surface  current,  the  LDV  was 
operated  without  requiring  simultaneity  among  the  three 
components;  this  allows  determination  of  the  mean 
velocities,  but  sacrifices  the  turbulence  quantities  in 
favor  of  a  higher  data  acquisition  rate.  The  data  shown 
in  Figs.  12a-d  are  averages  of  at  least  2000  individual 
measurements  per  channel  at  each  location,  and  are  not 
corrected  for  bias.  Shown  are  vector  plots  of  the  mean 
velocity  components  V  and  W  at  various  downstream 
stations.  At  x/d=  16,  the  data  show  the  beginnings  of 
the  surface  current  in  the  data  taken  at  the  surface,  but 
not  in  that  taken  below  it.  Proceeding  downstream  to 
24  and  32  diameters,  the  current  is  seen  to  develop, 
growing  significantly  wider  than  the  turbulent  jet  flow 
beneath  it,  but  remaining  confined  to  a  shallow  layer 
just  beneath  the  surface.  At  48  diameters  downstream, 
the  surface  current  dominates  the  flowfield,  the  velocity 
components  throughout  the  jet  having  diminished  with 
increasing  distance  downstream. 

Near  the  jet  centerline,  the  mean  flow  has  a 
component  outward  (as  the  jet  grows  wider 
downstream),  and  well  below  the  jet  centerline,  the  flow 
is  inward  as  ambient  fluid  is  entrained.  In  the  current 
layer,  a  strong  outward  flow  causes  the  entraining  flow 
below  it  to  be  turned  outward.  One  might  attribute  such 
turning  to  the  action  of  a  streamwise  vortex  lying  just 
outboard  of  the  jet,  as  the  flowfield  is  suggestive  of  a 
vortex  pair  lying  just  beneath  and  parallel  to  the  free 
surface.  A  similar  flow  pattern  appears  in  wake  data 
taken  behind  surface  ships,  and  this  pattern  is 
sometimes  attributed  to  the  action  of  large  streamwise 
vortices  shed  from  the  stem  or  bilges  of  the  ship.  In 
the  case  of  the  jet,  stretching  of  ring-like  or  helical 
vortical  structure  within  the  jet  could  yield  streamwise 
structure  in  the  mean.  Far  from  the  free  surface,  there 
should  be  no  preferred  azimuthal  position  for  these 
structures,  but  in  close  proximity  to  the  surface,  a  stable 
configuration  of  streamwise  vorticity  could  develop. 
This  feature  might  be  characteristic  of  the  interaction 
between  a  three-dimensional  turbulent  shear  flow  and 
a  free  surface. 
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Figure  10a.  Profile  of  streamwise  mean  velocity 
component,  x/d=32,  h/d~6 0. 
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Figure  10c.  Profiles  of  RMS  turbulent  fluctuations, 
x/d= 32,  h!d~ 60. 
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Figure  10b.  Profiles  of  horizontal  and  vertical  mean 
velocity  components,  x/d= 32,  h/d**60. 
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Figure  lOd.  Profiles  of  Reynolds  stresses,  x/d= 32, 
h/d~6  0. 


The  surface  current  does  not  obviously  follow 
from  the  considerations  of  Part  I  for  a  shallow 
submerged  jet  merging  with  its  image  above  the  surface, 
although  the  concept  of  image  vorticity  is  essential  to 
understanding  the  surface  current.  To  understand  the 
origin  of  the  surface  current,  flow  visualization  using 
laser- induced  fluorescence  (LIF)  was  used.  A  small 
amount  (3  ppm)  of  fluorescein  dye  was  added  to  the 
reservoir  supplying  the  jet,  and  a  cross-stream  plane 
(xfd= 32),  normal  to  the  free  surface  and  the  axis  of  the 


jet,  was  illuminated  with  a  laser  light  sheet.  The 
boundary  of  the  jet  was  observed  to  be  very  uneven  and 
unsteady,  appearing  to  emit  puffs  of  dyed,  vortical  fluid 
in  random  directions;  these  puffs  initially  propagated 
outward  and  away  from  the  jet.  The  puffs  that  were 
emitted  downward  slowed  rapidly  and  were  rarely 
observed  to  propagate  far  from  the  jet  boundary. 
However,  those  that  were  ejected  near  the  surface, 
having  little  downward  velocity,  were  observed  to 
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Figure  11a.  Profile  of  streamwise  mean  velocity 
component,  x/d=32,  h/d-2 . 
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Figure  11c.  Profiles  of  RMS  turbulent  fluctuations, 
x/d= 32,  h/d-2. 
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Figure  lib.  Profiles  of  horizontal  and  vertical  mean 
velocity  components,  x/d- 32,  h/d-2. 
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Figure  lid.  Profiles  of  Reynolds  stresses,  x/d- 32, 
h/d=2. 


continue  to  propagate  parallel  to  the  surface  away  from 
the  jet  boundary.  These  emissions  persisted  to  several 
jet  half-widths  from  the  boundary  in  a  thin  layer  just 
below  the  surface.  The  average  of  many  such  emissions 
and  their  subsequent  propagation  outward  gives  rise  to 
a  mean  outward  flow  which  is  observed  as  a  surface 
current. 


Using  a  horizontal  light  sheet,  planes  parallel  to 
the  surface  were  illuminated.  With  the  sheet  just 
beneath  the  surface,  a  plan  view  of  the  surface  current 
was  obtained.  The  layer  appears  to  originate  near 
x/d- 16  for  a  jet  depth  h/d= 2.  The  current  layer  shows 
puffs  of  dyed  fluid  ejected  from  the  jet  propagating 
outward  at  an  angle  of  about  35  degrees  to  the  jet  axis, 
whereas  the  jet  flow  itself  spreads  at  about  12  degrees. 
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Figure  12a.  Vector  plot  of  horizontal  and  vertical  mean  Figure  12c.  Vector  plot  of  horizontal  and  vertical  mean 
velocity  components,  x/d- 16,  hid- 2.  Shaded  circle  velocity  components,  x/d= 32,  h/d- 2. 
shows  jet  nozzle,  shaded  triangle  shows  location  of  free 
surface. 
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Figure  12b.  Vector  plot  of  horizontal  and  vertical  mean 
velocity  components,  x/d= 24,  hid- 2. 


The  ejected  structures  remained  relatively  coherent,  and 
high  concentrations  of  dye  in  the  ejected  fluid  suggest 
that  turbulent  mixing  is  greatly  reduced  within  the  layer. 
Illuminating  a  plane  through  the  jet  centerline,  z= 0, 
reveals  characteristic  deep  jet  behavior  up  to 
approximately  24  diameters,  at  which  distance  the 
structures  emitted  in  the  surface  layer  have  grown  in 
scale  sufficiently  to  intercept  the  sheet  from  above,  well 
outboard  of  the  12  degree  jet  boundary.  In  a  plane 
beneath  the  jet,  z/d=- 1,  the  only  evidence  of  the  layer 
comes  from  the  few  structures  large  enough  to  reach  the 
light  sheet. 


Figure  12d.  Vector  plot  of  horizontal  and  vertical  mean 
velocity  components,  x/d- 48,  hfd= 2. 


Although  we  have  not  directly  measured  the 
vorticity,  the  fact  that  the  surface  puffs  continue  to 
propagate  away  from  their  origin  near  the  jet  boundary 
indicates  that  they  consist  of  vortical  fluid.  The  dye 
concentration  of  the  fluid  carried  with  the  surface  puffs 
indicates  that  this  fluid  has  not  mixed  with  the 
surrounding  (non-dyed)  fluid  as  the  puffs  propagate 
outward  along  the  surface. 

The  recent  work  of  Bernal,  et.  al.  (1989)  and  Hirsa 
(1990)  in  determining  the  behavior  of  a  vortex  pair 
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beneath  a  free  surface  revealed  the  importance  of 
surface-active  agents  in  determining  the  vortex 
trajectories  and  the  generation  of  secondary  vorticity 
beneath  surfaces  contaminated  with  such  agents. 
Discrete  vortices  travelling  toward  a  free  surface 
propagate  outward  beneath  the  surface  when  the  surface 
is  relatively  free  of  surfactant,  but  rebound  from  the 
surface  when  surfactant  is  present.  The  rebounding  is 
caused  when  secondary  vorticity  of  opposite  sign  to  the 
primary  vortices  is  generated  beneath  a  surfactant 
covered  surface.  Oleyl  alcohol,  an  insoluble  surface- 
active  agent  for  which  the  constitutive  relation  between 
surface  pressure  and  concentration  is  known,  was  added 
to  the  free  surface,  and  the  LIF  flow  visualizations  were 
repeated.  The  surface  current  did  not  form,  and  vortical 
ejections  from  the  jet,  emitted  near  and  parallel  to  the 
free  surface,  were  confined  laterally  through  interaction 
with  secondary  vorticity  generated  beneath  the 
surfactant  layer. 
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DISCUSSION 
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Did  you  notice  any  pattern  on  the  free  surface  near  the  jet?  Were 
there  any  distinct  streamwise  or  transverse  waves  visible? 

AUTHORS’  REPLY 

Under  the  conditions  investigated,  the  interaction  of  the  jet  flow  with 
the  free  surface  led  to  the  generation  of  surface  waves  near  the  jet 
centerline.  These  waves,  generated  continually  and  apparently  at 
random  by  the  large-scale  structures  in  the  jet  flow,  were  observed  to 
coalesce  and  to  propagate  in  a  direction  almost  perpendicular  to  the 
jet  axis.  Measurements  of  the  wavelength  and  wavespeed  from 
shadowgraph  images  of  the  free  surface  showed  the  waves  to  be 
gravity— capillary  waves  of  wavelengths  between  1  and  4  cm, 
travelling  with  approximately  the  minimum  wavespeed,  23  cm/s, 
attainable  on  deep  water  having  a  clean  free  surface. 
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Adequacy  of  Free  Surface  Conditions 
for  the  Wave  Resistance  Problem 

H.  Raven  (Maritime  Research  Institute  Netherlands,  The  Netherlands) 


ABSTRACT 

This  paper  compares  three  different  lin¬ 
earized  free  surface  conditions  for  steady 
potential  flow  around  a  ship,  viz.  the  Kelvin 
condition  and  the  slov-ship  conditions  of 
Dawson  and  of  Eggers.  All  are  implemented  in  a 
Rankine-source  method  of  the  type  proposed  by 
Dawson.  The  comparisons  concern  the  predicted 
wave  resistance  and  wave  patterns,  the  magni¬ 
tude  of  the  nonlinear  terms  neglected  in  the 
FSC,  and  the  remaining  errors  in  the  dynamic 
and  kinematic  conditions  at  the  predicted  free 
surface.  Rather  substantial  errors  are  found 
for  all  linearized  methods.  Dawson's  condition 
does  not  perform  any  better  than  the  Kelvin 
condition  except  for  full  hull  forms.  The 
occasional  prediction  of  a  negative  wave  re¬ 
sistance  for  full  ships  is  explained  in  terms 
of  an  energy  flux  through  the  free  surface. 
The  condition  of  Eggers,  though  theoretically 
preferable,  is  found  to  lead  to  non-con¬ 
vergence  of  the  basic  perturbation  expansion 
near  the  bow  in  one  of  the  cases  and  so  to 
give  worse  results  than  Dawson's. 

NOMENCLATURE 

D  downstream  plane  up  to  y=X] 

D0  downstream  plane  up  to  y=0 

EU  energy  flux 

Fn  Froude  number 

FS  free  surface  y=U 

FSn  undisturbed  free  surface  y=0 

g  gravity  acceleration 

intersection  of  plane  D  with  free 
surface 

n  normal  vector 

n  longitudinal  component  of  n 

px  pressure 

Rw  wave  resistance 

Rwf  wave  resistance  according  to  (7) 

Rwp  wave  resistance  according  to  (9) 

U  ship  speed 

Vn  normal  velocity  component  of  control 

surface 

x,y,z  Cartesian  coordinate  system;  x  astern, 
y  upward,  z  to  port;  origin  at  %  L  un¬ 
less  stated  otherwise 


Y\  linearized  wave  elevation 

U  double-body  wave  elevation  (23) 

ri-\ 

p  wave  elevation  including  nonlinear 

*  terms  (18,25) 

p  wave  elevation  including  nonlinear  and 

transfer  terms  (19,26,28) 

p  fluid  density 

4>  total  velocity  potential 

$  double-body  potential 

<£>—  $ 

1.  INTRODUCTION 

One  of  the  oldest  and  most  extensively 
studied  problems  in  ship  hydrodynamics  is  the 
determination  of  the  wave  pattern  and  wave 
resistance  of  a  ship  sailing  in  still  water. 
This  is  partly  related  with  its  visible 
importance  for  the  efficiency  of  a  ship  and 
the  fact  that  it  is  the  primary  quantity 
derived  from  towing  tank  tests;  but  also  the 
rather  obvious  formulation  of  an  appropriate 
mathematical  model  for  the  potential  flow  with 
free  surface  boundary  conditions  has  played  a 
role.  Particularly  in  the  sixties  and  seven¬ 
ties  much  work  has  been  done  to  simplify  this 
basic  model  to  a  method,  simple  and  yet  accu¬ 
rate  enough  in  practical  applications.  The 
most  important  result  of  all  this  activity  was 
probably  the  formulation  of  the  slow-ship 
theory,  based  on  linearization  with  respect  to 
the  flow  about  the  hull  at  zero  Froude  number, 
i.e.  the  "double-body  flow".  At  the  Second 
International  Conference  on  Numerical  Ship 
Hydrodynamics  two  papers  applying  this  condi¬ 
tion,  by  Baba  [1]  and  by  Dawson  [2],  attracted 
much  attention  due  to  the  realism  of  the  pre¬ 
dictions  shown.  Additionally  Dawson's  method 
raised  much  interest  owing  to  its  very  origi¬ 
nal  and  apparently  straight-forward  implemen¬ 
tation  differing  substantially  from  current 
methods  of  that  time. 

Since  then,  Dawson's  method  or  a  very 
similar  one  has  been  implemented  by  many 
others.  One  member  of  this  family  is  our  pro¬ 
gram  DAWSON,  which  follows  the  same  basic 
procedure  but  differs  in  several  details  from 
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the  original  method.  More  about  it  can  be 
found  in  [3].  This  program  is  being  used 
extensively  as  a  design  tool  at  MARIN,  giving 
detailed  information  on  the  pressure  and 
streamline  direction  on  the  hull,  the  wave 
pattern,  the  resistance  and  other  forces,  etc. 
With  careful  interpretation  this  allows  to 
optimize  a  design  before  model  tests  are  being 
performed.  As  a  matter  of  fact  this  has  led  to 
a  few  quite  successful  designs.  It  appears 
that  in  some  respects  the  ideal  role  of 
Numerical  Ship  Hydrodynamics  integrated  in  the 
design  procedure  is  being  approached  here  al¬ 
ready. 

Still,  in  practical  applications  to 
current  ship  forms  certain  problems  and  doubts 
on  the  reliability  of  the  predictions  may 
arise.  In  studying  these  it  appears  that  some 
aspects  of  slow-ship  theory  have  not  yet  been 
settled  entirely.  The  principle  of  Dawson's 
method  is  generally  taken  for  granted,  as  is 
illustrated  by  the  fact  that  even  the  alge¬ 
braic  mistake  [3]  in  the  derivation  of  the 
free  surface  condition  is  copied  without 
comment  in  most  papers!  Current  work  on  wave 
resistance  calculations  is  mostly  concerned 
either  with  further  extensions  of  Dawson's 
method  to  new  applications,  or  with  methods 
solving  the  nonlinear  problem,  and  does  not 
address  the  basics  of  the  methods  so  widely 
used  now. 

In  a  certain  sense  this  paper  makes  a 
plea  for  a  renewed  critical  look  at  the  wave 
resistance  calculation  methods.  It  questions 
the  assumed  superiority  of  the  slow-ship  con¬ 
dition  by  showing  that  for  a  large  class  of 
ships  the  predictions  are  nothing  better  than 
if  the  Kelvin  condition  is  used  instead.  The 
paradoxical  occurrence  of  negative  wave  re¬ 
sistance  predictions,  perhaps  more  widely 
known  but  ignored,  is  studied  in  Section  3. 
The  validity  of  the  linearization  assumptions 
is  investigated  by  estimating  the  nonlinear 
terms  and  by  directly  evaluating  the  velocity 
field  at  the  predicted  free  surface.  Some  of 
the  conclusions  motivate  and  direct  the  de¬ 
velopment  of  a  method  to  satisfy  the  nonlinear 
boundary  conditions;  Section  6  briefly  dis¬ 
cusses  the  prospects  for  such  work. 

2.  WAVE  RESISTANCE  PREDICTIONS 

2.1.  Background 

The  mathematical  model  pertinent  to  cal¬ 
culation  of  the  wave  pattern  and  wave  re¬ 
sistance  of  a  ship  is  that  of  a  potential  flow 
subject  to  kinematic  and  dynamic  free  surface 
conditions  (FSC's).  Solving  this  problem  in 
its  exact  form  is  quite  complicated,  not  only 
owing  to  the  nonlinearity  of  the  dynamic  con¬ 
dition  but  also  since  both  conditions  must  be 
applied  at  the  unknown  free  surface.  The 
general  approach  is  therefore  to  linearize  the 
FSC.  This  linearization  can  be  performed  with 
respect  to  either  the  undisturbed  uniform  flow 


or  the  double-body  flow.  In  the  former  case, 
the  Kelvin  FSC  is  obtained: 

Fn2  <p  +  *  =  0  (1) 

xx  y  v  ' 

which,  if  combined  with  the  exact  form  of  the 
hull  boundary  condition  gives  rise  to  a 
"Neumann-Kelvin"  problem.  The  other  approach 
results  in  the  slow-ship  FSC,  which  can  e.g. 
have  the  form  chosen  by  Dawson: 

Fn2{%(*x  fe + *z  y  (#x +  #z) + 

(*x  h+  *zk)  (Vx +  *A  -  *x  -  *z)  + 

+  *y  -  0  (2) 

where  $  is  the  double-body  potential  and  <f>  is 
the  total  potential.  Present  methods  also 
impose  that  the  perturbation  potential  <f>'  =  $-$ 
satisfies  the  exact  hull  boundary  condition. 

Since  the  appearance  of  the  slow-ship  FSC 
this  has  become  by  far  the  most  popular 
boundary  condition  in  wave  resistance  calcula¬ 
tion  methods.  Its  assumed  superiority  is 
probably  based  to  a  great  extent  on  the 
results  of  the  First  Workshop  on  Ship  Wave 
Resistance  Calculations  in  1979  [4].  Here  many 
different  methods  were  applied  to  common  test 
cases,  viz.  the  Wigley  hull,  an  Inuid  form, 
the  Series  60  block  60  hull,  a  fast  naval 
vessel  and  a  tanker  model.  For  all  these  cases 
Dawson's  predictions  were  consistent  and 
acceptably  close  to  the  experimental  values. 
On  the  other  hand,  Fig.  1  illustrates  the 

results  of  methods  solving  the  Neumann-Kelvin 
problem.  The  only  conclusion  to  be  drawn  from 
this  figure  is  that  large  numerical  errors 
must  be  present  in  most  of  them,  since  solu¬ 
tions  of  the  same  problem  predict  resistances 
differing  by  a  factor  of  2  in  some  cases.  The 
magnitude  of  these  errors  forbids  all  conclu¬ 
sions  on  the  relative  merits  of  the  free 
surface  conditions  used,  and  the  results  are 
certainly  no  reason  to  do  away  with  the 

Neumann-Kelvin  approach!  Still  this  is  what 
happened:  from  about  1980  onwards,  the  majori¬ 
ty  of  the  effort  in  the  wave  resistance  field 
concerned  Dawson's  method  including  the  FSC 
(2).  It  seems  that  the  motivation  for  the 

general  preference  for  the  slow-ship  condition 
is  not  very  sound. 

Actually  a  comparison  of  predictions  by 
Neumann-Kelvin  methods  and  slow-ship  methods 
is  only  allowed  if  one  is  very  careful  on  the 
point  of  numerical  accuracy.  This  is  because 
these  two  classes  of  methods  use  an  entirely 
different  approach  and  contain  therefore 
numerical  errors  of  a  different  origin. 
Neumann-Kelvin  methods  generally  exploit  the 
known  form  of  the  Green  function  for  the 

problem.  So-called  Kelvin  source  panels  are 
distributed  over  the  hull  and  along  the  water- 
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Fig.  1  Wave  resistance  coefficient  for  Series 
60  model.  Symbols  indicate  results  of 
various  Neumann-Kelvin  methods  [4] 


line;  the  potential  induced  by  these  panels 
automatically  satisfies  the  Kelvin  free  sur¬ 
face  condition.  Numerical  errors  are  present 
in  the  hull  panelling,  the  treatment  of  the 
singularities  of  the  Green  function,  the 
numerical  integrations  over  the  panels  and  the 
waterline  integral. 

On  the  other  hand,  most  slow-ship  methods 
use  a  distribution  of  Rankine  sources  on  both 
the  hull  and  a  part  of  the  free  surface  sur¬ 
rounding  the  hull.  Discretization  errors  are 
made  in  the  panelling  of  both  surfaces,  but 
also  in  the  difference  scheme  used  to  imple¬ 
ment  the  velocity  derivatives  in  the  free 
surface  condition.  Additionally,  the  trunca¬ 
tion  of  the  free  surface  domain  and  the 
"numerical"  imposition  of  the  radiation  condi¬ 
tion  may  introduce  errors. 

However,  a  fairer  comparison  of  different 
FSC's  is  possible.  The  flexibility  of  Dawson's 
numerical  implementation  allows  to  treat  all 
sorts  of  linearized  FSC's  in  basically  the 
same  way.  Instead  of  using  Kelvin  sources  to 
solve  the  Neumann-Kelvin  problem,  we  now  use  a 
distribution  of  Rankine  sources  on  the  hull 
and  a  part  of  the  free  surface  for  both  FSC's; 
and  the  velocity  derivative  is  implemented  by 
a  difference  scheme.  Actually,  the  only  change 
needed  in  the  program  DAWSON  is  to  replace  the 
double-body  flow  terms  in  the  free  surface 
condition  by  a  uniform  flow,  as  appears  from 
the  formulations  given  above. 

Due  to  the  very  similar  implementations 
of  the  FSC's  the  numerical  errors  will  now  be 
of  comparable  magnitude;  and  using  the  current 
experience  on  the  required  discretization  we 
can  make  sure  that  these  errors  have  little 
influence  on  the  predictions.  It  is  true  that 


near  the  stagnation  points,  in  the  limit  for 
zero  panel  size,  numerical  errors  could 
locally  again  dominate  the  comparison  due  to 
singular  behaviour.  But  in  practice  these 
singularities  are  always  "discretized  away". 
Thus  the  comparison  tells  us  how  important  the 
double-body  flow  contribution  to  the  FSC  is 
for  practical  discretizations,  which  have  been 
checked  to  be  adequate. 

2.2.  Results 

This  methodology  has  been  applied  to  a 
number  of  ships.  First  the  standard  test  cases 
were  attempted.  For  the  Wigley  hull,  a  discre¬ 
tization  with  20*6  hull  panels  and  10*38  free 
surface  panels  was  used  in  the  calculation  for 
Fn=0.40.  As  expected  in  view  of  the  near¬ 
uniformity  of  the  double-body  flow  for  this 
slender  hull,  the  difference  between  the 
Neumann-Kelvin  and  Dawson  resistance  predic¬ 
tions  amounted  to  only  1%. 

A  more  realistic  test  case  is  the  Series 
60,  block  60  hull.  24*20  hull  panels  and 
10*128  free  surface  panels  were  used.  Fig.  2 
displays  the  predicted  resistance  curves, 
compared  with  some  of  the  experimental  data. 
Here  again  the  differences  between  both 
methods  are  negligible,  except  perhaps  above 
Fn=0. 32.  This  contradicts  the  results  of  the 
Workshop  mentioned  before,  where  the  Neumann- 
Kelvin  predictions  were,  on  the  average,  sub¬ 
stantially  higher.  Which  FSC  is  more  accurate 
cannot  be  deduced  from  comparison  with  experi¬ 
mental  data,  not  only  because  of  the  small 
differences  but  also  due  to  the  disappointing 
scatter  of  all  available  measurements. 


-  RESIDUAL  RESISTANCE  (HUANG 

- RESIDUAL  RESISTANCE  (TODD, 

- WAVE  RESISTANCE  (LONG.  CUT, 

- WAve  RESISTANCE  (XY-METHOI 

*  *  *  WAVE  RESISTANCE  (MODEL  FI XI 

_  Calculated  {Kelvin  FSC) 

&  von  KERCZEK,  1972 
1963) 

TSAI  &  LANDWEBER. 
X  WARD,  1964) 

ED  AT  ZERO  TRIM  ANC 

975) 

SINKAGE,  CALISAL,  1 

/ 

_ It— 

FA 

m 

m 

m 

* 

FROUDE NUMBER 


Fig.  2  Wave  resistance  coefficient  for  Series 
60  model,  predicted  with  Kelvin  and 
Dawson's  FSC 
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Fig.  3  compares  the  predicted  wave 
profiles  for  both  methods.  Both  are  in  close 
agreement  with  each  other  and  with  the  data. 
Generally,  Dawson's  FSC  leads  to  a  small 
forward  shift  of  the  bow  wave  and  a  somewhat 
more  pointed  wave  shape.  The  largest  differ¬ 
ences  are  found  aft  of  the  ship's  stern:  The 
Neumann-Kelvin  predictions  often  have  a  sub¬ 
stantially  larger  wave  amplitude  here.  This 
can  probably  be  explained  by  the  damping 
effect  of  the  base  flow  acceleration  in  the 
slow-ship  FSC. 

The  same  sort  of  comparison  has  been  made 
for  several  practical  cases.  The  fact  that 
there  is  remarkably  little  difference  between 
the  Dawson  and  Kelvin  predictions  is  a  re¬ 
current  feature  for  all  ships  with  a  block 
coefficient  up  to  about  0.60  or  0.70.  This  is 
in  marked  contrast  with  the  general  convic¬ 
tion!  Since  in  commercial  projects  the  present 
use  of  the  predicted  wave  resistance  values  is 
generally  qualitative  or  comparative  rather 
than  quantitative,  we  can  safely  state  that 
the  Kelvin  FSC  performs  just  as  well  as  the 
slow-ship  FSC. 


There  are,  however,  exceptions.  Since  the 
difference  between  both  FSC's  increases  with 
the  nonuniformity  of  the  double-body  flow, 
there  will  be  a  limit  on  the  hull  fullness  for 
which  the  above  statement  is  valid.  Fig.  4 
shows  what  happens  for  very  full  hull  forms, 
in  this  case  a  55000  tdw  tanker  with  a  block 
coefficient  of  0.82.  At  higher  speeds  (in 
excess  of  the  service  speed)  both  predictions 
are  similar  (though  not  identical)  again,  but 
for  decreasing  speed  quite  substantial  dif¬ 
ferences  appear.  The  Kelvin  FSC  still  yields  a 
large  resistance  far  exceeding  the  experi¬ 
mental  value,  while  the  slow-ship  FSC  predicts 
a  rapid  decrease  of  the  resistance.  Even  so 
the  predicted  wave  patterns  are  very  much 
alike  (Fig.  5)  and  give  no  indication  of  such 
drastic  resistance  differences.  Again  Dawson's 
condition  typically  results  in  a  forward  shift 
of  the  bow  wave.  Due  to  the  large  curvature  of 
the  waterlines  of  such  full  hull  forms  this 
brings  about  a  large  resistance  difference, 
concentrated  at  the  forebody. 

For  the  same  ship  at  ballast  draught  the 
resistance  predicted  using  Dawson's  condition 
is  in  good  agreement  with  the  experimental 
data,  while  the  Kelvin  resistance  exceeds  this 
by  a  factor  of  3.  At  full  draught  the  Kelvin 
result  is  4  times  as  high  as  the  experimental 

result  at  the  service  speed,  .  but 

Dawson's  condition  yields  a  negative  re¬ 
sistance!  This  physically  unacceptable 
behaviour  has  been  found  for  several  slow, 
full-formed  ships. 
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calculated  wave  resistance  for  a  tanker  model 


Fig.  3  Wave  profiles  along  the  hull  predicted 
with  Kelvin  and  Dawson's  FSC;  Series 
60,  Fn  *  .35  and  Fn  =  .22 

-  Dawson 

-  Kelvin 


Fig.  4  Calculated  wave  resistance  for  a  tanker 
model 

□  Experiment 
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FN  =  .177 


.177 


Fig.  5a  Calculated  wave  patterns  of  tanker 
Kelvin's  FSC  (right),  at  Fn 


model,  with  Dawson's  (left)  and 
=  0.177  (service  speed) 


Fig.  5b  Calculated  wave  profiles  along  the  hull 


Summarizing  the  results  of  these  compari¬ 
sons,  for  a  large  class  of  ships  there  is  no 
reason  to  prefer  Dawson's  FSC  to  the  Kelvin 
FSC;  for  practical  discretizations  the  double¬ 
body  flow  effect  is  of  minor  importance.  In 
extreme  cases  however,  appreciable  differences 
in  resistance  may  occur,  but  none  of  the  FSC's 
gives  an  accurate  and  reliable  result. 

The  next  section  first  tries  to  resolve 
the  mystery  of  negative  wave  resistance.  Then, 
we  shall  assess  the  adequacy  of  the  FSC's  by 
other  means. 

3.  THE  PARADOX  OF  NEGATIVE  WAVE  RESISTANCE 
3.1.  General 

The  fact  that  a  negative  value  of  the 
wave  resistance  is  sometimes  predicted  by 
Dawson's  method  is  known  to  more  people  that 


apply  this  method  to  real  commercial  ship  hull 
forms.  Generally  this  phenomenon  is  attributed 
to  an  insufficient  resolution  of  the  large 
pressure  gradients  on  the  hull.  As  a  matter  of 
fact  we  often  find  large  differences  in  the 
pressure  on  adjacent  panels,  and  the  simple 
pressure  integration  over  the  hull  could  well 
be  numerically  inaccurate. 

The  accuracy  of  the  pressure  integration 
and  of  alternative  formulations  of  the  re¬ 
sistance  based  on  Lagally's  law  has  been 
discussed  in  [3].  It  has  been  shown  there 
that,  provided  the  pressure  integration  is 
corrected  for  the  zero-Froude  number  pressure 
integral,  these  formulations  are  all  of  about 
the  same  level  of  accuracy,  determined  by  the 
accuracy  with  which  the  hull  boundary  condi¬ 
tion  is  satisfied  and  so  by  the  density  of  the 
hull  panel  distribution.  Therefore,  for  the 
present  test  case  the  hull  panelling  has  been 
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refined,  from  545  to  1090,  and  then  to  1415 
panels  on  one  half  of  the  hull.  Table  1  shows 
that  this  does  reduce  the  zero-Froude  number 
pressure  integral  (which  has  the  exact  value 
zero  due  to  d'Alemberts  paradox).  However,  the 
wave  resistance  (according  to  all  three  ex¬ 
pressions)  converges  to  a  negative  value! 
Similarly,  increasing  the  free  surface  panel 
density  did  not  give  any  substantial  change  in 
the  predicted  wave  resistance.  Therefore, 
contrary  to  the  general  belief  discretization 
errors  can  probably  be  rejected  as  cause  for 
the  negative  resistance,  at  least  in  some  of 
the  case  investigated. 

A  negative  value  of  the  wave  resistance 
in  the  presence  of  a  physically  realistic  wave 
pattern  radiated  by  the  ship  as  shown  in  Fig. 
5  is,  of  course,  paradoxical.  Apparently  such 
a  wave  pattern  need  not  have  the  correct 
energy  budget.  The  wave  pattern  represents 
radiation  of  wave  energy;  since  this  energy 
travels  with  the  group  velocity  which  in 
harmonic  deep-water  waves  is  half  the  phase 
speed,  it  lags  behind  the  wave  crest  propaga¬ 
tion,  hence  it  must  be  supplied  at  the  wave 
origin,  i.e.  at  the  ship.  But  a  negative  re¬ 
sistance  means  that  instead  the  ship  extracts 
energy  from  the  waves.  A  steady  flow  can  only 
exist  if  some  other  source  of  energy  is 
present . 

3.2.  Energy  Conservation 

To  investigate  what  the  source  of  energy 
can  be  we  consider  the  energy  fluxes  through 
the  boundaries  of  a  control  volume  surrounding 
the  hull  and  moving  with  the  hull,  in  a  sta¬ 
tionary  frame  of  reference  (Fig.  6).  We  define 
the  x-axis  to  point  astern,  the  y-axis  ver¬ 
tically  upward  with  y=0  at  the  undisturbed 
water  level. 


As  derived  in  [5]  the  general  expression 
for  the  energy  flux  through  a  surface,  ex¬ 
pressed  in  a  general  unsteady  potential  $,  is: 

E  *  -  JJ*  (P*t(*n  -  Vn)  -  p  .  Vn)dS  (3) 

where  Vn  is  the  velocity  of  the  surface  itself 
in  the  normal  direction,  and  the  energy  flux 
is  defined  positive  in  the  sense  consistent 
with  that  of  the  normal.  For  a  steady  flow, 
$  =  U<f>  ,  where  now  is  the  disturbance  of 

the  uniform  flow  and  U  the  ship  speed. 

The  energy  fluxes  out  of  the  control 
volume  then  become: 

through  the  hull  surface: 

Eh  =  -U  JJ  p  .  nx  .  dS  =  -U  .  Ry  (4) 

(where  n  is  the  inward  normal  on  the  hull); 

through  the  upstream  plane: 

Eft  =  -u  J7  pgy  dS  (5) 

u  u 

through  the  downstream  plane: 

En  =  +U  XX  pgy  ds  -  %pU  xx  Ul  -  *1  -  ^]ds 

U  D  D  v  y  ' 

(6) 

where  the  lateral  and  upstream  boundaries  (but 
not  the  downstream  plane)  have  been  assumed  to 
recede  to  infinity.  It  is  noted  that  no  energy 
flux  is  present  through  the  free  surface, 
since  the  pressure  is  equal  to  zero  and  =*V  , 
for  exact  satisfaction  of  the  free  surface 
conditions . 


Table  1  Calculated  resistances  for  tanker  model,  Fn  =  0.1765 
A)  influence  of  hull  panel  density;  Dawson's  FSC. 


Number  of  hull  panels  per  side 

545 

1090 

1415 

Zero-Fn  pressure  integral 

.00071 

.00042 

.00020 

Wave  resist,  pressure  integration 

-.00082 

-.00068 

-.00067 

Wave  resist.  Lagally  integr.  over  FS 

-.00054 

-.00048 

-.00047 

Wave  resist.  Lagally  integr,  over  hull 

-.00068 

-.00054 

-.00052 

B)  influence  of  free  surface  condition;  1090  hull  panels. 


Free  surface  condition 

Kelvin 

Dawson 

Eggers 

Wave  resist,  pressure  integration 

.00270 

-.00068 

-.00158 

Wave  resist.  Lagally  integr.  over  FS 

.00282 

-.00048 

-.00146 

Wave  resist.  Lagally  integr.  over  hull 

.00288 

-.00054 

-.00156 

Waterline  integral  (10) 

.00062 

.00054 

.00015 
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Energy  conservation  now  demands  that 


-EH  =  U. 


wf 


Fig.  6  Control  volumes  for  energy  balance; 
above:  exact  case; 
below:  linearized  case 


Conservation  of  energy  then  requires  that 


Rwf 


‘6p  J7  (-<£  + 

+  fepg  j  n2  dz 


*z)dS  + 


(7) 


The  first  integral  is  over  a  transverse 
plane  astern  of  the  hull  and  the  second  one 
along  its  intersection  &T  with  the  free 
surface;  the  latter  line  integral  basically 
takes  into  account  the  contribution  of  the 
potential  energy,  as  it  stems  from  the  pgy 
term  in  the  pressure.  This  is  a  well-known 
result  that  is  the  basis  of  wave-pattern 
analysis  methods. 


However,  the  derivation  may  not  be 
entirely  relevant  to  our  calculations.  The 
linearized  FSC  is  imposed  on  the  undisturbed 
free  surface,  not  on  the  actual  wave  surface. 
The  fluid  domain  considered  thus  extends  only 
to  y=0,  and  so  should  our  control  volume. 
Therefore  we  now  redefine  the  control  volume 
by  taking  not  the  exact  free  surface  as  its 
upper  boundary  but  the  y=0  plane. 


The  energy  fluxes  must  then  be  slightly 
modified.  An  energy  flux  through  the  un¬ 
disturbed  free  surface  may  now  be  present, 
according  to  the  general  expression  (3): 


EFS  =  p  dS 

FS0  FS„  X  y 


(8) 


It  is  important  to  note  that  here  no  FSC 
has  been  substituted  yet. 


Rwp  =  V2p  JJ  +  <^)ds  + 

Do 

-  P  JJ  4>  dS  (9) 

uc  *  y 


It  is  noted  in  passing  that  the  energy 
supply  through  the  hull  surface,  and  thereby 
the  resistance  found,  now  only  concerns  the 
y<0  part  of  the  hull.  This  introduces  a  dif¬ 
ference  that  can  be  approximated  by: 

AR„  =  +  'hpg  J  H2  "  M  (10) 

w  WL  x 

However,  this  waterline  integral  is  often 
ignored,  following  Dawson  [4],  since  it  gener¬ 
ally  does  not  improve  the  results;  its  magni¬ 
tude  for  the  present  case  is  included  in  Table 
1  and  found  to  be  not  negligible,  but  not 
affecting  the  conclusions  on  the  negative  re¬ 
sistance  either.  Similarly  the  integral  over 
the  downstream  plane  extends  only  to  y=0. 

In  any  case,  Rwf  may  be  considered  as  the 
resistance  that  is  physically  associated  with 
the  generation  of  the  wave  pattern  that  is 
predicted  in  the  far  field,  since  (7)  has  been 
derived  without  making  any  simplification  of 
the  boundary  conditions.  On  the  other  hand, 
the  pressure  integration  over  the  hull  in  our 
linearized  calculation  need  not  be  equal  to 
Rwf  because  of  the  simplifications  of  the  FSC 
and  the  different  control  volume,  but  it  will 
give  a  result  in  agreement  with  Rwp.  There¬ 
fore,  the  origin  of  the  paradox,  being  a 
contradiction  of  the  calculation  and  our 
physical  insight,  must  be  sought  in  the  dif¬ 
ference  between  both  expressions. 

Substitution  of  the  potential  of  a  free 
harmonic  wave  in  Rwf  shows  that  the  wave  re¬ 
sistance  so  obtained  is  positive  definite,  in 
agreement  with  our  physical  observation  of  the 
radiated  wave  pattern.  Also  its  value  is 
independent  of  the  position  of  the  aft  plane, 
since  in  harmonic  waves  there  is  a  constant 
horizontal  energy  transport  and  a  pure  ex¬ 
change  between  kinetic  and  potential  energy. 
In  expression  (9)  however,  the  horizontal 
energy  flux  is  not  constant:  the  potential 
energy  is  absent  as  the  control  volume  extends 
now  only  to  y=0,  and  it  thus  cannot  compensate 
the  variations  of  the  kinetic  energy  flux.  But 
still  the  resistance  from  (9)  is  independent 
of  x,  since  for  harmonic  waves  the  variations 
of  the  kinetic  energy  flux  are  now  compensated 
by  the  flux  through  the  undisturbed  free 
surface,  the  integral  over  FSO. 

More  generally,  we  can  evaluate  (9)  by 
substituting  the  Kelvin  condition: 
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uri 


tern.  Otherwise,  we  could  perhaps  modify  the 
FSC  so  as  to  eliminate  the  excess  energy  flux 
through  the  free  surface. 


-p  SI  *»;  4>  as  -  +Pg  jj  nn  ds  = 

FS  X  y 

=  v2Pg  j  n2  dz  +  >fcPg  j  n2  n  (ID 

<4,  WL 

where  n  is  now  the  inward  normal  on  the  water¬ 
line.  So  Rwp  and  Rwf  are  equal  to  leading 
order,  except  for  a  waterline  integral  which 
is  of  opposite  sign  to  (10);  this  difference 
in  sign  has  been  called  "Gadd's  paradoxon"  and 
is  dealt  with  in  [6].  Apart  from  this,  if  the 
Kelvin  condition  is  imposed  (7)  and  (9)  give 
the  same  result  at  least  asymptotically;  so 
the  pressure  integration  over  the  hull  in  our 
linear  problem,  which  satisfies  (9),  is  equal 
to  the  resistance  deduced  from  the  far-field 
wave  pattern  corresponding  to  (7),  hence  it  is 
positive  and  independent  of  x  if  a  system  of 
harmonic  waves  is  present  at  the  aft  plane. 
Again  the  energy  flux  through  FSO  just  takes 
into  account  the  variations  of  the  potential 
energy.  It  appears  that  this  correspondence 
relies  on  the  precise  relation  between  the 
velocity  components  at  the  free  surface  and 
the  wave  elevation,  so  on  the  FSC. 

However,  for  free  surface  conditions 
other  than  Kelvin's  this  equality  may  be  lost. 
E.g.  for  the  slow-ship  condition  we  find  from 
(9): 


Rwp  =  tep  JJ  (-<l>2  +  ‘f’2 

Do  7 


;)ds  + 


-  p  ll  ($xnx  +  *z\  +  *Ax  + 

FS0 

+  *Az)ds 


(12) 


which  does  not  correspond  with  Rwf  generally. 
If  a  realistic  system  of  waves  is  present 
behind  the  ship,  (7)  will  again  give  a 
positive  resistance.  But  Rwp  may  be  different 
as  part  of  the  wave  energy  may  have  been 
supplied  through  FSO  instead  of  by  the  ship. 
The  intuitively  expected  correspondence 
between  a  radiated  wave  pattern  and  a  re¬ 
sistance  acting  on  the  hull  is  thus  not 
verified  for  all  FSC's.  In  the  extreme  case 
the  pressure  integration  over  the  hull  can 
give  a  negative  resistance:  the  ship  rides  on 
waves  generated  by  the  free  surface  condition, 
in  this  case  governed  by  the  double-body  flow 
nonuni formi ty . 


In  order  to  obtain  a  more  realistic  wave 
resistance  prediction  for  such  extreme  cases, 
two  approaches  now  suggest  themselves.  Since 
Rwf  seems  to  have  the  desired  property  of 
positive  definiteness,  we  could  try  to  deduce 
the  resistance  from  the  far-field  wave  pat- 


3.3.  Far-Field  Resistance  Calculation 

Evaluation  of  (7)  is  not  a  straight¬ 
forward  matter  in  a  Rankine-source  method, 
since  it  requires  to  calculate  the  velocities 
in  a  dense  grid  of  field  points  in  a  trans¬ 
verse  plane  astern  of  the  ship.  The  integral 
over  thus  found  must  then  be  supplemented 
by  the  line  integral  and  a  contribution  of  the 
difference  D-Dq.  An  alternative  would  be  to 
apply  one  of  the  formula's  used  in  wave 
pattern  analysis  methods,  which  are  based  on 
(7). 


Before  undertaking  such  a  study  we  better 
first  consider  its  chance  of  success.  Since  we 
want  to  get  a  resistance  independent  of  the 
x-position  of  the  transverse  plane,  this  plane 
should  be  located  outside  the  region  where 
there  is  still  an  excess  energy  flux  through 
the  free  surface.  We  know  that  for  vanishing 
double-body  flow  disturbance  the  slow-ship 
condition  boils  down  to  the  Kelvin  condition, 
for  which  we  have  shown  the  absence  of 
leading-order  energy  flux.  Therefore  we  must 
choose  the  downstream  plane  far  enough  from 
the  hull  to  avoid  the  double-body  flow 
disturbance.  In  practice  a  logical  choice 
would  be  a  position  at  or  beyond  the  aft  edge 
of  the  free  surface  panel  distribution. 

However,  since  no  singularities  are 
located  aft  of  this  plane,  d'Alemberts  paradox 
is  valid  for  the  'body'  generated  by  the 
collection  of  sources  on  the  double  body  and 
free  surface:  the  momentum  flux  through  the 
transverse  plane  will  be  always  zero!  The  wave 
resistance  is  an  internal  force  inside  this 
virtual  body  and  is  compensated  by  an  opposite 
force  exerted  by  the  hull  on  the  free  surface 
panels. 

Therefore  the  integral  over  Dq  is  zero, 

and 

Rwp  =  -p  JJ  <f>x  <»y  dS  (13) 


which  is  precisely  the  expression  obtained 
from  Lagally's  law.  Similarly  the  first  term 
of  (7)  is  dominated  by  this  effect  and  looses 
the  properties  it  has  in  harmonic  waves;  thus 
Rwf  cannot  be  supposed  to  be  positive  definite 
and  independent  of  x  any  more.  This  must  be 
caused  by  the  truncation  of  the  free  surface 
domain  locally  distorting  the  potential  field 
corresponding  with  harmonic  waves. 

Rw  (1)  will  only  give  a  reliable  result 
if  the  free  surface  panelling  is  continued  a 
large  distance  beyond  the  aft  plane  D,  which 
means  a  considerable  extra  expense  in  computer 
time. 
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In  view  of  their  relation  with  (7)  and 
the  assumptions  on  the  potential  field,  the 
same  is  likely  to  be  true  for  wave  pattern 
analysis  methods.  Besides,  these  could  be 
subject  to  errors  caused  by  the  inherent 
damping  of  the  numerical  approximation.  The 
experiences  of  Maisonneuve  [7]  with  such  a 
resistance  evaluation  do  show  that  this  is  not 
a  good  alternative  for  the  pressure  integra¬ 
tion. 

3.4.  Energy  Flux  Through  The  Free  Surface 

Another,  more  fundamental  remedy  for  the 
occurrence  of  a  negative  wave  resistance  could 
be  to  modify  the  FSC  so  as  to  eliminate  the 
excess  energy  flux  through  the  free  surface. 
Whatever  the  FSC  imposed  this  energy  flux  into 
the  fluid  domain  can  be  written  as 

-E-c  -  SI  (p  U  <t>  AV  -  U  .  Ap  .  n  )ds  (14) 

FS  FS  X  n 

where  the  integration  is  over  the  predicted 
wave  surface,  A V  is  the  remaining  normal 
velocity  and  Ap  the  pressure  prevailing  there. 
To  eliminate  the  energy  flux  at  every  point  of 
the  free  surface  both  AV  and  Ap  should  be 
zero,  so  we  have  to  satisfy  the  exact  non¬ 
linear  FSC' s ;  the  best  that  can  be  achieved  in 

a  linearized  method  is  a  reduction  of  the 
energy  flux  to  higher  order  in  the  perturba¬ 
tion  parameter. 

For  the  slow-ship  condition  this  param¬ 
eter  is  the  square  of  the  Froude  number  Fn. 
Since  the  resistance  coefficient  is  supposed 
to  be  of  0(Fn4),  dE/dt  should  be  0(Fn  ).  <f>x 
and  ft  contain  the  double-body  disturbances 
which  Xare  0(1),  hence  both  AVn  and  Ap  must  be 
0(Fn  ; .  Now  Dawson's  FSC  does  contain  terms  up 
to  0(Fn;  and  ought  to  satisfy  this  require¬ 
ment;  but  as  has  been  pointed  out  in  [3]  and 
will  be  shown  in  the  next  section,  Dawson's 
FSC  is  inconsistent  due  to  the  absence  of 
terms  incorporating  the  transfer  of  the  veloc¬ 
ities  from  the  actual  to  the  undisturbed  free 
surface.  Including  these  terms,  ft  <f>  +  ft' 

$  ,  yields  an  FSC  that  can  be  writtenyas: 

yy  * 

Fr)2  {*(+xx  +  *zz  +  *x  h  +  *z  fe)  K  +  *z)  + 

($xx  +  *zz  +  $x  h  +  *Z  y  (Vx  +  Vz  + 

-  $2  -  $2U  +  <t>  =  0  (15) 

x  z ))  y 

This  in  fact  reduces  AV^  and  Ap  to  0(Fn  )  and 
thus  should  suit  our  purpose. 

Now  this  is  exactly  what  has  been  derived 
in  a  different  way  by  Eggers  [8],  in  a  paper 
that  seems  to  have  been  given  little  atten¬ 
tion.  From  the  analogous  requirement  that  the 
far-field  resistance  found  from  a  slow-ship 
calculation  should  be  invariant  to  leading 
order  for  the  choice  of  control  volume,  he 


derived  this  same  FSC  (15).  Although  in  his 
paper  this  is  suggested  to  form  an  additional 
proof  of  the  correctness  of  the  order  assump¬ 
tions  made  in  the  linearization,  the  above 
consideration  shows  that  actually  it  is 
subject  to  these  same  assumptions. 

Therefore,  Eggers 's  FSC  does  provide 
equality  of  Rvf  and  Rwp  up  to  higher  order  in 
Fn,  just  like  the  Kelvin  condition  does  up  to 
higher  order  in  the  wave  steepness.  This  could 
solve  the  problem  of  negative  wave  resis¬ 
tances.  The  FSC  (15)  has  therefore  been  imple¬ 
mented  in  our  program  and  applied  to  a  few 
cases.  For  the  Wigley  hull  the  predicted  re¬ 
sistance  differed  by  3%  from  the  Dawson  pre¬ 
diction,  and  the  wave  profile  was  almost  iden¬ 
tical.  For  the  Series  60  model  the  resistance 
curve  is  included  in  Fig.  7  and  turns  out  to 
be  similar  in  shape  but  consistently  lower 
than  those  obtained  with  the  two  other  FSC's. 

Surprisingly  however,  the  predicted  Rw 
for  the  tanker  form  (Table  1)  is  even  more 
negative  than  that  found  with  Dawson's  FSC. 
The  wave  profile  along  the  hull  is  hardly 
different;  the  wave  pattern  (Fig.  8)  shows  a 
remarkable  reduction  of  the  Kelvin  angle,  but 
is  otherwise  similar  to  Dawson's.  These  re¬ 
sults  suggest  that  only  more  energy  has  been 
supplied  through  FS.  Moreover,  the  resistance 
curve  goes  down  for  increasing  speed,  and  at 
somewhat  higher  speeds  flow  reversal  at  the 
free  surface  is  predicted!  The  results  were 
found  to  be  extremely  sensitive  to  details  of 
the  implementation.  It  thus  seems  that  for 
large  double-body  flow  disturbances  this  FSC 
is  not  adequate,  notwithstanding  its  theore¬ 
tical  consistency.  An  explanation  of  this  will 
be  given  in  Section  5. 


Fig.  7  Predicted  wave  resistance  coefficient 

using  Kelvin,  Dawson's  and  Eggers 's  FSC 


-  Kelvin 

-  Dawson 

-  Eggers 
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Fig.  8  Calculated  wave  pattern  for  tanker 
model,  with  FSC  of  Eggers 


3.5.  Summary 

Summarizing  some  of  the  findings  of  this 
section,  the  paradoxical  occurrence  of  nega¬ 
tive  wave  resistance  in  the  presence  of  a 
plausible  radiated  wave  pattern  can  be  ex¬ 
plained  by  the  possibility  of  an  energy  flux 
through  the  undisturbed  free  surface  differing 
from  the  amount  needed  to  represent  the  poten¬ 
tial  energy  variations.  This  energy  flux  can 
be  expressed  in  the  remaining  normal  velocity 
and  pressure  at  the  calculated  free  surface. 
Reduction  to  higher  order  of  both  quantities 
leads  to  the  FSC  derived  by  Eggers.  Although 
this  gives  reasonable  predictions  for  slender 
ships,  for  the  tanker  hull  an  erroneous  flow 
field  is  sometimes  obtained  and  the  resistance 
is  again  negative.  Therefore  the  higher  order 
contributions  to  the  energy  flux  are  probably 
significant  here.  The  next  section  attempts  to 
shed  some  light  on  the  magnitude  and  origin  of 
these  higher  order  terms  in  general. 

4.  HIGHER-ORDER  TERMS 

4.1.  Approach 

In  the  derivation  of  the  linearized  free 
surface  conditions  several  linear  and  nonlin¬ 
ear  terms  have  been  dropped  based  on  the  fact 
that  they  are  of  higher  order  in  the  pertur¬ 
bation  parameter  adopted.  Now  the  notion  of 
higher  order  just  means  that  these  terms  be¬ 
come  insignificant  asymptotically  for  a  van¬ 
ishing  value  of  the  parameter;  no  information 
is  available  a  priori  on  the  actual  magnitude 
of  these  terms  in  practical  cases.  Therefore 
the  range  of  applicability  of  a  linearized 
method  can  in  general  only  be  determined  in 
practice. 

It  is  clear,  however,  that  agreement  with 
experimental  data  is  not  a  very  suitable  yard¬ 
stick  for  the  accuracy  of  wave  resistance  cal¬ 
culations  and  has  therefore  not  been  used  in 
Section  2.  The  residual  resistance  is  often 


affected  by  uncertainty  on  the  viscous  re¬ 
sistance,  and  wave  pattern  measurement  tech¬ 
niques  give  results  consistently  lower  than 
the  residual  resistance  and  with  a  consider¬ 
able  amount  of  scatter.  Therefore  a  method  to 
assess  the  magnitude  of  the  neglected  terms 
directly  could  give  a  much  better  idea  of  the 
adequacy  of  FSC's.  In  addition  it  might  pro¬ 
vide  directions  for  setting  up  a  method  to 
solve  the  exact  nonlinear  problem. 

Evaluation  of  the  nonlinear  terms  would 
in  principle  be  possible  from  velocity  mea¬ 
surements  at  a  very  dense  grid  of  points  near 
the  free  surface;  but  no  such  measurements 
seem  to  be  available.  A  better  way  would  be  to 
compute  these  terms  from  solutions  of  the  non¬ 
linear  problem;  but  these  exist  only  for  un¬ 
realistic  test  cases,  or  in  the  form  of 
numerical  solutions  of  insufficient  accuracy. 

For  these  reasons  another  approach  has 
been  chosen  here:  to  evaluate  the  nonlinear 
terms  'a  posteriori',  from  the  flow  field  cal¬ 
culated  by  a  linear  method.  Of  course  this 
technique  does  have  its  own  restrictions:  How 
the  predictions  would  change  if  the  nonlinear 
terms  were  included  in  the  FSC  is  not  clear; 
nor  is  there  any  certainty  on  how  the  terms 
themselves  would  change  in  magnitude. 
Additionally,  the  singular  behaviour  at  the 
stagnation  points  will  cause  some  of  the 
higher-order  contributions  to  blow  up.  Hence 
also  the  comparison  of  the  higher-order  terms 
is  limited  to  practical  discretizations, 
although,  as  we  have  found,  within  fairly  wide 
margins:  approaching  the  stagnation  points 
magnifies  the  relative  magnitude  of  the  non¬ 
linear  terms  but  does  not  immediately  affect 
the  comparison  of  FSC's. 

4.2.  Derivation  Of  Higher-Order  FSC's 

To  define  the  neglected  terms  we  must 
first  of  all  expand  the  FSC's  to  higher  order. 
The  combination  of  the  kinematic  and  dynamic 
free  surface  conditions  that  is  actually  im¬ 
posed  demands  that  the  flow  at  the  undisturbed 
free  surface  has  a  direction  parallel  to  the 
isobar  planes.  Only  afterwards  the  free  sur¬ 
face  elevation  is  retrieved  by  using  the  dy¬ 
namic  condition.  In  view  of  this,  in  the  fol¬ 
lowing  I  have  chosen  the  approach  to  start 
from  the  kinematic  condition  and  to  derive  the 
higher  order  terms  in  it. 

Now  the  prime  difficulty  here  is  that  the 
exact  FSC  should  be  applied  at  y=D>  not  at  the 
undisturbed  free  surface  y=0.  To  derive  the 
error  in  the  FSC  would  require  the  calculated 
velocity  field  at  y=ri;  but  this  cannot  be  eva¬ 
luated  since  for  q>0,  the  singularities  gener¬ 
ating  the  flow  lie  inside  the  fluid  domain. 
Therefore  we  have  to  resort  to  Taylor  expan¬ 
sions  to  express  flow  quantities  at  y=X]  in 
those  at  y=0.  But  precisely  the  validity  of 
these  expansions  has  been  a  point  of  debate  in 
the  derivation  of  the  slow-ship  FSC.  The  wave 
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elevation  including  the  double-body  contribu¬ 
tion  is  0(Fn  );  it  has  been  argued  that  the 
perturbation  ^  has  a  wavy  character  with  wave 
number  0(Fn  ),  so  all  terms  in  the  Taylor 
expansion  for  the  transfer  would  be  of  the 
same  order;  neither  the  analytic  continuation 
of  the  flow  field,  nor  the  truncation  of  the 
expansions  would  then  be  permitted.  We  have, 
however,  adopted  the  basic  order  assumptions 
of  Eggers  [8]  as  discussed  in  [3]  and  conse¬ 
quently  ignored  the  possible  order  reduction 
by  differentiation. 

The  nonlinear  terms  can  be  formulated 
consistently,  including  only  the  contributions 
of  next-higher  order,  or  inconsistently  in  an 
attempt  to  approximate  the  exact  FSC  as  close¬ 
ly  as  possible.  There  is  a  quantitative  dif¬ 
ference  between  both  forms  but  the  conclusions 
are  the  same  for  most  cases. 

The  best  estimate  of  the  wave  elevation 
is  that  which  includes  the  nonlinear  terms  and 
the  transfer  terms;  it  is  noted  Y\  below.  For 
the  Kelvin  condition,  the  perturbation  param¬ 
eter  is  the  wave  steepness  s  =  1  .  The  ve¬ 
locities  at  y=h  are:  FnZ 

=  <+Py.O  +  11  Xy  +  °<s3>’  etC>  <16> 

Substituting  this  into  the  dynamic  FSC  gives 
the  following  expressions  for  the  wave  height 
h: 

linear: 

n  =  -Fn2  +'  +  0(£2)  (17) 

nonlinear: 

r\  =  n-lfe  Fn2  (<f/2  +  Vy2  +  rz2)  +  0(£2)  (18) 

including  transfer: 

n*  =  n  -  Fn2  n  +  o(s3)  (19) 

The  consistent  decomposition  of  the  kinematic 
FSC  is  then: 

*ymX  +  (XX  +  W  +  CX  -  V  + 

term  1  term  3  term  4 

<\  -  nx)  -  n  Vyy  +  o(s3)  (20) 

term  5  term  6 
while  an  inconsistent  form  is: 

n*  =  n  -  Fn2  n  ( <t>  <#>  +  ♦  *  +  *  <t>  )  (2i) 

x  xy  y  yy  z  yz7  v  7 


<f>  =  h  +  ( 4>'  h  + 

y  x  xx 

term  1  term  3 


Tx  3x  -  Tz 
term  5 


W+{% 

3 

kh*-™ 


x  8x  +  ^z 
term  4 


h*(4>  h*  +  h*  -  $  ) 
xy  x  yz  z  yy7 

term  6 


(22) 


For  the  consistent  form  of  the  slow-ship 
FSC  the  wave  height  expressions  are: 

double-body: 

\  =  %  Fn2  (1  -  $2  -  *2)  (23) 

linear : 

11  =  Vb  Fn2  (1  -  i2  -  $2  -  2$  -  2§  <|>')  (24) 

X  Z  XX  z  z 

nonlinear: 

n  =  0  -  %  Fn2  [^2  +  V2  +  rz2]  (25) 

including  transfer: 

X\  =  Fj  -  Fn^/r^  $  .  +$$  -  1  + 

\  r  (  x  xyy  z  zyy  yy) 

+  0  f«  r  +  $  r  -  $  <)>'])■  +  0(Fn8)  (26) 

r  (  x  xy  z  zy  yyTy )}  v  '  ’ 


The  resulting  expression  for  the  FSC  is 
getting  excessively  complicated.  The  higher- 
order  terms  now  contain  third  derivatives  of 
the  double-body  potential.  These  are  rather 
hard  to  calculate  and  quite  susceptible  to 
numerical  oscillations.  A  simplified  form  was 
therefore  derived  by  dropping  the  transfer 
terms  associated  with  the  double-body  poten¬ 
tial.  This  is  not  entirely  a  matter  of 
convenience;  as  shown  in  Fig.  9  the  extension 
of  the  double-body  flow  field  above  the  un¬ 
disturbed  waterplane,  based  on  its  assumed 
symmetry,  only  reduces  the  accuracy  of  the 
approximation  for  hulls  with  strongly  flared 
sections  at  the  waterline.  With  this  simplifi¬ 
cation  the  consistent  form  becomes: 


>  =  $  T\  +  $  h  +  + 

y  xx  z  z  x  rx  z  rz 

term  1  term  2 

XK  +  XX  +  (*x  b  +  X  !>» 

term  3  term  4 

(*x  b +  *z  b){ <**-*>  + 
term  5 


+  X]  (n  v  +  n  r  )  -  v2  n  y  + 

r  rx  xy  rz  yz  r  yyy 

term  6 

-  n'  v  -  n  41'  +  o(Fn8) 

yy  r  yy 

term  7 


(27) 
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where 


*  2 

h  =  n  -  Fn  q  (<$  $'  +  $<{>') 

r  x  xy  zTyzy 


which  we  shall  denote  by  'term  8'  in  the  fol¬ 
lowing.  This  is  the  transfer  term  alluded  to 
in  the  previous  section;  it  is  neglected  in 
Dawson's  FSC  but  is  present  in  that  of  Eggers. 


and  the  inconsistent  form  is  identical  to 

(22). 


It  may  be  noted  that  for  the  double-body 
flow  replaced  by  a  uniform  flow,  the  in¬ 
consistent  expressions  become  equal,  but  the 
consistent  oges  (19,20)  and  (27,28)  do  not  for 
term  5  and  X]  . 

4.3.  Results 

Evaluating  all  these  terms  was  restricted 
mainly  to  the  Vigley  hull,  the  Series  60  block 
,60  model  and  the  tanker  form  dealt  with 
before.  For  clearness  of  presentation  we  shall 
sum  up  the  main  conclusions  drawn,  grouped 
under  the  test  case  concerned. 

The  figures  illustrating  these  results 
are  set  up  as  follows:  the  quantity  plotted  is 
indicated  in  the  caption;  as  all  terms  are 
contributions  to  the  vertical  velocity,  they 
are  non-dimensionalized  by  the  ship  speed  and 
compared  with  either  the  vertical  velocity 
itself  or  the  dominant  contribution  to  it 
(term  1),  as  indicated.  The  abscissa  is  the 
panel  number  on  the  longitudinal  strip  of  free 
surface  panels  along  the  hull  and  the  centre 
line.  The  panel  lengths  are  uniform.  The  loca¬ 
tions  of  bow  (left)  and  stern(right)  need  no 
further  indication. 

1.  Series  60  block  .60  at  Fn  =  0.35  and  0.22 

*  Of  the  linear  terms  included  in  the  FSC, 
only  term  1  is  significant  (Fig.  10).  Only 
at  bow  and  stern  term  2  may  give  a  modest 
contribution,  but  due  to  the  considerable 
phase  shift  between  Y\  and  Y\  this  contribu¬ 
tion  is  often  of  the  wrong  sign.  Probably 
term  2  could  well  be  deleted  from  the  FSC 
but  computationally  this  gives  no  simplifi¬ 
cation  at  all. 


<L 


Fig.  9  Transfer  terms  for  double-body  flow  may 
reduce  the  accuracy 


In  all  above  expressions,  the  notation  of 
the  terms  is  as  follows.  Terms  1  and  2  are 
linear  and  are  included  in  the  linearized  FSC. 
Terms  5  and  6  result  from  the  transfer  of  the 
FSC  to  the  undisturbed  free  surface,  while 
terms  3  and  4  are  the  other  nonlinear  con¬ 
tributions  to  the  FSC.  Term  7  is  a  linear 
transfer  term  for  the  vertical  velocity.  If, 
here,  we  would  not  neglect  the  terms  connected 
with  the  double-body  flow  transfer,  its  form 
would  be 


2 

_q  -  q  $  =  0(Fn  ) 

1  yy  yy 


(29) 


*  The  linear  term  8  neglected  in  Dawson's  FSC 
is  generally  larger  than  term  2  and  is  most¬ 
ly  concentrated  at  the  bow  (Fig.  10).  For 
the  Series  60  hull  its  maximum  contribution 
is  about  20%,  at  Fn=0.35.  Including  this 
term  reduces  the  wave  resistance  by  20%  in 
this  case. 

*  The  nonlinear  terms  (i.e.  the  error  in  the 
linearized  FSC)  are  dominated  by  the  trans¬ 
fer  terms.  The  effect  of  imposing  the  FSC  at 
the  correct  location  is  often  far  more 
important  than  to  include  all  squares  and 
cross-products. 

*  The  sum  of  the  higher-order  terms  is  shown 
in  Figs.  11  and  12  for  two  Froude  numbers. 
It  appears  that  at  Fn=0.35  it  is  of  quite 
substantial  magnitude,  locally  as  large  as 
the  linear  terms.  That  still  the  predictions 
are  acceptable  must  be  due  to  some  sort  of 
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Y  0 


-0.1 


-0.2 

Fig.  10  Linear  terms  in  free  surface  con¬ 
dition;  Dawson's  FSC,  Series  60, 
Fn  =  .35 

-  Term  1 

-  Term  2 

-  Term  8 


error  cancelling,  or  to  the  fact  that  the 
evaluation  a  posteriori  is  too  pessimistic. 
At  Fn=0.22  all  methods  have  fairly  small 
error  terms,  confirming  that  linearization 
is  adequate  in  this  case. 

*  The  sum  of  the  neglected  terms  (terms  3  to  8 

for  Kelvin  and  Dawson,  3  to  6  for  Eggers), 
which  indicates  the  adequacy  of  the 

linearized  FSC,  is  of  comparable  magnitude 
for  all  FSC's;  all  are  oscillating  with 
similar  amplitude  and  mean  value.  No  signi¬ 
ficant  improvement  for  the  slow-ship  condi¬ 
tions  is  observed. 

*  Eggers's  FSC  gives  results  closely  corres¬ 
ponding  with  those  of  Dawson's;  although 
term  8  is  now  included  in  the  FSC,  the  sum 
of  neglected  terms  is  not  substantially  less 
than  for  Dawson's  FSC,  since  term  8  has  a 
much  smaller  wave  number  than  the  other 
terms;  therefore  the  mean  value  of  the  error 
is  changed  but  the  result  is  not  visibly 
improved  in  general. 

2.  Tanker  model,  Fn  =  0.1765 

Similar  conclusions  were  drawn  for  this 

test  case,  except  for  the  following: 

*  The  nonlinear  terms  for  the  slow-ship  FSC's 
are  of  moderate  magnitude  here,  so  the 
linearization  is  not  particularly  inadmis¬ 
sible  (Fig.  13). 


Fig.  11  Nonlinear  terms  in  free  surface 
conditions;  Series  60,  Fn  =  .35 

-  Term  1 

-  Terms  3  +  4  +  5  +  6 


*  The  transfer  term  8  is  now  quite  large  at 
the  bow,  about  70 X  of  the  vertical  velocity 
(Fig.  14).  It  is  understandable  that  this 
causes  the  substantial  difference  between 
the  predictions  using  Dawson's  and  Eggers's 
condition. 

*  The  nonlinear  terms  are  significantly  larger 
for  the  Kelvin  FSC  than  for  both  slow-ship 
FSC's  now  (Fig.  13). 

*  The  sum  of  the  neglected  terms  is  somewhat 
larger  for  Dawson's  FSC  than  for  that  of 
Eggers  in  this  case,  which  is  entirely  due 
to  term  8. 
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We  thus  conclude  that  for  the  Series  60 
model  even  from  this  evaluation  of  the  non¬ 
linear  terms  no  advantage  for  the  slow-ship 
condition  over  the  Kelvin  condition  can  be 
observed.  Only  for  very  full  hulls  the  slow- 
ship  condition  is  again  more  appropriate  than 
Kelvins  condition  for  practical  free  surface 
discretizations.  The  large  differences  in 
neglected  terms  are  largely  in  agreement  with 
the  wide  spread  in  the  predictions  for  the 
tanker  case;  but  the  slightly  greater  accuracy 
of  the  linearization  underlying  Eggers's  con¬ 
dition  is  not  reflected  in  a  better  resistance 
prediction.  Further  study  of  this  is  therefore 
needed  and  will  be  performed  in  the  next  sec- 


In  general  it  was  found  that  at  least  for 
the  more  severely  nonlinear  cases  the  Taylor 
expansions  do  not  converge  as  quickly  as  one 
might  hope,  as  testified  by  considerable  dif¬ 
ferences  between  consistent  and  inconsistent 
formulations  of  some  of  the  nonlinear  contri¬ 
butions.  Thus  any  method  solving  a  nonlinear 
problem  must  apply  the  FSC  right  at  the  actual 
free  surface,  otherwise  the  most  important 
nonlinear  effects  are  missed  or  poorly  re¬ 
presented.  This  is  a  fact  not  properly 
recognised  in  some  of  the  methods  proposed  up 
to  now  [9,10].  Another  fact  learnt  from  this 
exercise  is  the  appearance  of  double  and 
triple  wave  numbers  in  the  higher-order  terms 
as  could  be  foreseen  from  the  theory.  Ac¬ 
cordingly  a  nonlinear  calculation  only  makes 
sense  if  the  discretization  is  fine  enough  to 
resolve  their  contributions! 

5.  DIRECT  EVALUATION  AT  THE  FREE  SURFACE 

Our  doubts  on  the  validity  and  accuracy 
of  the  Taylor  expansions  partly  apply  as  well 
to  the  calculation  of  nonlinear  terms  per¬ 
formed  here.  The  dominance  of  the  transfer, 
the  difference  between  consistent  and  incon¬ 
sistent  forms  and  the  oscillatory  character  of 
the  higher  derivatives  of  the  calculated  ve¬ 
locities  make  the  comparison  somewhat  unsafe. 
Therefore  another  approach  has  been  developed. 

As  mentioned  above,  a  direct  evaluation 
of  the  velocity  field  at  the  actual  free  sur¬ 
face  is  prohibited  in  the  usual  method  by  the 
singularities  inside  the  fluid  domain.  This 
can  be  avoided  by  generating  the  flow  field  by 
singularities  not  on  the  undisturbed  free  sur¬ 
face,  but  above  it  at  a  distance  sufficient  to 
keep  clear  of  the  highest  waves.  In  the  course 
of  another  study  such  a  method  had  been  devel¬ 
oped.  Source  panels  are  located  above  the  un¬ 
disturbed  free  surface  at  a  fixed  distance, 
while  the  collocation  points  where  the  FSC  is 
satisfied  remain  on  the  undisturbed  free  sur¬ 
face.  Once  the  solution  has  been  obtained,  it 
is  an  easy  matter  to  compute  the  velocities 
generated  by  these  sources  in  points  on  the 
calculated  free  surface.  From  these,  the 
residual  errors  in  the  exact  kinematic  and 
dynamic  FSC  can  be  found. 

For  the  same  test  cases  we  then  draw  the 
following  conclusions; 

1.  Series  60  block  .60  model,  Fn  =  0.35  and 

0.22 

*  There  are  significant  differences  between 
the  velocities  on  the  undisturbed  free  sur¬ 
face  and  those  on  the  actual  free  surface, 
particularly  for  the  vertical  velocity. 
Including  the  transfer  terms  from  Taylor 
expansions  makes  the  tangential  velocities 
fairly  accurate  except  at  the  stern  wave; 
but  the  difference  in  vertical  velocity  is 
not  well  represented  by  the  consistent  term 
8  (Fig.  15). 


*  The  remaining  errors  in  the  dynamic  FSC  are 
represented  by  the  difference  between  the 
"linearized"  and  the  "exact"  wave  elevation 
(Fig.  16),  and  provide  little  surprise.  The 
Kelvin  linearization  consistently  gives 
slightly  larger  errors.  X\  ,  the  wave  height 
approximation  employed  in  the  previous  sec¬ 
tion,  appears  to  be  almost  exact  in  this 
case. 

*  The  error  in  the  kinematic  condition  (Figs. 
17  and  18)  is  generally  more  important  than 
that  in  the  dynamic  FSC.  In  the  case  con¬ 
sidered  the  advantage  of  Dawson's  condition 
compared  with  Kelvin's  is  now  slightly  more 
pronounced  than  with  the  method  of  Section 
4.  The  error  at  the  bow  for  Fn=0.35  is  55% 
of  the  vertical  velocity  for  Kelvin  and  30% 
for  Dawson.  At  lower  Fn  the  difference  is 
reduced . 


Fig.  15  Velocities  at  undisturbed  free 
surface,  with  transfer  term  and 
evaluated  at  actual  free  surface; 
Dawson's  FSC,  Series  60,  Fn  =  .35 

-  U*  ,  V*  (y  =  0) 

-  U  ,  V  (including  transfer) 
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Fig.  16  Wave  profile  along  the  hull,  and  error 
in  dynamic  free  surface  condition; 
Series  60,  Fn  =  .35 


fu .  (linearized) 

'lin  v 

n*  (including  transfer) 


- \x  (evaluated  at  y  -  hlin) 


*  The  FSC  of  Eggers  leads  to  slightly  smaller 
errors  than  that  of  Dawson  at  both  speeds. 

*  It  was  verified  that  the  evaluation  of  the 
nonlinear  terms  as  made  in  the  previous  sec¬ 
tion  was  qualitatively  right  and  indicative 
of  the  accuracy  of  the  FSC,  although  unduly 
oscillatory. 

Thus  we  find  that  in  this  evaluation  the 
advantage  of  slow-ship  linearization  is  rather 
more  pronounced.  The  reduction  of  the  errors 
for  decreasing  Fn  is  slow.  Although  term  8 
does  not  quite  well  approximate  the  transfer 
effect,  including  it  seems  to  increase  the 
accuracy  somewhat. 

2.  Tanker  model,  Fn  =  0.1765 

Some  remarkable  conclusions  could  be 
drawn  from  these  calculations. 


*  Again  the  error  in  the  dynamic  condition  is 
quite  small  for  the  slow-ship  approach,  |nd 
well  represented  by  the  transfer  terms  (h  ). 
The  Kelvin  linearization  again  leads  to  a 
somewhat  larger  error  in  h* 

*  The  error  in  the  kinematic  condition  (Fig. 
19)  is  very  much  larger  for  the  Kelvin  FSC 
than  for  Dawson's  FSC,  and  amounts  to  0.33 
times  the  ship  speed,  which  is  1.57  times 
the  vertical  velocity  ahead  of  the  bow.  For 
Dawson's  condition  it  is  0.152  times  the 
ship  speed.  This  agrees  with  the  bad  wave 
resistance  prediction  obtained  with  the 
Neumann-Kelvin  method. 

*  The  same  error  with  Eggers 's  condition  has 
sharp  positive  and  negative  peaks  near  the 
bow,  of  +0.178  and  -0.192  times  the  ship 
speed,  so  this  method  is  now  suddenly  worse 
than  Dawson's,  which  matches  its  bad  re¬ 
sistance  prediction. 

*  This  large  and  irregular  error  is  explained 
by  the  excessive  transfer  effect  on  v  and, 
in  particular,  u  (Figs.  20  and  21).  There 
are  extreme  differences  between  the  veloc¬ 
ities  on  y=0  or  those  including  transfer 
terms  and  those  evaluated  on  the  free  sur¬ 
face,  if  the  condition  of  Eggers  is  used. 
Even  the  error  in  v  including  term  8  (i.e. 
including  part  of  the  transfer  effect)  is 
larger  than  the  error  in  v  (without  any 
transfer  correction)  with  Dawson's  FSC. 

*  A  negative  u,  i.e.  flow  reversal,  was  found 
at  the  free  surface  just  ahead  of  the  bow. 

The  explanation  of  this  lies  just  in  the 
fact  that  the  transfer  term  8  is  included  in 
the  FSC.  The  FSC  can  then  be  written  as  (15), 

3  2 

and  the  coefficient  of  <f>  is  «  $  -  lh.  which 

XX  Z  X 

is  zero  for  $  *  U-  =  0.577.  In  the  present 

x  N  3 

case  $x  =  0.658,  and  the  coefficient  is  quite 
small.  As  a  result,  an  excessive  value  of  <f>xx 
is  not  controlled  by  the  FSC.  Now 

Vex  -  v  =  h<t>yy  +  V2  n24>yyy  +  ...  =  term  8  + 

+  +  lh  D24  +  .  .  •  (30) 

1  Tyy  yyy 

Uex  -  u  =  ri 4>xy  +  %  h2#xyy  +  ...  (31) 

which  shows  that  exactly  the  consistent  inclu¬ 
sion  of  transfer  effects  increases  the  higher 
order  contributions  to  the  transfer,  to  the 
extent  of  invalidating  the  FSC. 

This  is,  therefore  the  explanation  for 
the  unrealistic  results  obtained  with  Eggers' s 
free  surface  condition  for  full  hull  forms,  in 
contrast  with  its  theoretical  preferability 
and  acceptable  results  for  less  extreme  cases. 
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Fig.  17  Error  in  kinematic  free  surface  con¬ 
dition,  evaluated  at  predicted  free 
surface;  Series  60,  Fn  =  .22 

-  V 

- AV 


Fig.  18  Error  in  kinematic  free  surface  con¬ 
dition,  evaluated  at  predicted  free 
surface;  Series  60,  Fn  =  .35 

-  V 

- AV 


Fig.  19  Error  in  kinematic  free  surface  con¬ 
dition,  evaluated  at  predicted  free 
surface;  Tanker  model,  Fn  =  .1756 


It  is  fair  to  point  out  here  that  the  possible 
vanishing  of  the  coefficient  of  <J>  has  al¬ 
ready  been  given  due  attention  before. 
Brandsma  and  Hermans  [11]  thought  this  fact  a 
reason  not  to  trust  the  order  assumptions 
underlying  the  Taylor  expansions  for  the 
transfer  and  proposed  an  alternative  with 
imposition  of  the  FSC  on  the  double-body  wave 
surface.  Eggers  [6,12]  interpreted  the  change 
of  sign  of  the  coefficient  near  the  bow  as  a 
change  of  character  of  the  mathematical 
problem  and  tried  to  explain  this  in  physical 
terms. 

But  the  vanishing  coefficient  is  an 
artefact  of  the  Taylor  expansion  used  for 
transferring  the  boundary  condition;  and  as 
shown  here,  this  expansion  tends  to  diverge  if 
the  coefficient  vanishes.  Therefore  I  believe 
that  no  physical  interpretation  may  be  given 
to  the  change  of  sign,  and  that  it  simply 
imposes  a  bound  on  the  hull  fullness  for  which 
this  free  surface  condition  is  applicable  (and 
perhaps  even  theoretically  preferable). 


391 


Fig.  20  Vertical  velocities,  at  undisturbed 
free  surface,  with  transfer  term  and 
evaluated  at  actual  free  surface; 
Tanker  model,  Fn  =  .1765 


Fig.  21  Horizontal  velocities,  at  undisturbed 
free  surface,  with  transfer  term  and 
evaluated  at  actual  free  surface; 
Tanker  model,  Fn  -  .1765 


V*  (y  =  0) 

V  (including  transfer) 


U*  (y  -  0) 

U  (including  transfer) 


6.  PROSPECTS  FOR  SOLUTION  OF  THE  NONLINEAR 
PROBLEM 

To  my  knowledge  only  very  little  informa¬ 
tion  of  this  kind  on  the  adequacy  of  linear¬ 
ized  free  surface  conditions  has  been 
published  up  to  now.  Although  the  consistency 
of  the  FSC  of  Eggers,  as  opposed  to  that  of 
Dawson,  is  well-known,  it  seems  as  if  nobody 
had  tried  yet  what  results  the  modification 
has.  The  first  results  published  here  seem 
already  to  cast  an  entirely  new  light  upon 
this  issue.  This  suggests  that  there  is  still 
much  more  work  to  do  on  linearized  methods. 

On  the  other  hand,  all  the  studies 
reported  in  this  paper  at  best  add  to  our 
insight  but  give  no  indication  on  how  current 
methods  can  be  improved:  the  widely  used  FSC 
of  Dawson  has  turned  out  to  be  not  markedly 
superior  for  most  ships,  but  to  be  a  fairly 


reliable  choice  throughout  the  range  of 
practical  hull  forms.  Even  the  occurrence  of 
negative  wave  resistances  could  not  be  cured 
within  the  framework  of  linearized  methods. 
From  the  practical  point  of  view,  therefore, 
this  study  contributes  nothing  at  all. 

Although  one  may  thus  disagree  on  the 
question  whether  or  not  the  linearized  methods 
are  well  enough  established  to  make  the  step 
towards  a  nonlinear  method,  it  is  true  that 
computationally  current  methods  require  only 
little  effort,  and  the  present  computer 
capacity  allows  commercial  use  of  far  more 
complicated  programs.  Moreover,  a  nonlinear 
method  could  well  resolve  some  of  the  problems 
met  with  current  methods.  The  negative  re¬ 
sistance  predictions  dealt  with  in  Section  3 
will  be  eliminated  by  solving  the  exact 
problem  with  sufficient  numerical  accuracy. 
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Additionally,  the  magnitude  of  the  nonlinear 
terms,  even  in  cases  where  the  predictions  are 
generally  realistic,  asks  for  a  method  that 
includes  these  terms  just  for  reasons  of 
reliability  of  the  predictions. 

Furthermore,  certain  physical  effects, 
known  to  be  important  and  sometimes  forming 
the  main  difference  between  variations  of  a 
design,  are  entirely  eliminated  by  the  lin¬ 
earization.  Examples  of  this  are: 

-  Slightly  or  partly  submerged  bulbous  bows; 
the  phenomena  occurring  in  the  vicinity  of 
the  bow  are  strongly  nonlinear  and  cannot 
well  be  represented  by  a  linear  approach.  In 
addition,  the  increased  submergence  due  to 
the  sinkage  and  the  bow  wave  elevation  sub¬ 
stantially  alters  the  effect  of  the  bulb,  a 
phenomenon  poorly  represented  in  a  linear 
calculation. 

-  The  flow  off  a  very  flat  stern,  as  often 
found  on  ferry  hulls.  In  this  case  the 
waterline  shape  changes  considerably  due  to 
the  wave  elevation;  the  experience  is  that 
linearized  methods  overpredict  the  stern 
wave  height. 

-  The  gradual  transition  from  the  flow  off  a 
stern  with  flat  sections  to  the  flow  off  a 
transom  stern;  in  a  linearized  approach  both 
regimes  are  reasonably  well  representable, 
but  one  has  to  choose  beforehand  which  one 
is  more  appropriate.  This  is  not  a  very 
satisfactory  approach. 

Hence  there  are  several  practical 
incentives  to  develop  a  nonlinear  method  even 
though  there  may  still  be  more  work  to  be  done 
on  linearized  methods.  Such  a  development  has 
therefore  recently  been  undertaken  at  MARIN. 

Abandoning  the  linearizations  adds 
several  complications  to  the  problem.  The 
following  aspects  should  in  principle  be  taken 
into  account: 

-  The  free  surface  condition  should  be  applied 
at  the  actual  free  surface;  this  is  probably 
the  dominant  effect,  as  concluded  from  Sec¬ 
tion  4. 

-  The  hull  boundary  condition  must  be  applied 
on  the  actual  wetted  surface,  instead  of  on 
the  surface  below  the  undisturbed  waterline. 

-  All  nonlinear  terms  (squares  and  cross 
products  of  disturbances)  should  be  in¬ 
cluded. 

-  The  dynamic  trim  and  sinkage  of  the  hull 
should  be  taken  into  account. 

Without  restricting  oneself  from  the 
outset  to  a  direct  extension  of  current 
linearized  methods  one  has  a  wide  variety  of 
methods  to  choose  from.  In  the  first  place, 
the  nonlinear  steady  problem  could  be  solved 
either  by  iteration  or  by  a  transient  ap¬ 
proach.  Both  methods  have  already  been  pro¬ 
posed.  The  iterative  approach  may  have  a 
greater  efficiency  if  successful,  but  meets 
problems  in  the  convergence.  Secondly,  in  each 


time  step  or  iteration  the  Laplace  equation 
for  the  velocity  potential  has  to  be  solved 
(provided  that  the  potential  flow  model  is 
retained).  Here  again  several  alternatives  are 
possible.  Panel  or  boundary  integral  methods 
appear  to  be  the  most  popular  choice. 

Whatever  the  choices  made,  it  is  clear 
that  any  advance  compared  with  linearized 
methods  is  only  possible  if  the  utmost  care  is 
taken  in  the  numerical  solution.  The  fact  that 
the  nonlinear  terms  generally  have  higher  wave 
number  already  illustrates  this  necessity.  But 
also  the  behaviour  near  the  hull/free  surface 
intersection  could  be  far  more  difficult  to 
deal  with  than  in  a  linearized  method.  All 
these  aspects  deserve  separate  studies.  In  any 
case  most  of  the  nonlinear  solutions  published 
up  to  now  are,  in  my  opinion,  not  more  accu¬ 
rate  than  linear  solutions  of  state-of-the-art 
numerical  accuracy. 

Even  if  this  can  all  be  solved  satis¬ 
factorily,  the  theory  remains  limited  to 
potential  flows,  without  any  viscous  or  wave¬ 
breaking  effects.  This  could  prohibit  conver¬ 
gence  of  the  solution  in  the  limit  of  zero 
discretization  spacing  near  the  waterline,  and 
additional  methods  to  deal  with  this  region 
might  become  necessary. 

Nevertheless  I  believe  that  the  develop¬ 
ment  of  a  method  to  solve  the  problem  of 
potential  flow  with  nonlinear  free  surface 
boundary  conditions  is  the  best  next  step  for 
further  enhancing  the  role  of  Computational 
Fluid  Dynamics  in  the  optimization  of  the 
wave-making  characteristics  of  ships. 

7.  CONCLUSIONS 

This  paper  has  provided  more  detailed 
information  on  the  adequacy  of  linearized  free 
surface  conditions  for  the  wave  resistance 
problem.  All  of  them  were  implemented  in  a 
Rankine-source  method  of  the  type  proposed  by 
Dawson.  In  particular  the  Neumann-Kelvin 
formulation  and  two  free  surface  conditions 
from  the  slow-ship  theory,  that  of  Dawson  and 
of  Eggers,  have  been  compared.  These  compari¬ 
sons  concerned  the  wave  resistance  and  wave 
profile  predictions,  the  magnitude  of  the 
terms  neglected  in  the  FSC,  and  the  remaining 
errors  in  the  dynamic  and  kinematic  FSC  at  the 
predicted  free  surface.  The  main  conclusions 
are  summarized  below. 

1.  For  practical  discretizations  Dawson's  FSC 
gives  results  not  significantly  different 
from  solutions  of  the  Neumann-Kelvin  prob¬ 
lem,  for  all  ships  with  a  block  coefficient 
not  exceeding  about  0.60  or  0.70.  Also  from 
the  magnitude  of  the  terms  neglected  in  the 
linearization  no  significant  advantage  for 
Dawson's  condition  is  found.  This  is  at 
variance  with  the  general  preference  for 
the  slow-ship  approach. 
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2.  For  full  hull  forms  the  Kelvin  FSC  predicts 
a  resistance  far  exceeding  the  experimental 
value.  On  the  other  hand,  both  slov-ship 
FSC's  predict,  paradoxically,  a  negative 
wave  resistance  while  the  predicted  wave 
pattern  is  physically  plausible.  The  magni¬ 
tude  of  the  neglected  terms  is  much  larger 
for  the  Kelvin  FSC  than  for  Dawson's  FSC 
here. 

3.  The  use  of  a  linearized  free  surface  condi¬ 
tion  imposed  on  the  undisturbed  free  sur¬ 
face  changes  the  energy  balance  in  such  a 
way  that  a  negative  resistance  is  not  ruled 
out.  Wave  energy  can  locally  be  supplied 
through  the  free  surface  which  has  no  coun¬ 
terpart  in  a  wave  resistance  acting  on  the 
hull. 

4.  If  the  linearized  free  surface  condition  is 
consistently  formulated,  the  possible  nega¬ 
tive  contribution  from  the  free  surface 
energy  flux  is  reduced  to  a  higher  order  in 
the  perturbation  parameter  than  the  wave 
resistance  itself.  This  is  true  for  the 
Kelvin  condition  and  for  that  of  Eggers, 
but  not  for  Dawson's  FSC  due  to  the  absence 
of  transfer  terms. 

5.  The  FSC  of  Eggers  yields  a  resistance  con¬ 
sistently  lower  than  Dawson's,  for  the 
Series  60  model.  For  the  tanker  model  how¬ 
ever,  an  even  more  strongly  negative  resis¬ 
tance  and  an  erroneous  flow  field  were  ob¬ 
tained.  The  cause  of  this  was  found  to  be 
the  near-vanishing  of  the  coefficient  of 
<f>  in  the  FSC  near  the  bow;  thus  an  exc¬ 
essive  value  of  $  is  not  controlled  by 
the  FSC.  As  a  result  the  Taylor  expansion 
underlying  the  linearization  locally  does 
not  converge,  and  the  reduction  of  the 
energy  flux  to  higher  order  does  not  pre¬ 
vent  a  negative  resistance  here. 

6.  The  transfer  term  neglected  in  Dawson's  FSC 
and  included  in  that  of  Eggers  was  found  to 
be  of  substantial  magnitude  even  for  the 
Series  60  hull. 

7.  The  magnitude  of  the  neglected  terms  in  the 
FSC  and  of  the  errors  in  the  exact  FSC  at 
the  predicted  free  surface  has  turned  out 
to  be  quite  significant  even  if  fair  re¬ 
sistance  predictions  are  obtained.  E.g.  for 
the  Series  60  model  at  Fn=0.35,  the  error 
in  the  vertical  velocity  using  Dawson's  FSC 
amounted  to  30%. 

8.  Although  more  work  would  be  needed  to  make 
the  foundations  of  linearized  methods 
sounder,  part  of  the  problems  and  uncer¬ 
tainties  might  be  eliminated  by  solving  the 
exact  nonlinear  problem.  In  this  respect 
the  present  study  has  shown  the  importance 
of  imposing  the  FSC  at  the  actual  free 
surface  and  the  higher  resolution  required 
for  accurately  incorporating  nonlinear 
effects. 
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DISCUSSION 

Paul  D.  Sclavanous 

Massachusetts  Institute  of  Technology,  USA 

I  would  like  to  congratulate  Dr.  Raven  for  yet  another  thorough  study 
on  the  effect  of  the  free-surface  linearization  upon  the  evaluation  of 
the  ship  wave  resistance.  Having  read  the  article,  I  would  like  to 
offer  a  conjecture  on  why  the  wave  resistance  from  pressure  might  be 
negative  and  invite  the  author  to  discuss  it.  The  potential  flow  near 
the  ship  bow  and  stem,  subject  to  either  the  Neumann-Kelvin  or  a 
double-body  condition,  most  likely  develops  a  singular  behavior 
associated  with  the  finite  entry  angle  of  the  waterline  or  from  the 
singularity  of  gradients  of  the  double  body  flow  at  its  stagnation 
point.  This  singular  behavior  may  be  sufficiently  strong  that  a 
localized  contribution  to  the  resistance  may  arise  from  the  waterline 
due  to  a  local  singularity  of  the  hydrodynamic  pressure.  This 
contribution  would  be  directly  analogous  to  the  leading-edge  suction 
force  in  linearized  hydrofoil  theory,  which  cannot  be  captured  by 
direct  pressure  integration  over  the  mean  chord  position.  Should  such 
a  singularity  exist  and  be  of  sufficient  strength,  it  will  contribute  to 
an  0(1)  component  to  the  resistance  arising  from  the  waterline,  which 
cannot  be  accounted  for  by  integrating  the  pressure  over  the  mean 
position  of  the  ship  hull.  This  effect,  if  it  exists,  may  shed  more 
light  into  the  occurrence  of  negative  wave  resistance  reported  by  the 
author. 

AUTHORS,  REPLY 

This  is  a  good  point;  the  possible  occurrence  of  singularities  at  the 
stagnation  points  should  indeed  be  a  matter  of  concern.  However,  in 
my  opinion,  the  comparison  with  a  leading-edge  singularity  is  not 
entirely  valid.  At  a  zero-thickness  leading-edge,  a  finite  force 
contribution  arises  by  the  pressure  going  to  minus  infinity,  while  in 
the  present  case  a  positive  resistance  contribution  could  only  arise 
from  a  positive  pressure  which,  however,  is  bounded  by  the 
stagnation  pressure.  The  latter  seems  to  be  numerically  fairly  well- 
resolved  here.  Furthermore,  it  seems  reasonable  to  assume  any  force 
contribution  from  the  waterline  to  have  a  vertical  extent  scaling  with 
the  wave  length  or  stagnation  height.  It  can  then  be  expected  to  be 
similar  to  the  waterline  integral  (10),  which  turns  out  not  to  eliminate 
the  negative  resistance  in  all  cases.  Hence,  a  localized  force 
contribution  is  expected  to  be  at  least  of  0(Fn4),  and  to  be  already 
approximately  included  in  the  present  results. 

A  more  probable  effect  of  the  singularity  seems  to  me  the  occurrence 
of  a  localized  energy  flux  through  the  free-surface.  This,  too,  may 
contribute  to  the  wave  generation  without  being  found  in  the  pressure 
integration.  Recently,  I  have  calculated  this  energy  flux  for  the 
tanker  model  according  to  Eq.  (14).  Its  distribution  has  a  large  spike 
quite  close  to  the  bow,  strongly  suggesting  the  presence  of  a 
singularity.  For  the  FSC  of  Eggers,  the  spike  occurs  at  the  point 
where  the  coefficient  of  vanishes;  for  the  other  FSCs  it  is  found 
slightly  further  aft.  This  spike  almost  entirely  determines  the  total 
energy  influx,  which,  if  expressed  as  a  contribution  to  the  wave 
resistance  coefficient,  is  of  the  same  order  of  magnitude  as  the 
pressure  integral  but  may  be  severely  grid-dependent.  The  localized 
energy  flux  through  the  free-surface  due  to  this  singularity  thus 
largely  explains  both  the  large  differences  between  the  three  FSCs  and 
the  large  negative  resistance  values  even  if  the  energy  flux  is  formally 
of  higher  order.  These  results  therefore  support  the  explanation  given 
in  my  paper  but  stress  the  possible  role  of  singularities  at  the  bow  in 
this  respect. 
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One  thought  is  prompted  by  the  case  shown  in  Figure  4  where,  for 
the  lowest  Froude  number,  the  Kelvin  free-surface  condition 
overestimates  the  wave  resistance  whereas  the  Dawson  condition 
yields  a  negative  value.  Obviously  the  average  of  these  two  would 
be  an  improvement!  This  suggestion  is  not  entirely  facetious.  It  is 
common  in  perturbation  solutions  to  find  higher-order  approximations 
oscillating  about  the  correct  result  and  diverging  to  an  increasing 
extent.  An  example  is  the  high-aspect-ratio  lifting  surface  (lifting¬ 
line)  theory  as  described  by  Van  Dyke  and  reproduced  in  Figure  5.22 
of  my  book.  If  this  analogy  has  any  relevance,  it  implies  that  we 
should  look  for  a  different  asymptotic  approximation  about  the  zero- 
Froude-number  limit  and  construct  a  composite  approximation  in  the 
manner  described  by  Van  Dyke.  I  admire  the  spirit  of  this  paper  and 
look  forward  to  further  contributions  from  the  author. 

AUTHORS’  REPLY 

Thank  you  for  pointing  out  this  interesting  analogy.  Although  the 
Kelvin  condition  and  the  slow-ship  FSC  are  based  on  different 
perturbation  parameters,  one  could  loosely  regard  slow-ship  theory  as 
an  approximation  to  higher  order  in  flow  nonuniformity  (so,  in  some 
slenderness  parameter).  Some  of  my  results  in  fact  suggest  that  for 
increasing  nonuniformity  it  diverges  (or  rather,  it  produces  unrealistic 
results)  more  quickly  than  the  Neumann-Kelvin  approach.  In  the  case 
of  lifting  line  theory,  the  similar  behavior  indicates  that  systematic 
expansions  to  higher  order  will  not  bring  us  any  further,  and  a 
different  basic  approach  is  needed  to  get  a  higher  accuracy.  It 
appears  to  me  that  a  strict  analogy  would  imply  here  that  we  should 
construct  a  different  approximation  about  the  limit  for  zero  flow 
nonuniformity  rather  than  for  zero  Froude  number.  Alternatively,  the 
present  behavior  might  indeed  suggest  the  need  to  revise  the  zero- 
Froude-number  limit.  Some  possibilities  for  this  have  been  proposed 
in  the  past  but  seem  not  to  have  been  pursued. 
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Abstract:  The  Green-Naghdi  (GN)  theory  of 

fluid  sheets  is  used  to  analyze  large  amplitude, 
deep  water  waves  in  the  time  domain.  Level  III 
theory  is  used  to  simulate  a  train  of  steep  regular 
waves  and  a  random  wave  record  corresponding 
to  steep  seas  measured  during  hurricane  Cam¬ 
ille.  An  analysis  of  the  simulated  random  wave 
record  shows  that  the  linear  dispersion  assumed 
for  referring  a  random  wave  train  from  one  point 
in  space  to  another  does  not  result  in  conservative 
estimates  of  two  important  quantities  used  in  de¬ 
sign:  the  crest  elevation  and  particle  velocity  un¬ 
der  the  crest. 

1.  Introduction 

The  focus  of  this  paper  is  on  the  behavior  of 
large  amplitude  water  waves  in  deep  water,  with 
a  particular  emphasis  on  the  implications  of  this 
behavior  for  the  engineering  analysis  of  the  mo¬ 
tions  of  and  loads  acting  on  ships  and  offshore 
platforms.  For  the  problems  of  greatest  concern 
here  the  waves  are  of  a  length  scale  comparable 
to  the  horizontal  dimensions  of  the  ship  or  plat¬ 
form.  For  such  waves  it  is  common  (and  reason¬ 
able)  to  neglect  both  surface  tension  and  viscosity, 
and  we  shall  do  so  here.  During  the  last  few 
decades  significant  advances  have  taken  place  in 
the  understanding  of  these  water  waves  in  both 
deep  and  shallow  water,  and  there  is  a  very  large 
literature  on  this  research.  We  will  not  attempt 
an  exhaustive  review  this  research  here  since 
our  interest  is  a  fairly  narrow  one. 

Much  of  the  research  into  deep  water 
waves  and  their  applications  to  design  can  be  di¬ 
vided  into  two  principal  and  almost  mutually  ex¬ 
clusive  thrusts:  the  description  of  the  kinematics 
and  the  stability  of  regular,  two-dimensional 
waves  of  large  amplitude  (up  to  and  including 
breaking),  and  the  description  and  measurement 
of  random  wave  systems  using  analyses  which 
rely  on  superposition  and  linearity. 


This  split  has  its  counterpart  in  the  design 
office.  A  typical  problem  in  design  is  to  deter¬ 
mine  the  adequacy  of  a  structure  under  consid¬ 
eration  to  withstand  the  forces  imposed  by  the 
largest  waves  it  will  encounter  in  its  lifetime  (the 
so-called  “survival”  problem).  This  problem  can 
be  thought  of  as  composed  of  two  parts:  a  descrip¬ 
tion  of  the  wave  situations  (in  the  absence  of  the 
structure)  which  would  lead  to  the  survival  con¬ 
ditions,  and  estimation  of  loads  and  motions 
which  result  from  the  interaction  of  these  waves 
with  the  structure.  The  focus  here  is  on  the  first 
part,  the  description  of  the  wave  system, 
although  it  is  recognized  that  the  second  part  is 
probably  the  more  difficult  of  the  two. 

This  problem  is  at  once  nonlinear  and 
random,  since  the  waves  which  lead  to  the  sur¬ 
vival  conditions  are  likely  to  be  breaking,  or 
nearly  breaking,  local  storm  waves.  This  design 
problem  causes  a  dilemma  for  the  engineer, 
since  he  often  must  choose  between  an  analysis  of 
his  structure  based  on  the  impingement  of  a  sin¬ 
gle,  regular,  large-amplitude  wave  (the  design 
wave  approach)  or  an  analysis  based  on  the 
impingement  of  a  random  wave  system  of  super¬ 
posed  linear  wave  components  (the  spectral  ap¬ 
proach). 

We  note  that  the  use  of  the  spectral  ap¬ 
proach  for  the  estimation  of  the  motions  in  more 
moderate  seas  where  linear  superposition  is 
probably  not  a  bad  assumption  (the  so-called 
“operational”  problem)  has  become  almost  uni¬ 
versally  accepted,  since  the  use  of  linear,  ran¬ 
dom-wave  analysis  does  have  several  advantages. 
Its  use  brings  with  it  the  powerful  theoretical 
bases  of  time  series  analysis  and  stochastic  pro¬ 
cess  theory.  These  provide  a  rational  framework 
for  the  estimation  of  the  reliability  and  operability 
of  the  structure.  Further,  since  the  wave  compo¬ 
nents  in  the  spectral  decomposition  are  linear, 
one  can  treat  with  almost  equal  ease  both  the  fre- 
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quency  domain  and  time  domain  problems. 

Both  approaches  to  the  more  severe  sur¬ 
vival  problem  have  advantages  and  disadvan¬ 
tages.  The  loads  used  in  the  design  wave  ap¬ 
proach  reflect  the  sharpening  of  the  crests  and 
the  flattening  of  the  troughs  due  to  nonlinear  ef¬ 
fects,  and  these  effects,  in  particular,  often  have 
significant  consequences  on  the  wave  loads  on 
offshore  platforms  and  on  the  shipping  of  green 
water  on  the  deck  of  surface  ships.  The  use  of  a 
design  wave  does  yield  a  deterministic  load  sys¬ 
tem  which  is  relatively  easy  to  incorporate  into  a 
design  analysis.  For  this  purpose,  it  is  common 
to  use  fifth  or  higher-order  Stokes  wave  approxi¬ 
mations  or,  more  recently,  the  results  of  stream 
function  expansions  (Dean,  1974,  Chaplin,  1980). 
The  methods  used  to  determine  these  nonlinear 
waves  make  use  of  approaches  which  can  neither 
be  extended  to  three  dimensions  nor  be  general¬ 
ized  to  arbitrary  time-domain  calculations  in 
which  a  representation  of  steep,  random  wave 
systems  can  be  made.  Kinematic  descriptions  of 
regular  deep  water  waves  (assuming  one  can  ig¬ 
nore  viscosity  and  surface  tension)  are  known  to 
great  accuracy  (Schwartz,  1974;  Fenton,  1988).  It 
is  not  difficult  to  formulate  a  second-order  or 
higher-order  perturbation  approximations  for 
non-linear  waves  in  the  time  domain,  but  they 
have  been  little  exploited,  if  at  all,  in  the  design 
process. 

The  random  and  three-dimensional  char¬ 
acter  (short-crestedness)  of  a  measured  real 
storm  wave  system  is  captured  by  the  usual  spec¬ 
tral  analysis  approach.  Time  series  analysis  al¬ 
lows  identification  of  the  spectral  composition  of 
the  wave  surface  elevation  at  the  point  of  mea¬ 
surement,  and  allows  identification  of  some  of 
the  directional  character  of  the  seaway  if  many 
such  points  of  measurement  are  made  close  by 
concurrently.  When  the  spectral  representation 
of  the  water  surface  is  known,  the  prediction  of 
the  pressures  and  velocities  at  and  under  the  free 
surface  at  the  reference  location  is  usually  made 
by  associating  the  Fourier  components  of  the 
wave  surface  with  linear  (Airy)  wave  compo¬ 
nents.  This  superposition  is  only  valid  if  the  orig¬ 
inal  wave  system  is  of  a  height  and  character 
which  is  consistent  with  linearization  of  the  free 
surface  boundary  condition.  Such  an  assump¬ 
tion  becomes  ever  more  questionable  as  the  waves 
become  steeper  and  approach  breaking.  There 
are  a  number  of  approaches  whereby  the  inter¬ 
pretation  of  the  spectral  decomposition  is  modi¬ 
fied  to  improve  the  prediction  of  the  pressure  and 
velocity  fields  corresponding  to  the  free  surface 
description.  We  shall  discuss  one  of  these  due  to 
Wheeler  (1969)  in  a  subsequent  section  of  this  pa¬ 
per. 


The  prediction  of  the  pressures  and  veloci¬ 
ties  at  locations  remote  from  the  reference  loca¬ 
tion  requires,  in  addition,  an  estimate  of  the  dis¬ 
persion  of  the  waves.  If  one  supposes  the  super¬ 
position  of  Airy  waves,  then  each  component 
travels  at  a  different  speed  which  is  uniquely  re¬ 
lated  to  its  own  frequency.  Thus,  the  phasing  of 
these  components  at  the  remote  location  is  differ¬ 
ent  from  that  at  the  reference  location.  However, 
it  is  known  from  the  study  of  nonlinear  regular 
waves  that  steeper  waves  of  the  same  length 
travel  faster  than  their  less  steep  counterparts. 
One  can  therefore  anticipate  that  there  will  be  a 
nonlinear  interaction  between  the  component 
waves  which  will  affect  their  wave  speed.  For  in¬ 
stance,  consider  the  case  where  one  analyzes  the 
motions  of  a  large  ship  in  head  seas  and  pre¬ 
scribes  the  wave  time  history  at  one  point  on  the 
ship,  say  amidships.  In  order  to  perform  this 
calculation,  it  is  necessary  to  predict  the  wave 
environment  over  the  whole  length  of  the  ship  at 
each  instant  in  time.  Since  the  length  of  typical 
large  ships  is  in  the  order  of  400'  to  1000'  or  more, 
small  differences  in  the  estimated  dispersion  of 
shorter  waves  may  cause  significant  discrepan¬ 
cies  between  the  wave  time  history  at  the  bow  and 
at  the  stern.  Further,  since  the  discrepancy  at 
the  bow  is  of  the  opposite  sense  from  that  at  the 
stern  (relative  to  a  reference  point  amidships), 
these  discrepancies  may  become  especially  im¬ 
portant  for  pitch  or  yaw  motions  which  reflect  the 
difference  in  forces  bow  and  stem. 

Although  linear  ship  motions  analysis  can 
be  considered  state-of-the-art,  nonlinear  motions 
analysis  is  not.  In  particular,  much  of  the  thrust 
in  recent  years  in  nonlinear  ship  motions  has  re¬ 
volved  about  the  slow  drift  problem  where  second- 
order  forces  and  waves  are  taken  into  account. 
These  endeavors  are  extremely  complex  and  the 
prospect  of  accomplishing  in  the  near  future  an 
analysis  correct  to,  say,  the  third  order  is  not 
bright.  What  is  troublesome  with  this  state  of  af¬ 
fairs  is  the  fact  that  the  second-order  wave  prob¬ 
lem  predicts  the  same  wave  celerity  as  the  linear 
problem  and  has  many  of  the  dispersion  charac¬ 
teristics  of  Airy  theory.  The  third-order  solution 
is  the  lowest  order  perturbation  theory  which  pre¬ 
dicts  an  increase  in  celerity  of  regular  waves 
with  steepness  similar  to  that  observed  in  nature 
and  interactions  between  waves  which  lead  to 
“phase-locking”. 

In  conclusion,  it  is  fair  to  say  that  neither 
design  approach  to  the  survival  loading  (design 
wave  or  spectral  decomposition)  is  wholly  satis¬ 
factory.  It  is  the  purpose  of  this  paper  to  explore 
the  substantial  gap  which  exists  between  these 
two  design  approaches  by  presenting  a  different 
model  for  the  behavior  of  large-amplitude  deep 
water  waves  in  the  time  domain.  It  is  of  particu- 
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lar  interest  to  use  this  model  to  investigate  the 
dispersion  of  a  random  wave  system  from  one  lo¬ 
cation  to  another  so  that  some  insight  into  the 
omissions  of  current  linear  and  second-order 
theories  can  be  obtained.  The  foundation  for  this 
development  is  the  Green-Naghdi  theory  of  fluid 
sheets  (hereafter  referred  to  simply  as  GN  theory) 
and,  in  particular,  the  extension  of  this  theory  to 
deep  water  waves  (Green  &  Naghdi,  1986  &  1987). 
This  study  could  also  have  been  performed  using 
other  nonlinear  formulations,  but  GN  theory  was 
chosen  since  it  is  particularly  efficient  computa¬ 
tionally. 

Following  the  introduction  of  the  GN  gov¬ 
erning  equations  for  level  III  theory  below,  the 
remainder  of  the  paper  will  consist  of  two  parts: 
(a)  validation  of  the  theory  using  known  results  of 
steep  regular  waves,  and  (b)  use  of  the  time-do¬ 
main  solution  of  these  equations  to  simulate  a 
steep,  random  seaway. 

2.  GN  level  III  theory  of  deep  water  waves 

GN  theory  is  a  model  for  three-dimen¬ 
sional  fluid  flow  which,  since  it  involves  one 
fewer  independent  space  variable  than  three-di¬ 
mensional  space,  is  called  a  fluid  sheet  model. 
The  basis  of  this  model  is  rather  different  from 
traditional  models  derived  from  potential  theory 
using  perturbation  methods  or  from  the  special¬ 
ized  methods  often  introduced  to  compute  with 
high  accuracy  the  characteristics  of  regular,  two- 
dimensional  water  waves.  When  viscosity  and 
surface  tension  are  ignored  and  the  fluid  flow  is 
assumed  to  be  irrotational,  the  field  equation 
(Laplaces's  equation)  is  linear.  The  only  nonlin¬ 
earities  are  found  in  the  boundary  conditions  on 
the  free  surface.  The  treatment  of  the  field  equa¬ 
tion  and  nonlinear  boundary  conditions  by  per¬ 
turbation  methods  and  GN  theory  are  the  an¬ 
tithesis  of  one  another. 

In  the  perturbation  method,  the  field  equa¬ 
tion  is  retained  exactly  and  the  boundary  condi¬ 
tions  are  approximated;  in  GN  theory  the  field 
equation  is  approximated  and  the  full  boundary 
conditions  are  retained.  However,  it  is  not  our 
purpose  here  to  give  a  detailed  discussion  of  the 
consequences  of  these  different  approaches.  The 
reader  is  referred  to  Green  &  Naghdi  (1986,  1987) 
for  a  precise  exposition  of  GN  approach  to  water 
waves,  and  to  Webster  &  Shields,  (1990)  for  an 
overview  and  commentary  on  the  method. 

Since  perturbation  parameters  or  scales 
are  not  used  in  its  development,  the  limits  of  ap¬ 
plicability  of  GN  theory  are  implicit  and  must  be 
determined  by  physical  or  numerical  experi¬ 
ment.  For  the  problem  of  steep  water  waves  we 
choose  GN  level  III  theory,  as  defined  in  Webster 
&  Shields  (1990).  Although  this  theory  is  com¬ 


plex,  this  level  theory  was  necessary  for  the 
treatment  of  even  a  narrow-banded  spectrum. 

We  introduce  a  coordinate  system  Oxyz, 
with  the  Oz  axis  oriented  vertically  up  and  the 
Oxy  plane  horizontal  and  corresponding  to  the 
undisturbed  free  surface.  In  the  GN  theory  used 
here,  the  vertical  dependence  (i.e.,  the  depen¬ 
dence  on  z)  of  the  kinematics  of  the  fluid  flow  is 
restricted.  That  is,  we  introduce  a  set  of  func¬ 
tions  fcn(z)  which  will  serve  as  a  basis  for  the  ver¬ 
tical  dependence.  These  functions  play  the  same 
role  that  “shape  functions”  play  in  finite  element 
analysis.  We  assume  that  the  fluid  velocity, 
v(x,y,z;t)  =  (u,v,w)  can  be  approximated  with 
three  of  these  basis  functions  (for  level  III).  Thus, 

3 

v(x,y,z;t)  =  X  vn(x,y;t)  Xn( z)  ,  (1 

n=l 

where  vn  =  (un,vn,wn)  are  vector  coefficients  as¬ 
sociated  with  the  function  A,n.  Following  Green 
and  Naghdi  (1986),  we  select  basis  functions 
given  by 

3ln(z)  =  z(n-1}  e32  ,  n  =  1,  2,  3  (2 

where  a  is  a  constant,  the  choice  of  which  will 
discussed  below.  The  exponential  factor,  X\  =  eaz 
was  selected  since  it  has  the  same  form  as  the  z 
dependence  found  in  the  Airy  wave  solution.  The 
other  terms  in  the  basis  can  be  regarded  as  sys¬ 
tematic  variations  of  the  Airy  wave  velocity  pat¬ 
tern. 

The  kinematic  assumption  (1)  is  inserted 
into  the  equations  for  conservation  of  mass,  con¬ 
servation  of  momentum  (Euler's  equations),  and 
the  kinematic  boundary  condition  on  the  free  sur¬ 
face,  z  =  P(x,y;t).  It  is  possible  to  satisfy  all  of 
these  equations  identically  except  for  conserva¬ 
tion  of  momentum,  which  is  satisfied  only  ap¬ 
proximately.  Euler's  equations  are  multiplied  by 
Xv  X2y  x3  and  integrated  with  respect  to  z.  The 
result  is  a  set  of  three  vector  equations  which  re¬ 
flect  conservation  of  momentum  in  a  weighted 
average  sense.  These  together  with  exact  state¬ 
ments  of  conservation  of  mass  and  the  kinematic 
boundary  conditions  are  the  evolution  equations 
for  this  model  of  the  flow.  The  final  evolution 
equations  can  be  expressed  in  rather  compact 
general  form  (equations  3.4,  3.8  &  3.11,  respec¬ 
tively,  in  Webster  &  Shields  (1990))  but  these  equa¬ 
tions  will  not  be  repeated  here.  The  determina¬ 
tion  of  the  evolution  equations  in  terms  of  deriva¬ 
tives  of  the  primary  variables  requires  a  prodi¬ 
gious  amount  of  algebraic  manipulation.  This 
manipulation  is,  however,  not  difficult  if  one  uses 
any  of  the  new  symbolic  processors  now  avail¬ 
able.  (A  program  called  Mathematical  was 
used  for  this  manipulation). 
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The  final  set  of  four  evolution  equations  for 
unsteady  two-dimensional  flow  is  presented  in 
Appendix  A.  The  components  of  the  vertical 
components  of  the  vn  (w1,W2,w3)  have  been  elim¬ 
inated,  as  have  the  so-called  “integrated  pres¬ 
sures”  pj,  p2  and  p3.  The  pressure  on  the  free 
surface,  is  taken  to  be  zero.  The  remaining 
four  variables  are  the  free  surface  elevation, 
P(x,t),  and  the  three  horizontal  components  of  the 
vn:  u-^Xjt),  u2(x,t)  and  u3(x,t).  These  evolution 
equations  will  be  used  for  all  of  the  nonlinear 
computations  in  this  paper. 

3.  Large-amplitude  waves  of  permanent  form 

In  this  paper  we  use  the  GN  level  III  the¬ 
ory  for  time  domain  calculations  of  the  dispersion 
of  random  waves.  The  authors  know  of  no  high 
accuracy  calculations  of  these  wave  systems  to 
compare  with.  Since  this  theory  is  a  new  one,  it 
seems  prudent  to  first  compare  the  characteris¬ 
tics  of  large  amplitude  regular  waves  predicted 
by  this  theory  with  known  very  accurate  results 
for  these  waves. 

To  determine  waves  of  permanent  form, 
the  transformation  d/dt  —>  u0  d/dx  is  applied  to  the 
evolution  equations  in  Appendix  A  (these  equa¬ 
tions  are  Galilean  invariant).  The  equations  now 
only  depend  on  the  primary  variables  P,  u1?  u2 
and  u3  and  their  derivatives  with  respect  to  x. 
The  problem  of  determining  a  wave  of  permanent 
form  of  a  given  length  and  elevation  at  the  crest 
can  be  posed  as  a  two-point  boundary  value  prob¬ 
lem  over  a  domain  equal  to  the  half-length  of  the 
wave,  with  a  symmetry  condition  imposed  at  both 
ends  of  the  domain  and  an  elevation  condition  at 
the  crest  imposed  at  one  end  of  the  domain.  In 
addition,  global  conditions  stipulating  that  the 
flow  is  irrotational  on  the  average  and  the  mean 
water  depth  is  zero  need  to  be  applied.  A  proce¬ 
dure  based  on  Thomas'  method  described  by 
Ertekin  (1984)  and  generalized  by  Shields  (1986) 
was  used  to  find  these  solutions.  For  the  compar¬ 
isons  below,  the  x  domain  was  discretized  into 
200  equally-spaced  intervals  (201  nodes)  for  one 
wave  length.  Central  difference  formulas  were 
used  throughout. 

Several  characteristics  of  these  waves  are 
obvious  candidates  for  comparison.  These  in¬ 
clude:  wave  celerity,  wave  profile  and  velocity 
profile.  The  parameters  which  are  of  importance 
here  are  wave  steepness,  wave  length  and  the 
constant,  a,  which  appears  in  the  basis  functions 
(2).  As  mentioned  in  the  previous  section,  this 
constant  governs  the  exponential  decay  of  the  ve¬ 
locities  in  depth.  A  value  of  a  equal  to  the  wave 
number,  k  =  2k/X,  where  X  is  the  wave  length, 
produces  the  same  decay  with  z  as  predicted  by 
Airy  wave  theory  and  this  choice  yields  the  best 


comparison  with  finite  regular  waves.  We  intro¬ 
duce  the  notion  of  “bandwidth”,  the  ability  of  GN 
theory  to  predict  waves  of  wave  numbers  which 
are  different  from  a.  We  anticipate  that  there 
will  be  a  range  of  wave  numbers  kx  <  a  <  k2  for 
which  the  theory  will  produce  satisfactory  re¬ 
sults.  Accurate,  high-order  stream  function  re¬ 
sults  computed  by  Sobey  (1989)  are  used  for  the 
comparisons  below. 

a.  Wave  celerity. 

The  celerity,  or  phase  velocity  of  the  wave, 
is  the  speed,  u0,  of  the  coordinate  system  neces¬ 
sary  to  yield  a  time  invariant  wave  form.  Figure 
1  shows  the  ratio  of  the  celerity  of  infinitesimal 
waves  predicted  by  various  levels  of  GN  theory  to 
the  celerity  of  Airy  waves.  It  is  seen  that  the 
bandwidth  of  GN  level  I  for  a  relative  celerity  er¬ 
ror  of,  say,  2%  is  very  narrow,  that  of  GN  level  II 
is  broader  and  that  of  GN  level  III  is  broader  still. 
Since  the  focus  of  this  paper  is  a  random  wave 
train,  it  seemed  appropriate  to  choose  the  theory 
with  the  broadest  bandwidth  and  therefore  GN 
level  III  was  selected  primarily  on  this  basis. 


Figure  1.  The  ratio  of  celerity  of  infinitesimal 
waves  predicted  by  various  levels  of  GN  theory  to 
that  predicted  by  Airy  wave  theory. 

It  is  well  known  that  the  celerity  of  a  regu¬ 
lar  wave  depends  on  its  steepness.  Figure  2 
shows  the  results  of  GN  level  III  theory  for  waves 
of  various  steepness  for  the  special  situation 
where  k  =  a.  The  error  between  the  GN  results 
(the  line)  and  the  stream  function  results  (the 
black  squares)  is  much  smaller  than  1%  and 
cannot  be  detected  on  this  figure.  For  values  of  k 
different  from  a,  Figure  3  shows  the  error  in 
celerity  as  a  function  of  steepness.  It  is  seen  that 
for  values  of  2.25  >  a/k  >  0.5,  the  celerity  error  is 
within  1%  for  all  values  of  steepness  less  than 
0.12  (breaking  waves  correspond  to  a  steepness  of 
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about  0.14).  That  is,  the  celerity  error  is  less  than 
1%  for  waves  of  one-half  of  the  length  of  the  wave 
for  which  k  =  a  to  waves  which  are  well  over 
twice  the  length  of  the  wave  for  which  k  =  a).  For 
waves  of  lower  steepness  the  bandwidth  is  some¬ 
what  larger,  but  the  bandwidth  is,  of  course,  al¬ 
ways  smaller  than  that  for  infinitesimal  waves. 


Figure  2.  The  variation  of  celerity  with  steepness 
for  GN  level  III  theory  for  a/k  =  1.0  (curve)  and 
for  numerically  accurate  results  (black  squares). 


Figure  3.  Error  in  prediction  of  the  celerity  of 
regular  waves  by  GN  level  III  theory  as  a 
function  of  steepness  for  a/k  *  l. 


b.  Wave  profile. 

Figure  4  shows  the  wave  profiles  computed 
for  waves  of  various  elevations  at  the  crest  for  the 
case  k  h  a.  These  profile  shapes  deviate  less  than 
one  line  width  from  high  accuracy  profiles  (the 
deviation  is  much  less  than  1%  of  the  wave 


height).  For  wave  of  small  wave  height  the  eleva¬ 
tion  varies  almost  sinusoidally  in  x.  As  the  wave 
steepens,  the  crest  becomes  sharper  and  the 
trough  flattens.  Figure  5  shows  the  profiles  for 
waves  of  steepness  0.106  predicted  for  various 
values  of  a/k.  It  is  seen  that  even  for  this  very 
steep  wave,  the  variation  in  profiles  is  very  little 
for  the  range  of  a/k  between  0.5  and  2.0. 


Figure  4.  Wave  profiles  predicted  by  GN  level  III 
theory  for  regular  waves  of  various  crest  heights 
for  a/k  =  1. 


Figure  5.  Profile  of  waves  of  steepness  0.106  pre¬ 
dicted  by  GN  level  III  theory  for  various  values  of 
a/k. 


c.  Particle  velocity 

From  the  point  of  view  of  design  of  many 
offshore  platforms,  the  horizontal  particle  veloc¬ 
ity  under  the  crest  of  the  wave  is  probably  the 
most  important.  It  is  this  characteristic  of  the 
flow  which  causes  the  most  significant  loads  on 
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fixed  (jacketed)  platforms.  Once  again,  the  hori¬ 
zontal  velocity  under  the  crest  of  even  very  steep 
waves  is  predicted  with  much  less  than  a  1%  er¬ 
ror  if  k  =  a.  For  k  *  a  deviations  occur.  Figure  6 
N  shows  the  variation  with  z  of  the  horizontal  veloc¬ 
ity  under  the  crest  for  a  wave  of  steepness  0.106. 
The  velocity  is  non-dimensionalized  with  the  Airy 
celerity.  Curves  for  various  values  of  a/k  are 
shown,  where  the  value  for  a/k  =  1  is  coincident 
with  numerically  accurate  results.  The  water 
surface  at  the  crest  of  this  wave  is  at  a  non-di¬ 
mensional  value  of  27tz/A,  =  0.403,  and  the  undis¬ 
turbed  water  level  corresponds  to  a  value  of  z  =  0. 
Also  shown  on  this  figure  is  the  horizontal  parti¬ 
cle  velocity  prediction  from  Airy  wave  theory. 


Figure  6.  Variation  of  horizontal  particle  velocity 
under  the  crest  of  a  wave  of  steepness  0.106  as  a 
function  of  non-dimensional  altitude. 


It  is  seen  that  Airy  wave  theory  uniformly 
over-predicts  the  horizontal  particle  velocity  un¬ 
der  the  crest  for  all  z.  In  general,  the  prediction 
of  the  GN  level  III  theory  is  good,  except  very 
near  the  crest.  If  0.64  <  a/k  <  1.56  the  error  is  ev¬ 
erywhere  less  than  5%  of  the  numerically  exact 
result.  For  a/k  =  1.96  the  error  is  25%  at  the  wa¬ 
ter  surface  but  becomes  less  than  5%  for  values  of 
2izz!\  <  0.25;  for  a/k  =  0.49  the  error  is  14%  at  the 
water  surface  but  does  not  drop  to  less  than  5% 
unless  2%zFk  <  0. 

Separate  investigations  were  also  made  at 
different  values  of  steepness  and  at  different  loca¬ 
tions  along  the  wave.  At  the  crest  at  a  steepness 
of  12%,  the  error  for  0.64  <  a/k  <  1.56  increased 
slightly  to  6%;  that  for  a/k  =  0.49  and  1.96  in¬ 
creased  to  20%  and  35%,  respectively.  Beneath 
the  trough  much  smaller  particle  velocity  errors 
were  observed  for  all  values  of  a/k  discussed  here 


and,  thus,  it  appears  that  the  crest  is  the  most 
critical  location. 

d.  Summary  of  regular  wave  comparisons. 

The  bandwidth  for  particle  velocity  error  is 
much  narrower  than  for  either  wave  celerity  er¬ 
ror  or  for  wave  profile  error.  Let  us  denote  the 
wave  length  for  which  a/k  =  1  by  ^0-  The  above 
comparisons  indicate  that  as  long  as  2/3  X0  <  X  < 
3/2  X0,  we  can  anticipate  errors  of  less  than  1% 
for  celerity  or  wave  profile  and  less  than  6%  for 
horizontal  particle  velocities  for  a  steepness  up  to 
12%.  These  limitations  imply  that  the  GN  level 
III  theory  may  be  a  good  model  for  a  steep,  nar¬ 
row-banded  seaway. 

4.  Time  domain  results 

Two  different  wave  situations  were  investi¬ 
gated  using  the  time  domain  version  of  the 
Green-Naghdi  level  III  equations  in  Appendix  A. 
The  evolution  equations  are  second-order  in  time 
and  third  order  in  space.  At  each  instant  the 
time  derivatives  (on  the  left-hand  side  of  each 
equation  in  Appendix  A)  can  be  found  as  a  solu¬ 
tion  to  a  two-point  boundary  value  problem.  Since 
this  is  an  initial-value  problem  starting  from  an 
initially  quiescent  condition,  the  global  conditions 
for  irrotationality  or  for  mean  water  level  used  for 
determining  waves  of  permanent  form  need  not 
be  applied  here. 

The  difference  formulation  for  the  two- 
point  boundary  value  problem  is  the  same 
Thomas’  algorithm  used  for  the  waves  of  perma¬ 
nent  form.  Integration  in  time  is  performed  us¬ 
ing  a  modified  Euler  method.  Both  integrations 
in  space  and  time  are  second-order  accurate  and 
variations  in  both  time  and  space  steps  were 
made  to  assure  that  convergence  was  adequate 
(less  than  1%  error). 

One  of  the  particular  advantages  of  GN 
theory  in  general  is  that  it  yields  differential 
equations  in  the  horizontal  coordinates.  Since 
the  computational  effort  required  to  solve  the  two- 
point  boundary  value  problem  grows  linearly 
with  the  computational  domain,  the  overall  time 
integration  retains  this  property.  In  this  sense, 
the  GN  theory  allows  one  to  compute  larger  spa¬ 
tial  domains  than,  say,  boundary  element  meth¬ 
ods  were  the  effort  typically  grows  with  at  least 
the  square  of  the  size  of  the  number  of  nodes. 

The  left-hand  boundary  for  both  problems 
below  was  considered  to  be  a  “wave-maker” 
where  values  of  P(xw,t),  u-^x^t),  u2(xw,t)  and 
u3(xw,t)  were  prescribed  (xw  is  the  x  location  of 
the  wavemaker).  In  general,  the  values  of  the 
three  u’s  are  not  known  a  priori  for  the  nonlinear 
wave  system.  We  used  the  values  obtained  from  a 
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linear  solution  of  the  GN  level  III  equations  to  re¬ 
late  these  quantities  to  p.  The  local  disturbance 
caused  by  the  not  quite  correct  values  of  the  three 
u’s  appeared  to  die  out  quickly  (as  it  does  with  a 
real  wave-maker  in  a  wave  tank).  In  order  to 
avoid  any  initial  disturbances,  a  cosine-squared 
ramp  was  provided  at  the  start  of  the  wave- 
maker.  The  ramp  was  applied  only  to  the  first 
full  cycle  of  the  wave  maker. 

A  simple  Sommerfeld  boundary  condition 
was  imposed  on  the  right-hand  boundary  for  both 
examples  and  this  condition  was  based  on  the  as¬ 
sumption  that  all  waves  have  a  celerity  equal  to 
that  of  infinitesimal  waves  of  length  ^0-  In  prac¬ 
tice,  little  reflection  was  observed,  but  in  both  ex¬ 
amples  the  right-hand  boundary  was  taken  far 
enough  away  to  minimize  any  possible  adverse 
consequences  from  reflections. 

a.  The  generation  of  regular  waves. 

In  order  to  assure  that  the  time  domain  in¬ 
tegration  scheme  and  the  wave-maker  were  per¬ 
forming  correctly,  a  set  of  regular  waves  was 
generated.  Although  the  internal  calculations 
were  all  performed  non-dimensionally,  the  re¬ 
sults  are  reported  dimensionally,  corresponding 
to  typical  ocean  wave  scales.  The  computational 
domain  consisted  of  1300  space  steps  of  12.28’  and 
the  time  steps  were  0.2  sec.  The  waves  had  a 
wave  length  of  809'  and  final  height  of  70 
(corresponding  to  steepness  of  8.65%).  Figure  7 


shows  a  snapshot  of  the  wave  elevation  profile  160 
seconds  after  the  start-up  of  the  wave-maker. 
Since  the  wave  packet  had  not  progressed  past 
6000’,  the  remainder  of  the  computational  do¬ 
main  is  not  shown.  This  figure  shows  that  the 
eldest  two  waves  (the  rightmost  two  waves)  are 
somewhat  distorted,  and  that  the  train  of  notice¬ 
ably  steep,  but  regular  waves  follows. 

Figure  8  shows  the  wave  elevation  time 
history  as  seen  by  an  observer  644'  from  the  wave 
maker.  This  observer  sees  almost  twice  as  many 
waves  as  seen  in  the  surface  elevation  view  be¬ 
cause  the  group  velocity  is  much  less  than  the 
celerity  (a  manifestation  of  dispersion).  A  very 
short  time  after  the  time  of  figure  7 ,  the  leading 
wave  of  this  packet  became  quite  steep  and 
reached  a  breaking  condition.  Local  snapshots  of 
this  process  at  2  second  intervals  are  shown  in 
Figure  9.  The  solution  algorithm  breaks  down 
when  the  wave  reaches  breaking  conditions  and 
the  computation  can  not  continue. 

It  was  not  clear,  at  first,  whether  the 
breaking  wave  at  the  front  of  the  group  was  real 
or  simply  an  artifact  of  either  the  start-up  of  the 
wave  maker  or  of  the  GN  theory.  Longuet- 
Higgins  (1974)  demonstrated,  both  theoretically 
and  experimentally,  that  the  leading  wave  in  a 
packet  of  generated  waves  will  steepen.  Further, 
his  experiments  showed  that  the  leading  wave 
can  break  if  the  generated  waves  were  steep 
enough  to  begin  with.  Unfortunately,  his  linear 


Figure  7.  Wave  surface  elevation  at  time  =  160  seconds  after  initiation  of  wavemaker 
(regular  waves  of  length  =  809'  and  height  =  70') 


Figure  8.  Wave  elevation  time  history  at  a  point  644’  away  from  wavemaker. 
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Figure  9.  Details  of  breaking  wave  at  leading  edge  of  wave  packet. 


analysis  was  unable  to  predict  such  an  occur¬ 
rence.  In  order  to  investigate  this  further,  we  at¬ 
tempted  to  duplicate  the  simulated  wave  situation 
in  the  Ship  Model  Towing  Tank  at  U.C.  Berkeley. 
To  our  surprise,  we  found  that  we  were  unable  to 
make  a  train  waves  at  this  steepness  without  the 
wave  in  the  front  of  the  group  breaking  after 
about  12-14  wave  maker  cycles  (that  is  with  6  or  7 
waves  in  the  tank).  The  breaking  occurred  even 
when  the  wave  maker  was  turned  on  very 
smoothly  over  three  wave  cycles. 

b.  Steep  random  waves. 

In  order  to  investigate  the  dispersion  of 
random  waves,  a  numerical  experiment  was 
conducted.  An  existing  measurement  of  steep 
waves,  recorded  during  Hurricane  Camille  in 
the  Gulf  of  Mexico,  August  16-17,  1969  was  used 
as  a  foundation  for  this  experiment.  The  particu¬ 
lar  record  covered  512  seconds  in  real  time  with 
two  measurements  per  second.  Although  this 
record  was  taken  in  a  water  depth  of  325  ft  (which 
corresponds  to  a  depth  at  which  shallow  water  ef¬ 
fects  are  just  beginning  to  be  perceived),  it  was 
felt  that  this  sample  was  a  good  representative  of 
the  survival  conditions  one  might  encounter. 

The  waves  were  simulated  in  exactly  same 
fashion  as  the  regular  waves  in  a.  above  were. 
However,  it  was  desired  to  generate  a  wave  sys¬ 
tem  like  that  from  Hurricane  Camille  at  a  given 
reference  point  removed  some  distance  from  the 
wave-maker.  The  coordinate  system  was  chosen 
so  that  this  reference  point  was  x  =  0.  A  finite, 
untruncated  Fourier  transform  of  the  record  was 
determined, 

1 

2  nmax 

p(t)  =  X  an  sin  ©nt  +  bn  COS  COnt  ,  (3 

n=0 

where 

2m 


8t  is  the  time  interval  between 
data  points, 

nmax  the  number  of  data  points 
in  the  record. 

Using  linear  dispersion  (Airy  theory),  the 
record  (3)  was  referred  to  a  new  location  xw,  as¬ 
suming  that  the  waves  are  two-dimensional  and 
progressing  in  the  positive  x  direction,  yielding 

1 

2  nmax 

p(t)  =  Yj  an  sin  <f>(t)  +  hn  COS  <>(t)  ,  (4 

n=0 

where  the  phase  (|)(t)  =  ton  |t  -  ^  wj 

For  the  numerical  experiment  described 
below,  xw  was  taken  to  be  -644’  (i.e.  644'  up 
weather  from  the  point  x  =  O').  This  new  record 
was  used  to  drive  the  wave  maker.  Three  wave 
probes  were  “mounted”  in  the  computational  do¬ 
main,  at  x  =  O',  x  =  400'  and  x  =  800'.  The  dis¬ 
tance  between  the  probe  at  the  reference  point  at  x 
=  O'  and  that  at  x  =  400'  is  comparable  to  the 
length  of  a  typical  offshore  platform;  the  distance 
between  the  reference  point  at  x  =  O'  and  that  at  x 
=  800'  is  comparable  to  the  length  of  a  typical 
large  ship.  The  constant  a  was  selected  to  corre¬ 
spond  to  waves  for  which  X0  =  809*  (i.e.  a  =  27t/809) 
and  the  computation  was  run  for  the  same  512 
seconds  of  the  original  record  with  temporal 
steps  of  0.2  sec.  and  1300  spatial  steps  of  12.28'. 

Figure  10  shows  a  comparison  of  the  wave 
elevation  measured  at  the  probe  at  x  =  0  and  the 
original  Hurricane  Camille  record.  In  general 
the  two  traces  compare  very  well  except  near  t  = 
130  and  t  =  450.  The  computed  wave  elevation 
history  is  smoother  than  the  original  record  pre¬ 
sumably  because  the  bandwidth  of  the  GN  level 
III  theory  is  limited.  We  do  note  however,  that 
most  of  the  waves  do  lie  within  the  wave  length 
range  of  500’  to  1200'  corresponding  to  the  range 
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Figure  10.  Comparison  of  GN  level  III  simulation  at  x  =  0  with  recorded  Camille  time  history 


2/3  X0  <  X  <  3/2  X0  for  which  the  GN  level  III  the¬ 
ory  yields  uniformly  excellent  results.  The  useful 
part  of  the  wave  elevation  records  at  the  three 
probes  cover  a  somewhat  smaller  time  interval 
than  the  original  Camille  record  because  of  the 
time  it  takes  for  waves  to  progress  from  the 
wavemaker  to  the  probes. 


frequency  (ra/sec) 

Figure  11.  Spectrum  of  the  original  Camille 
record  and  that  measured  at  the  three  wave 
probes. 

Finite  Fourier  transforms  of  these  records 
were  also  made  and  spectra  formed.  Figure  11 
shows  the  spectrum  of  the  original  record,  as 
well  as  the  spectra  of  the  time  histories  recorded 
at  the  three  probes.  These  spectra  have  been 
smoothed  using  a  seven-point  moving  average. 


All  four  spectra  are  very  nearly  the  same  except 
the  original  Camille  spectrum  has  a  peak  at  a 
wave  frequency  of  about  0.45  ra/sec  which  does 
not  occur  in  the  simulated  record.  The  three 
spectra  from  the  wave  probes  can  be  considered 
identical. 

Several  additional  simulations  were  per¬ 
formed  using  the  same  input  record  but  with  in¬ 
put  to  the  wavemaker  multiplied  by  a  factor.  The 
simulation  with  a  factor  of  1.2  (i.e.,  the  input  was 
20%  larger)  produced  waves  which  were  almost 
breaking.  Larger  factors  produced  waves  which 
did  break  and  in  these  cases  it  was  not  possible  to 
complete  the  simulation. 

The  spectra  of  the  time  histories  of  the 
three  wave  probes  were  all  about  equal  for  the 
20%  larger  simulation  and  all  were  almost  ex¬ 
actly  44%  larger  than  the  corresponding  spectra 
for  the  original  simulation,  as  one  would  antici¬ 
pate.  The  actual  wave  profiles,  although  quite 
similar  in  form,  were  measurably  more  “peaked” 
near  the  highest  waves.  In  the  discussion  below 
we  will  use  both  the  simulation  using  the  origi¬ 
nal  wavemaker  input  (labelled  100%  Camille  in¬ 
put)  and  that  resulting  from  the  20%  larger  input 
(labelled  120%  Camille  input). 

The  time  histories  of  the  wave  elevation  at 
x  =  O'  are  now  parts  of  a  consistent  description  in 
time  and  space  of  nonlinear  wave  systems,  and 
these  descriptions  afford  an  opportunity  for 
assessing  of  the  effects  of  nonlinear  dispersion. 
Let  us  suppose  that  the  time  history  recorded  at 
the  numerical  wave  probe  at  x  =  0  is  a  realistic 
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Figure  12.  Comparison  of  waves  at  x  =  400’  predicted  by  GN  level  III  and 
by  linear  dispersion  from  x  =  O'  (100%  Camille  input). 


record  of  a  possible  realization  of  a  storm  wave 
system  (its  closeness  to  the  measured  Hurricane 
Camille  record  lends  credibility  to  this  supposi¬ 
tion).  This  time  history  will  be  taken  as  a  refer¬ 
ence  time  history.  The  time  histories  of  wave  ele¬ 
vation  at  the  probes  at  x  =  400'  and  800'  recorded 
in  the  simulations  are  part  of  a  nonlinear  wave 
system,  but  can  also  be  estimated  from  the  refer¬ 
ence  time  history  at  x  =  O’  using  finite  Fourier 
transforms  and  linear  dispersion  (as  was  done  in 
(3)  and  (4)  above).  Such  a  process  is  spectrum¬ 
preserving  and  therefore  these  estimated  time 
histories  at  the  other  two  probes  will  have  exactly 
the  same  spectrum  as  the  simulated  time  history 
at  x  =  O’.  However,  the  spectra  of  the  simulated 
time  histories  at  the  x  =  O’,  400'  and  800'  are  all 
sensibly  the  same  (see  Figure  10).  Thus,  the  two 
sets  of  time  histories:  the  nonlinear  GN  level  III 
simulation,  and  that  derived  by  linear  dispersion 
will  have  essentially  the  same  spectra  at  each 
probe.  In  other  words,  each  represents  a  differ¬ 
ent  realization  of  the  same  spectrum. 

The  comparison  between  the  time  histories 
at  the  two  alternate  probe  locations  is  essentially 
a  comparison  between  linear  dispersion  and  non¬ 
linear  dispersion.  Figure  12.  shows  a  compari¬ 
son  of  the  time  histories  at  x  =  400*  for  the  origi¬ 
nal  wavemaker  input  (100%  Camille  input).  It  is 
clear  that  the  character  of  both  wave  systems  is 
more  similar  than  the  comparison  between  the 
simulation  and  the  original  Camille  record,  but 
upon  close  examination  one  finds  the  trace  from 
nonlinear  dispersion  shows  sharper  peaks  and 
flatter  troughs  than  that  from  the  linear  disper¬ 
sion. 


The  relation  between  linear  and  nonlinear 
dispersion  can  be  perhaps  more  clearly  seen  in 
Figure  13.  The  top  three  graphs  in  this  figure 
show  the  results  of  matching  the  elevations  of  the 
individual  crests  and  troughs  from  the  record 
produced  by  the  nonlinear  dispersion  simulation 
and  that  from  the  linear  dispersion.  The  values 
resulting  from  each  are  plotted  along  a  different 
axis. 

For  the  probe  at  x  =  0'  there  is  a  perfect  cor¬ 
relation  between  the  crest  and  trough  elevations 
derived  from  the  time  history  and  those  derived 
from  the  finite  Fourier  transform,  since  the 
transform  was  determined  using  the  whole  wave 
time  history  at  this  point  and  no  terms  were 
thrown  away. 

The  two  time  histories  at  the  probes  at  x  = 
400*  and  800’  were  not  identical  and,  in  some 
cases,  were  not  geometrically  similar.  Thus, 
identifying  the  corresponding  crests  and  troughs 
was  sometimes  ambiguous  and  scatter  occurred. 
For  these  two  probes,  the  points  show  a  signifi¬ 
cant  deviation  from  the  45°  line  which  would 
indicate  perfect  correlation.  It  is  seen  that,  in 
comparison  with  the  nonlinear  dispersion  simu¬ 
lation,  the  linear  dispersion  results  show  smaller 
crest  heights  and  larger  trough  depths.  This  dis¬ 
crepancy  is  worse  for  the  probe  at  x  =  800’  than 
for  that  at  x  =  400*. 

What  is  important  in  design  of  many  ships 
and  platforms  is  the  combination  of  the  maxi¬ 
mum  wave  elevation  at  the  crest  and  the  horizon¬ 
tal  particle  velocity  at  the  crest.  For  the  superpo¬ 
sition  of  waves  given  by  (3),  Airy  theory  predicts 
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GN  Level  III  GN  Level  III  G 

Figure  13.  Correlations  of  the  GN  level  III  simulations  and  the  results  of  linear  dispersion  at  x  =  O',  400'  and  800. 

(Figures  at  the  top  are  for  wave  elevation  extrema;  those  at  the  bottom  are  for  horizontal  particle  velocity  10  below  the  free  surface). 


the  horizontal  particle  velocity,  u(x,z,t),  in  the 
waves  to  be 

u(x,z,t)  =  (5 


1 

2  nmax 


X  e 


n=0 


(an  sin  C0nt  +  bn  cos  cont) 


Referring  again  to  Figure  6,  it  is  clear  that  Airy 
theory  yields  particle  velocities  which  are  much 
too  high.  It  is  typical  in  many  offshore  applica¬ 
tions  to  use  an  approximation  called  “Wheeler 
stretching”  (Wheeler,  1969).  In  this  approach, 
the  exponential  decay  factor  in  (5)  is  modified, 
yielding 


u(x,z,t) 


(6 


1 

2  nmax 

X  “n 

n=0 


ev  J  (an  sin  cont  +  bn  cos  cont) , 


where  z  =  z  -  (3(x,t).  That  is,  the  value  of  z  used 
in  the  exponential  decay  measures  the  relative 
distance  below  the  free  surface  rather  than  the 
absolute  distance  below  the  undisturbed  free  sur¬ 
face  level. 

The  bottom  graphs  in  Figure  13  are  corre¬ 
lation  plots  showing  particle  velocities  both  under 
the  crest  and  under  the  troughs.  It  relates  the 
corresponding  peaks  in  the  horizontal  particle  ve¬ 
locity  at  a  distance  10'  below  the  free  surface  at  x 
=  O'  computed  by  using  the  GN  level  III  model, 
(1),  and  that  determined  using  the  finite  Fourier 
sum  (3)  and  Wheeler  stretching  (6).  The  sum  in 
(6)  is  unrealistically  dominated  by  the  large 
number  of  high-frequency  components  in  the  fi¬ 
nite  Fourier  decomposition  when  the  exponential 
decay  factor  is  unity,  as  it  is  when  z  =  p  (i.e.,  z  = 
0).  The  effect  of  these  high  frequency  components 
is  unimportant  for  very  small  values  of  z  *  0  and 
thus  a  value  of  z  -  -10'  was  selected.  The  correla¬ 
tion  between  the  prediction  of  horizontal  particle 
velocity  at  x  =  O’  from  GN  level  III  theory  and 
Wheeler  stretching  is  very  good  under  the  crest 
(positive  velocities)  and  only  slightly  less  good 
under  the  troughs  (negative  velocities).  A  signif¬ 
icant  deviation  occurs  only  for  the  very  highest 
waves  and  the  deviation  remains  no  more  than 
about  5%. 

Although  we  do  not  show  the  results  here, 
finite  Fourier  decompositions  and  estimates  of 
the  particle  velocities  using  Wheeler  stretching 
were  performed  for  the  GN  level  III  time  histo¬ 
ries  recorded  at  the  other  two  wave  probes.  This 
information  was  used  to  develop  correlation  dia¬ 
grams  similar  to  the  bottom  graph  in  Figure  13. 
These  correlations  were  almost  identical  in 


character  to  the  left-hand  bottom  graph  in  Figure 
13.  As  a  result,  we  conclude  that  if  the  time  his¬ 
tory  of  the  wave  elevation  is  known  at  the  point  of 
interest,  Wheeler  stretching  is  a  very  good  esti¬ 
mator  of  the  peak  velocities  beneath  the  crest  of  a 
wave  and  a  good  estimator  for  the  velocities  be¬ 
neath  the  trough  of  the  wave. 

Let  us  now  investigate  the  situation  when 
the  wave  elevation  history  is  not  known  at  the 
point  of  interest  and  must  be  determined  by  lin¬ 
ear  dispersion.  The  middle  and  right  graphs  on 
the  bottom  of  Figures  13  are  correlation  diagrams 
resulting  from  comparing  the  horizontal  particle 
velocity  at  the  probes  at  x  =  400’  and  800’.  The  GN 
level  III  prediction  is  based  on  (1)  using  the  val¬ 
ues  of  uv  u2,  u3  and  P  determined  at  these  loca¬ 
tions  by  the  nonlinear  simulation;  the  spectral 
method  prediction  is  based  on  the  Fourier  de¬ 
composition  (3),  linear  dispersion  (4)  and  Wheel¬ 
er  stretching  (6).  It  is  obvious  that  the  compari¬ 
son  at  the  probe  at  x  =  400'  is  significantly  poorer 
than  that  at  x  =  O’,  and  that  at  x  =  800’  is  poorer 
still.  In  particular,  GN  theory  predicted  particle 
velocities  under  many  of  the  crests  in  excess  of  30 
fps,  whereas  the  linear  dispersion  result  did  not 
predict  any  velocities  this  large. 

When  viewed  as  a  whole,  the  graphs  in 
Figure  13  show  that  the  relationship  between  hor¬ 
izontal  particle  velocity  discrepancy  and  the  wave 
crest  and  trough  discrepancy  is  nearly  constant. 
That  is,  when  the  wave  crest  and  trough  predic¬ 
tions  are  good,  the  horizontal  particle  velocity 
predictions  are  good;  when  the  wave  crest  and 
trough  predictions  are  poor,  the  particle  velocities 
are  corresponding  poor.  It  appears  therefore  that 
linear  dispersion  is  the  weak  link  in  the  predic¬ 
tion  process  rather  than  the  Wheeler  stretching. 

Perhaps  a  more  instructive  view  of  the  dif¬ 
ference  between  linear  dispersion  can  be  gleaned 
from  a  comparison  of  the  wave  elevation  profiles. 
Figure  14a  shows  snapshots  of  the  wave  elevation 
computed  using  linear  dispersion  for  x  =  -400'  to 
x  =  2000’  at  2  second  intervals  from  t  =  442  to  t  = 
462  seconds.  Figure  14b  shows  the  same  set  of 
snapshots  for  the  simulated  waves  using  GN 
level  III.  Both  sets  correspond  to  the  120% 
Camille  input  to  the  wavemaker  and  by  construc¬ 
tion,  both  sets  of  records  have  exactly  the  same 
time  histories  at  x  =  O'.  The  linear  dispersion 
record  shows  many  small  wiggles  which  are  the 
result  of  the  high  frequency  terms  in  the  2100 
terms  of  the  finite  Fourier  sum.  In  general  these 
effects  are  localized  near  x  =  0. 

A  cursory  glance  shows  that  the  two  sets  of 
snaphsots  are  similar,  but  a  significant  differ¬ 
ence  occurs  between  t  =  454  and  t  =  460.  The  GN 
level  III  simulation  predicts  a  large,  nearly 
breaking  wave  crest  which  persists  for  about  6 
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seconds  and  has  a  maximum  elevation  of  65' 
above  the  undisturbed  free  surface.  This  wave 
was  the  highest  crest  obtained  by  the  simulation. 
The  corresponding  wave  for  the  linear  dispersion 
case  is  never  more  than  50’  high  and  lacks  the 
coherence  of  the  simulated  wave.  The  difference 
appears  to  be  that  the  Airy  wave  components  are 
not  “phase-locked”  and  can  not  remain  together 
for  any  length  of  time. 

5.  Conclusions 

A  nonlinear  fluid  sheet  model  for 
predicting  the  dispersion  of  random  wave  sys¬ 
tems  in  the  time  domain  was  introduced  and 
compared  with  known  results  for  steep  waves  of 
permanent  form.  It  was  found  that  the  particu¬ 
lar  model  used  here,  Green-Naghdi  level  III, 
compared  extremely  well  with  the  results  for 
wave  celerity  and  wave  profile  for  a  wide  range  of 
steepness  and  over  a  fairly  broad  bandwidth  of 
wave  lengths.  The  comparison  with  wave  parti¬ 
cle  velocities  was  good  over  a  fairly  narrow,  but 
useful,  bandwidth  of  wave  lengths. 

The  GN  level  III  model  was  used  to  predict 
the  generation  of  regular  waves  and  it  was  found 
(and  confirmed  by  laboratory  experiment)  that 
the  leading  edge  of  a  packet  of  relatively  steep 
waves  always  appears  to  break  before  very  many 
waves  are  created. 

This  nonlinear  model  was  also  used  to 
model  a  real  steep  wave  record,  that  measured 
during  Hurricane  Camille  in  1969.  The  purpose 
of  this  study  was  to  investigate  the  effects  of  non¬ 
linear  dispersion.  These  results  can  be  summa¬ 
rized  as  follows:  linear  dispersion  leads  to  under - 
prediction  of  both  the  wave  elevation  and  the  wave 
particle  velocities  at  a  point  remote  from  a  loca¬ 
tion  where  the  wave  elevation  history  is  known. 
This  under-prediction  may  represent  a  signifi¬ 
cant  lack  of  conservatism  in  the  use  of  the  spec¬ 
tral  method  for  design  to  withstand  survival  con¬ 
ditions. 

The  time  histories  at  all  probes  either 
recorded  from  the  nonlinear  simulation  or  from 
linear  dispersion  from  the  probe  at  x  =  O'  all  had 
spectra  which  were  sensibly  the  same.  That  is, 
all  were  acceptable  realizations  of  the  same  spec¬ 
trum.  Yet  those  time  histories  of  either  wave  ele¬ 
vation  or  particle  velocity  resulting  from  linear 
dispersion  did  not  compare  well  with  those  which 
resulted  from  nonlinear  dispersion.  Thus,  we 
can  further  conclude  that  not  all  realizations  of  a 
spectrum  correspond  to  realistic  wave  systems,  if 
the  waves  high  enough  to  lead  to  significant  non¬ 
linear  effects. 
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Appendix  A.  Green-Nasrhdi  Level  III  Evolution  Equations  for  Deep  Water  Waves 
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DISCUSSION 


Krish  Thiagarajan 
University  of  Michigan,  USA 

The  authors  have  prescribed  a  certain  velocity  distribution  at  the 
wave-maker  position  in  their  numerical  wavetank.  They  also  claim 
that  disturbances  caused  due  to  this  specified  distribution  are  localized 
and  die  out  quickly  with  horizontal  distance.  This  claim  may  not  be 
entirely  true.  Satisfying  the  no-flow  condition  on  the  wave-maker 
surface  had  been  a  known  problem.  Existing  second  order  wave 
generator  theories  (Ref[l]  reviews  some  of  them.)  indicate  the 
existence  of  a  second  order  free  wave  of  frequency  twice  the 
fundamental  wave  frequency  generated  by  the  wave  maker.  This  free 
wave  is  parasitic  in  nature  as  it  travels  along  with  the  wave  of 
interest,  i.e.,  it  does  not  die  out.  My  own  experiments  have 
confirmed  this  (Ref[l]).  The  above  discussion,  while  pertaining  to 
a  physical  tank,  may  also  be  applicable  to  a  numerical  wave  tank. 

Ref.[l]:  Thiagarajan,  K.  "An  Experimental  Study  on  Higher  Order 
Waves  and  Hydrodynamic  Loading  on  Vertical  Surface  Piercing 
Cylinders,"  M.Eng.  Thesis,  Faculty  of  Engineering,  Memorial 
University  of  Newfoundland,  St.  John’s,  Canada,  1989 
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Three-Dimensional,  Unsteady  Computations  of 
Nonlinear  Waves  Caused  by  Underwater  Disturbances 

Y.  Cao,  W.  Schultz,  R.  Beck  (The  University  of  Michigan,  USA) 


Abstract 

Three-dimensional  unsteady  nonlinear  waves  gen¬ 
erated  by  underwater  disturbances  (such  as  a  moving 
source-sink  pair  or  a  moving  body)  are  modeled  us¬ 
ing  a  mixed  Eulerian-Lagrangian  time  marching  pro¬ 
cedure  combined  with  a  desingularized  boundary  in¬ 
tegral  method.  The  waves  computed  by  the  present 
method  are  compared  with  those  for  linear  theory  to 
find  the  nonlinear  effects.  The  wave  resistance,  lift, 
moment  and  the  pressure  distributions  on  the  body 
axe  also  calculated.  We  find  that  the  wave  patterns  of 
a  spheroid  and  a  relevant  simple  source-sink  pair  dis¬ 
turbance  are  very  similar  as  long  as  the  disturbances 
are  not  too  close  to  the  free  surface. 

1  Nomenclature 

Cd  drag  coefficient 

Cl  lift  coefficient 

Cm  moment  coefficient 

Cp  pressure  coefficient 

D  diameter  of  spheroid 

Dm  local  mesh  size 

Fr  Froude  number 

F  hydrodynamic  force  acting  on  body 

M  hydrodynamic  moment  acting  on  body 

h  submerged  depth  of  disturbance 

ij,k  unit  vectors 

L  length  of  major  axis  of  spheroid 

Ld  desingularization  distance 

Id  factor  of  desingularization 

M  moment  acting  on  body 

Nb  node  number  on  spheroid 

Nq  number  of  elements  on  spheroid  in  0  direction 

Nb  number  of  elements  on  spheroid  in  x  direction 

N?  node  number  on  free  surface 

N l  node  number  on  free  surface  in  x  direction 

N, *  node  number  on  free  surface  in  y  direction 

ft  outward  normal  of  body  surface  into  fluid 

p  pressure 

r  position  vector  from  center  of  body 

S  area  of  spheroid  surface 

S(>  body  boundary 

S /  free-surface  boundary 

Sb  singular  surface  inside  body 

S j  singular  surface  above  free  surface 


t  time 

V  velocity  of  body  surface 

V(t)  velocity  of  disturbance 

x  field  point 

xj  position  vector  of  free  surfaces  (z/,j//,2/) 
xt,  point  on  body 

xs  singular  point  of  fundamental  solution 

a  desingularization  exponent 

startup  inverse  time  constant 
A  wave  length  of  2-D  linear  wave 

77  wave  elevation 

a(t)  strength  of  source- sink  disturbance 
<7 0  steady  value  of  a(t) 

Of  strength  of  source  distribution  above  free  surface 

(7b  strength  of  source  distribution  inside  body 

<j>  velocity  potential 

H  fluid  domain 

2  Introduction 

Since  Longuet-Higgins  and  Cokelet1  first  developed  the 
mixed  Eulerian-Lagrangian  method  for  two-dimensional  sur¬ 
face  waves  on  water,  variations  of  this  method  have  been 
used  for  a  variety  of  nonlinear  free  surface  problems  in  two 
dimensions  (Baker,2  Vinje  and  Brevig,3  etc).  The  meth¬ 
ods  require  at  each  time  step:  1)  solve  a  boundary  value 
problem  in  an  Eulerian  frame  and  2)  update  the  free  sur¬ 
face  points  (which  construct  the  free  surface)  by  integrating 
the  nonlinear  kinematic  and  dynamic  free  surface  boundary 
conditions  with  respect  to  time.  More  recently,  the  method 
has  been  used  for  three-dimensional  nonlinear  wave  prob¬ 
lems.  Dommermuth  and  Yue4  used  this  method  to  solve 
several  axisymmetric  problems.  Extensions  to  fully  three- 
dimensional  nonlinear  unsteady  waves  are  given  in  Dommer¬ 
muth  and  Yue5  using  a  spectral  expansion  procedure  that 
is  limited  to  periodic  problems  without  bodies.  Jensen,  Mi 
and  Soding6  solved  the  steady  nonlinear  ship  wave  problem 
by  using  a  simple  source  distribution  above  the  free  surface. 
Cao,  Schultz  and  Beck7  used  the  time  marching  procedure 
for  a  preliminary  study  of  the  three-dimensional  nonlinear 
wave  pattern  caused  by  a  simple  disturbance  (a  source-sink 
pair)  moving  under  the  free  surface. 

To  make  the  time  marching  procedure  practical,  it  is  im¬ 
portant  to  have  an  effective  solution  method  for  the  bound- 
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ary  value  problem  since  it  requires  most  of  the  computa¬ 
tion  time.  A  boundary  integral  method  is  powerful  because 
it  reduces  the  computational  domain  by  one  dimension.  In 
conventional  boundary  integral  formulations,  singularities  of 
the  fundamental  solution  are  placed  on  the  domain  bound¬ 
ary.  When  singularities  of  the  fundamental  solution  are 
placed  away  from  the  boundary  and  outside  the  domain  of 
the  problem,  a  desingularized  boundary  integral  equation  is 
obtained. 

The  first  use  of  a  desingularized  method  is  the  classi¬ 
cal  work  by  Von  Karman8  for  the  flow  about  axisymmet- 
ric  bodies  using  an  axial  source  distribution.  The  strength 
of  the  source  distribution  is  determined  by  the  kinematic 
boundary  condition  on  the  body  surface.  Kupradze9  pro¬ 
poses  locating  the  boundary  nodes  on  an  auxiliary  boundary 
outside  the  problem  domain.  Heise10  studies  some  numer¬ 
ical  properties  of  integral  equations  in  which  the  singular 
points  are  on  an  auxiliary  boundary  outside  the  solution 
domain  for  plane  elastostatic  problems.  Han  and  Olson11 
and  Johnston  and  Fairweather12  use  an  adaptive  method  in 
which  the  singularities  are  located  outside  the  domain  and 
allowed  to  move  as  part  of  the  solution  process.  This  adap¬ 
tive  method  requires  considerably  fewer  singularities  than 
the  number  of  boundary  nodes,  but  it  results  in  a  system  of 
nonlinear  algebraic  equations  for  both  the  strength  and  the 
location  of  the  singularities.  For  unsteady  nonlinear  waves, 
Schultz  and  Hong13  use  the  desingularization  technique  in 
two  dimensions.  Mclver  and  Peregrine14,15  show  that  a  two- 
dimensional  overturning  wave  can  be  well  modeled  by  only 
a  few  singularities  outside  the  flow  domain  with  desingu¬ 
larization.  Webster16  uses  a  triangular  mesh  of  a  simple 
source  distribution  inside  the  surface  of  arbitrary,  three- 
dimensional  smooth  bodies  and  improves  the  accuracy  of 
solution.  Cao,  Schultz  and  Beck7,17  compute  the  unsteady 
waves  caused  by  a  simple  source-sink  pair  using  a  source  dis¬ 
tribution  above  the  free  surface  as  in  the  steady  nonlinear 
computations  of  Jensen,  Mi  and  Soding6. 

In  the  following  sections,  we  describe  the  problem  for¬ 
mulation  in  section  3  and  a  more  detailed  discussion  on 
the  desingularized  boundary  integral  method  in  section  4. 
Finally  we  present  the  results  of  the  computations  for  the 
waves  caused  by  a  simple  disturbance  moving  below  a  free 
surface  with  forward  speed  and  the  results  for  a  fully  sub¬ 
merged  spheroid  moving  below  a  free  surface. 


3  Problem  Formulation 


For  an  irrotational,  incompressible  flow  in  an  ideal  fluid, 
the  Laplace  equation  is  the  governing  equation  for  the  ve¬ 
locity  potential  <j>: 
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where  ft  is  the  fluid  domain.  Equations  (2)  and  (3)  are  the 
dynamic  and  kinematic  conditions  on  the  free  surface  Sf  in 
Lagrangian  form.  Here,  £ /  =  (xf>yf,Zf)  is  the  position  vec¬ 
tor  of  a  fluid  particle  on  the  free  surface,  ^  is  the  substantial 
derivative  following  the  fluid  particle,  ft  is  the  unit  normal 
vector  of  the  body  surface  pointing  into  the  fluid.  ^  is  the 
normal  derivative  on  and  V  is  the  velocity  of  the  body 
surface,  which  we  assume  is  given.  The  quantities  are  nondi- 
mensionalized  by  setting  the  gravitational  acceleration,  the 
fluid  density  and  an  appropriate  length  scale  equal  to  unity. 

For  the  unsteady  problem,  initial  conditions  are  required. 
Here,  we  study  the  flows  generated  by  disturbances  starting 
from  rest.  Therefore,  at  t  =  0,  we  require  that  <j>  =  0  and 
the  free  surface  elevation  77  =  0.  The  coordinate  system  is 
shown  in  Fig.  1. 


Fig.  1  Problem  definition  and  coordinate  system 


4  Solution  Procedure 

The  initial  boundary  value  problem  (1-5)  and  the  asso¬ 
ciated  initial  conditions  are  solved  by  the  mixed  Eulerian- 
Lagrangian  method.  In  this  method,  the  following  boundary 
value  problem  with  a  Dirichlet  condition  on  the  free  surface 
and  a  Neumann  condition  on  the  body  surface  is  solved  in 
the  Eulerian  frame  at  each  time  step: 
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II 

<1 

(in  to), 

(6) 
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II 

(on  Sf), 
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d<t>  v  g 
d^  =  v'n 

(on  Sb), 

(8) 
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(as  x  — ►  00), 
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where  <f>0  and  Sj  are  known  from  the  previous  time  step. 
After  solving  the  boundary  value  problem,  the  velocities  of 
the  fluid  particles  constructing  the  free  surface  can  be  cal¬ 
culated  and  the  free  surface  conditions  (2)  and  (3)  can  be 
integrated  with  respect  to  time  following  the  fluid  particles 
to  update  their  potentials  and  positions  which  serve  as  the 
boundary  conditions  at  the  next  time  step.  This  procedure 
is  repeated  as  time  goes. 
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There  are  many  methods  to  solve  (6-9).  The  method  we 
use  is  the  desingularized  boundary  integral  method.  Simi¬ 
lar  to  conventional  boundary  integral  methods,  it  reformu¬ 
lates  the  boundary  value  problem  into  a  boundary  integral 
equation.  The  difference  is  that  the  desingularized  method 
separates  the  integration  and  control  surfaces,  resulting  in 
nonsingular  integrals.  There  are  two  versions  of  the  method: 
direct  and  indirect.  In  the  direct  method,  the  integral  equa¬ 
tion  is  obtained  from  Green’s  second  identity  evaluated  on  a 
surface  (control  surface)  somewhere  outside  the  problem  do¬ 
main  and  the  integration  surface  is  the  problem  boundary. 
In  the  indirect  method,  the  solution  is  constructed  by  in¬ 
tegrating  a  distribution  of  some  fundamental  solutions  over 
a  surface  (integration  surface)  outside  the  problem  domain. 
The  integral  equation  for  the  distribution  is  obtained  by  sat¬ 
isfying  the  boundary  conditions  on  the  problem  boundary 
(control  surface). 

The  effectiveness  and  accuracy  of  desingularized  bound¬ 
ary  integral  methods  have  been  examined  by  Schultz  and 
Hong13  for  two-dimensional  problems,  Webster16  for  three- 
dimensional  steady  flows,  and  Cao,  Schultz  and  Beck7,17  for 
three-dimensional  unsteady  waves  caused  by  simple  under¬ 
water  disturbances.  The  following  are  advantages  of  the 
desingularized  boundary  integral  method: 

•  More  accurate  solutions  may  be  obtained  by  a  desin¬ 
gularized  boundary  integral  method  for  a  given  trun¬ 
cation. 

•  The  kernels  are  nonsingular,  so  special  care  is  not  re¬ 
quired  to  integrate  the  singular  contribution.  Simple 
numerical  quadrature  greatly  reduces  the  computa¬ 
tional  effort  by  avoiding  transcendental  functions. 

•  Fewer  nodes  may  be  required  since  simple  quadrature 
eases  the  restrictions  of  a  flat  panel. 

t  There  is  more  flexibility  since  higher- order  Green  func¬ 
tions  or  fundamental  solutions  can  be  more  easily  in¬ 
corporated. 

The  indirect  desingularized  boundary  integral  method 
has  two  more  advantages  when  compared  to  the  direct  one: 

•  Integrals  can  be  replaced  by  a  summation  if  the  desin- 
gularization  distance  is  sufficiently  large.  This  makes 
the  computation  even  simpler. 

•  The  indirect  method  may  result  in  smaller  errors  due 
to  truncation  of  an  infinite  boundary. 

Desingularization  also  causes  some  difficulties  associated 
with  uniqueness  and  completeness.  However,  if  the  singular 
point  is  located  away  from  the  boundary  a  distance  pro¬ 
portional  to  the  local  mesh  size,  the  singular  point  will  get 
closer  to  the  the  surface  as  the  mesh  becomes  finer.  In  the 
limit,  the  desingularized  formulation  becomes  identical  to 
the  singular  formulation.7 

Because  of  its  advantages,  we  use  the  indirect  desingu¬ 
larized  method.  We  construct  the  solution  using  a  source 
distribution  on  a  surface  (S j)  above  the  free  surface  and  a 
source  distribution  on  a  surface  (Sb  )  inside  the  body  surface: 


*Jl.n™wh\dS'-  (10) 

By  applying  the  boundary  conditions,  (7)  and  (8),  we  obtain 
a  boundary  integral  equation  for  the  unknown  strength  of 
the  singularities,  crj(xs)  and  <7fc(a?s), 

/X;  a/(Ss)WPs7\dS' 

+  J  Js,  °b(Xs)  g  [<<•?'  =  4>o{xj)  (on  Sf)  (11) 

and 

/i;  ds' 

where  xs  is  the  integration  point  on  surfaces  Sf  and  S Xf 
is  the  control  point  on  5/,  and  Xf,  is  the  control  point  on  5fc. 

After  <Jf(xs)  and  cq,(afs)  are  determined,  the  fluid  parti¬ 
cle  velocities  on  the  free  surface  can  be  calculated.  Then  the 
time  marching  procedure  integrates  the  free  surface  bound¬ 
ary  conditions. 

The  pressure  on  the  body  surface  is  evaluated  using  the 
Bernoulli  equation: 

-P  =  Jj-  +  \ I V^l2  +  *  =  ^  V  <t>  -  V)  ■  S7<t>  +  (13) 

where  ^  -j-  V  •  v)<X  is  the  substantial  derivative  of  the 

potential  at  fixed  points  on  the  body  surface.  The  second 
form  is  more  useful  when  following  points  fixed  on  the  body 
moving  with  velocity  V. 

The  forces  and  the  moments  on  the  body  are  calculated 
by  integrating  the  pressure  over  the  body  surface: 


F  —  J  J  —pnds, 

(14) 

M  =  J  J  —p(rx  n)ds. 

(15) 

where  r  is  the  position  vector  of  the  body  surface  point  to  a 
reference  point  (usually  the  center  of  the  body). 

5  Numerical  Implementation 

In  the  results  presented  in  this  paper,  the  submerged 
disturbance  (either  a  simple  source-sink  pair  or  a  spheroid) 
moves  in  the  —x  direction  smoothly  starting  from  rest  to 
a  final  speed.  The  strength  of  the  source-sink  pair  is  also 
smoothly  increased  from  zero  to  a  final  value. 

The  free  surface  conditions  (2)  and  (3)  are  in  the  fixed 
coordinate  system.  This  has  an  advantage  since  no  spa¬ 
tial  derivatives  are  required  on  the  free  surface  which  helps 
reduce  numerical  reflection  from  the  truncated  boundary. 
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For  large  time  simulations,  the  computational  window  moves 
with  the  disturbance.  At  certain  time  steps,  some  fluid  par¬ 
ticles  are  ignored  downstream  and  new  particles  with  zero 
values  of  potential  and  elevation  are  added  upstream.  The 
initial  free  surface  grid  (at  t  =  0)  is  equally  spaced  in  the 
x  direction  and  the  spacing  is  increased  algebraically  in  the 
y  direction.  The  moving  computational  window  makes  it 
difficult  to  have  a  non-uniform  grid  in  the  x  direction  with 
flner  spacing  near  the  disturbance. 

Collocation  is  used  to  satisfy  the  boundary  conditions  on 
the  surface  grid.  The  solutions  are  constructed  by  replac¬ 
ing  the  integrals  over  surfaces  Sj  and  in  (10)  by  isolated 
sources  on  the  surfaces.  The  sources  are  placed  approxi¬ 
mately  perpendicular  from  the  node  points  on  the  bound¬ 
aries  at  a  distance  Ld  determined  by 

Ld  =  ld{Dmy  (16) 

where  ld  is  a  parameter  that  reflects  how  far  the  integral 
equation  is  desingularized,  Dm  is  the  nondimensional  local 
mesh  size  (we  choose  Dm  as  the  square  root  of  the  average 
of  the  areas  of  the  four  elements  around  the  node  point) 
and  a  is  a  parameter  associated  with  the  convergence  of  the 
mesh  refinement.  An  appropriate  a  lies  between  0  and  1 
to  ensure  the  convergence  of  the  mesh  refinement  and  the 
uniqueness  and  completeness  properties  of  the  solution  of 
the  integral  equation.  We  have  examined  the  influence  of  ld 
for  two  problems:  1)  a  simple  potential  problem  in  which  a 
dipole  is  below  a  <f>  =  0  infinite  flat  plane  and  2)  a  prelim¬ 
inary  study  of  the  nonlinear  waves  by  a  simple  source-sink 
disturbance.  It  was  found  that  good  solutions  could  be  ob¬ 
tained  for  1  <  ld  <  3  and  the  solutions  are  not  sensitive  to 
the  variation  of  ld  in  this  region.  More  detailed  discussion 
on  the  selection  of  a  and  ld  can  be  found  in  Cao,  Schultz 
and  Beck7.  We  found  that  ld  —  1  is  “optimal”  in  considera¬ 
tion  of  the  condition  of  the  resulting  algebraic  system.  This 
value  is  therefore  used  in  the  present  computations  for  the 
free  surface  desingularization. 

For  the  example  with  the  submerged  body,  the  mesh  size 
on  the  free  surface  is  usually  larger  than  that  on  the  body 
by  about  10  times  and  the  differences  among  the  influence 
matrix  coefficients  are  large,  so  that  the  resulting  system 
for  <jj  and  <Jt>  is  likely  to  be  poorly  conditioned.  To  avoid 
this,  we  split  the  system  into  two,  one  for  cr;  and  the  other 
for  (7 b  which  are  alternately  solved  using  LU  decomposition 
for  each  subsystem.  Each  set  of  equations  is  much  better 
behaved  and  more  accurate  solutions  can  be  expected.  An¬ 
other  advantage  of  splitting  is  that  the  coefficient  matrix  for 
<r&  does  not  change  with  time  and  needs  only  to  be  inverted 
once  for  the  entire  time  simulation.  The  matrix  for  <tj  does 
not  change  during  the  iteration  between  the  body  and  the 
free  surface  and  only  needs  to  be  inverted  once  for  the  cur¬ 
rent  instant  of  time.  Of  course,  the  matrix  for  <tj  changes  at 
next  instant  of  time.  In  contrast,  the  source- sink  pair  distur¬ 
bance  has  fewer  unknowns  and  can  be  solved  very  efficiently 
with  a  GMRES  minimization  procedure.7 

The  pressure  on  the  body  is  evaluated  at  the  node  points. 
The  substantial  derivative  of  the  potential  ^  in  (13)  is  calcu¬ 
lated  using  a  four- point  forward  difference  scheme.  A  fourth- 
order  Runge-Kutta-Fehlberg  method  is  used  in  the  nonlinear 


free  surface  integration.  An  initial  time  increment  is  set,  but 
is  modified  by  the  Runge-Kutta-Fehlberg  subroutine  where 
appropriate. 

6  Results 

6.1  Numerical  aspects 

In  the  two  examples  presented  in  this  section,  the  dis¬ 
turbance  velocity  is  given  by  V(t)  =  Fr(  1  -  e~ &*)  in  the  —  x 
direction,  where  Fr  is  the  Froude  number.  For  the  source- 
sink  disturbance,  the  strength  of  the  source  and  sink  is  given 
by  a(t)  =  cr0(l  —  e~ &*).  The  problems  are  assumed  to  pos¬ 
sess  symmetry  about  the  xz  plane. 

The  free  surface  is  discretized  using  TV/  nodes  and  TV * 
nodes  in  the  x  and  y  directions,  respectively,  to  form  N*  = 
N[  x  TV £  free  surface  nodes.  For  the  body  problem,  the 
spheroid  used  by  Doctors  and  Beck18  is  chosen.  The  diameter- 
to- length  ratio  D/L  is  0.2.  The  basic  grid  on  the  surface  is 
shown  in  Fig.  1.  The  grid  lines  are  spaced  uniformly  in  the 
circumferential  direction.  The  grid  lines  have  a  cosine  spac¬ 
ing  in  the  longitudinal  direction.  The  body  has  a  grid  with 
TV*  elements  in  x  direction  and  TV J  elements  in  the  circum¬ 
ferential  direction,  resulting  in  Nb  =  (TV*  —  1)  x  (Ng  +  1)  -f  2 
body  nodes  including  the  two  end  points.  To  improve  the 
computational  far-field  behavior,  we  add  negative  images  of 
the  disturbance  singularities.7 

The  pressure  is  integrated  over  the  body  in  (14)  and  (15) 
using  Simpson’s  rule  first  in  the  circumferential  direction  and 
then  the  longitudinal  direction.  The  usual  hydrodynamic 
coefficients  (Cd,  Cl  and  Cm)  are  obtained  by  multiplying 

F  -i,  F  -k  and  M  •  J  by  2 /(SFr2),  where  S  is  the  area  of  the 
spheroid  surface.  The  pressure  coefficient,  Cp,  is  defined  as 
‘ip/Fr2. 

We  require  the  ratio  of  the  element  size  in  x  direction  to 
the  wave  length  to  be  less  than  1/10  to  resolve  the  waves. 
The  nondimensional  wave  length  A  is  estimated  by  A  = 
2irFr2  using  two-dimensional  linear  theory. 

6.2  Waves  generated  by  a  source-sink  pair  mov¬ 
ing  below  a  free  surface 

In  this  example,  the  length  scale  is  chosen  to  make  the 
depth  of  the  submerged  disturbance  unity.  The  distance 
between  the  source  and  sink  is  chosen  to  be  0.1.  The  Froude 
number  based  on  depth  is  unity.  The  midpoint  between  the 
source  and  sink  is  initially  located  at  point  (5, 0,-1).  The 
grid  on  Sj  at  t  —  0  has  41 X  16  node  points  within  0  <  x  <  20 
and  0  <  y  <  7.5.  The  spacing  increases  by  10  percent  in  the 
y  direction.  The  initial  time  increment  in  the  time  marching 
is  0.2. 

The  potential  <f>  is  expressed  as  a  sum  of  1)  the  source- 
sink  disturbance  pair  at  the  distance  h  below  the  undis¬ 
turbed  free  surface,  2)  the  image  disturbance  above  the 
undisturbed  free  surface,  and  3)  a  sum  of  TV^  sources  of 
unknown  strength  in  an  array  a  distance  Ld  above  the  dis¬ 
turbed  free  surface  using  (16). 
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The  method  is  first  applied  to  the  waves  generated  by  a 
sufficiently  small  disturbance  such  that  linear  wave  theory 
is  a  good  approximation.  The  results  of  the  present  method 
using  fully  nonlinear  free  surface  conditions  are  compared  to 
an  “exact”  solution  computed  from  a  time-dependent  Green 
function  for  a  Kelvin  wave  source  that  satisfies  the  linearized 
free  surface  condition.19  Fig.  2  shows  the  comparison  of  the 
wave  elevation  along  the  symmetry  plane  at  t  =  10  com¬ 
puted  by  the  present  method  to  that  computed  by  the  linear 
calculation  for  a  weak  disturbance  ( a0  —  0.05).  The  nonlin¬ 
ear  and  linear  results  agree  very  well.  Independent  compu- 
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Fig.  2  Wave  profiles  along  y  =  0  (weak  disturbance) 


Fig.  3  Wave  profiles  along  y  =  0  (strong  disturbance) 


tations  using:  a)  a  smaller  computational  domain  (with  the 
same  mesh  spacing  within  0  <  x  <  15  and  0  <  y  <  7.5),  b) 
finer  mesh  grids  (81  X  16  and  41  X  31  with  the  same  compu¬ 
tational  domain),  and  c)  doubling  the  time  increment,  result 
in  negligible  difference  for  the  nonlinear  calculation.  This  in¬ 
dicates  that  even  for  the  small  disturbance  example  studied 
here,  the  differences  in  Fig.  2  are  primarily  due  to  nonlinear 

effects.  Fig.  3  shows  the  results  for  a  stronger  disturbance 
( <j0  —  0.75),  showing  the  larger  nonlinear  effects  of  the  free 
surface  conditions,  especially  at  the  troughs. 

6.3  Waves  generated  by  a  spheroid  moving  be¬ 
low  a  free  surface 

In  this  example,  the  length  scale  is  chosen  to  make  the 
length  of  the  spheroid  L  unity.  The  center  of  the  spheroid  is 
initially  located  at  (2,0, —/i),  again  with  a  moving  compu¬ 
tational  window.  On  the  free  surface,  we  use  61  X  16  nodes 
within  0  <  x  <  7.5  and  0  <  y  <  1.875.  The  spacing  in 
the  y  direction  increases  by  10  percent  for  each  row  of  nodes 
further  from  the  centerline.  For  comparisons  to  the  results 
presented  in  Doctors  and  Beck,18  we  use  the  same  submer¬ 
gence  depths  of  the  spheroid  ( h/L  =  0.16  and  0.245). 

The  potential  <j>  is  expressed  as  1)  a  sum  of  Nh  sources  of 
unknown  strength  inside  the  body,  2)  the  image  of  1)  above 
the  undisturbed  free  surface,  and  3)  a  sum  of  N *  sources 
of  unknown  strength  above  the  disturbed  free  surface.  The 
desingularization  distances  of  the  sources  above  Sj  are  given 
by  (16).  To  represent  the  body,  the  singularities  (except 
at  the  bow  and  stern)  were  distributed  on  a  spheroid  of 
smaller  minor  axis  inside  the  body.  After  some  preliminary 
calculations,  the  ratio  of  the  minor  axes  of  the  two  spheriods 
was  fixed  at  0.3  in  our  calculations. 

Fig.  4  shows  a  three-dimensional  view  and  contour  lines 
of  the  wave  pattern  caused  by  the  spheroid  for  h/L  —  0.245 
and  Fr  =  0.6  at  t  =  25.  A  smooth  startup  (/?  =  2)  and 
JV‘  =  2Ng  =  16  are  used.  We  compare  the  waves  pro¬ 
duced  by  the  spheroid  and  those  made  by  the  relevant  sim¬ 
ple  source-sink  pair  disturbance  in  Fig.  4  and  Fig.  5.  The 
strength  of  the  pair  and  the  distance  between  the  source 
and  sink  are  determined  to  give  a  Rankine  oval  having  the 
same  length  and  midsectional  area  as  the  spheroid  moving 
in  an  infinite  fluid.  The  comparison  becomes  meaningless  if 
the  disturbance  is  too  close  to  the  free  surface  because  the 
simple  source-sink  no  longer  represents  the  body  well.  The 
same  depth  of  submergence,  location  of  the  center  and  mo¬ 
tion  of  the  disturbance  as  those  for  the  spheroid  are  used 
for  a  direct  comparison.  Comparison  of  Fig.  4  and  Fig.  5 
shows  that  the  wave  patterns  of  the  spheroid  and  the  rel¬ 
evant  source-sink  are  very  similar  except  that  the  spheroid 
generates  steeper  waves  near  the  stern. 

Fig.  6  shows  the  drag,  lift  and  moment  acting  on  the 
spheroid  as  a  function  of  time.  As  seen,  the  solution  is 
close  to  the  steady  state  after  the  body  has  moved  10  to  15 
body  lengths.  Fig.  7  shows  an  influence  of  the  two  different 
startups  of  the  body  (/?  =  2  and  oo)  on  the  hydrodynamic 
forces.  Although  both  eventually  merge  to  the  same  values, 
the  body  experiences  very  different  forces  during  the  transi¬ 
tion.  We  notice  that  the  body  experiences  a  negative  drag 
for  a  short  time  soon  after  an  impulsive  startup. 
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Fig.  4  Wave  pattern  (by  spheroid) 

(elevation  contours  are  0.02  apart) 


Fig.  5  Wave  pattern  (by  source-sink  pair) 
(elevation  contours  are  0.02  apart) 


Fig.  8  compares  the  pressure  on  the  spheroid  using  the 
present  method  and  the  Neumann- Kelvin  calculation  at  t  = 
25  for  the  same  conditions  as  those  for  Fig.  4.  The  compari¬ 
son  is  made  for  the  pressure  along  the  body  centerlines  of  the 
top,  bottom  and  side.  In  the  Neumann- Kelvin  calculation, 
the  body  surface  is  divided  into  flat  panels  with  distributions 
of  constant  source  strength.  The  strengths  are  determined 
by  satisfying  the  body  boundary  condition  at  the  centers  of 
the  panels.  The  pressure  is  calculated  at  the  center  points. 
The  pressure  elsewhere  is  obtained  by  interpolation.  The 
differences  between  the  linear  and  the  nonlinear  results  are 
noticeable. 


Fig.  9  shows  the  convergence  of  the  drag,  lift  and  moment 
on  the  body  as  a  function  of  node  number  Nb  using  Nb  — 
2 Nq  =  8, 12, 16  and  20.  For  all  these  cases,  the  free  surface 
grid  (61  X  16)  adequately  resolves  the  waves. 

The  comparison  of  the  hydrodynamic  coefficients  to  lin¬ 
ear  theories  at  different  Froude  numbers  is  shown  in  Fig.  10. 
Our  results  for  hjL  -  0.245  (solid  triangles)  compare  well 
with  linear  calculations.  Our  computations  used  a  finer  free 
surface  grid  (71  X  16)  for  the  smaller  Froude  numbers  to  re¬ 
solve  the  waves.  For  hj L  —  0.16,  the  body  is  too  close  to  the 
free  surface.  For  all  attempted  Froude  numbers,  the  free  sur¬ 
face  is  sucked  down  and  touches  the  body  surface  which  in 
turn  stops  the  computation.  The  linear  calculations  are  not 
affected  by  this  because  the  free  surface  boundary  conditions 


Fig.  6  Hydrodynamic  coefficients  vs.  time 
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Fig.  7  Influence  of  the  start-up  of  the  spheroid 
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are  satisfied  at  *  =  0.  (Note:  To  compare  to  Doctors  and 
Beck18,  the  moments  for  this  figure  are  taken  about  the  ver¬ 
tical  projection  of  the  spheroid  center  onto  the  undisturbed 
free  surface.  The  moments  shown  in  the  other  figures  are 
taken  about  the  centroid  of  the  spheroid). 

The  computations  were  carried  out  on  a  Cray  Y-MP.  The 
results  shown  in  Fig.  4  took  approximately  4.3  CPU  seconds 
to  solve  the  boundary  value  problem  (6-9)  which  required 


Fig.  8  Comparison  of  the  pressure  on  the  spheroid 


.  Slender  body 

-  Havelock 

-  Doctors  and  Beck 

x  x  x  x  Farell 

a  a  a  a  present  method  (h/L  =  0.245) 


Fig.  10  Comparison  of  hydrodynamic  coefficients 
(modified  from  Doctors  &:  Beck) 


Fig.  9  Sensitivity  of  body  mesh 
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solving  each  subsystem  approximately  5  times.  About  10 
percent  of  this  time  was  required  for  matrix  setup.  The 
CPU  for  the  entire  time  simulation  was  45  minutes.  The 
computations  for  the  simple  disturbance  in  Fig.  5  took  ap¬ 
proximately  3.9  CPU  seconds  to  solve  (6-9)  and  40  minutes 
for  the  entire  time  simulation.  The  difference  in  the  CPU 
time  for  the  two  computations  is  small  because  the  splitting 
procedure  for  the  body  problem  only  requires  the  additional 
evaluation  of  multiple  right-hand  sides. 
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Fig.  11  Effect  of  disingularization  factor  /<* 


Fig.  12  Balance  of  wave  energy  and  work  done  by  spheroid 


A  faster  iterative  matrix  solver  can  be  used  effectively 
in  the  simple  disturbance  example.7  About  one-iifth  of  the 
CPU  time  was  required  using  the  General  Minimal  Residual 
Algorithm  (GMRES)  as  compared  to  using  LU  decompos- 
titon.  Although  GMRES  could  be  used  for  the  spheroid 
example,  it  would  require  special  preconditioning.  We  tried 
solving  the  entire  system  for  the  spheroid  example  using 
both  LU  decomposition  and  GMRES  without  precondition¬ 
ing.  The  LU  algorithm  gave  inaccurate  solutions  while  GM¬ 
RES  did  not  converge. 

Fig.  11  shows  the  effect  on  the  wave  computations  of 
five  different  values  of  desingularization  (Id  =  0.5, 1.0, 2.0, 3.0 
and  4.0).  The  results  are  not  significantly  affected  except 
for  U  —  0.5,  which  is  too  small  for  the  integration  by  the 
summation  (or  equivalently  one  point  Gauss  quadrature). 

We  also  performed  an  energy  conservation  check  for  a 
fixed  control  volume  bounded  by  the  free  surface,  the  body 
surface,  a  horizontal  bottom  and  four  vertical  surfaces  repre¬ 
senting  the  truncated  far-held  boundaries.  The  body  starts 
to  move  from  rest  at  the  center  of  the  control  volume.  The 
energy  of  the  fluid  in  the  control  volume  and  the  work  done 
by  the  body  are  shown  in  Fig.  12.  The  energy  and  the  work 
balance  each  other  well  for  t  <  6  before  the  waves  and  the 
body  reach  the  truncated  boundary.  Since  the  energy  flux 
is  neglected,  agreement  is  not  to  be  expected  after  the  body 
or  the  waves  reach  the  boundary. 

7  Conclusions 

Desingularization  performs  well  for  fully  nonlinear  free 
surface  problems  without  surface  piercing  bodies.  Desingu¬ 
larization  is  not  dispersive  nor  dissipative.  Similar  to  those 
methods  requiring  free  surface  discretization,  our  method  fa¬ 
vors  high  Froude  numbers  since  fewer  nodes  are  required  to 
resolve  the  waves.  Iteration  between  the  free  surface  and  the 
body  surface  conditions  is  required.  The  waves  produced  by 
the  spheroid  and  the  relevant  source-sink  disturbance  are 
similar  if  they  are  sufficiently  submerged.  This  indicates 
that  a  simple  disturbance  (with  a  much  simpler  iterative 
procedure  and  fewer  unknowns)  can  be  used  if  the  surface 
waves  are  the  main  interest. 
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Three-Dimensional  Nonlinear  Free  Surface  Problems 

C.-G.  Kang,  I.-Y.  Gong  (Ship  Research  Station,  KIMM,  Korea) 


ABSTRACT 

The  nonlinear  hydrodynamics  of  a  three-dimen¬ 
sional  body  beneath  the  free  surface  is  solved  in  the 
time  domain  by  a  semi-Lagrangian  method.  The 
boundary  value  problem  is  solved  by  using  the  bound¬ 
ary  integral  method.  The  geometries  of  the  body  and 
the  free  surface  are  represented  by  the  curved  panels. 
The  surfaces  are  discretized  into  the  small  surface 
elements  using  a  bi-cubic  B-spline  algorithm.  The 
boundary  values  of  <j>  and  “  are  assumed  to  be  bi¬ 
linear  on  the  subdivided  surface.  The  singular  part 
proportional  to  —  are  subtracted  off  and  are  inte¬ 
grated  analytically  in  the  calculation  of  the  induced 
potential  by  singularities. 

The  far  field  flow  away  from  the  body  is  rep¬ 
resented  by  a  dipole  at  the  origin  of  the  coordinate 
system.  The  Runge-Kutta  4-th  order  algorithm  is 
employed  in  the  time  stepping  scheme.  The  three- 
dimensional  form  of  the  integral  equation  and  the 
boundary  conditions  for  the  time  derivative  of  the 
potential  is  derived.  By  using  these  formulas,  the 
free  surface  shape  and  the  equations  of  motion  are 
calculated  simultaneously.  The  free  surface  shape 
and  the  forces  acting  on  a  body  oscillating  sinu¬ 
soidally  with  large  amplitude  are  calculated  and  com¬ 
pared  with  published  results.  Nonlinear  effects  on  a 
body  near  the  free  surface  are  investigated. 


1.  INTRODUCTION 

The  free  surface  effects  are  considered  in  the 
design  of  submerged  bodies  operating  near  free  sur¬ 
face.  The  linearized  theories  were  developed  during 
many  decades.  Recently  the  nonlinear  free  surface 
problem  is  solved  in  the  time  domain  by  the  semi- 
Lagrangian  method 

Longuet-Higgins  and  Cokelet  (1976)  presented 
a  mixed  Eulerian-Lagrangian  method  for  following 
the  time-history  of  space-periodic  irrotational  sur¬ 


face  waves.  The  only  independent  variables  at  the 
beginning  of  each  time  step  were  the  coordinates 
and  velocity  potential  of  marked  particles  on  the 
free  surface.  At  each  time-step  an  integral  equation 
was  solved  for  the  new  normal  component  of  veloc¬ 
ity.  This  method  was  applied  to  a  free,  steady  wave 
of  finite  amplitude,  and  was  found  to  give  excellent 
agreement  with  calculations  based  on  Stokes’s  series. 
It  was  then  extended  to  unsteady  waves,  produced 
by  initially  applying  an  asymmetric  distribution  of 
pressure  to  a  symmetric,  progressive  wave.  The  re¬ 
sults  showed  the  freely  running  wave  then  steepened 
and  overturned. 

Using  a  technique  similar  to  that  of  Longuet- 
Higgins  and  Cokelet  (1976),  Faltinsen  (1977)  solved 
a  nonlinear  two  dimensional  free  surface  problem  in¬ 
cluding  a  harmonically  oscillating  body.  The  body 
intersected  the  free  surface  and  was  constrained  to 
move  in  the  vertical  direction.  The  numerical  cal¬ 
culations  were  reduced  by  representing  the  flow  far 
away  from  the  body  as  a  dipole  located  at  the  center 
of  the  body.  A  formula  to  calculate  the  exact  force 
on  the  body  was  presented.  It  was  only  necessary  to 
know  the  velocity  potential  on  the  positions  of  the 
free  surface  and  the  wetted  body  surface. 

A  numerical  method  for  the  time  simulation  of 
the  nonlinear  motions  of  two  dimensional  surface- 
piercing  bodies  of  arbitrary  shapes  in  water  of  finite 
depth  was  presented  by  Vinje  &;  Brevig  (1981).  Pe¬ 
riodicity  in  space  was  assumed.  At  each  time  step, 
Cauchy’s  integral  theorem  was  applied  to  calculate 
the  complex  potential  and  its  time  derivative  along 
the  boundary.  The  solution  was  stepped  forward  in 
time  by  integrating  the  exact  kinematic  and  dynamic 
free-surface  boundary  conditions  as  well  as  the  equa¬ 
tion  of  motion  for  the  body.  They  solved  the  problem 
of  capsizing  in  beam  seas,  caused  by  extreme  waves. 

Two-dimensional  nonlinear  free  surface  prob¬ 
lems  by  a  dipole  (vortex  and  source)  distribution 
method  were  solved  by  Baker,  et  al.  (1982)  .  The 
resulting  Fredholm  integral  equation  of  the  second 
kind  was  solved  by  iteration  which  reduced  storage 
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and  computing  time.  Applications  to  breaking  water 
waves  over  finite-bottom  topography  and  interacting 
triads  of  surface  and  interfacial  waves  were  given. 

The  semi-Lagrangian  method  was  extended  to 
vertically  axisymmetric  free  surface  flows  by  Dom- 
mermuth  &  Yue  (1986)  .  Since  they  solved  the  fi¬ 
nite  depth  problem,  a  far  field  closure  was  imple¬ 
mented  by  matching  the  linearized  solution  outside 
a  radiation  boundary.  The  intersection  line  between 
the  body  and  free  surface  was  treated  by  extending 
Lin’s(1984)  method. 

The  nonlinear  hydrodynamics  of  an  axisym¬ 
metric  body  beneath  the  free  surface  in  the  time  do¬ 
main  were  solved  by  Kang  &  Troesch  (1988).  The 
free  surface  shape  and  the  forces  acting  on  a  sphere 
oscillating  sinusoidally  with  large  amplitude  are  cal¬ 
culated  and  compared  with  published  results.  The 
far  field  flow  away  from  the  body  is  represented  by  a 
dipole  at  the  origin  of  the  coordinate  system  similar 
to  Faltinsen  (1977).  This  is  only  valid  until  waves 
arrive.  Waves  generated  by  the  numerical  error  at 
the  truncation  boundary  are  not  observed. 

In  this  paper,  the  method  used  for  axisymmet¬ 
ric  flows  by  Kang  and  Troesh(l988)  is  extended  to 
three-dimensional  free  surface  flows.  The  free  surface 
shape  and  the  forces  acting  on  a  three-dimensional 
body  moving  forward  and  oscillating  sinusoidally  with 
large  amplitude  are  calculated  and  compared  with 
published  results.  When  the  body  motion  is  un¬ 
known,  the  time  derivative  of  the  potential  on  the 
body  is  needed  for  the  time  simulation.  In  two  di¬ 
mensions,  Vinje  &  Brevig  (1982)  derived  the  inte¬ 
gral  equation  and  the  boundary  conditions  for  the 
time  derivative  of  the  potential  and  stream  func¬ 
tion.  However  their  formulas  may  not  be  extended  to 
three-dimensional  problems.  The  three-dimensional 
form  is  derived  in  this  work.  By  using  these  for¬ 
mulas,  the  free  surface  shape  and  the  equations  of 
motion  are  calculated  simultaneously.  The  Runge- 
Kutta  4-th  order  algorithm  is  employed  in  the  time 
stepping  scheme  (See  Appendix  1). 

Numerical  calculations  are  performed  for  the 
following  cases: 

(a)  A  body  oscillating  vertically  near  the  free  sur¬ 
face 

(b)  A  body  oscillating  horizontally  near  the  free 
surface , 


2.  MATHEMATICAL  FORMULATION 

Consider  an  ideal  fluid  below  the  surface  given 
by  F(x,£)  =  0,  where  x{x,y,z)  is  a  right-handed 
coordinate  system  with  z  positive  upwards  and  the 


origin  located  at  the  mean  free  surface.  The  fluid  is 
assumed  to  be  inviscid  and  incompressible  and  the 
flow  is  assumed  to  be  irrotational.  The  fluid  domain 
is  bounded  with  the  following  surfaces,  the  free  sur¬ 
face,  the  body,  Sb ,  and  the  surfaces  at  infinity, 
Soo  (Fig.  1).  The  surfaces,  taken  as  a  whole,  will 
be  denoted  as  S .  The  governing  equation  and  the 
boundary  conditions  are  as  follows(Longuet-Higgins 
&  Cokelet  (1976)  and  Dommermuth  &:  Yue  (1986)): 

Laplace  equation  : 

V2<£  —  0  in  the  fluid  domain  (l) 


Kinematic  free  surface  condition  : 

Dye 

-=r7  =  V<£  on  F(x,t)=  0  (2) 


Dynamic  free  surface  condition 
= -gz  +  ^V<j>-V<j>  on  F(x,t)  =  0  (3) 


Body  boundary  condition  : 

V<£*n(x,  £)  =  Y*n  on  B(x,  t)  —  0  (4) 


Radiation  condition  : 

<f>  — ►  0  as  |x|  — >•  oo,t  <  oo  (5) 


where  ^(=  ^  +  V <j>  •  V)  is  the  substantial  deriva¬ 
tive,  F(x,  *)  =  0  is  the  function  representing  the  free 
surface  geometry  at  time  t,  V  includes  both  trans¬ 
lational  and  rotational  velocities,  and  R(x,t)  =  0  is 
the  function  representing  the  body  surface  geometry 
at  time  t. 

The  Green  function,  G(x;y),  satisfies  the  fol¬ 
lowing  equation. 

V2G(x;  y)  =  — 6(x  —  y)  (6) 

where  x  is  the  vector  to  the  field  point,  y  is  the  vector 
to  the  source  point,  and  £(x  —  y)  is  the  Dirac  delta 
function.  Through  the  application  of  Green’s  second 
identity  in  the  fluid  domain,  the  potential  is  given  as 

“(x,t)<£(x,t)  =  //[|^  -  ^^GdS  (7) 
s 

where  a  is  an  included  solid  angle  at  x.  In  this  prob¬ 
lem,  a  is  27T  on  the  surface. 

The  Green  function  that  satisfies  Eq.  (6)  is 
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1 


G(?.y)  =  ^ 


l?-y| 


(8) 


4>{z  =  ri)  ~  r)~{z  =  0) 


1 

r® 


where  x  is  the  position  vector  of  a  field  point  and  y 
is  that  of  a  source  point. 

The  solution  of  Eq.  (3)  gives  the  potential  <f>  on 
the  free  surface  F(x,  t)  =  0.  Also  <j>n  on  the  body  is 
known  from  the  body  boundary  condition,  Eq.  (4). 
The  normal  and  tangential  velocities  on  the  free  sur¬ 
face  are  needed  to  solve  Eq.  (3) .  The  normal  velocity 
on  the  free  surface  is  a  solution  of  Eq.  (7).  Details  to 
calculate  the  tangential  velocity  is  given  in  the  sec¬ 
tion  3.  Consequently,  a  Fredholm  integral  equation 
of  the  second  kind  on  the  body  and  of  the  first  kind 
at  the  free  surface  may  be  solved. 

Far  Field  Condition 


The  far  field  condition  is  important  in  the  non¬ 
linear  free  surface  problem.  It  can  be  resolved  by 
using  periodic  boundary  conditions  if  the  physical 
problem  has  spatial  periodicity  (Longuet-Higgins  & 
Cokelet,  1976).  Faltinsen  (1977)  and  Kang  (1988) 
assumed  that  the  behavior  of  the  potential  is  like 
that  of  a  dipole  at  the  origin  of  the  coordinate  sys¬ 
tem. 

A  far  field  closure  by  matching  the  nonlinear 
computational  solution  to  a  general  linear  solution 
of  transient  outgoing  radiated  waves  was  used  by 
Dommermuth  &  Yue  (1986).  This  method  is  math¬ 
ematically  complete. 

A  numerical  radiation  condition  was  posed  so 
as  no  waves  reflected  from  the  truncated  surface 
(Yang  &  Liu  (1989)).  They  found  that  the  usual  one¬ 
dimensional  Sommer-feld  condition  gave  reasonable 
results  for  an  axisymmetric  cylinder  heaving  in  the 
still  water.  Also  it  was  extended  to  2-D  case  for  the 
cylinder  swaying  in  the  still  water. 

In  this  work,  the  far  field  closure  similar  to  that 
used  by  Faltinsen  (1977)  and  Kang  (1988)  is  posed. 
It  is  simple  and  it  works  well  until  waves  arrive  at 
the  truncation  boundary. 

At  the  far  field,  the  velocity  potential,  <j>,  and 
the  wave  elevation,  r?,  are  small  from  the  radiation 
condition,  Eq.  (5).  For  example, 

<t>{z  =  v)  =  <l>{z  =  0)  +  V^{z  =  0)  +  H.O.T.  (9) 

Assuming  the  behavior  of  the  potential,  </>,  is 
like  that  of  a  dipole  at  the  origin  of  the  coordinate 
system,  it  follows  that  as  r  — ►  oo 

<j>(z  =  0)  —  0 
z  — 

<“> 


d±, 

dzK 


where  r  is  yjx2  + 1/2.  This  is  only  valid  until  waves 
arrive  at  the  truncation  boundary. 

If  we  take  a  large  value  of  r,  the  potential  <j> 
on  the  free  surface  must  be  relatively  small  to  the 
vertical  velocity  |£  .  Therefore  the  effect  of  the  po¬ 
tential  at  the  far  field  can  be  neglected.  The  far  field 
condition  is  approximately  satisfied  by  including  the 
effect  of  the  vertical  velocity  |£  at  the  far  field. 

3.  NUMERICAL  IMPLEMENTATION 

The  body  surface  and  the  free  surface  are  dis¬ 
cretized  into  the  small  surface  elements  A5t-;  using 
a  bicubic  B-spline  algorithm  (  Barsky  &  Greenberg 
(1980)  )  .  The  surfaces  A Si3-(x,y7z)  can  be  repre¬ 
sented  by  the  parameters,  u  and  v.  Thus 

*vK«)  =EE 

s=—2  t=—2 

y.i(u>v)=  EE  £ b»(u)vil,j+Mv)  (n) 

a=-2t=-2 

*y(«»«0=  £  £  b‘{u)vi+,,i+Mv) 

e=—2  t— — 2 


for  0  <  u  <  1  and  0  <  v  <  1 

where  b8(u)  and  6f(tt)  are  the  uniform  cubic  B-spline 
basis  functions  and  V»  are  vertices  (See  Appendix 

2).  This  allows  the  curved  panels. 

The  end  condition  should  be  imposed  to  get 
a  complete  B-spline  approximation.  There  are  sev¬ 
eral  methods  to  impose  end  conditions  according  to 
the  geometrical  characteristics  (Barsky (1982)).  The 
derivative  of  B-spline  interpolation  at  the  end  is  set 
to  get  the  tangent  of  the  given  geometry  if  the  tan¬ 
gent  is  known.  If  the  tangent  is  not  known,  the 
derivative  at  the  end  is  set  to  be  the  slope  between 
two  vertices  at  the  end  obtained  by  using  B-spline 
algorithm. 

The  boundary  values  of  <j>  and  |£  are  assumed 
to  be  bilinear  on  the  subdivided  surface  A5tJ-  as 
shown  below  . 

<t>  =  aQ  +  a\u  +  a2v  +  a^uv 

^  =  bQ  +  bxu  +  b2v  +  huv  (12) 

on 

for  0  <  u  <  1  and  0  <  v  <  1 

To  evaluate  the  integrals  over  the  segments  the 
two  point  Gaussian  Quadrature  formula  (Ferziger 
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(1981),  Abramowitz  &  Stegun  (1964))  is  used  when 
the  field  point  is  not  a  corner  of  the  pannel.  In  Eq. 
(7),  is  not  singular  but  G  has  (^)  type  singu¬ 
larity  in  the  transformed  u  —  v  domain  as  the  field 
point  approaches  the  source  point.  The  singular¬ 
ity  is  integrable  and  can  be  integrated  by  numeri¬ 
cal  quadrature.  But  since  an  accurate  integration 
of  the  singularity  requires  a  higher  order  quadrature 
formula,  the  method  following  Ferziger  (1981)  and 
Dommermuth  &;  Yue  (1986)  can  be  used.  The  in¬ 
tegral  can  be  factored  into  the  sum  of  the  (^)  type 
singular  part  which  is  integrable  analytically  and  the 
non-singular  part  which  requires  numerical  quadra¬ 
ture  (Ferziger(l98l)). 

Removal  of  (^)  type  singularity 


In  Eq.  (7),  G  has  (-£)  type  singularity  as  the 
field  point  approaches  the  source  point.  The  (-^) 
type  singularity  is  integrable  in  the  surface  integra¬ 
tion. 


First,  consider  the  induced  potential  at  (/oo,<7oo>  ^oo) 
, which  is  one  of  the  corners  of  panel,  by  the  source 
panel  AS#  .  Eq.  (11)  can  alternatively  be  repre¬ 
sented  by  the  following  equations  : 

3  3 

=  £  E  fau<v’ 

i= 0  j~0 

3  3 

y'  =  9nuivi  (14) 

.*=0  J=0 

3  3 

*=0 3=0 


+(^10/01  hoi/io)2  }  (I®) 

and 

R  =  {  (x  -  xf  +  (y  -  y'Y  +  (z  -  z )2  }V2 
=  {(~/io«  -  /oif  ••■)’  +  -  9oiV  •  ■  ■)* 

.  l/2 

+  (-ft10tt  - /loit)  •••)*} 

=  \/Au2  +  Buv  +  Cv2  +  H.O.T.  (17) 

where 

A  =  /io  +  9\o  +  ^10 

B  —  2(/io/oi  +  9io9oi  +  hiohox)  (18) 
C  —  /oi  +  9oi  +  ^01 


The  integral,  7,  can  be  divided  into  two  parts. 
One  of  them  includes  singular  part  in  the  integrand 
and  the  other  does  not  include  singular  part.  After 
some  manipulations  of  Eq.  (13)  by  using  Eqs.  (14)- 
(18),  the  first  integral  Ji  becomes 

f1  f1  dudv 

h  Jq  yo  j ^  ^u2  _j_  guv  C7v2)  i/2 


The  integral,  7i,  can  be  evaluated  in  closed  form  as 
follows  (Gradsteyn  &  Ryzhik  (1980),  Forbes(l989)): 


7i  —  60Jo| 


-±=  In  (  2A  +  B  +  2sfA{  A  +  B  +  C)  ) 


-~j\n{B  +  2y/AC) 

+-j=  In  (  2C  +  B  +  2\Jc{  A  +  B  +  C  )  ) 
--jLln(B  +  2\/Zc)]  (20) 


By  using  Eqs. (14)  and  (40),  dS  and  R  can  be 
transformed  and  expanded  into  Taylor’s  series  about 
u  =  0,  v  —  0  as  follows  : 

dS  —  \J\dudv 

=  VEG  -  F2dudv 


The  second  one  can  be  described  as  follows  : 

f1  f1  r  {bo  +  b\U  +  biV  -+*  b^uv)  J 


=  pr 


bo  Jq 


y/Au 2  4-  Buv  +  Cv 2 


]dudv  (21) 


-( 


rt  ^  *  ft  *  fk  *  ft  *  ft  ^ 

ox  ox  oy  oy  oz  oz 
du  dv  du  dv  du  dv 


2x1/2 


=  [J0  +  H.O.T.]dudv 

where 

*7o  =  {  ( fio9o\  ~  foi9io)2  +  (tfio^oi  “  9oxhio) 


dudv 

(15) 


The  integrand  of  the  integral,  J2,  does  not  have  the 
(j?)  type  sigularity  near  u  =  0  and  v  —  0  .  Thus 
J2  can  be  obtained  accurately  even  by  the  two  point 
Gaussian  Quadrature.  Similarly,  the  integral  (13) 
can  be  obtained  at  the  rest  corners  (u  =  0,v  =  1), 
(u  =  l,v  =  0),  and  (u  =  l,v  —  1)  . 

To  get  the  tangential  velocity,  the  velocity  po¬ 
tential  <{>  on  the  surfaces  cam  be  represented  by  the 
bicubic  B-spline  (See  Appendix  2).  Even  if  this  rep¬ 
resentation  is  inconsistent  with  Eq.  (12),  it  gives 
smooth  variation  of  the  tangential  velocity  on  the 
surface. 

The  derivatives  <j>u  and  <j>v  are  obtained  by  dif¬ 
ferentiating  the  potential  with  respective  to  u  and 
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v  respectively.  Generally,  the  tangential  vector  tu 
(/Uj0ujhtt)  along  u-axis  is  not  perpendicular  to  the 
vector  tv  (/„,<?,,  ,/i„)  along  v-axis.  Therefore  Gram- 
Schmidt  orthogonalization  is  needed  to  get  the  or¬ 
thogonal  tangential  vectors  on  the  surface. 

4.  CALCULATION  OF  THE  TIME  DERIVA¬ 
TIVE  OF  POTENTIAL 

For  the  time  simulation,  should  be  known  to 
calculate  the  forces  and  moments  acting  on  the  body. 
In  two  dimensions  Vinje  &  Brevig(l982)  derived  an 
integral  equation  and  boundary  condition  for  by 
using  the  <j>  and  0  formulation.  However  their  results 
can  not  be  extended  to  the  three-dimensional  case. 
Since  ^(|£)  can  not  be  calculated  by  using  the  given 
motion,  a  boundary  value  problem  for  the  time 
derivative  of  the  potential  in  body  fixed  coordinates, 
is  derived  as  follows: 


didn 


R.H.S.  of  Eq.  (23)  may  be  represented  as  follows  : 

n  •  +  y  x  r  -  w  x  Yr)  =  53  «i«i  (26) 

where  n  =  (ni,n2,n3)  and  r  x  n  =  (n4,n5,n6)  . 


The  time  derivative  of  the  potential,  can  be 
decomposed  as  follows: 


6<f>  6<f>i  6<j>  7 

dt  dt 


dt 


(27) 


The  auxiliary  terms,  ^  and  are  solutions 
of  the  following  boundary  value  problems: 


d  Mi, 


and 

^ 1  =  0  and 

dt 


and 


*-(££)  =0 
dnK  dt  } 


on  B(x,t)  —  0 


(28) 


^  =  Y  .Vt-U/t-Vt-gz 


6  6n 

—  n  *  “7-V0  +  V<£  • 


dt 

3 


dt 


=  n-G-V*  +  (V-V)Vd  +  V*-(wxn) 

dt 

=  n-[V^  +  V(V-V^)  +  wx  V<f>}  +  Vf(wxn) 

dt 


j d_M 

dn(dt’ 


(22) 


F(x,t)=  0  (29) 


The  time  derivative  of  the  potential  on  the  free 
surface,-^,  is  calculated  by  using  solutions  of  the 
integral  equation,  Eq.  (7). 

5.  THE  PRESSURES  AND  FORCES 


which  can  be  expressed  as 

=  +  - XI_yxYr)  (23) 

Following  the  nomenclature  of  Vinje  &  Brevig  (1982), 
the  operator  £  is  (|j  +  Y  *  ^) >  Y  —  Yr  +  ^  x  L  Yr  ls 
the  translational  velocity  of  the  center  of  mass  of  the 
body,  r  is  the  position  vector  to  the  boundary  from 
the  center  of  mass  of  the  body,  and  u  is  the  angular 
velocity  vector  of  the  body.  Eq.  (23)  is  useful  in  that 
most  quantities  of  interest  axe  expressed  in  the  body 
coordinate  system  rather  than  a  fixed,  inertial  one. 

Since  Y*  V<£  satisfies  Laplace  equation,  the  time 
derivative  of  the  potential,  can  be  calculated  by 
using  Green’s  theorem.  The  limiting  behavior  of  Y  * 
V<j>  at  r— ►  oo  can  also  be  checked,  or 

Y  •  V<£  =  O(r^)  =  0(<£)  as  r->oo  (24) 

Applying  Green’s  theorem  for  ^  instead  of  <f> 
in  Eqs.  (l),  (6),  and  (7),  the  following  equation  can 

be  obtained: 


Once  the  time  derivative  of  the  potential  is 
known,  the  pressures  are  found  by  applying  Bernoulli’s 
equation.  Bernoulli’s  equation  is  derived  for  the  vari¬ 
ables  relative  to  an  inertial  coordinate  system.  How¬ 
ever,  it  is  convenient  for  the  purpose  of  solving  the 
boundary  value  problem  to  use  body  fixed  coordi¬ 
nates.  Under  these  circumstances,  spatial  differen¬ 
tiation  is  invariant  with  coordinate  transformation, 
but  temporal  differentiation  is  not.  Bernoulli’s  equa¬ 
tion  can  be  expressed  as 

p  ot  l 

=  -6A+y.V<l>-  V<t>-gz.  (30) 
dt  2 

The  term  %  in  the  above  equation  is  calculated 
by  Eq.  (27).  With  the  pressure  known,  the  force  and 
moment  become 

F  =  mV 

pndS  -  mgk 
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=  -p  jj  n{6-^-Y-V<t>+)f7<t>-V4>+9z)dS 

s 

- mgk  (31) 


M 


—  J j  pv  x  n dS. 


For  three-dimensional  bodies  the  force  and  mo¬ 
ment  are  rearranged  as  follows  : 

F  =  +  F2  +  (pgV  -  m^)k  (32) 

M  =  Mx  +  M2 

where  V  in  Eq.  (32)  is  the  displaced  volume  of  the 
sphere, 


?!  = 

~P 

?*  = 

~P 

Mx  = 

M2  = 

~P 

6<t> 


Sq 


Sb 


SB 


6<j> 


=  —pJJlX  n(Y  *  V<j>  —  -V<£  •  V*)  dS. 
Sb 


6.  NUMERICAL  CALCULATION 


Heave  motion 


To  demonstrate  the  usefulness  of  the  technique 
shown  in  the  previous  section,  the  force  acting  on 
a  sphere  oscillating  beneath  the  free  surface  is  de¬ 
termined.  The  motion  of  a  sphere  is  given  by  z  — 
—h  +  a  cos  c ot  for  t  greater  than  zero.  Initially  the 
potential  and  wave  elevation  at  the  free  surface  are 
zero. 

The  number  of  elements  on  the  body  is  200  and 
that  on  the  free  surface  is  40  x  40.  The  truncation 
boundary  is  the  position  from  the  origin  of  the  co¬ 
ordinate  system  where  waves  reaches  in  four  periods 
of  the  body  motion  (  —16  <  x/R  <  16,  —16  < 

y/R  <  16).  So,  it  depends  on  the  group  velocity  of 
wave.  Even  spacing  is  used  on  the  body  and  free 
surface.  The  typical  time  interval  is  approximately 
0.05  period  of  motion  for  the  time  simulation  of  the 
sphere. 

The  mean  depth  of  immersion  for  the  center  of 
the  sphere,  h,  is  h/R=2.0.  The  time  history  of  the 
force  acting  on  the  oscillating  sphere  with  a  large  ra¬ 
tio  of  motion  amplitude,  a,  to  radius,  R,  (a/R=0.5) 
was  calculated  and  is  compared  with  the  results  of 
the  axisymmetric  free  surface  problem  (Kang  & 
Troesch  (1988))  in  Fig.  2.  They  show  good  agree¬ 
ment.  In  the  reference [13],  the  calculation  results 


for  the  sphere  oscillating  vertically  with  small  am¬ 
plitude  showed  good  agreement  with  those  given  by 
Ferrant(1987).  This  means  the  3-D  algorithm  in  this 
paper  works  well. 

In  Fig.  3,  the  time  history  of  force  components 
which  consist  of  Fx  and  F2  is  shown.  The  forces  are 
nondimensionalized  by  pgKaR3  ,  where  K  is  a  wave 
number,  u2/g,  and  g  is  the  gravitational  constant 
and  the  time  t  is  nondimensionalized  by  yjR/g*  The 
harmonic  distributions  of  the  total  force  are  shown 
in  Table  1.  The  second  order  amplitude  of  the  force 
is  6.5%  of  the  first  order  one.  And  the  mean  force 
is  1.5%  of  the  first  order.  Fig.  4  shows  the  three  di¬ 
mensional  wave  profiles  at  four  different  times.  All 
the  wave  profiles  are  exaggerated  by  factor  50  in  z- 
direction.  In  the  figures  T  is  a  period  of  the  motion. 

Surge  motion 


The  surge  motion  of  the  sphere  is  given  by  x  = 
a  cos  ut  for  t  greater  than  zero.  The  mean  depth 
of  immersion  for  the  center  of  the  sphere  is  h/R  = 
2.0.  The  amplitudes  of  the  motion  is  a/R  —  0.5.  The 
nondimensionalized  wave  number  ,  KR  ,  is  equal  to 
1.0. 

The  time  histories  of  the  forces  acting  on  the 
sphere  are  shown  in  Fig.  5-6.  The  harmonic  distri¬ 
butions  of  the  horizontal  and  vertical  forces  are  given 
in  Table  2.  The  three  dimensional  wave  profiles  at  4 
different  times  are  shown  in  Fig.  7. 

In  case  of  surge  motion,  the  first  order  surge 
force  is  dominant  unlike  the  heave  motion.  However 
nonlinear  effects  appear  only  in  the  vertical  force. 
The  first  order  vertical  force  is  negligible,  but  the 
mean  and  second  order  vertical  forces  are  not.  The 
mean  vertical  force  is  important  for  a  submerged 
body  to  keep  a  constant  depth. 

Advancing  motion 


Saw-tooth  instability  is  not  observed  in  the  com¬ 
putation  of  the  oscillatory  motions.  But  it  seems  to 
be  inevitable  and  break  down  the  numerical  time 
stepping  in  case  of  advancing  sphere.  It  may  be  due 
to  short  waves  generated  by  the  body.  The  length  of 
short  waves  is  less  than  the  mesh  size  in  this  compu¬ 
tation.  The  numerical  error  does  not  die  out  but  was 
accumulated  continuously.  Eventually  the  numerical 
scheme  breaks  down.  Thus  a  simple  numerical  filter¬ 
ing  scheme  are  tried  to  avoid  break  down,  but  still 
does  not  work  well.  Fig.  8  shows  the  wave  profile 
before  breakdown. 


All  the  calculations  were  carried  out  on  CRAY2S 
and  each  solution  time  was  approximately  50000  sec¬ 
onds. 
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7.  CONCLUSION 

In  this  paper  the  nonlinear  hydrodynamics  of 
a  three-dimensional  body  beneath  the  free  surface  is 
solved  in  the  time  domain.  The  free  surface  shape 
and  forces  acting  on  a  sphere  oscillating  sinusoidally 
with  large  amplitude  are  calculated  and  compared 
with  published  results.  The  far  field  flow  away  from 
the  body  is  represented  by  a  three  dimensional  dipole 
at  the  origin  of  the  coordinate  system.  This  is  only 
valid  until  waves  arrive  at  the  truncation  bound¬ 
ary.  Any  numerical  instability  is  not  observed  in  the 
computation  of  the  oscillatory  motions.  The  inte¬ 
gral  equation  and  boundary  conditions  to  calculate 
the  time  derivative  of  the  potential  on  the  body  are 
derived.  By  using  these  formulas,  the  free  surface 
shape  and  forces  are  calculated  simultaneously.  A 
Runge-Kutta  4-th  order  scheme  is  employed  in  the 
solution  method.  Nonlinear  effects  on  the  oscillating 
body  submerged  in  infinite  water  depth  are  studied. 
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Table  1 


Harmonic  Distributions  of  the  Total 
Force  for  Heave  Motion 


(a/R=0.5,h/R=2.0,KR=1.0) 


Heave  Force  F/pgKaR 3 
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0.6141333E-01 
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Table  2 


Harmonic  Distribution  of  the  Total 
Force  for  Surge  Motion 


(a/R=0.5,h/R=2.0,KR=1.0) 


Surge  Force  F/pgKaR3 


Fig.  1  Coordinate  System 
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Fig.  2  Comparison  of  Heave  Force  Acting  on 
the  Sphere  by  3-D  and  Axisymmetric 
Solutions  (a/R=0.5,  h/R=2.0,  KR=1.0) 
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Fig.  3  Time  History  of  the  Heave  Force  Compo¬ 
nents  Acting  on  the  Heaving  Sphere 
(a/R=0.5,  h/R=2.0,  KR=1.0) 
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t=l .  99T 


Fig.  7  Wave  Profiles  for  Surge  Motion 
(a/R=0.5,  h/R=2.0,  KR=1.0) 


Fig.  5  Time  History  of  the  Surge  Force  Compo¬ 
nents  Acting  on  the  Surging  Sphere 
(a/R— 0.5,  h/R=2.0,  KR-1.0) 


Fig.  6  Time  History  of  the  Heave  Force  Compo¬ 
nents  Acting  on  the  Surging  Sphere 
(a/R=0.5,  h/R-2.0,  KR-1.0) 


Appendix  1.  The  4th  order  Runge-Kutta 
method  [9] 


When  y '  =  /(x,y)  is  nonlinear,  this  can  be 
solved  by  Runge-Kutta  methods.  The  most  com¬ 
monly  used  Runge-Kutta  methods  are  fourth  order 
accurate  and  there  are  a  number  of  these.  The  best 
known  such  method  (sometimes  called  the  fourth  or¬ 
der  Runge-Kutta  method)  is 

Vn+l/2  =  Vn  T  “  f  (*^n>  Vn) 

(Euler  predictor  -  half  step) 

Vn+l/2  =  Vn  +  ^ /(‘C«+l/2>  Vn+lfi) 

(Backward  Euler  corrector  -  half  step) 

yn+i  =  Vn  +  h/(xn+i/2,  Vn+ij2)  (34) 

(Midpoint  rule  predictor  -  full  step) 

Vn+ 1  —  Vn  +  ~^\f(xntVn)  +  2/(xn-f-i/25  ^+1/2) 

+2/ (xn+ 1/2 ,  y^Vl/2 )  +  f^n+UVn+l)} 

(Simpson’s  rule  corrector  -  full  step) 

Looking  at  this  method  one  can  see  that  derivation 
of  such  methods  is  not  an  easy  task.  An  analysis  of  it 
for  the  general  case  is  also  difficult.  It  is  not  too  dif¬ 
ficult  to  analyze,  however,  when  applied  to  y '  =  ay . 
We  find  that 


Fig.  8  Wave  Profile  Generated  by  an  Advancing 
Sphere  ( U  =  2.557 m/sec  for  2.557  <  t , 

U  =  t  for  0  <  t  <  2.557  , 
h/R  =  2.0,  t  =  3.6sec) 


Vn+ 1  = 


(l  +  ah  + 


Vn 

(35) 


so  that  the  method  is  indeed  fourth  order  accurate 
and  the  error  is  of  order  (ah)5/ 120  .  It  is  interesting 
to  note  that  the  steps  that  comprise  this  method 
are  of  order  one, one, two,  and  four,  respectively,  and 
the  method  has  inherited  the  accuracy  of  the  final 
corrector. 


Appendix  2.  Parametric  Uniform  B-spline 
Surface  Representation  [3] 
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A  B-spline  surface  is  defined  in  a  piecewise  man¬ 
ner,  where  each  piece  is  a  segment  of  the  surface 
called  a  surface  patch.  The  entire  surface  is  a  mo¬ 
saic  of  these  patches  sewn  together  with  appropriate 
continuity  (Fig.  9).  A  bicubic  B-spline  surface  con¬ 
sists  of  patches  which  are  cubic  in  each  of  the  two 
parametric  directions  and  it  is  everywhere  continu¬ 
ous  along  with  its  first  and  second  derivative  vec¬ 
tors,  in  both  directions.  This  continuity  constraint 
reduces  to  requiring  continuity  of  the  first  and  sec¬ 
ond  parametric  derivative  vectors  across  the  borders 
of  adjacent  patches.  The  B-spline  surface  is  defined 
by,  but  does  not  interpolate,  a  set  of  points  called 
control  vertices.  These  control  vertices  form  a  two- 
dimensional  array.  Although  the  vertices  actually 
exist  in  three-dimensional  x—y—z  space,  they  are  or¬ 
ganized  as  a  two-dimensional  graph.  Each  vertex  is 
either  an  interior  vertex  or  a  boundary  vertex.  This 
notion  can  be  formalized  quite  elegantly  by  drawing 
on  graph  theory.  The  set  of  control  vertices  can  be 
considered  as  a  graph  V,  E  whose  vertices  form  the 
set 

V  =  {Vy  I  i  =  0,  •  ■  •  ,m  ;  j  =  0,  •  •  •  ,n} 
and  with  the  set  of  edges 

E  =  {(Vy.^+OI*  =  o,  •  •  •  ,m  -  1 ;  j  =  0,  •  •  •  ,n} 

U{(Vii,V;+iiJ) |»  =  0, •  •  •  ,m  -  1 ;  j  =  0, •••  ,n} 

The  interior  vertices  are  the  vertices  V*y  ,  where 
1  <  i  <  m  —  1  and  1  <  j  <  n  —  1  ,and  the  boundary 
vertices  are  V0j ,  j  =  0, ...,  n  —  1  ,  Vin,  i  =  0, ...,  m  —  1, 
Vmj ,  j  —  1,  ...,n  ,  and  Vio>t  =  1, m  .  To  emphasize 
this  graph-theoretic  interpretation,  the  term  control 
graph  to  describe  the  set  of  control  vertices  is  chosen 
(Fig.  10).  A  major  advantage  of  the  B-spline  formu¬ 
lation  is  that  it  is  a  local  representation.  A  bicubic 
B-spline  surface  patch  is  controlled  by  16  control  ver¬ 
tices  and  is  unaffected  by  all  other  control  vertices. 


Fig.  9  A  B-Spline  Surface  is  a  Mosaic 
of  Surface  Patches. 


Fig.  10  A  B-Spline  Control  Graph 


Conversely,  a  given  control  vertex  exerts  influence 
over  only  16  surface  patches  and  has  no  effect  on  the 
remaining  patches.  This  means  that  the  effects  of 
moving  a  control  vertex  are  limited  to  16  patches.  A 
point  on  the  (t,j)  th  uniform  bicubic  B-spline  sur¬ 
face  patch  is  a  weighted  average  of  the  16  vertices 
W*  ,  r  =  -2, -1,0,  lands  =  -2,  -1,0,1  .  The 
mathematical  formulation  for  the  patch  Q(J(u,u)  is 
then 

l  i 

Qij(u,v)=  Y.  Y  bbrs{u,v)Vi+rJ+, 

r——2  s~- 2 

for  0  <  uy  v  <  1  (36) 


The  set  of  bivariate  uniform  basis  functions  is 
the  tensor  product  of  the  set  of  univariate  uniform 
basis  functions.  That  is, 

bbrs(u,v)  =  br(u)bs(v) 

for  r  —  -2,-1, 0,1,  and  s  —  -2,-1, 0,1  (37) 


Thus,  the  formulation  for  the  patch  Qty(u,v) 
can  be  rewritten  as 

=EE  br(u)vi+rJ+tbt(v) 

r=  — 2  s—~2 

for  0  <  u,v  <  1  (38) 


The  univariate  uniform  cubic  B-spline  basis  func¬ 
tions  are  graphed  in  Fig.  11,  and  can  be  written  in 
matrix  form  as 
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[  6_2(k)  6- i(u)  b0(u)  b^u)  } 


10  u  10  u  10 


bjfu)  bQ(u>  b_,(u)  b_2(u) 

Fig.  11  Graphs  of  the  Univariate  Uniform 
Cubic  B-Spline  Basis  Functions 


Appendix  3  Calculation  of  the  Surface 
Integral  and  the  Normal  Vector 

The  surface  integral  can  be  calculated  as  fol¬ 
lows  (Kaplan,  1981)  : 

JJ  H(x,y,z)  da 

s 

=  JJ  H[f(u,v),g(u,v)yh(u,v)\\/EG  —  F2dudv 

Svv 

(40) 

where 


x  =  f{u,v),  y  —  g{u,  v),  2  =  h(u,  v) 
Pi  =  xu|+ yj  + 

P  2  — ■  “1“  JJv j  "h  %v  k 


E 

F 

G 


_  dx^dx  dydy  dz  dz 
-1  " 2  dudv  dudv  dudv 

|P,I‘ =  (£)■  + (;£)■  +  <£)■ 


The  normal  vector  on  the  surface  S  is  calcu¬ 
lated  by  using  the  following  formula. 


Pi  x  ?2 

I?1  X  p,| 


n  = 


(41) 


DISCUSSION 


Tor  Vinje 

Norwegian  Contractors,  Norway 

It  seems  to  me  that  you  have  treated  the  computation  of  the  forces  in 
a  way  that  is  much  more  complicated  than  necessary.  The  splitting 
up  of  the  d<j>l< 9t  values,  according  to  Vinje  &  Breirg,  does  not  make 
sense  for  forced  motion.  In  this  case  it  can  be  computed  by  means 
of  a  central  difference  scheme  at  a  later  stage.  If  you,  on  the  other 
hand,  are  dealing  with  problems  where  the  dynamic  equations  of 
motion  of  the  body  have  to  be  integrated  in  time,  you  have  to  split 
the  forces  (and  d(f>/dt)  in  the  way  you  did.  This  is  due  to  the 
occurrence  of  numerical  instability  if  you  apply,  for  instance, 
backward  differences  in  time  to  compute  d</>ld t,  and  thus  the  forces 
acting  on  the  body. 

AUTHORS’  REPLY 

Even  if  the  calculation  examples  in  this  paper  are  restricted  to  the 
forced  motion,  this  motion  can  be  directly  applied  to  the  problems 
where  the  body  motion  is  unknown.  The  calculation  method  of  the 
forces  in  this  paper  is  not  much  complicated  because  the  integral 
equation  for  the  potential  (7)  has  the  same  influence  coefficients  that 
the  integral  equation  for  the  time  derivative  of  the  potential  (25). 
Also,  this  method  gives  more  accurate  results  for  the  calculation  of 
the  forces  than  a  central  difference  scheme. 


DISCUSSION 

Pierre  Ferrant 
Sirehna,  S.A.,  France 

Your  computations  were  run  only  for  U)  =  1.0.  According  to  my 
computations  on  the  submerged  heaving  sphere,  w  —  1.0  is  a  local 
minimum  for  the  higher  harmonic  terms  in  the  force.  Furthermore, 
this  frequency  is  too  high  to  make  higher  harmonics  appear  in  the 
wave  field,  and  your  result  for  the  wave  field  is  purely  harmonic  and 
certainly  very  close  to  the  result  of  a  fully  linearized  model,  as 
demonstrated  in  my  paper  presented  in  this  conference.  For  this 
geometry  and  for  heaving  motion,  major  nonlinear  effects  appear 
especially  low  frequency,  say  about  u  =  0.4.  Future  runs  of  your 
code  should  be  situated  in  this  frequency  range  in  order  to  obtain 
significant  nonlinear  body-wave  interaction. 

AUTHORS’  REPLY 

I  agree  with  you.  I  have  some  experiences  for  the  computation  on  a 
submerged  heaving  sphere  by  using  the  axisymmetic  code  (13).  The 
nonlinear  effects  appear  strongly  at  low  frequencies  and  small 
submerged  depth  (21).  Reference:  (21)  Kang,  C.-G,  "Nonlinear 
Free  Surface  Flows  for  an  Axisymmetric  Submerged  Body," 
submitted  to  J.  of  the  Society  of  Naval  Architects  of  Korea. 


Nonlinear  Ship  Waves 

Y.-H.  Kim  (David  Taylor  Research  Center,  USA) 

T.  Lucas  (University  of  North  Carolina-Charlotte,  USA) 


ABSTRACT 

A  boundary  element  method  is  presented  for  solving 
a  nonlinear  free  surface  flow  problem  for  a  ship  moving  a 
constant  speed  on  a  calm  sea.  The  method  of  solution  is 
based  on  distribution  of  simple  Rankine  type(l/r)  sin¬ 
gularities  on  the  body  and  on  the  true  location  of  the  free 
surface,  which  must  be  obtained  by  iteration.  The  key  is 
the  iterative  algorithm  for  determining  the  free  surface  and 
wave  resistance  using  a  new  one  parameter  family  of  up¬ 
stream  finite  difference  methods  A  verification  of  numeri¬ 
cal  modeling  is  made  using  Wigley  hull  and  validity  of 
computer  program  is  examined  carefully  by  comparing  the 
details  of  wave  profiles  and  wave-making  resistance  with 
Series  60,  Cb  =0.60  model. 

INTRODUCTION 

Many  of  problems  facing  engineers  involve  such 
difficulties  as  a  nonlinear  governing  equation  and  nonlinear 
boundary  conditions  at  known  or  unknown  bound- 
aries.The  determination  of  surface  ship  waves  is  a  non¬ 
linear  problem  wherein  the  governing  equation  is  linear  but 
there  is  a  nonlinear  free  surface  condition  imposed  at  an 
unknown  boundary.  In  practice  the  solution  is  approxi¬ 
mated  using  numerical  techniques,  analytical  techniques 
and  combinations  of  both.  Foremost  among  the  analytical 
techniques  is  the  systematic  method  of  perturbations  in 
terms  of  a  small  parameter. 

In  the  past,  problems  of  this  type  were  generally 
treated  after  the  boundary  condition  on  the  free  surface  was 
linearized.  Limited  studies  on  nonlinear  boundary  condi¬ 
tions  have  been  conducted  for  simplified  two-dimensional 
cases.  With  the  recent  advent  of  supercomputers  and 
numerous  new  techniques  in  computational  fluid  dynamics 
there  is  growing  interest  in  solving  the  three-dimensional 
nonlinear  free  surface  problems  by  various  schemes. 
Dommermuth  and  Yue[l]  reported  their  study  on  the  non¬ 
linear  three-dimensional  gravity  waves  created  by  a 
moving  surface  pressure  distribution  using  a  higher-order 
spectral  method.  During  the  5th  International  Conference 
on  Numerical  Ship  Hydrodynamic  a  significant  amount  of 
work  was  been  reported  on  this  subject  including 
Jensen[2],  Musker[3],  and  Bai[4].  SSPA's  series  of 
reports  by  Xia[5],  Ni[6],  and  Kim[7j  also  deal  with  this 
topic. 


Many  different  numerical  schemes  have  been  pro¬ 
posed.  The  method  proposed  here  is  a  boundary  element 
method  with  Rankine  type  source  as  the  kernel  function. 
The  drawback  to  this  approach  is,  as  well  known,  the 
necessity  of  proper  numerical  implementation  of  the  radi¬ 
ation  condition  required  since  the  potential  flow  model 
contains  no  viscosity.  The  upstream  finite  difference  oper¬ 
ator  first  introduced  by  Dawson [8]  successfully  satisfies 
the  radiation  condition  by  producing  an  inherent  local 
damping  of  the  free  surface  waves  by  unwinding.  Since 
then  numerous  researchers  have  tried  to  improve 
Dawson's  method  and  to  extend  it  to  the  nonlinear  free 
surface  problem.  SWIFT  (Ship  Wave  Inviscid  Flow 
Theory)  is  a  computer  code  developed  by  the  authors  and 
S.H.  Kim[9]  based  on  the  linearized  free  surface  con¬ 
dition.  SWIFT  uses  a  higher  order  panel  method  with 
either  constant  or  linearly  varying  singularity  strength 
distribution  across  a  curved  panel .  The  stability  and  accu¬ 
racy  of  the  computational  results  have  been  examined  and 
found  to  be  quite  robust. 

In  the  present  paper  the  SWIFT  approach  is  extended 
to  the  nonlinear  free  surface  problem  and,  though  devel¬ 
oped  independently,  is  very  similar  to  Ni[6]  and  Kim [7]  of 
SS PA.  The  convergence  of  the  method  has  been  major 
focal  point  among  researchers  who  have  been  working  on 
the  nonlinear  problems.  Xia[5]  experienced  severe  con¬ 
vergence  problems  during  iteration.  Ni[6]  used  a  a  higher 
order  method  and  test  results  were  converged  if  an  under 
relaxation  coefficient  was  used  to  modify  the  wave  eleva¬ 
tion  and  velocity  distribution  for  the  next  iteration.  Kim[7] 
obtained  convergent  solutions  successfully  by  satisfying 
the  kinematic  and  dynamic  boundary  conditions  simulta¬ 
neously  without  a  relaxation  factor.  They  all  used  the  three 
point  finite  difference  operator  instead  of  Dawson's  four 
point  operator.  Musker[3]  extensively  studied  stability  and 
accuracy  of  a  nonlinear  code,  and  experienced  the  usual 
difficulties  in  convergence  with  the  four  point  scheme.  In 
this  paper  we  introduce  a  new  one  parameter  family  of  four 
point  schemes  which  can  give  an  arbitrarily  large 
damping.  The  four  point  method  of  Dawson[8]  and  three 
point  method  of  Xia[5]  are  special  cases  of  this  approach. 
We  have  experienced  greatly  enhanced  stability  for  all 
tested  ship  hullforms  over  a  broad  range  of  speeds. 
Wigley  mathematical  hull  is  used  to  verify  the  numerical 
modeling  of  the  problem.  The  measured  wave  profiles  and 
wave-making  resistance  of  Series60,  Cb=0.60  are  used  to 
validate  the  developed  computer  program. 
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MATHEMATICAL  FORMULATION 

We  consider  a  ship  which  moves  in  the  positive  x- 
direction  with  constant  forward  speed  U0  in  Figure  1.  Let 
Oxyz  be  a  Cartesian  coordinate  system  with  Oz  opposing 
the  direction  of  gravity  and  z=0  coincides  the  undisturbed 
free  surface,  the  positive  x-axis  in  the  direction  of  the 
ship's  forward  velocity.  The  fluid  is  assumed  to  be 
inviscid  and  incompressible  and  it's  motion  is  irrotational 
such  that  the  velocity  field  of  the  fluid  vcan  be  defined  as 

v(x,y,z)  =  V<|>(x,y,z)  (1) 


respect  to  the  previous  solution.  Take  Taylor  series 
expansion  of  Di(a,£)  and  discard  higher  order  terms 
greater  than  8a  and  8£  ,  then  the  kinematic  free  surface 
condition  becomes 

D,(o,C)  -  D,(oX)  +  LDi(a>;<>)§0  +  2.  D,(o-,Q8e 

oo  oC, 

=  «c:  +  c 
+  +  s<i)yc;  -  sc 


where  <|>(x,y,z)  is  the  velocity  potential  and  satisfies  the 
Laplace  equation 

V>  =  0  (2) 

in  the  fluid  domain  D  and  the  boundary  condition 

=  Uon  (3) 

on  the  body  surface  S0  where  rt=(ttx,rty,«z)  denotes  the 
outward  unit  normal  vector  on  the  boundary. 

On  the  free  surface  z  =  £(x,y),  where  £  is  the  free 
surface  elevation,  the  kinematic  boundary  condition  and 
dynamic  boundary  conditions  can  be  given  respectively  as 

<t,xC.+<t>yCy-<t>z  =  0  (4) 


+  esc,  +  <t»“scy  +(cc  +  <t>;q  -  c)8c  (7) 

We  redefine  a  new  velocity  potential  =  (|)0  +  8<{)  and  the 
linearized  kinematic  boundary  condition  can  be  expressed 
as  follows: 

d,«t,o  -  <u,  + 

+  <8c,  +<t>y5cy  +  (♦•»;:  +  -  ♦»  w = o  (8) 

Similarly  the  dynamic  boundary  condition  can  be  linearized 
as  follows; 

d2«t,o  *  k  a  +  +  co  +  c° 

g 


g^  +  i(V«j,.V<t.-U?)  =  0 


where  g  denotes  the  gravitational  acceleration.  Combining 
both  dynamic  and  kinematic  conditions  Eqs.  (4)  and  (5) 
becomes 


Finally,  energy  consideration  requires  that  velocity  poten¬ 
tial  approaches  the  uniform  onset  flow  potential  and  that 
there  be  no  waves  far  upstream  of  the  ship,  and  that  waves 
always  travel  downstream. 

The  problem  described  in  equations  (1)  thru  (5)  is 
nonlinear,  since  the  free  surface  boundary  conditions(4) 
and  (5)  themselves  are  nonlinear  and  should  be  satisfied  on 
the  true  free  surface  which  is  unknown  and  should  be 
obtained  as  a  part  of  solution.  In  their  exact  form  the 
problem  is  difficult  to  solve.  In  order  to  be  able  to  treat  the 
problem,  the  equations  are  approximated  by  ones  which 
are  more  tractable. 

Following  linearizations  are  similar  to  Ni[6]  and 
Kim([7].  First  we  define 

d,(ct,C)  =  CC,  +  CCy  -  c 

D2(c,0  =  gC  +  |(V*-V*  -  U’) 

We  denote  <J>°  and  £°  the  velocity  potential  and  the 
wave  profiles,  respectively,  obtained  from  the  previous 
step  and  introduce  two  small  parameters  8a  and  8£  with 


Now  the  new  linearized  boundary  value  problem  is  for¬ 
mulated.  The  singularity  distribution  and  wave  profile  are 
continuously  updated  until  the  solution  converges  and 
satisfies  original  Eqs.  (4)  and  (5).  Once  the  singularity 
strength  distributions  are  determined,  the  wave  resistance 
can  be  computed  by 


R 


w 


pnxds 


(10) 


where  S0  is  the  wetted  ship  hull  surface  and  the  fluid 
pressure  p  is  given  by  the  Bernoulli  equation 


P  =  -|[  (V<f>)2  -  u2]  -  pgz 


(11) 


NUMERICAL  SCHEME 

The  method  used  here  is  a  boundary  element  method 
in  which  simple  Rankine  sources  are  distributed  across 
each  panel.  The  boundary-value  problem  formulated  above 
then  reduces  to  a  determination  of  an  unknown  singularity 
distribution  over  the  boundary  surface  of  the  fluid  domain. 
Once  the  singularity  distribution  is  determined,  the  hydro- 
dynamic  quantities  of  interest,  the  velocity  and  the  pres¬ 
sure,  are  also  determined. 
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The  present  method  uses  a  panel  scheme  to  achieve  a 
numerical  solution  to  the  problem  of  Eqs.  (1)  thru  (9). 
Panel  schemes  proceed  by  first  dividing  the  boundary 
surface  into  panels.  Source  distribution s(o)  are  assigned  to 
each  panel.  These  distributions  are  expressed  in  terms  of 
unknown  singularity  parameters  Xj  associated  with  the 
panel  and  neighboring  panels.  A  finite  set  of  control 
points  (equal  in  number  to  the  number  of  singularity 
parameters)  is  selected  at  which  the  boundary  conditions 
are  imposed. 

The  construction  of  each  network  requires  numerical 
development  in  these  areas:  A.  Surface  geometry  defi¬ 
nition;  B.  Singularity  strength  definition;  and  C.  Control 
point  selection  and  boundary  condition  specification. 
Essential  features  of  the  computational  scheme  in  each  of 
these  areas  are  as  follows 

A.  Geometry  input  for  a  network  is  assumed  to  be 
a  grid  of  comer  point  coordinates  partitioning  the  network 
surface  into  panels.  Panel  surface  is  obtained  by  fitting  a 
paraboloid  to  comer  points  in  an  immediate  neighborhood 
by  the  method  of  least  squares. 

B.  Discrete  values  of  singularity  strength  at  certain 
points  on  each  network  are  assigned  as  singularity  pa¬ 
rameters.  Singularity  splines  are  constructed  for  each 
network  by  fitting  a  linear  distribution  on  each  panel  of  the 
network  by  the  method  of  least  squares. 

C.  Certain  standard  points  on  each  network  are 
assigned  as  control  points.  These  points  include  panel 
center  points  as  well  as  network  edge  points.  Boundary 
conditions  involving  the  specification  of  potential  or  veloc¬ 
ity  are  applied  at  panel  center  points  for  the  purpose  of 
controlling  local  properties  of  the  flow. 

Curved  Panel  Approximation 

We  use  curved  panels  to  patch  the  ship  and  free 
surface.  Let  S  be  a  true  surface  element  bounded  by  four 
corner  points  four  corner  points  Pi,P2,P3,  and  P4  as 
shown  in  Fig.  2.  We  assume  that  S  may  be  represented  in 
the  approximate  form 

CM  =  (12) 

where  (  £,t],£)  are  orthogonal  coordinates  local  to  S.  The 
six  coefficients  (  Co,  Cc,  Cip  fe’  Ciyn  )  are  obtained 
by  requiring  that  the  approximate  surface  given  by  Eq. 
(12)  pass  through  its  four  corner  points  exactly  and 
through  its  neighboring  points  approximately  in  a  least 
square  sense.  That  is,  for  each  panel  the  expression 

R  =  -  Q2 

2>  (13) 

is  minimized  with  respect  to  the  six  unknown  coefficients 
appearing  in  Eq.  (12).  The  summation  in  Eq.  (13)  ranges 
over  the  N  neighboring  grid  points.  The  choice  of  the  N 
points  and  the  weight  Wk  has  been  made  in  an  attempt  to 
minimize  any  irregularities  that  may  appear  in  the 
paraboloid  approximation  on  the  true  surface.  In  the 
present  formulation  N=16  and  Wk=l  or  10^  are  used 
depending  on  the  location  of  the  panel  in  the  surface  panel 
network.  Here  we  used  the  term  network  to  represent  the 
collection  of  quadrilaterals. 

The  choice  of  these  features  is  required  by  the 


argument  given  by  Hess[10J  that  certain  computing 
methods  which  use  flat  panels  do  not  obtain  increased 
accuracy  over  the  basic  zero  order  method(constant  source 
on  flat  panels)  even  though  they  use  higher  order  source 
distributions.  For  purposes  of  computational  efficiency 
Eq.  (12)  can  be  reduced  by  an  appropriate  coordinate 
transformation  to  the  canonical  form 

C  =  a^2+bn2  Me  2  (14) 

where  E  is  the  quadrilateral  formed  by  the  projection  of 
the  comer  points  on  the  (^,T[)  plane.  In  the  case  of  flat 
panel,  a  and  b  are  both  zero. 

Singularity  Strength  Definition 

The  true  singularity  distribution  will  be  approximated 
by  a  truncated  Taylor's  series  on  each  panel.  Such  a  rep¬ 
resentation  is  valid  on  any  interior  part  of  the  network 
providing  the  paneling  there  is  sufficiently  fine.  We  will 
consider  a  linearly  varying  singularity  distribution  on 
source  panels.  There  may  be  an  advantages  in  using  even 
higher  order  distribution,  but  as  pointed  out  by  Hess[10], 
it  would  be  necessary  to  consider  a  higher  order  panel 
geometry  definition  for  the  sake  of  consistency. 
Specifically,  we  assume  that  the  singularity  strength  a  at 
a  point  ( T},  £  )  on  a  panel  S  is  given  by 

0(^,1))  =  0„  +  0^  +  0tlTl  (15) 

The  coefficients  in  Eq.  (15)  are  determined  by  using  a 
method  of  weighted  least  squares  over  the  panel  and  up  to 
eight  of  its  neighboring  panels.  This  method  requires  that 
the  form  of  Eq.  (15)  gives  exactly  the  singularity  value  at 
its  centroid  and  approximate  values  in  the  least  square 
sense  at  centroids  of  the  neighboring  panels. 

Induced  Velocity  Potential 

The  velocity  potential  at  P=(x,y,z)  induced  by  a 
singularity  distribution  on  S  is  given  by 


where  r  =  {  (£-x)2+(T|-y)2+(£-z)2  J1/2  and  a  is  given  in 
Eq.  (15).  We  are  now  in  a  position  to  evaluate  the  integral 
Eq.  (16)  using  the  relations  of  Eqs.  (13),  (14),  and  (15). 
The  <j>  can  be  expanded  in  closed  form  by  using  a  com¬ 
bination  of  closed  form  calculations  and  recursive  rela¬ 
tionships.  Details  are  fully  included  in  Johnson[ll]  and 
Kim  et  al.[9].  Derivatives  of  velocity  component  along  z- 
direction  in  Eqs.  (8)  and  (9)  are  new  and  their  final  closed 
forms  are  summarized  in  the  Appendix. 

METHOD  OF  SOLUTION 

As  usual  we  discretize  the  fluid  boundary  into  a  finite 
number  of  panels.  Because  of  symmetry,  half  of  the  ship 
as  well  as  the  free  surface  domain  is  used  as  an  input.  A 
typical  free  surface  domain  is  truncated  at  a  half  ship 
length(L=2.0)  ahead  of  the  ship  and  is  extended  more  than 
one  ship  length  aft  of  the  ship  and  a  half  ship  length  or 
more  to  the  side.  Since  the  convective  term  in  the  free 
surface  condition  involves  x  and  y  directional  derivatives. 
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we  use  an  algebraically  generated  waterline-fitted  coordi¬ 
nate  system,  independent  of  the  double  model  streamline 
coordinate,  to  create  the  panel  network.  As  shown  in  Fig. 
3  the  transverse  lines  are  straight  and  vertical  to  the  center 
line  of  the  ship.  Our  numerical  experiments  indicate  that 
the  solution  becomes  more  stable  and  accurate  when  the 
aspect  ratio  of  the  free  surface  panel  away  from  the  ship 
closes  to  unity.  The  same  finding  was  discussed  by 
Musker(1989). 

During  iteration,  the  panels  are  rearranged  such  that 
the  projection  on  the  horizontal  plane  z=0  is  unchanged, 
i.e,  x  and  y  coordinates  are  fixed  and  the  z-coordinate  is 
allowed  to  move  up  and  down.  The  method  of  solution 
requires  that  the  linearized  free  surface  conditions  (8)  and 
(9)  are  satisfied  for  a  given  and  which  were 
obtained  from  the  previous  step.  The  iteration  starts  from 
the  solution  which  satisfies  the  well-known  linearized  free 
surface  condition.  In  each  iteration  the  free  surface  panels 
as  well  as  body  surface  panels  are  adjusted  according  to 
the  newly  computed  wavy  surface  and  boundary  con¬ 
ditions  are  applied  to  the  updated  boundaries.  The  itera¬ 
tion  continues  until  the  solution  satisfies  the  exact  free 
surface  conditions.  In  practice,  we  provide  a  certain 
convergence  criteria  in  the  computation  that  requires  the 
iteration  to  continue  until  the  residual  error  satisfies  the 
provided  tolerance  .  This  part  will  be  discussed  more 
extensively  with  numerical  results  later. 

One  Parameter  Family  of  Advection  Methods  to  Enhance 
Convergence 

In  this  section  we  derive  a  one  parameter  family  of 
advection  methods  to  enhance  convergence  for  the  non¬ 
linear  free  surface  problem.  A  number  of  researchers  have 
been  concerned  with  the  question  of  convergence  of 
various  forms  of  the  nonlinear  method.  Xia  had  severe 
convergence  problems  with  his  approach  and  recom¬ 
mended  the  three  point  finite  difference  operator  instead  of 
Dawson's  more  accurate  four  point  operator.  Ni  and  Kim 
have  developed  more  powerful  methods.  Recently  Musker 
has  completed  a  detailed  stability  and  accuracy  test  of  a 
nonlinear  code,  and  experienced  the  usual  difficulties  in 
convergence  with  the  four  point  method.  Musker  used  two 
approaches  to  enhance  convergence:  he  used  a  spline 
scheme  involving  four  upwind  points  and  he  elevated  the 
free  surface  panels.  His  nonlinear  iterations,  unlike  those 
of  Ni  and  Kim,  are  all  on  the  flat  surface. 

In  this  paper  we  introduce  a  new  one  parameter 
family  of  four  point  advection  schemes  which  can  give  an 
arbitrarily  large  damping.  The  four  point  method  of 
Dawson  and  the  three  point  method  are  special  cases  of 
this  approach,  and  without  the  use  of  elevation  of  the 
panels  (which  we  have  not  examined)  we  have  experienced 
greatly  enhanced  stability.  We  recommend  the  inclusion  of 
this  technique  into  existing  codes.  For  most  programs  this 
would  require  only  a  minor  modification  of  a  few  lines  of 
code,  as  will  be  seen  below. 

The  four  point  method  is: 

Slopei  =  -(  A4fi  4-  B4fi-i  +  C4fi_2  4  D4fi-3 )  (17) 

where  for  an  uniform  mesh  spacing  of  size  /,  A 4  =  1.667 1 
1,  B4  =  -2.5/-1,  G *  =  H,  D4  = -0.167/-1.  The  related 
three  point  scheme  is  of  the  form 

Slopei  =  -( A3fi  +  B3fi-i  4  C3fi-2 )  (18) 

where  for  an  uniform  mesh  spacing  of  size  /,  A3  =  1.5/-1, 


B3  -  -2.0/-1,  C3  =  0.5/-1.  In  considering  all  possible  four 
point  schemes  for  approximating  f  1  one  might  like  to 
require  that  they  be  exact  for  quadratics.  These  three 
restrictions  on  a  formula  of  the  type 

Slopei  =  -( ANfj  +  BNf;.i  +  CNfj-2  +  DNfj.3 )  (19) 

leave  only  one  degree  of  freedom  and  since  both  the  three 
point  and  four  point  methods  satisfy  a  quadratic  exactly, 
the  general  derivation  of  this  general  family  is  very  simple: 

An  =  (  1  -  Qmul  )  4  Qmul  A3 

Bn  =  (  1  -  Qmul  )  B4  4  Qmul  b3  (20) 

Cn  =  (  1  "  Qmul  )  C4  4  Qmui  C3 

Dn  =  (  1  -  Qmul  )  D4 

where  Qmui  is  a  parameter  to  be  chosen  greater  than  or 
equal  to  zero.  The  case  Qmul  =  0  gives  the  familiar  four 
point*  formula  while  Qmul  =  1  returns  the  more  stable 
three  point  formula.  We  have  found  that  Qmul  =  1  is  often 
fine  for  lower  speeds  but  for  higher  speeds  Qmul  =  3  (or 
even  sometimes  Qmui  =  5  )  eliminates  most  of  the 
problems  with  convergence  for  reasonably  regular  com¬ 
putational  grids  and  with  little  loss  of  accuracy. 

To  analyze  the  effect  of  the  one  parameter  method, 
and  to  get  some  feel  for  the  meaning  of  the  parameter 
Qmul>  it  is  instructive  to  examine  the  coefficient  of  fim 
which  is  the  leading  term  in  the  Taylor  expansion  of  the 
error  for  both  the  three  point  and  four  point  formula. 
(Recall  that  the  basis  of  the  four  point  formula  was  not  that 
the  fim  term  was  eliminated  but  rather  that  the  fi"" 
term  was  required  to  have  a  zero  coefficient.)  Here  we 
will  take  an  uniform  spacing  of  size  /.  The  coefficient  of 
fi'M  in  the  three  point  method  is  of  the  magnitude  /2/3 
while  in  the  four  point  method  it  is  fi/6  ,  leading  again  to 
the  well  known  conclusion  that  the  superior  damping  of 
the  three  point  method  will  frequently  enhance  conver¬ 
gence  over  that  of  the  four  point  method,  an  important 
finding  of  Xia  for  example.  Thus  the  one  parameter  Qmui 
method  has  a  coefficient  for  fi'"  of  the  magnitude 

H  (1  -  Qmul)/6  +  Qmul/3  )  =  H  1  +  Qmul)/6 

giving  again  fi/6  and  fi/3  for  Qmul  =  0  or  1  as  before. 
When  denser  meshes  are  used,  or  for  large  speeds  where 
f "  may  be  smaller,  the  use  of  larger  values  of  Qmui  such 
as  Qmul  =  3  or  5  gives  the  (larger)  coefficients  of  fi'"  of 
magnitude  2/3Z2  or  fi  giving  in  these  cases  twice  or  triple 
the  damping  of  the  3  point  method. 

We  now  examine  briefly  the  spline  scheme  consid¬ 
ered  by  Musker,  which  for  an  uniform  mesh  has  the  form( 
refer  to  (20))  with  A4  =  1.555/"1,  B4  =  -2.177/-1,  C4  = 
0.689/  !,  d4  =  -0.0667/-!.  xhis  method  does  not  quite 
make  the  quadratic  term  zero,  so  is  not  included  in  the 
above  family,  but  it  is  very  close  with  a  value  of  Qmul  of 
about  0.6.  Thus  it  has  much  of  the  improved  stability 
associated  with  the  three  point  scheme,  giving  a  coeffi¬ 
cient  of  f "  of  the  magnitude  0.27/2,  closer  to  the  0.33 fi 
of  the  3  point  method  than  the  0.1 66 fi  of  the  4  point 
method.  Thus  we  would  be  led  to  conjecture  that  the  3 
point  scheme  would  be  more  stable  than  the  spline  scheme, 
at  negligible  loss  of  accuracy. 

RESULT  AND  DISCUSSION 

To  facilitate  comparisons,  the  following  non-dimen- 
sionalization  has  been  made: 
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Cw(wave-making  resistance)  =  Rw/(l/2  pU2S) 
£(wave  profile)  =  £  /(L/2) 

=  £/(U2/(2g))  (used  in  Figures) 

Although  the  higher  order  panel  method  gives  better 
results,  we  used  linearly  varying  source  strength  distri¬ 
bution  across  curved  panel  for  the  ship  hull  and  constant 
source  strength  across  flat  panel  for  free  surface  during 
computation  because  of  the  following  reasons: 

(1)  The  higher  order  panel  method  requires  a  much 
longer  computing  time,  normally  3  or  4  times  longer  with 
the  same  number  of  panels. 

(2)  The  finite  difference  scheme  used  for  the 
convective  terms  in  the  free  surface  condition  requires  such 
small  panel  sizes  that  the  advantages  of  higher  order  panel 
scheme  cannot  be  fully  utilized  over  the  free  surface 
domain. 

Numerical  experiments  have  indicated  that  the  differences 
in  results  are  negligible  between  using  higher  order  panel 
and  flat  panel  on  the  free  surface  domain.  On  the  other 
hand,  a  Neumann  condition  imposed  on  the  hull  surface 
does  not  require  any  numerical  differentiation  and  the 
higher  order  panel  method  gives  better  results  than  flat 
panel  result  with  even  fewer  panels.  Furthermore,  the 
wave-making  resistance  is  small  quantity  and  to  get  this 
quantity  accurately  the  integration  of  the  pressure  distri¬ 
bution  over  the  entire  wetted  hull  surface  has  to  be  carried 
out  precisely.  It  is  therefore  required  that  the  pressure 
distribution  as  well  as  panel  surface  be  precisely  approx¬ 
imated. 


Qmul  Test  with  Wigley  Hull 


Wigley  parabolic  hull  was  used  to  verify  the  pro¬ 
posed  one  parameter  family  of  advection  methods.  The 
following  computational  conditions  were  used: 


Wigley  model 

Computation  domain 
(SSPA  recommended) 
Number  of  panels 

Froude  numbers 

Qmul's 

Computer 


L=2.0,L/B=10.0,D/B  =0.625 
Bow  =  +1.0,  Stem  =  -1.0 
x=  -2.0,  +2.0 
y=  -0.75 

132  on  ship  (23  Stax7Wls) 
400  on  free  surface  (41x11) 
0.316,  0.408 
0,  1,  3,  5 
Cray  X-MP/24 


We  used  the  computational  domain  that  Xia[5]  and  other 
SSPA  reports  recommended  and  also  matched  the  panels 
on  the  ship  hull  and  free  surface.  We  selected  higher 
Froude  numbers  because  several  researchers  have  experi¬ 
enced  convergence  problems  particularly  at  higher  speeds. 
Table  1  shows  the  computed  wave  making  resistance  using 
four  different  Qmul’s:  0,  1,  3,  and  5.  The  solutions 
diverged  when  Qmul  =  0  and  1,  and  converged  when 
Qmul=3  and  5.  The  experimental  values  of  wave-making 
resistance  coefficients  were  reported  at  the  17th  ITTC[12] 
and  Cw  ranges  between  1.7xl0-3  and  2. 3x10" 3  at 
Fn=0.408.  Qmul=0  is  the  four  point  scheme  and  the  solu¬ 
tion  diverged  after  2  iterations.  At  Qmul=l,  the  three  point 
scheme,  the  solution  diverged  after  5  iterations.  Qmul=3 
required  only  4  iterations  and  Qmul=5  required  just  2 
iterations  to  get  a  converged  solution.  The  magnitude  of 
the  wave  making  resistance  is  slightly  smaller  than  that  of 
Qmul=3.  It  is  likely  that  the  larger  damping  by  using 
Qmul=5  caused  the  difference. 


Table  1  Qmu|  Test 
(Wigley  Hull  at  FN  =  0.408) 

Cvv(Experiment)  =  2.0 

Cwx103 

Qmul 

linear 

1  St 

2nd 

3rd 

4th 

5th 

Non- 

Iter 

Iter 

Iter 

Iter 

Iter 

linear 

0 

2.248 

1.562 

1.863 

Divrg 

1 

2.304 

1.890 

2.067 

1 .683 

1  .726 

1.899 

Divrg 

3 

2.317 

2.009 

1.976 

1 .982 

1.978 

1.978 

Convg 

5 

2.231 

1.965 

1.939 

1.939 

1.940 

1.940 

Convg 

The  two  small  parameters  5a  and  5£  used  when 
linearizing  the  free  surface  conditions  were  continuously 
monitored  during  the  computation.  In  Table  2  Error,  the 
summation  of  the  square  root  of  8£  squared  terms,  is  tabu¬ 
lated  at  each  iteration  for  different  Qmul’s  and  in  Table  3, 
that  of  8a.  At  Qmul=l,  Error  oscillates  during  the  itera¬ 
tions  until  the  solution  diverges.  With  Qmul=3  or  5,  the 
magnitude  of  Error  decreases  steadily  as  the  iteration 
continues.  In  practice,  the  convergence  rate  after  several 
iterations  is  rather  slow  so  we  assumed  the  solution  to  be 
converged  when  the  ratio  of  the  current  Error  to  the  first 
iteration  Error  is  smaller  than  1%  for  both  5a  and  5£. 


Table  2  8£  Convergence  Test 
(Wigley  Hull  at  FN  =  0.408) 

N 

errorl  =  N  =  400 

i 

errorlxlO2 

Qmul 

1st 

2nd 

3rd 

4th 

5th 

Non- 

Iter 

Iter 

Iter 

Iter 

Iter 

linear 

0 

8.248 

4.550 

152.5 

Divrg 

1 

4.199 

4.493 

5.488 

2.683 

4.975 

Divrg 

3 

2.955 

1.857 

0.507 

0.333 

0.036 

Convg 

5 

2.859 

0.695 

0.298 

0.033 

Convg 

Table  3  5a  Convergence  Test 

(Wigley  Hull  at  FN  =  0.408) 

N 

error2  =  ^^(SOj) 
j 

2,  N  =  400 

Qmul 

1  St 

2nd 

3rd 

4th 

5th 

Non¬ 

Iter 

Iter 

Iter 

Iter 

Iter 

linear 

0 

1.10 

1.30 

Diverg 

1 

0.62 

1.10 

1.00 

0.58 

0.84 

Diverg 

3 

0.43 

0.09 

0.062 

0.017 

0.009 

Convrg 

5 

0.42 

0.10 

0.012 

0.006 

0.001 

Convrg 
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Fig.  4  depicts  the  wave  profiles  at  the  hull  surface 
during  iterations  including  the  wave  profile  obtained  from 
the  linearized  free  surface  conditions.  As  the  iteration 
progresses  the  bow  wave  grows  and  the  first  trough 
becomes  deeper  with  the  phase  shifting  slightly  towards 
the  bow.  Only  insignificant  differences  are  observed  aft 
during  the  iterations.Figure  5  shows  the  wave  profile 
comparisons  between  the  experimental,  linear  and  non¬ 
linear  computations.  The  nonlinear  solution  is  now  much 
closer  to  the  experimental. 


Series60,  Cb=0.60 

The  Series60  with  block  coefficient  0.60  has  ex¬ 
tensive  model  experimental  results,  including  wave 
profiles  and  wave-pattern  resistance.  Experimental  values 
used  here  were  determined  by  Kim  and  Jenkins[13]. 
Experimental  data  only  for  model  fixed  were  considered  in 
comparisons.  Wave  profiles  were  marked  at  every  station 
along  hull  with  a  grease  pencil  during  the  run  and  were 
read  after  each  run.  Wave  resistances  were  obtained  from 
longitudinal  wave  profile  measurements.  The  following 
computational  conditions  are  used: 

Series60  model  L=2.0,  L/B=7.5,  D/B=0.4 

Model  is  fixed 
Bow  =  +1.0,  Stcrn=-1 .0 
Computation  domain  x  =  (-3.5,  2.0) 
y  =  (-1.5,  0.0) 

Number  of  panels  192  on  ship(25  Sta  x  9WLs) 
696  on  free  surface(59  x  13) 
Froude  numbers  0.22,0.25,0.28,0.30,0.32,0.35 
Computer  Cray  X-MP/24 

Figure  6  shows  the  comparison  of  wave  profiles  along  the 
hull  between  computed  and  measured.  The  wave  profiles 
obtained  from  linearized  free  surface  condition  are  also 
plotted  together.  The  nonlinear  solution  significantly 
improves  the  wave  profiles,  in  particular,  at  the  bow  and 
the  first  trough  and  after  that  the  difference  between  linear 
and  nonlinear  results  seems  insignificant.  Qmul  =  1  is  used 
for  Fn  =  0.22,  0.25,  and  0.28,  and  Qmul  =  3  for  Fn  = 
0.30,  0.32,  0.35. 


Table  4.  summarizes  the  wave-making  resistance 
computation  results  at  each  iteration  and  in  Figure  7  the 
linear  and  nonlinear  results  are  compared  with  the 
experimental  data.  It  is  interesting  to  see  that  linear  solution 
consistantly  predicts  higher  wave-making  resistance 
throughout  the  Froude  number  range.  Nonlinear  results 
show  very  close  agreement  with  the  measured  data.  Even 
though  all  the  runs  converged  successfully,  at  the  lower 
Froude  numbers  0.22  and  0.25  agreement  on  wave 
profiles  as  well  as  wavemaking  resistance  were  rather 
poor.  It  is  likely  that  the  panel  size  may  be  too  large  at 
lower  Froude  number  where  wave  length  is  shorter  and  is 
inadequate  to  resolve  the  flow  phenomena  accurately.  At 
Fn=0.22  the  estimated  characteristic  wavelength  is  0.608 
which  is  less  than  1/3  of  the  ship  length.  In  usual  practice 
between  10  and  12  points  per  wave  length  are  considered 
to  get  acceptable  numerical  accuracy  for  wave  making 
resistance.  This  means  at  least  33  evenly  distributed  panels 
along  the  ship  hull  have  to  be  provided.  No  further  attempt 
was  made  to  increase  the  panel  density  at  the  lower  Froude 
numbers,  because  it  exceeds  Cray  X-MP  memory 
restriction  3  million  words.  This  particular  run  requires  2.6 
million  words  computer  memory(maximum  usable 
capacity  is  3  million+)  and  approximately  70  CPU  seconds 
were  used  at  each  iteration. 

As  seen  in  Table  4.  the  most  sizable  improvement 
was  made  at  the  first  iteration  and  in  subsequent  iterations 
improvement  was  small.  In  practice  we  may  need  one 
more  iteration  over  the  linear  solution  to  have  reasonable 
results.  Convergence  of  the  solution  is  always  monitored 
carefully  during  computation.  Table  5  shows  one  exam¬ 
ple. 


Tables.  Convergent  Test 
series60,  CB=0.60  at  Fn  =  0.32 

Iteration 

errorl 

error2 

source 

CwxlO3 

Linear 

. 

. 

2.9383 

1.815 

1 

0.9147 

0.670 

3.0646 

1.401 

2 

0.1783 

0.170 

3.1157 

1.333 

3 

0.0513 

0.017 

3.1411 

1.350 

4 

0.0219 

0.037 

3.1521 

1.354 

5 

0.0153 

0.013 

3.1521 

1.357 

Table  4.  Wave  Resistance  Coefficient  Comparison 
Series60,  CB  =  0.60  (Model  Fixed) 

(CwxlO3) 

Fn 

linear 

1  St 

2nd 

3rd 

4th 

Nonlin 

Iter 

Iter 

Iter 

Iter 

ear 

0.22 

0.369 

0.278 

0.271 

0.268 

0.266 

0.255 

0.25 

0.664 

0.398 

0.357 

0.354 

0.355 

0.354 

0.28 

1.581 

1.123 

1.049 

1.043 

1.043 

1.045 

0.30 

2.144 

1.548 

1.474 

1  .467 

1.460 

1  .460 

0.32 

1.815 

1.401 

1.333 

1.350 

1.354 

1.357 

0.35 

2.148 

1.886 

1.800 

1.816 

1.828 

1.836 

Here  error  1  and  error2  are  defined  in  Tables  2  and  3  and 

NF  - - - 

source  =  £V(aj+1)2 

j 

NF  is  the  total  number  of  free  surface  control  points.  For 
example,  if  we  average  error  1  by  NF=696,  average  wave 
height  increment  Sh1  at  each  free  surface  panel  after  the 
first  iteration  is  0.001314  and  after  the  fifth  iteration  5£5 
becomes  0.000022  which  are  nondimensionalized  by  half 
of  the  ship  length.  If  Series60  hull  length  is  200m, 
8^=1 3 1.4mm  becomes  5£5=2.2mm  after  five  iterations. 

Fig.  8  shows  two  pairs  of  the  contour  plots  using  the 
locally  developed  visualization  program  WAVE  [14].  The 
Froude  number  is  0.32.  The  nonlinear  solution  was 
obtained  after  6  iterations.  The  first  pair  shows  contours  of 
the  wave  height  and  source  strength  distribution  on  the  free 
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surface  for  the  linear  step,  and  the  second  pair  for  the 
nonlinear  solution.  The  wave  height  is  plotted  for  the 
positive  y-plane  and  the  source  strength  for  the  negative  y- 
plane  for  convenience.  0.03  uniform  spacing  is  used 
between  contour  lines  for  both  plots.  Solid  lines  indicate 
positive  wave  height  and  positive  source  strength,  dotted 
lines  negative  wave  height  and  negative  source  strength, 
and  dashed  lines  zero.  We  observe  the  following:  (1)  the 
source  strengths  on  the  body  toward  the  bow  of  the 
ship(not  plotted  here)  are  large  and  positive,  but  at  the  free 
surface  near  the  bow  a  locally  concentrated  sink  distri¬ 
bution  is  noticed,  with  a  strong  and  wide  source  distribu¬ 
tion  following  immediately  downstream,,  (2)  at  the  stern 
there  is  only  sink  distribution  on  the  ship  surface  and  the 
free  surface,  (3)  the  humps  and  hollows  of  wave  height  are 
out  of  phase  to  those  of  source  strength.  Zeroes  of  wave 
height  occurs  near  the  mean  of  either  source  or  sink  distri¬ 
bution  along  x-axis. 


CONCLUSIONS 

1.  The  introduction  of  a  one  parameter  family  of 
advection  methods  has  significantly  enhanced  the  con¬ 
vergence.  This  new  scheme  can  control  the  magnitude  of 
damping  in  the  numerical  solution,  and  proper  choice  of 
Qmul  may  eliminate  the  numerical  instabilities  that  several 
researchers  have  experienced  when  using  either  the  three 
point  or  the  four  point  method. 

2.  Contour  plots  similar  to  Fig. 8  for  example,  are 
strongly  recommended  when  studying  such  a  complex 
numerical  model.  Using  the  contour  plots  we  can  more 
easily  visualize  the  quality  of  computational  results  and 
choices  of  truncation  regions  and  panel  densities  which 
often  may  be  misjudged  just  looking  the  local  flow  charac¬ 
teristics  such  as  the  wave  profile  or  streamline  tracing 
along  the  ship  hull  or  especially  a  scaler  quantity  such  as 
wave  resistance  alone.  We  have  found  that  numerical 
instability  sometimes  starts  at  the  edge  of  a  boundary  with 
negligibly  small  magnitude,  and  it  progressively  grows 
and  spreads  as  iteration  continues. 

3.  The  most  significant  improvement  was  made 
between  the  linear  solution  and  the  first  iteration.  It  is 
suggested  that  at  least  for  the  first  iteration  an  under 
relaxation  coefficient  either  obtained  from  Eq.  (22)  or 
provided  with  small  value  such  as  0.5  used  by  Ni[6]  be 
used.  For  practical  purposes,  2  to  3  iterations  may  be 
sufficient. 

4.  It  now  appears  that  the  long  search  for  programs 
to  accurately  estimate  wave  resistance  is  now  drawing  to  a 
successful  conclusion,  and  the  next  emphasis  should  be  on 
the  more  difficult  problems  of  simulating  the  wave  height 
on  the  hull  and  more  generally  the  wave  heights  on  the  free 
surface.  Here  the  comparison  with  experimental  results 
combined  with  flow  visualization  methods  is  essential. 
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APPENDIX 


Derivatives  of  Velocity  Components  in  Z-direction 


Z  r 

(21) 

^  =  JJ  o(T1 1 ^  ~ z)  sec(C  *  n)d^dr) 

z  r 

(22) 

<t>^  =  JJ G^'5Z--  sec(C •  n)d^dr| - JJ ^sec(C  •  n)d^dr| 

i  r  r  3r 

(23) 


where  a(^,r|)  is  given  Eq.(15),  r  =  {(4-x)2+(T|-y)2+(£- 
z)2)l/2.  and  X  shown  in  Fig.  2. 

We  assume  that  surface  panel  is  sufficiently  fine  that  the 

term  sec(C  *  n)  becomes  zero.  After  algebraic  manipu¬ 
lation,  the  following  expressions  are  obtained: 

<L  =  °oKot(1»1)  +  ^(xKm(l,l)  +  Kox(2,l)> 

+  0i,(yKox(l>l)  +  KOT(l,2))  (24) 

<fyz  =  o.Kjl.D  +  o^xK^aD  +  K^.l)) 

+  o,(yKoyai)  +  Koy(l,2))  (25) 

4>*  =  a0K0z(U)  +  o^(xK02(l,l)  +  Ko2(2,l)) 

+  cj,(yKJU)  +  KJl,2))  (26) 


where 

K^Om.n^-hl^m+l.n.S) 

+a[  H(m+3,n,5)-  5  h2H(m+3,n,7) 
+2xH(m+2,n,5)-10xh3H(m+2,n,7)  ] 

+b[  H(m+l,N+2,5)-5h2H(m+l,n+2,7) 
+2yH(m+  l,n+l,5)-  10yh2H(m+ 1  ,n+ 1 ,7)  ] 
+c[  H(m+l,n,5)-5h2H(m+l,n,7)  ] 

(27) 


KcTy^.^—hH^.n+ES) 

+a[  H(m+2,n+l,5)-5h2H(m+2,n+l,7) 

+2xH(m+ 1  ,n+ 1 ,5)- 1 0xh2H(m+ 1  ,n+ 1 ,7)  ] 
+b[  H(m,n+3,5)-5h2H(m,n+3,7) 

+2yH(m,n+2,5)-10yh2H(m,n+2,7)  ] 

+c[  H(m,n+l,5)-5h2H(m,n+l,7)  ] 

(28) 

K<^(m,n)=  h2H(m,n,5) 

-a[  2hH(m+2,n,5)-5h3H(m+2,n,7) 

+4hxH(m+ 1  ,n,5)-  10xh3H(m+ 1  ,n,7)  ] 
-b[  2hH(m,n+2,5)-5h3H(m,n+2,7) 
+4hyH(m,n+l  ,5)- 1 0yh3H(m,n+ 1,7)  ] 
-c[  2hH(m,n,5)-5h3H(m,n,7)  ] 


Here 


c  =  ax2  +  by2  -  z0 
h  =  z  -  Zq 
Zq=  ax0  +  by0 


H(m,0,k)  __ 


The  H(m,n,k)  integral  has  recursion  relations  and  actual 
computation  can  be  done  very  efficiently  and  accurately. 


Z 


Fig.  1.  Coordinate  system. 


Fig.  2.  Field  point/panel  geometry. 


—  U0 

Figure  3.  Typical  Panel  Arrangement 
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DISCUSSION  (SESSION  V,  PAPER  5) 

John  V.  Wehausen 

University  of  California  at  Berkeley,  USA 

The  agreement  between  the  authors’  "nonlinear"  computations  and 
measurement  is  impressive,  but  I  wonder  is  one  should  not  be 
suspicious  of  such  good  agreement.  Since  the  computations  are  based 
on  the  irrotational  flow  of  an  inviscid  fluid,  shouldn’t  a  measured 
wave  resistance  based  upon  residuary  resistance,  or  even  wave-pattern 
resistance,  show  at  least  some  discrepancy  with  the  computed 
resistance?  The  wave  resistance  is  a  rather  sensitive  test,  for  it  is  the 
difference  between  two  large  numbers  and  one  expects  to  see  some 
effect  of  viscosity  in  the  stem  region.  I  shall  be  curious  to  see  the 
results  for  similar  computations  for  Series  60,  CB  =  0.80.  I  also 
have  a  question  concerning  the  numerical  procedure.  "Convergence, " 
or  lack  of  it,  appears  to  depend  upon  the  choice  of  Q^,  but  = 
3  or  5  both  lead  to  convergence,  but  to  different  values.  Which 
should  I  believe?  and  why?  Even  if  they  were  identical,  can  one 
give  an  estimate  of  the  difference  between  the  obtained  value  and  the 
solution  to  the  exact  problem  (when  1  — »  0  in  some  fashion)? 

DISCUSSION 
Ronald  W.  Yeung 

University  of  California  at  Berkeley,  USA 

Your  results  show  remarkably  good  agreement  in  terms  of  wave 
resistance  and  wave/profile  when  compared  with  experimental  data. 
Jensen  and  Soding  (1988,  Jahrbuch  der  Schiffbautechnische 
Gesellschaft)  have  also  obtained  similarly  good  agreement  for  the 
same  formulation  but  using  discrete  sources.  They  also  have  very 
good  conveyence  in  their  iterative  scheme.  I  was  wondering  if  it  will 
be  possible  for  you  to  compare  your  results  with  theirs.  To  my 
recollection,  their  stem  wave  profiles  do  not  have  as  good  an 
agreement  with  experiments  as  yours.  Of  course,  for  an  identical 
model,  and  identical  mathematical  problem,  there  should  be  only  one 
set  of  correct  results.  For  a  blunt  bow  ship,  Jensen  &  Soding  had 
difficulty  obtaining  convergent  and  accurate  results  in  the  bow  area. 
You  may  like  to  try  a  similar  test  with  your  code.  I  want  to 
congratulate  you  and  your  colleagues,  including  Dr.  S.  H.  Kim,  for 
the  successful  development  of  this  code. 

DISCUSSION 
Hauime  Maruo 

University  of  California,  Santa  Barbara,  USA 

The  examples,  which  are  employed  in  this  paper,  are  Wigley  hull  and 
Series  60  hull.  In  these  cases  the  effect  of  nonlinearity  is 
comparatively  small,  and  the  advantage  of  the  nonlinear  computation 
may  not  be  well  demonstrated.  The  nonlinear  effect  is  remarkable  in 
the  case  of  hull  forms  as  was  employed  in  the  paper  by  Maruo  & 
Oginara  (1985),  for  which  the  nonlinear  computation  is  indispensable. 


DISCUSSION 

Kuniharu  Nakatake 
Kyushu  University,  Japan 

I  congratulate  you  on  your  fine  results.  You  tested  a  new  family  of 
upstream  finite  difference  schemes  in  order  to  satisfy  the  radiation 
condition.  As  well  known,  the  calculated  results  vary  with  choice  of 
different  scheme.  I  think  it  is  not  reasonable.  We  are  using  a  phase- 
shift  method  which  we  call  KU  (Kyushu  Univ)  method. 1  The  feature 
of  this  method  is  nonuse  of  difference  scheme.  According  to  our 
experience,  it  is  applicable  to  very  narrow  computation  domain.  And 
a  theoretical  proof  for  it  is  to  be  presented  by  Dr.  H.  Seto 
(Mitsubishi  Heavy  Ind.)  in  Nov.  1990.  I  recommend  you  to  test  KU 
method  too. 

[1]  J.  Ando  and  K.  Nakatake,  Tran,  of  West-Japan  Society  of  Naval 
Architects.  Vol.  75,  1987. 


DISCUSSION 
Dimitris  Nakos 

Massachusetts  Institute  of  Technology,  USA 

The  design  of  iteration  schemes,  based  on  linearization  about  the 
previous  solution  step,  is  the  most  critical  issue  in  numerical  solutions 
of  nonlinear  steady  ship  waves.  Such  schemes  are  desired  to  be 
convergent  within  a  few  iterations,  due  to  the  large  computational 
effort  involved  at  each  solution  step.  It  is  fair  to  state  that  the  part 
of  the  wave  flow  which  is  expected  to  resist  convergence  is  associated 
mostly  with  the  diverging  wave  system.  The  authors  have 
demonstrated  effectively  that  excessive  numerical  damping  is  able  to 
"filter  out"  all  short  diverging  waves  and  consequently  accelerate  the 
convergence  (see  e.g.  Figure  8).  The  question  that  arises  is  the 
following:  Is  it  proper  to  disregard  essential  features  of  the  flow  in 
the  name  of  numerical  convergence,  in  particular,  in  light  of  the  fact 
that  the  relatively  long  transverse  waves  are  mostly  unaffected  by 
nonlinearities? 

AUTHORS’  REPLY 

We  would  like  to  express  our  thanks  to  all  of  the  participants  who 
have  shown  their  interest  in  our  paper,  made  comments,  and 
expressed  their  critiques.  Several  questions  have  a  common  interest 
and  we  have  grouped  them  without  advance  consent. 

Reply  to  Professor  Wehausen: 

The  experimental  values  of  the  wave-making  resistance  we  used  to 
make  comparisons  were  obtained  by  the  longitudinal  wave  profile 
measurement  suggested  by  Eggers[l].  In  his  derivation  the  effect  of 
the  viscosity  is  neglected  and  the  corresponding  computer  code  has 
been  reported  by  Reed[l].  Table  A  summarizes  the  linear,  nonlinear 
and  measured  wave-making  resistance  for  Series  60,  CB  —  0.60.  At 
the  lower  Froude  number,  the  discrepancy  between  the  measurement 
and  the  nonlinear  solution  is  significant  and  even  at  the  higher  Froude 
number  the  difference  is  still  noticeable. 


DISCUSSION 
Hoyte  Raven 

Maritime  Research  Institute  Netherlands,  The  Netherlands 

Your  method  shows  a  very  good  convergence  for  the  cases  studied. 
However,  this  convergence  depends  on  the  numerical  (artificial) 
damping  caused  by  the  difference  scheme.  This  damping  does  not 
vanish  upon  convergence  but  remains  present  in  the  result.  For  the 
rather  mild  cases  shown,  its  influence  does  not  seem  to  be  large,  but 
for  full  hull  forms  the  required  value  of  could  be  much  higher 
and  the  damping  could  be  more  detrimental.  Similarly,  a  reduction 
of  the  panel  size  is  likely  to  ask  for  higher  Q^.  Therefore,  I  believe 
that  other  inherently  more  robust  formulations  of  the  iterative 
procedure  remain  something  to  be  searched  for.  Could  you  comment 
on  this?  449 


Reply  to  Professors  Wehausen,  Maruo,  Yeung,  and  Dr.  Raven: 
They  have  shown  common  interest  in  the  nonlinear  effects  on  a  ship 
with  blunt  bow  and  large  block  coefficient.  We  have  selected  Series 
60,  CB  =  0.80  which  has  a  half  entrance  angle  of  43  degrees  as  an 
additional  test  case.  Figures  A  and  B  show  the  linear  and  nonlinear 
wave  profiles  together  with  a  series  of  wave  profiles  obtained  during 
each  iteration  for  Fn  —  0.20  and  0.25  with  =  3  and  5 
respectively.  No  comparisons  were  made  with  measurements  because 
of  lack  of  availability.  As  Prof.  Maruo  pointed  out,  the  nonlinear 
effects  on  Series  60,  CB  =  0.80  is  more  significant  than  those  on 
Wigley  hull  or  Series  60,  CB  =  0.60.  One  noticeable  difference 
observed  between  ships  during  the  iteration  is  that  for  Series  60,  CB 
=  0. 80  the  wave  profile  after  the  first  iteration  has  the  largest  hump 
and  hollow  near  bow  region  and  from  the  second  iteration  the  wave 
profiles  oscillate  within  the  linear  and  the  first  wave  profile  band 
until  the  solution  converged.  On  the  other  hand,  for  Wigley  hull  or 
Series  60,  CB  =0.60,  the  wave  profiles  always  progressively  grow  as 
the  iteration  number  increases  until  the  solution  converged.  For  Fn 
—  0.30,  we  increased  from  5  to  7  to  9,  but  failed  to  get  a 
converged  solution.  As  the  iterations  continued,  the  wave  amplitude 
grew  continuously  and  after  the  third  iteration  the  wave  amplitude 
near  the  bow  region  exceeded  the  ship  draft  and  the  solution 
diverged.  Without  having  measurements,  it  is  difficult  to  evaluate  the 
quality  of  our  converged  solutions  for  a  fullform  ship.  Whether  the 
Fn  =  0.30  case  is  beyond  the  capability  of  our  code  would  require 
further  study,  but  as  the  method  is  very  new,  and  has  now  been 
shown  to  converge  nicely  for  lower  Froude  numbers  even  for  this 
fullform  ship,  with  further  research  we  would  anticipate  convergence 
even  at  Fn  =  0.30. 

Reply  to  Prof.  Yeung: 

Dr.  Jensen  compares  his  wavemaking  resistance  computations  with 
Ogiwara’s  experimental  results  which  were  conducted  at  free  sinkage 
and  trim  conditions.  Our  code  can  be  extended  to  handle  the  free 
sinkage  and  trim  conditions.  There  are  no  plots  on  the  wave  profile 
in  Jensen’s  paper. 

Reply  to  Prof.  Nakatake: 

The  phase  shift  and  the  shift  of  collocation  point  may  be  different 
terminology  for  the  same  approach.  A  shifting  also  introduces 
numerical  damping  and  is  algorithmically  similar  to  the  use  of 
upstream  finite  difference  formulae.  We  had  earlier  implemented  the 
shift  of  the  collocation  method  in  our  computer  code  and  tested  it. 
In  our  numerical  experiments,  we  shifted  the  collocation  points 
forward  between  10%  and  50%  of  the  characteristic  length  of  each 
panel.  Our  numerical  results  showed  that  the  shifting  apparently 
removed  the  oscillation  of  wave  profiles,  in  particular  near  the  bow 
region,  but  decreased  the  wave  amplitude  proportionally  as  we 
increased  the  shifting.  According  to  our  numerical  experience,  we 
haven’t  found  significant  advantages  to  applying  the  shifting  logic  to 
our  code. 

Reply  to  Prof.  Wehausen,  Dr.  Nakos,  and  Dr.  Raven: 

It  is  well  known  that  the  panel  method  using  a  Rankine  type 
singularity  with  an  upstream  finite  difference  scheme  to  satisfy  the 
free  surface  and  radiation  conditions  provides  good  results  near  the 
ship  [4].  But  because  of  an  inherent  local  damping  introduced  by 
upwinding,  the  wave  amplitudes  attenuate  significantly  as  they 
propagate  and  the  results  get  poorer  far  downstream.  Our  aim  was 
to  develop  a  quality  computer  program  which  is  practical  for  ship 
designers  in  the  shipbuilding  business.  The  linear  codes  of  the  past 
made  many  simplifications.  We  have  provided  an  approach  to  solve 
the  original  nonlinear  problem  that  eliminates  these,  and  gives  results 
that  compare  well  with  those  of  experiment,  with  a  modest  use  of 
computer  time.  We  haven’t  examined  the  relations  between  panel 
size,  Froude  numbers,  and  Q^s  carefully  at  this  point,  however  we 
will  be  considering  these  questions  in  the  future.  Your  comments  and 
critiques  are  very  much  appreciated. 
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Wave  Profile  (  Zeta*2*g/U**2  ) 


Table  A  Wave-Making  Resistance  Comparisons 

Series60,  CB=0.60(Model  Fixed) 

(Cwxl03) 

Fn 

Linear 

Nonlinear 

Experiment 

0.22 

0.369  1 

0.255 

0.176 

0.25 

0.664 

0.354 

0.230 

0.28 

1.581 

1.045 

1.011 

0.30 

2.144 

1.460 

1.375 

0.32 

1.815 

1.357 

1.316 

0.35 

2.148 

1.836 

1.780 

Fig. A.  Series60,  CB=0.80  at  Fn=0.200 
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Fig.B.  Series60,  CB=0.80  at  Fn=0.250 
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A  Model  for  the  Generation  and  Evolution  of  an 
Inner-Angle  Soliton  in  a  Kelvin  Wake 

R.  Hall,  S.  Buchsbaum 

(Science  Applications  International  Corporation,  USA) 


ABSTRACT 

We  develop  a  simple  model  for  the 
generation  and  evolution  of  an  inner- 
angle  soliton  in  a  Kelvin  wake.  The 
generation  is  modeled  as  an  interference 
maximum  due  to  a  source-sink  pair  and 
the  evolution  is  modelled  using  the 
nonlinear  Schrodinger  equation.  The 
model  is  used  to  explain  the  results  of  a 
recent  experiment.  Although  some  of  the 
parameters  in  the  model  are  fit  to 
experimental  data,  the  values  of  the 
parameters  are  physically  reasonable, 
thus  we  conclude  that  the  model  captures 
the  essential  physics. 

1.  INTRODUCTION 

It  has  long  been  observed  that 
rays  appear  inside  the  cusp  line  within 
the  diverging  portion  of  the  Kelvin  wake 
of  a  ship.  The  simplest  explanation  for 
these  rays  is  an  interference  pattern  due 
to  the  superposition  of  the  wave  fields 
generated  by  the  bow  and  the  stern. 
Interest  in  these  rays  has  increased  in 
recent  years  because  they  are  a  possible 
explanation  for  some  of  the  long  bright 
lines  observed  in  imagery  of  ship  wakes 
collected  from  space  [1]. 

Since  these  rays  can  form  as  a 
result  of  an  interference  pattern,  they 
will  appear  in  any  model  for  the  Kelvin 
wake  of  a  ship  as  long  at  that  model  is 
capable  of  calculating  the  far-field  wake. 
If  the  wave  amplitude  in  the  ray  is  small, 
or  if  the  Kelvin  wake  model  uses  a 
linearized  form  of  the  free  surface 


boundary  condition,  then  each  ray 
inside  the  cusp  line  diverges  linearly  as 
it  propagates  aft:  the  width  increases 

linearly  with  distance  aft  and  the 
amplitude  decreases  as  the  inverse  of  the 
square  root  of  the  distance  aft  (the  cusp 
line,  of  course,  diverges  slower). 

In  a  recent  experiment  [2,3],  a  ray 
in  the  Kelvin  wake  of  a  Coast  Guard 
cutter  was  studied.  Figures  1  and  2  show 
the  near-  and  far-field  wakes, 

respectively.  The  ship  speed  was  15 

knots  (the  Froude  number  was  0.5)  and 
the  ray  appeared  at  an  angle  of  10.9 
degrees  from  the  wake  centerline,  which 
is  close  to  the  angle  predicted  by  the 
interference  model  discussed  above. 

However,  the  far-field  evolution  of  the 
ray  was  not  consistent  with  linear 
theory.  Although  Figure  2  shows  that  the 
width  of  the  ray  increased  somewhat  over 
the  first  few  ship  lengths  aft  of  the  stern, 
by  a  few  hundred  meters  aft  the  width 
did  not  increase  and  the  ray  was  shown  to 
be  an  oblique  nonlinear  solitary  wave 
packet.  Related  theoretical  work  [4]  on 
the  nonlinear  evolution  of  a  wave  packet 
showed  similar  behavior. 

In  this  paper  we  will  develop  a 
simple  physical  model  for  the  generation 
and  evolution  of  the  inner-angle  ray 
observed  in  the  experiment.  In  Section  2, 
the  generation  of  the  ray  will  be  modeled 
using  a  simple  linear  theory  in  which  the 
bow  of  the  cutter  is  represented  by  a 
source  and  the  stern  is  represented  by  a 
sink.  In  Section  3,  the  evolution  of  the 
ray  into  an  oblique  nonlinear  solitary 
wave  packet  will  be  modeled  using  a  two- 
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Figure  1.  The  near-field  wake  of  the  Coast  Guard  Cutter  Point 
Brower.  The  ship  speed  is  15  knots.  The  lower  photo 
shows  the  port  side  cusp  line  and  soliton.  The  soliton 
intersects  the  lower  left  hand  corner  of  the  photo. 
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dimensional  nonlinear  Schrodinger 
equation  for  the  complex  packet 
envelope.  Compared  to  the  current  state- 
of-the-art  in  modeling  the  Kelvin  wakes 
of  ships,  our  model  is  crude,  but  it  has 
the  virtue  of  capturing  the  essential 
physics  in  a  simple  way.  In  the 
conclusions  we  will  review  the 
limitations  of  the  model  and  will  suggest 
future  improvements. 

Included  in  the  Appendix  is  brief 
review  of  Kelvin  wake  kinematics, 
including  the  geometry  of  the 
interference  rays  generated  by  a  source- 
sink  pair,  and  a  list  of  the  parameters  of 
the  soliton  observed  in  the  experiment. 

2.  LINEAR  THEORY 

Our  model  for  the  generation  of 
the  ray  consists  of  a  source-sink  pair  in 
a  potential  flow  with  linearized  free 
surface  boundary  conditions.  The 
interior  continuity  equation  is 

V2®  =  Sb+Ss,  (1) 

the  linearized  dynamic  boundary 
conditions  on  z-0  are 

®t-U&x  =  ~P-gt1  (2) 

and 

P  =  0,  (3) 

and  the  linearized  kinematic  boundary 
condition  on  z=0  is 

t i(-UTix  =  <t>z.  (4) 

The  coordinate  system  is  fixed  to  the 
ship,  which  is  moving  with  speed  U  i  n 
the  positive  x  direction.  y  is  positive  to 
port  and  z  is  positive  upward.  $  is  the 
velocity  potential  for  the  perturbation  to 
the  uniform  oncoming  flow,  77  is  the  free 
surface  elevation  relative  to  the  mean 
ambient  level  z=0,  and  P  is  the  surface 
pressure  divided  by  the  density.  The 
source  at  the  bow,  SB ,  and  the  sink  at  the 


stern,  Ss ,  are  given 

by  point 

singularities: 

SB  =  UAS(x- a)S(y)S(z  -  c) 

(5) 

and 

Ss  =  -SB,  witha-*-a. 

(6) 

The  depth  of  the  source  is 

-c  and  the 

distance  between  the  source  and  the  sink 
is  2a.  Note  that  x  =  0  is  amidships; 
hereinafter,  when  we  refer  to  distance 
aft,  we  mean  distance  aft  of  amidships,  or 
- x .  The  volume  flux  emitted  by  the 
source  is  UA.  In  the  limit  that  a))^A  A 

J 

is  the  cross-sectional  area  amidships  of 
the  region  occupied  by  the  fluid  emitted 
from  the  source.  Since  the  source  is 
steady  and  the  coordinate  system  is  fixed 
to  the  ship,  the  solution  of  Equations  (1)- 
(6)  will  be  steady. 

In  the  experiment  discussed  in 
[1],  the  ship  was  a  Point  Class  Coast 
Guard  cutter  (Point  Brower)  and  the  ship 
speed  was  15  knots.  We  obtain  the 
required  parameters  for  our  model  from 
Coast  Guard  Drawing  No.  82(D)  WPB- 
0700-1,  ”82  Foot  Patrol  Boat  (Class  D) 
Docking  Plan."  The  forward  and  aft  (at 
the  stern)  perpendiculars  are  defined 
using  a  draft  of  5'-3M  above  the  base  of 
the  propellor.  The  distance  between  them 
is  78’  (23.8  meters),  which  is  the 

waterline  length  for  this  draft.  The 
cross-section  nearest  amidships  shown 
in  the  plan  is  a  bulkhead  located  36'  aft 
of  the  forward  perpendicular.  Using  the 
5,-3"  waterline,  this  cross-section  has  a 
beam  of  4.4  meters  at  the  waterline,  a 
draft  of  1.0  meters  above  the  bottom  of 
the  bare  hull,  and  a  cross-sectional  area 
of  3.3  square  meters  below  the  waterline. 
We  do  not  know  the  actual  static 
waterline  or  the  running  sinkage  and 
trim  for  the  experiment. 

For  our  model,  we  will  use  £/  =  15 
knots  and  we  will  let  A  be  3.3  square 
meters,  which  is  the  submerged  cross- 
sectional  area  at  the  36'  bulkhead.  The 
depth  of  the  source  ,  -c,  will  be  half  the 
draft  at  the  bulkhead,  or  0.5  meters.  We 
could  let  the  distance  between  the  source 
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and  the  sink,  2 ay  be  the  23.8  meter 

waterline  length,  but  we  chose  a  smaller 
value  of  22.2  meters  instead.  This  value 
is  chosen  so  that  the  position  of  the  ray 
in  the  model  is  fit  to  the  observed 
position  of  the  soliton  in  the  experiment, 
as  shown  in  the  Appendix.  It  is 
reasonable  that  the  value  of  2 a  be  less 

than  the  waterline  length  because  the 
wave  generation  regions  lie  between  the 
forward  and  aft  perpendiculars. 

The  solution  of  Equations  (l)-(6) 
is  given  in  terms  of  a  superposition  of 
two  of  the  Green  functions  defined  in 

Equation  (7)  of  [5].  Figure  3a  shows  the 
surface  elevation  out  to  a  distance  of  400 
meters  aft.  Only  the  far  field  portion  of 
the  solution,  the  portion  given  by 

Equation  (7b)  of  [5],  is  shown.  The  first 
ray  inside  the  cusp  line  is  the  ray  that 
evolves  into  the  soliton.  The  ray  appears 
at  an  angle  of  10.9  degrees  from  the  wake 
centerline  and  the  wave  vector  at  the 

peak  of  the  ray  is  ( kx ,  ky)  =  (0.426,  l.OlJm"1 
(see  the  Appendix).  Unfortunately,  there 
are  two  problems  with  this  solution. 
First,  the  wave  slopes  within  the 
diverging  portion  of  the  Kelvin  wake  are 
unrealistically  large.  This  can  be  seen 
more  clearly  in  Figure  4,  which  shows 

the  cross-track  slope  T]y  at  100  meters 

aft.  Second,  two  additional  rays,  which 
were  not  observed  in  the  experiment, 
appear  inside  the  first  ray.  Both  of  these 
problems  can  be  corrected  by  replacing 
the  point  sources  at  the  bow  and  stern 
with  distributed  sources.  This  is  a 
reasonable  modification  of  the  model 
because  the  bow  and  stern  regions  are  of 
finite  extent.  For  convenience,  we  chose 
a  Gaussian  distribution  in  the  horizontal 
plane. 


because  it  reduces  each  spectral 
component  in  the  solution  by  the  simple 
factor 

exp(-<72*2/2),  (9) 

where  k  is  the  horizontal  wavenumber. 
Figure  3b  shows  the  surface  elevation  for 
the  solution  of  Equations  (l)-(4),  (7)  and 
(8),  with  a  value  of  1.2  meters  for  o . 
This  particular  value  is  chosen  so  that 
the  amplitude  of  the  soliton  obtained  in 
Section  2  agrees  with  the  observations. 
The  value  is  reasonable  because  it  yields 
a  value  of  2.8  meters  for  the  full  width  at 
half  height  of  the  Gaussian,  which  is 
consistent  with  the  length  scales  in  the 
bow  and  stern.  Figure  4  shows  the  cross- 
track  slope  at  100  meters  aft  for  this 
solution.  Note  that  the  values  are  now 
physically  reasonable. 


Figure  4.  A  comparison  of  the  cross¬ 
track  slope  at  100m  aft  for  the  two  types 
of  sources. 


3.  NONLINEAR  THEORY 


We  model  the  evolution  of  the  ray 
into  an  oblique  nonlinear  solitary  wave 
packet  by  using  a  time-dependent,  two- 
dimensional  nonlinear  Schrodinger 
equation  for  the  complex  packet 
envelope.  One  procedure  for  doing  this 
is  to  take  the  cross-track  profile  of  the 
ray  at  a  couple  of  ship  lengths  aft  and 
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use  it  as  an  inflow  boundary  condition 
for  the  nonlinear  Schrodinger  equation. 
A  second  procedure,  which  is  suitable 
when  the  generation  model  is  linear,  is  to 
bandpass  the  source  term  for  the  narrow 
band  of  spectral  components  that 
generate  the  ray,  and  then  include  this 
narrow-band  source  term  in  the 
nonlinear  Schrodinger  equation.  We 
adopt  this  second  procedure. 

We  begin  by  returning  to  the 
generation  model  and  separating  the 
velocity  potential  <I>  into  a  double  body 
term  <j>DB  and  a  wave  term  <p 

^  =  Qdb  +  0-  (10) 


wavevectors  of  the  two  nodes  in  the 
Kelvin  wake  that  bound  the  ray,  then 
using  a  top  hat  filter  to  pass  all  of  the 
spectral  components  along  the  Kelvin 
wake  dispersion  curve  in  between  these 
nodes.  For  simplicity,  we  adopt  an 
alternate  approximate  procedure:  we 

replace  the  top  hat  filter  with  a  Gaussian 
filter,  we  approximate  the  spectrum  of 
PDB  in  the  vicinity  of  the  filter  by  a 
uniform  value  for  the  source  and  another 
uniform  for  the  sink,  and  we  set  each 
uniform  value  equal  the  value  at  the 
spectral  component  corresponding  to  the 
peak  of  the  ray.  The  resulting 

expression  for  PDB  is 


The  double-body  flow  satisfies  the 
interior  equation 


V  <Pj)B  =$B  +Ss, 


(ID 


and  the  bondary  conditions 

<Pdbz  =  0  (12) 

and 

Pdb-UQdbx  (13) 


PDB  -  Re  j//exp[/  (kxx  +  ky 

where 
H  =  Hb  +  Hs, 

2ico 


Hb~ - UA  exp 


a2k2 


-k\c\-i  (kxa) 


(17) 


(18) 


(19) 


and 


on  z=0.  The  wave  field  satisfies  the 
interior  equation 

V2<f>  =  0  (14) 

and  the  boundary  conditions 

<pt-U^x  =  pDB-sn  (15) 

and 

Vt  ~Urjx  =  <pz  (16) 

on  z=0.  We  solve  Equations  ( 1 1)-(  1 3)  for 
PDB  and  bandpass  the  result  so  that  it 
only  contains  the  narrow  band  of  spectral 
components  PDB  that  generate  the  ray. 

The  rigorous  procedure  for 
bandpassing  PDB  involves  finding  the 


Hs=-Hb,  withal— a,  (20) 

and  where  PB  is  given  by 

<**,2(*-a)2+<^V 

2 

(21) 

( kx ,  fcy)  =  (0.426,  1.01)m-1  is  the  wavevector 
of  the  Kelvin  wave  at  the  peak  of  the  ray, 
and  k-  1.10m-1  and  co  =  3.28rad  /  s  are  the 
wavenumber  and  frequency,  respectively 
(see  the  Appendix).  We  choose  a  value  of 

o^=kyf 2  for  the  standard  deviation  of 

the  Gaussian  filter  in  the  ky  direction. 

This  is  the  most  important  direction 
because  it  is  roughly  parallel  to  the 


F«=- 


2n 


exp 
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(24) 


Kelvin  wake  dispersion  curve  in  the 
(kx ky)  plane.  This  value  of  <x^  does  a 

reasonable  job  of  passing  the  spectral 
components  that  lie  between  the  two 
nodes  that  bound  the  ray,  as  well  as 
excluding  the  spectral  components 
beyond  the  nodes  (see  the  Appendix). 

The  value  of  a ^  must  be  large  enough  to 
pass  the  spectral  components  that  lie 
between  the  nodes.  We  let  it  equal  <7^, 

for  convenience.  Although  this  is  a  few 
times  larger  than  necessary,  the 
additional  filter  width  is  normal  to  the 
Kelvin  wake  dispersion  curve  and  does 
not  contribute  to  the  far-field  wake. 

Assuming  that  the  surface 
elevation  has  the  narrow-band  form 

rf  =  Re  |i?exp[i  ( kxx  +  kyy  i-  <22> 

we  use  standard  procedures  (see  [6])  on 
Equations  (14)-(17)  to  obtain  the  linear 
Schrodinger  equation  for  the  complex 
packet  envelope: 

-6kykyBXy  +  (2 kx2  -  ky2  )Byy  ] 

|  iO)H 


The  solution  of  this  equation  is  shown  in 
Figure  5a.  We  note  that  the  ray  in  Figure 
3b  appears  somewhat  larger  that  the  ray 
in  Figure  5a  only  because  the  former  ray 
is  superimposed  on  the  transverse  wave 
(note  the  different  gray  scales  in  the 
figures).  The  actual  wave  amplitudes  are 
comparable. 

The  nonlinear  Schrodinger 
equation  is  obtained  by  using  the 
nonlinear  versions  of  Equations  (15)  and 
(16)  in  the  derivation  of  Equation  (23) 
(see  [6]).  The  well-known  result  is  to  add 
the  term 


to  the  right  hand  side  of  Equation  (23). 
This  term  represents  the  increase  in  the 
phase  speed  of  the  wave  due  to 
nonlinearity.  The  solution  of  Equation 
(23),  with  (24),  is  shown  in  Figure  5b. 
The  nonlinear  term  arrests  the 
dispersion  of  the  ray  yielding  an  oblique 
nonlinear  solitary  wave  packet.  Figures 
6a  and  6b  compare  the  linear  and 
nonlinear  Schrodinger  equation  results 
at  100m  and  400m  aft,  respectively. 


Figures  6a  (bottom)  and  6b  (top).  A 
comparison  of  the  solutions  of  the  linear 
and  nonlinear  Schrodinger  equations. 

We  note  that  we  have  performed 
additional  calculations  with  the  model 
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ray.  Note  that  the  axes  in  these  tigures  are  the  same  as  in  Figure  3,  but  the  gray  scales 
are  different. 


using  reduced  forcing.  If  the  peak  slope 
of  the  soliton  just  aft  of  the  source-sink 
region  drops  to  0.1,  then  a  soliton  does 
not  form  by  400  m  aft.  The  required 
conditions  on  the  initial  packet  for 
soliton  formation  are  discussed  in  [3]. 


4.  CONCLUSIONS 

We  have  developed  a  simple  model 
for  the  generation  and  evolution  of  the 
inner-angle  ray  observed  in  the 
experiment.  The  generation  is  modeled 
as  an  interference  maximum  due  to  a 
source-sink  pair  and  the  evolution  is 
modelled  using  the  nonlinear 
Schrodinger  equation.  Although  some  of 
the  parameters  in  the  model  are  fit  to 
experimental  data,  the  values  of  the 
parameters  are  physically  reasonable, 
thus  we  conclude  that  the  model  captures 
the  essential  physics. 

We  have  three  recommendations 
for  future  research.  First,  the  generation 
model  should  be  improved  using  one  of 
the  state-of-the-art  Kelvin  wake  models, 
with  the  objective  of  replacing  our  fit 
with  a  true  prediction.  This  is 
particularly  important  at  low  Froude 
number,  where  there  are  a  larger  number 
of  interference  rays  and  a  model  with  a 
detailed  representaion  of  the  hull  form 
and  the  near-field  flow  is  essential. 
Second,  the  output  from  the  generation 
model  should  be  used  as  an  inflow 
condition  for  the  far-field  equations, 
rather  than  using  the  double-body 
pressure  forcing,  as  in  our  evolution 
model.  The  double-body  pressure 
forcing  is  only  suitable  when  the 
generation  model  is  linear.  Third,  the 
far-field  model  should  be  upgraded  to 
include  a  higher  order  expansion  [6]  or  a 
fully-nonlinear  equation.  This  will 
improve  the  approximation  of  the  linear 
dispersion  relation  near  the  nodes  and 
will  add  a  nonlinear  correction  to  the 
group  velocity. 
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APPENDIX 

In  this  appendix  we  review  Kelvin 
wake  geometry.  The  condition  that  a  wave 
is  steady  with  respect  to  the  ship  is 


where  the  dispersion  relation  for  the 
wave  is 

<O  =  Jgk>0,  k  =  ^kx2  +  ky2  >0.  (A2) 
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The  group  velocity  of  the  wave 
determines  its  position  in  the  wake, 
given  by  the  angle  a  with  respect  to  the 
wake  centerline: 


daldky 

1211  a  U-So)j3kx  ’ 


(A3) 


The  condition  for  an  interference 
maximum  in  a  source-sink  pair  model  is 

2akx  -  nn,  n  odd .  (A4) 

The  condition  for  an  interference 
minimum  is  Equation  (A4)  with  n  even. 

The  observed  frequency  of  the 
soliton  in  the  experiment  was  3.28 
rad/sec  [2],  Using  a  ship  speed  of  15 
knots  (7.7  m/s),  the  above  formula  imply 

that  (*„  ky)  =  (0.426,  1.01)m_1  and  a  =10.9 

deg.  Equation  (A4)  then  yields  a  value  of 
2a=22.2m  for  the  distance  between  the 
source  and  sink  that  yields  a  ray  at  the 
observed  angle.  Using  this  distance. 
Equations  (A4)  and  (A3)  yield  a  value  of 
15.9  degrees  and  8.3  degrees  for  the 
nodes  on  either  side  of  the  ray  peak.  The 
ky  wavenumbers  of  these  nodes  are  0.393 

m~l  and  1.854  m~ly  respectively. 

Based  upon  an  average  of  24  runs 
beyond  0.5  km  aft  [2],  the  spatial  width 
of  the  feature  was  8.9m  (measured  at  1/e 
of  the  peak)  and  the  peak  wave  amplitude 
was  15.1  cm  (this  was  1.1  times  the 
theoretical  soliton  value  calculated  from 
the  other  parameters).  An  average  of  the 
runs  at  0.5  km  aft  yielded  a  peak 
amplitude  of  20  cm. 


Near-Field  Nonlinearities  and  Short  Far-Field  Ship  Waves 
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ABSTRACT 

The  short  divergent  waves  in  the  steady  wave 
pattern  of  a  ship  are  analyzed  on  the  basis  of  a 
linear  far-field  flow  representation  and  a  nonlinear 
near-field  flow  approximation.  More  precisely,  the 
far-field  wave  spectrum  is  determined  in  a  simple 
and  practical  manner  by  means  of  a  waterline- 
integral  approximation  obtained  from  a  modified 
Neumann-Kelvin  integral  representation;  and  the 
nonlinear  near-field  flow  along  the  ship  waterline 
is  determined  via  a  nonlinear  correction  defined  by 
a  simple  analytical  expression.  Numerical 
calculations  for  the  Wigley  hull  predict  short 
divergent  waves  too  steep  to  exist  in  reality  within 
a  significant  sector  in  the  vicinity  of  the  ship  track. 
The  predicted  waves  also  exhibit  a  well-defined 
peak  at  an  angle  from  the  ship  track  equal  to  about 
1°  to  2°. 

INTRODUCTION 

The  ongoing  search  for  explanations  of  the 
features  displayed  by  remote-sensing  images  of  ship 
wakes  has  prompted  the  formulation  of  various 
alternative  theoretical  hypotheses.  One  such 
hypothesis  is  that  some  features  of  ship  wake  radar 
images  might  be  attributable  to  characteristics  of  the 
steady  Kelvin  wave  pattern. 

Efforts  to  determine  whether  the  pattern  of 
steady  far-field  waves  generated  by  a  ship  does  in 
fact  exhibit  any  notable  property  capable  of  causing  a 
corresponding  identifiable  feature  in  remote¬ 
sensing  images  have  motivated  a  number  of  recent 
studies  of  the  Kelvin  wake,  including  Scragg  [1], 
Barnell  and  Noblesse  [2],  Keramidas  and  Bauman 
[3],  Milgram  [4],  and  Trizna  and  Keramidas  [5].  All 
these  numerical  studies  are  based  upon  a  highly- 
simplified  hydrodynamic  model,  namely  the 
zeroth-order  slender-ship  approximation  proposed 
in  Noblesse  [6].  It  is  shown  in  Baar  [7],  Andrew, 

Baar  and  Price  [8],  Lindenmuth,  Ratcliffe  and  Reed 
[9],  and  Noblesse,  Hendrix  and  Barnell  [10]  that  the 
first-order  slender-ship  approximation  provides 
fairly  realistic  predictions  of  the  wave  profile,  the 


near-field  wave  pattern  and  the  long  waves  in  the 
wave  spectrum.  However,  the  zeroth-order 
slender-ship  approximation  is  a  poor 
approximation  to  the  Neumann-Kelvin  theory  in 
the  short-wave  limit,  as  is  indicated  by  the 
numerical  results  depicted  in  Figure  2a  in  [10]  and  is 
confirmed  by  the  results  obtained  further  on  in  this 
study.  The  wave  calculations  reported  in  [1] 
through  [5]  therefore  are  unlikely  to  provide 
realistic  representations  of  the  short  waves  in  the 
wave  pattern  of  a  ship. 

Earlier  numerical  calculations  of  the  wave 
spectrum  or  the  wave  pattern  of  a  ship  may  be 
found  in  the  literature,  e.g.  Sharma  [11]  and  Tuck, 
Collins  and  Wells  [12].  However,  these  calculations 
are  also  based  upon  a  highly-simplified 
hydrodynamic  model,  namely  the  Michell  thin- 
ship  approximation.  Similarly,  the  far-field  wave 
calculations  of  Ursell  [13]  correspond  to  an 
elementary  free-surface  pressure  singularity. 

The  steady  wave  pattern  and  wave  spectrum  of  a 
ship  thus  have  been  relatively  little  studied,  and  are 
ill  known.  In  particular,  the  asymptotic  behavior  of 
the  wave-spectrum  function  in  the  short-wave 
limit  is  not  known,  and  it  is  not  known  whether 
this  asymptotic  behavior  might  explain  the 
common  observation  that  the  wake  of  a  ship  in  the 
vicinity  of  the  track  exhibits  no  short  divergent 
wave. 

The  short  waves  in  the  wave-spectrum  function 
and  the  far-field  wave  pattern  of  a  ship  are 
examined  in  the  present  study  within  the  context  of 
a  somewhat  more  realistic  hydrodynamic  model 
than  the  Michell  thin-ship  theory  and  the  slender- 
ship  approximation  used  in  the  previously 
mentioned  numerical  studies.  More  precisely,  the 
theoretical  framework  adopted  in  the  present  study 
is  that  provided  by  the  linearized  Neumann-Kelvin 
flow  representation.  This  theory  defines,  via  well- 
known  formulas,  the  steady  wave  pattern  (and  the 
wave  resistance)  of  a  ship  in  terms  of  the  wave- 
spectrum  function,  which  is  defined  in  terms  of  the 
flow  at  the  ship  mean  wetted-hull  surface. 
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Accurate  theoretical  predictions  of  the  steady  wave 
spectrum  of  a  ship  therefore  are  necessary  for 
obtaining  reliable  wave-signature  (and  wave- 
resistance)  predictions. 

However,  accurate  numerical  calculations  of  the 
wave-spectrum  function  cannot  readily  be  obtained 
because  this  function  is  defined  as  the  sum  of  two 
integrals,  namely  a  line  integral  around  the  ship 
mean  waterline  and  a  surface  integral  over  the  ship 
mean  wetted-hull  surface,  which  very  nearly  cancel 
out  in  the  manner  recently  shown  in  Noblesse,  Lin 
and  Mellish  [14].  Inaccuracies  which  inevitably 
occur  in  the  numerical  evaluation  of  the  waterline 
and  hull  integrals  cause  imperfect  cancellations 
between  these  two  integrals  and  correspondingly 
large  errors  in  their  sum.  The  foregoing 
cancellation  phenomenon  and  the  resulting 
numerical  inaccuracies  are  especially  acute  for  the 
short  waves  in  the  wave  spectrum. 

A  mathematical  remedy  to  this  fundamental 
numerical  difficulty  is  presented  in  [14].  The 
remedy  consists  in  an  alternative  mathematical 
expression  for  the  wave-spectrum  function.  This 
alternative  expression  defines  the  wave  spectrum 
as  the  sum  of  modified  waterline  and  hull 
integrals.  No  significant  cancellation  occurs 
between  these  modified  integrals,  which  are  of  the 
same  order  of  magnitude  as  the  wave-spectrum 
function  defined  as  their  sum.  The  large 
cancellations  occurring  between  the  waterline 
integral  and  the  hull  integral  in  the  usual 
expression  for  the  spectrum  function  thus  are 
automatically  and  exactly  accounted  for,  via  a 
mathematical  transformation,  in  the  alternative 
new  expression  given  in  [14].  This  new  expression 
for  the  wave  spectrum  thus  is  considerably  better 
suited  than  the  usual  expression  for  accurate 
numerical  calculations,  notably  for  the  short  waves 
in  the  spectrum. 

Nevertheless,  the  integral  representation  for  the 
wave  spectrum  given  in  [14]  is  not  suitable  for 
evaluating  the  very  short  divergent  waves.  For 
instance,  the  use  of  this  (or  indeed  any  similar) 
integral  representation  for  the  numerical 
calculation  of  ship  waves  with  wavelength  between 
5  cm  and  40  cm,  corresponding  to  backscattering  of 
the  electromagnetic  waves  in  typical  systems  used 
for  remote  sensing  of  ship  wakes,  would  require  an 
exceedingly  large  number  of  extremely  small  panels 
for  representing  the  hull  surface.  In  fact,  such  short 
waves  can  only  be  evaluated  analytically,  via  a 
short-wave  asymptotic  approximation  of  the 
integral  representation  of  the  spectrum  function 
given  in  [14]. 

Reliable  predictions  of  the  short  waves  in  a  ship 
wave  spectrum  are  quite  difficult  to  obtain  because 
of  the  significant  numerical  difficulties  mentioned 
in  the  foregoing,  as  well  as  for  yet  another  reason. 
This  second  source  of  difficulties  stems  from  the 


fact  that  short  far-field  ship  waves  are  closely 
related  to  the  velocity  distribution  along  the  ship 
mean  waterline,  especially  the  fluid  velocity  at  the 
ship  bow  and  stern,  as  is  shown  further  on  in  this 
study.  However,  existing  near-field-flow 
calculation  methods  (so-called  nonlinear  methods 
included)  are  unable  to  provide  realistic  velocity 
predictions  at  a  ship  bow  and  stern  because  they 
cannot  model  the  strongly  nonlinear  flow  in  the 
immediate  vicinity  of  these  points,  as  was  recently 
shown  in  Noblesse,  Hendrix  and  Kahn  [15].  The 
nonlinear  analytical /experimental  and 
analytical /numerical  velocity  distributions  along 
the  mean  waterline  of  the  Wigley  hull  defined  in 
[15]  are  used  in  the  present  study  for  predicting  the 
short  divergent  waves  generated  by  the  Wigley 
hull. 

FOURIER  REPRESENTATION  OF  THE  WAVE 
PATTERN 

The  wave  potential  <t>w(£,)  at  any  point  £  =  (£,  rj, 

£  <  0)  behind  the  stern  of  a  ship  advancing  at 
constant  speed  in  calm  water  can  be  defined  in 
terms  of  a  Fourier  representation,  as  is  well  known. 
Specifically,  (20)  in  [14]  yields 

<MS)  =  £  exP(V2Cp2)0OS(V2T|pt) 

Im  exp(iv2^p)  K(t)  dt ,  (1) 

where  the  wave  potential  <j)w  and  the  coordinates 
4,  T|,  £  are  nondimensional  with  respect  to  the  ship 
length  L  and  speed  U,  and  v  is  the  inverse  of  the 
Froude  number  F  ;  we  thus  have 

v  =  1/F  with  F  =  U/(gL)l/2/  (2a,b) 

where  g  is  the  acceleration  of  gravity.  Furthermore, 
p  in  (1)  is  related  to  the  Fourier  variable  t  as  follows: 

p  =  (1+t2)1/2.  (3) 

Finally  the  (nondimensional)  function  K(t)  in  (1)  is 
the  wave-spectrum  function.  The  wave  potential  is 
defined  by  (1)  in  terms  of  a  familiar  Fourier 
superposition  of  elementary  plane  waves 
propagating  at  angles  0  from  the  ship  track  (the  x- 
axis )  given  by 

.  tan0  =  t .  (4) 

The  amplitudes  of  these  elementary  plane-wave 
components  are  essentially  given  by  the  spectrum 
function  K(t),  which  thus  contains  essential 
information  directly  relevant  to  a  ship's  signature 
(and  wave  resistance).  This  study  is  concerned  with 
the  numerical /analytical  evaluation  and  the 
behavior  of  the  spectrum  function  K(t)  in  the  short¬ 
wave  limit  t  — » <*>  (0  — »  90°). 

It  is  convenient  and  useful  to  express  the 
spectrum  function  K(t)  as  the  sum  of  two  terms  as 
follows: 

K(t)  =  K0(t)  +  K*(t) ,  (5) 
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(10a) 


where  Ko  represents  the  zeroth-order  slender-ship 
approximation  and  the  Neumann-Kelvin 
correction  term  in  the  Neumann-Kelvin 
approximation  Ko  +  K^ .  More  precisely,  the 
spectrum  function  Ko  +  K^  corresponds  to  the 
usual  linearized  Neumann-Kelvin  approxima¬ 
tion,  in  which  the  nonlinear  terms  in  the  free- 
surface  boundary  condition  are  neglected.  These 
nonlinear  terms  result  in  an  additional  term  in  (5), 
defined  by  an  integral  over  the  mean  free  surface 
[6,14],  which  is  ignored  in  this  study.  The  slender- 
ship  approximation  Ko  is  defined  explicitly  in 
terms  of  the  value  of  the  Froude  number  and  the 
hull  shape,  whereas  the  Neumann-Kelvin 
correction  also  depends  on  the  value  of  the 
tangential  fluid  velocity  at  the  hull  [14].  For  a  ship 
with  port  and  starboard  symmetry,  as  is  considered 
here,  the  slender-ship  approximation  Ko  and  the 
Neumann-Kelvin  correction  K^  can  be  expressed 
in  the  form 

Kq  =  Kq  +  Kq  ,  (ba) 

=  V  +  v '  (6b) 

where  the  superscripts  +  and  -  correspond  to  the 
contributions  of  the  port  and  starboard  sides  of  the 
ship,  respectively. 

Modified  mathematical  expressions  for  the 
functions  Ko  and  K^  are  given  in  [14]. 

Approximate  forms  of  these  expressions  valid  in 
the  short-wave  limit  are  now  given. 

THE  WAVE  SPECTRUM:  APPROXIMATE 

INTEGRAL  REPRESENTATION 

The  expression  for  the  slender-ship 
approximation  Ko  defined  by  (30)  in  [14]  involves 
the  exponential  function  exp(P2z),  where  P2  is  given 

hy 

P2  =  v2p2  =  (sec20)/F2.  (7) 

For  negative  values  of  the  vertical  coordinate  z,  the 
exponential  function  exp(P2z)  is  negligibly  small  in 
the  short-wave  limit  P2  — >  oo  .  We  then  have 

V  =  Jw  E±(nx2-U2)tydl 

-iv2u  Js  exp(P2z)  E+  nz  da  (8) 

as  P2  -><». 

The  expression  for  the  Neumann-Kelvin 
correction  K^  defined  by  (73)  and  (74a ,b)  in  [14]  can 
likewise  be  approximated  by  restricting  the 
integration  over  the  hull  surface  h  in  (73)  to  the 
hull  side  s.  We  then  have 

V  »  Jw  E±Aw±dl 

±  iv2  Js  exp(P2z)  E+  A^1  da/ 1 1  x  s  I  (9) 

as  P2  oo  ,  where  the  amplitude  functions  Aw* 
and  Ah1  are  defined  as 


^  =  (tx<t)t+sx<t’s)ty ±  u(v-Cu)  (<|>t+e<|>s) , 

Ah*  =  [(v-Cu)tx+(u+Cv)ty-iCtz]  (<t>s+£<|>t) 

-  [(v-Cu)sx+(u+Cv)sy-iCsz]  (4>t+£<t>s)  •  (10b) 

The  functions  E+  and  E_  in  (8)  and  (9)  are  the 
trigonometric  functions  defined  by  (19)  in  [14],  that 
is  we  have 

E±  =  exp[-iP2(ux  ±  vy)] ,  (11) 

where  u  and  v  are  given  by 

u  =  1/p  and  v  =  t/p ;  (17a, b) 

It  may  then  be  seen  from  (3)  that  we  have  1  >  u  >  0 
and  0  <  v  <  1  for  0  <  t  <  o°  }  with 

u2  +  v2  =  1  .  (13) 

Furthermore,  w  and  s  in  (8)  and  (9)  represent  the 
positive  halves  of  the  mean  waterline  and  of  the 
mean  wetted-hull  side  and  dl  and  da  the 
differential  elements  of  arc  length  of  w  and  area  of 

s,  respectively.  Also,  t  =  (tx,  ty,  tz)  and  s  =  (sx,  sy,  sz) 
are  unit  vectors  tangent  to  the  hull  side  along 
curves  which  roughly  correspond  to  waterlines 

and  framelines,  respectively.  The  vectors  t  and  s 
are  roughly  (but  not  necessarily  exactly)  orthogonal 
and  point  toward  the  bow  and  the  keel  line, 

respectively.  At  the  mean  free  surface,  the  vector  t 
is  tangent  to  the  mean  waterline  w  and  we  thus 
have  tz  =  0.  The  normal  vector  n  =  (nx,  ny,  nz)  to 
the  hull  side  is  defined  by 
n  =  (t  x  s)/ 1 1  x  s  |  . 

The  term  e  in  (10a, b)  is  defined  as 
e  =  t  •  s 

and  <))t  and  <|>s  represent  the  components  of  the 

velocity  vector  V<|>  along  the  unit  vectors  t  and  s 
tangent  to  the  hull  side;  we  thus  have 

Vp  -  nx  n  =  bt  t  +  <|>s  s  ,  where  the  hull  boundary 
condition  3({)/3n  =  nx  was  used.  The  components 
<j)t  and  <\>s  of  Vp  along  the  tangent  vectors  t  and  s 

and  the  velocities  3(j)/3t  =  V cj)«t  and  Op/Os  =  V (f>^s  are 
related  as  follows: 


dty/dt  =  (f)t  +  £<t>s  , 

(14a) 

Ob/Os  =  bs  +  £<t>t  > 

(14b) 

dt  =  (3b/3t  -  £3(J)/3s)/(1-  e2) , 

(14c) 

<|>s  =  04)/as  -  tdtf/di)Kl-  e2)  • 

(14d) 

Finally,  C  in  (10b)  is  an  arbitrary  complex  function 
of  t.  Equations  (9)  and  (10a,b)  thus  define  a  one- 
parameter  family  of  mathematically-equivalent 
expressions  for  the  Neumann-Kelvin  correction 
K(j). 

It  may  be  seen  from  (30)  and  (73)  in  [14]  that  an 
estimate  of  the  error  associated  with  the 
approximate  expressions  (8)  and  (9)  is  provided  by 
the  exponential  function  exp(P2z)  where  z  is  taken 
equal  to  the  negative  of  the  ship  draft  d.  This  error 
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estimate  is  smaller  than  a  prescribed  error  e  for  p  > 
pe ,  or  equivalently  for  0  >  0e  =  sec  _1(pe) ,  where  pe 
is  given  by  pe(F;  e,  d)  =  F  [ln(l/e)/d]1/2  .  The  values 
of  pe  and  0e  corresponding  to  values  of  the  error  e 
and  the  ship  draft  d  equal  to  0.01  and  0.05, 
respectively,  and  to  five  values  of  the  Froude 
number  between  0.1  and  0.5  are  listed  in  Table  1. 


F 

0.1 

0.2 

0.3 

0.4 

0.5 

Pe 

1 

1.9 

2.9 

3.8 

4.8 

ee 

0 

59° 

o 

O 

75° 

o 

00 

Table  1.  Values  of  pe  and  qe  for  e  =  0.01  and 
d  =  0.05. 

The  exponential  function  exp(P2z)  in  the 
integrands  of  the  integrals  over  the  hull  side  s  in  (8) 
and  (9)  decays  rapidly  with  decreasing  (negative) 
values  of  z  if  P2  »  1,  that  is  for  small  values  of  the 
Froude  number  and/or  large  values  of  t  =  tan0. 

The  major  contributions  to  the  hull-side  integrals 
in  (8)  and  (9)  therefore  stem  from  the  upper  part  of 
the  hull  side  s  in  the  vicinity  of  the  waterline  w. 
These  hull-side  integrals  can  in  fact  be 
approximated  by  single  (one-fold)  integrals  along 
the  waterline.  These  waterline-integral 
approximations  for  the  spectrum  functions  Ko  and 
K^  are  now  given. 

THE  WAVE  SPECTRUM:  WATERLINE- 
INTEGRAL  APPROXIMATION 

The  upper  part  of  the  hull  side  s  can  be  defined  by 


the  following  parametric  equations: 

x  =  4(1)  +  *i(l)s  +  x2(l)s2/2  +  ... ,  (15a) 

y  =  n(i)  +  yi(i)s  +  y2(i)s2/2  + ... ,  (15b) 

-z  =  z-[(l)s  +  z2(1)s2/2  + ... ,  (15c) 

where  s  >  0  and  the  curve  s  =  0  corresponds  to  the 
waterline  w.  The  waterline  is  then  defined  by  the 
parametric  equations 

x  -  4(1)  and  y  =  r|(l) ,  (16a, b) 


where  1  is  the  arc  length  along  w.  The  previously- 
defined  unit  tangent  vectors  t  and  s  to  the  hull  side 
s  are  given  by 

t  =  (tx,  ty,  =  dX^l  , 
s  =  (sx,  sy,  sz)  =  dx/ds  . 

In  particular,  at  the  waterline  w,  we  have 

(tx,  ty,  tz)  =  GW,  0),  (17a) 

(sx,sy<sz)  =  (x^yj.-zj),  (17b) 

where  the  notation  (  )’  denotes  differentiation  with 
respect  to  the  arc  length  1  along  w. 

By  using  the  foregoing  representation  of  the 
upper  hull  side  s,  we  can  approximate  the  integrals 
on  the  hull  side  in  (8)  and  (9)  as  integrals  along  the 
mean  waterline  w.  Details  of  this  short-wave 


asymptotic  approximation  are  given  in  Noblesse 
and  Hendrix  [16],  where  the  following  waterline- 
integral  approximation  to  the  spectrum  function 


K(t)  is  obtained: 

K  »  Jw  (A+  exp[-iP2(u^+vt))] 

+  A_  exp[-iP2(u4-vrj)] j  dl .  (18) 

The  amplitude  functions  A±  are  defined  as 

A+  [-sz+i(usx±vsy)]  =  A0±  +  S±(()s  +  T±<|>t ,  (19) 

where  Aq1  corresponds  to  the  slender-ship 
approximation  and  is  given  by 
V  =  -szty(nx2"u2) 

+i[tynx2(usx±vsy)-syu2(utx±vty)] .  (20) 

The  terms  S±  and  T±  in  (19)  are  defined  as 
S±  =  -MMy  ±  UV(Sxtx  +  Syty)] 

-i  [usz2ty  -  (utx  ±  vty)(sxsy  ±  uv)] ,  (21a) 

T+  =  (Vy 1  uv)  (_sz  1  ivsy) 

+  iutx(utx  ±  vty)  (uSy  ±  vsx) .  (21b) 

For  sufficiently  large  values  of  p  =  sec0,  the 


Neumann-Kelvin  approximation  K  thus  is  defined 
by  the  waterline-integral  approximation  (18),  (19), 
(20),  and  (21a,b). 

These  equations  provide  a  simple  and  practical 
basis  for  numerically  evaluating  the  short 
divergent  waves  in  the  steady  wave  spectrum  of  a 
ship,  given  the  value  of  the  fluid  velocity 
components  <|>s  and  at  the  waterline,  by  dividing 
the  waterline  w  into  a  large  number  of  straight 
segments  within  which  the  amplitude  functions  A+ 
are  assumed  to  vary  linearly. 

Figures  la,b,c  depict  the  real  and  imaginary  parts 
of  the  Neumann-Kelvin  approximation  to  the 
spectrum  function  K(t)  for  the  Wigley  hull  at  three 
values  of  the  Froude  number  equal  to  0.1,  0.25  and 
0.4.  The  dashed-line  curves  in  these  figures 
correspond  to  the  waterline-integral  approximation 
(18)  obtained  in  this  study;  the  solid-line  curves 
correspond  to  the  exact  mathematical  expression  for 
the  Neumann-Kelvin  approximation  to  the 
spectrum  function  given  by  (21),  (22),  (73)  and 
(74a,b)  in  [14].  The  velocity  potential  on  the  Wigley 
hull  in  these  exact  expressions,  and  at  the  waterline 
in  the  waterline-integral  approximation  (18) 
obtained  in  the  present  study,  is  taken  as  the  (first- 
order)  slender-ship  potential  defined  in  [6].  Figures 
la,b,c  show  that  the  waterline-integral 
approximation  (18)  does  in  fact  become  quite 
accurate  for  sufficiently  large  values  of  t  =  tan0. 

The  waterline-integral  approximation  (18)  may 
then  be  used  henceforth  in  this  study.  Figures  la,b,c 
also  show  that  the  general  numerical  method  based 
on  the  exact  expressions  for  the  wave-spectrum 
function  given  in  [14]  can  provide  reliable 
predictions  if  a  sufficiently  large  number  of  panels 
is  used  for  representing  the  ship  hull  form. 
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WAVE-SPECTRUM  FUNCTION 
WIGLEY  HULL  AT  F=0.10 
- Exact  (98000  panels) 


q  - Waterline  integral 


tan0 


Fig.  la.  Real  and  imaginary  parts  of  the  wave- 
spectrum  function  k(0). 

WAVE-SPECTRUM  FUNCTION 
WIGLEY  HULL  AT  F=0.25 
- Exact  (32000  panels) 


Fig.  1b.  Real  and  imaginary  parts  of  the  wave- 
spectrum  function  k(0). 


WAVE-SPECTRUM  FUNCTION 
WIGLEY  HULL  AT  F=0.40 
*  — -r-  Exact  (16000  panels) 

o  - Waterline  integral 


Fig.  1c  Real  and  imaginary  parts  of  the  wave- 
spectrum  function  k(0). 


THE  WAVE  SPECTRUM:  STATIONARY-PHASE 
APPROXIMATION 

An  analytical  approximation  to  the  spectrum 
function  K(t)  can  in  principle  be  obtained  by 
applying  the  method  of  stationary  phase,  since  the 

trigonometric  functions  exp[-iP2(u^±vrj)]  in  (18) 
oscillate  rapidly  for  large  values  of  P2  =  v2p2  = 
(sec20)/F2.  This  method  shows  that  the  major 
contributions  to  the  waterline  integral  (18)  stem 
from  the  end  points  of  the  integration  range,  that 
is  the  ship  bow  and  stern,  and  the  points  where 
the  phases  of  the  trigonometric  functions 
exp[-iP2(u£±vri)]  are  stationary.  These  points  of 
stationary  phase  are  defined  by  the  conditions 
udi;±vdr|  -  0,  which  yield  the  relations 

utx±vty  =  0  ,  tx  =  v  ,  ty  =  +u  .  (22a,b,c) 

by  virtue  of  (17a),  (13),  and  the  identity  tx2+ty2  =  1. 
By  using  (12a, b)  and  (13)  in  (22b,c)  we  may  obtain 
tan<|)  =  t  /tx  =  +l/t  =  +cotan0  , 
where  <|>  is  the  angle  between  the  x-axis  and  the  unit 
tangent  vector  t  to  the  waterline.  We  thus  have  the 
relation 

l(()l  =  tc/ 2  —  0  ,  (23) 

which  shows  that  the  very  short  divergent  waves 
in  the  steady  wave  spectrum  of  a  ship  primarily 
stem  from  the  central  (midship)  portion  of  the  ship 


469 


where  the  waterline  is  almost  parallel  to  the 
centerplane,  as  well  as  the  ship  bow  and  stern. 

It  is  shown  in  [16]  that  application  of  the  method 
of  stationary  phase  to  (18)  fails  to  provide  a  simple, 
practically  useful  analytical  approximation  because 
the  second  terms  in  the  asymptotic  expansions  for 
the  contributions  of  both  the  end  points  (i.e.,  the 
ship  bow  and  stern)  and  the  points  of  stationary 
phase  are  of  the  same  order  of  magnitude  (in  the 
limit  t  -»  oo)  as  the  first  terms,  and  thus  cannot  be 
neglected.  Unfortunately,  the  second  terms  in  the 
asymptotic  expansions  are  extremely  complex.  It 
can  nevertheless  be  shown  that  we  have 

^  ~  ^B,S  +  ^phase  ' 

where  KB  s  and  Kphase  correspond  to  the 
contributions  from  the  ship  bow  and  stern  and 
from  the  interior  point(s)  of  stationary  phase, 
respectively.  Furthermore,  we  have 

kB,S  ~  1/t3  and  Kphase  ~  1/t4  as  t  -» -  .  (24) 

NEAR-FIELD  FLOW  AND  NONLINEARITIES 

The  tangential  velocity  components  <|>s  and  <|)t  in 
(19)  are  merely  taken  equal  to  0  in  the  zeroth-order 
slender-ship  approximation  to  the  spectrum 
function  defined  in  [6].  More  generally,  the  values 
of  these  velocity  components  at  the  mean  waterline 
w  may  be  predicted  numerically  using  any  near- 
field-flow  calculation  method,  including  the 
relatively  simple  first-order  slender-ship 
approximation  defined  in  [6],  in  the  Neumann- 
Kelvin  approximation  to  the  spectrum  function. 
However,  it  was  already  noted  that  existing  near- 
field-flow  calculation  methods,  including  the  so- 
called  nonlinear  methods,  cannot  provide  accurate 
predictions  of  the  velocity  components  (J)s  and  c|>t  in 
the  immediate  vicinity  of  a  ship  bow  and  stern. 

The  velocity  components  bs  and  (|)t  along  the 
wave  profile  of  a  ship  can  be  defined  in  terms  of  the 
nondimensional  elevation  e  =  Eg/U2  of  the  wave 
profile  and  its  slope  et  =  dE(L)/dL  in  the  direction  of 

the  unit  tangent  vector  t  to  the  mean  waterline  by 
means  of  analytical  expressions  given  in  [15] .  More 
precisely,  (27)  and  (23)  in  [15]  define  the  velocities 
3([)/3t  =  tx3<|>/3x+ty3(|)/3y  and 
0(j) /3s  =  sx3(J)/3x+sy  3<|>/3y+sz3(|>/3z  at  the  wave 
profile  of  a  ship  as  follows: 

aq/at  =  tx-(l-2e)V2/[i+(i+p2)et2]l/2/  (25a) 

3<|>/3s  =  sx- [£+(l+p2)szet](l~2e)1/2 

/[l+(l+|i2)et2]1/2 ,  (25b) 

where  £  and  ju2  are  given  by 
£  =  s  •  t  =  sxtx+syty , 
n2  =  nz2/(l-nz2)  =  (sxty-sytx)2/sz2 . 

The  tangential  velocity  components  (|>s  and  <j)t  can 
then  be  determined  from  the  velocities  3<[>/3s  and 


3<J)/3t  by  means  of  (14c, d).  The  analytical 
expressions  (25a,b)  can  be  used  in  conjunction  with 
either  experimental  measurements  or  numerical 
predictions  of  the  wave  profile,  corrected  at  the  bow 
and  the  stern  in  the  manner  specified  by  the 
nonlinear  local  solution  given  in  [15]. 

In  the  special  case  of  a  wall-sided  hull  like  the 
Wigley  hull,  we  have  p  =  0  since  nz  =  0  at  the 
waterline,  and  £  -  0  since  we  may  choose  the 
tangent  vector  s  to  the  hull  at  the  waterline  as  s  = 
(0,0,-l);  (25a,b)  thus  become 

3(j)/3t  -  tx  -  (l-2e)1/2/(i+et2)l/2  ,  (26a) 

3*/3s  =  et  (l-2e)V2/(i+et2)i/2  .  (26b) 

It  is  shown  in  [15]  that  the  steady  wave  profile  at  the 
ship  bow  must  be  tangent  to  the  stem,  and  likewise 
at  the  stern.  This  tangency  condition  shows  that  we 
have  et  =  at  the  bow  and  the  stern  of  the  Wigley 
hull.  It  then  follows  from  (26a,b)  that  we  have 

3(j)/3t  =  tx  ~  1  ,  (27a) 

3(j)/3s  =  — (1— 2e)a /2  ~  l  (27b) 

at  the  bow  and  the  stern  of  the  Wigley  hull. 

The  velocities  3([)/3t  and  3c|)/3s  along  the 
horizontal  and  vertical  tangent  vectors  t  =  (tx,ty,0) 
and  T  =  (0,0,-l)  to  the  Wigley  hull  at  the  waterline 
are  depicted  in  Figs.  2a  and  2b  for  a  value  of  the 
Froude  number  equal  to  0.25.  The  dashed-line 
curves  in  these  two  figures  were  determined  using 
the  nonlinear  expression  (26a,b)  in  which  the  wave- 
profile  elevation  e  is  taken  as  the  experimental 
profile  obtained  at  the  University  of  Tokyo  and 
corrected  at  the  bow  and  stern  in  accordance  with 
the  previously  mentioned  tangency  condition  [15]. 
The  solid-line  curves  in  Fig.  2a  correspond  to 
numerical  predictions  obtained  using  the  slender- 
ship  approximation  defined  in  [6].  Figure  2a  shows 
that  discrepancies  between  these  linear  numerical 
predictions  and  the  corresponding  nonlinear 
analytical/experimental  predictions  are  quite  large 
in  the  vicinity  of  the  bow  and  the  stern,  where 
nonlinear  effects  indeed  are  important.  The  solid¬ 
line  curves  in  Fig.  2b  were  obtained  from  the 
nonlinear  expression  (26a,b)  in  which  the  wave- 
profile  elevation  e  is  taken  as  the  profile  predicted 
numerically  using  the  slender-ship  approximation 
[6],  corrected  at  the  bow  and  stern  in  the  manner 
specified  in  [15]  and  used  also  for  determining  the 
analytical /experimental  dashed-line  curves  in  Figs. 
2a  and  2b.  Thus,  both  the  solid-line  curves  in  Fig. 

2b  and  the  dashed-line  curves  in  Figs.  2a  and  2b 
correspond  to  the  nonlinear  analytical  expression 
(26a, b).  The  discrepancies  between  these  nonlinear 
analytical/experimental  and  analytical /numerical 
predictions  clearly  are  much  smaller  than  the 
discrepancies  corresponding  to  the  linear  numerical 
predictions  shown  as  solid-line  curves  in  Fig.  2a. 

The  oscillations  in  the  latter  curves  correspond  to 
the  divergent  waves  in  the  wave  pattern.  These 
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VELOCITY  AT  WATERLINE 
WIGLEY  HULL  AT  F=0.25 
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Fig.  2a.  Velocity  components  9<|)/dt  and  3(|)/3s. 


VELOCITY  AT  WATERLINE 
WIGLEY  HULL  AT  F=0.25 
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Fig.  2b.  Velocity  components  3<j)/3t  and  3<|>/3s. 


oscillations  do  not  appear  in  the  corresponding 
numerical  predictions  corrected  for  nonlinear 
effects  depicted  in  Fig.  2b  because  the  number  of 
numerical  data  points  used  for  defining  the  curves 
in  this  figure  is  fairly  small  (only  26  data  points  are 
used  for  both  the  experimental  and  the  numerical 
results). 

THE  WAVE  SPECTRUM  CORRESPONDING  TO 
FOUR  NEAR-FIELD-FLOW  APPROXIMATIONS 

The  modulus,  |  K  | ,  of  the  wave-spectrum 
function  K(t)  of  the  Wigley  hull  is  represented  in 
Figs.  3a, b  and  4a,b  for  values  of  t  =  tan0  in  the  range 
7  <  t  <  19,  which  approximately  corresponds  to 
values  of  0  in  the  range  82°  <  0  <  87°.  Figures  3a 
and  4a  correspond  to  a  value  of  the  Froude  number 
F  equal  to  0.25,  while  Figs.  3b  and  4b  correspond  to 
F  =  0.4. 

The  dashed-line  curves  in  Figs.  3a  and  3b 
correspond  to  the  zeroth-order  slender-ship 
approximation,  so  that  the  velocity  components  <|)t 
and  (|)s  in  (19)  are  merely  taken  equal  to  0.  The 
solid-line  curves  in  these  two  figures  correspond  to 
the  Neumann-Kelvin  approximation  defined  by 

(18) ,  with  the  near-field  velocity  components  <|>t  and 
<|>s  in  (19)  determined  from  the  first-order  slender- 
ship  potential  defined  in  [6].  The  numerical  results 
depicted  in  Figs.  3a,b  show  that  the  predictions 
corresponding  to  the  Neumann-Kelvin  approxi¬ 
mation  (first-order  slender-ship  approximation)  are 
significantly  larger  than  those  corresponding  to  the 
zeroth-order  slender-ship  approximation.  The 
latter  approximation  thus  appears  unlikely  to 
provide  realistic  predictions  of  the  short  waves  in 
the  wave  spectrum  of  a  ship,  as  was  already  noted. 

The  predictions  corresponding  to  the  foregoing 
Neumann-Kelvin  approximation  are  also  depicted 
in  Figs.  4a  and  4b.  These  predictions  correspond  to 
the  thick  solid-line  curves  located  much  below  the 
other  two  sets  of  curves  represented  in  Figs.  4a  and 
4b.  The  latter  two  sets  of  curves  correspond  to  the 
Neumann-Kelvin  approximation  defined  by  (18), 
with  the  near-field  velocity  components  <|>t  and  <j)s  in 

(19)  determined  from  the  nonlinear  expression 
(26a,b).  These  two  sets  of  curves  thus  correspond  to 
nonlinear  near-field-flow  predictions,  whereas  the 
thick  solid-line  curves  in  Figs.  4a,b  correspond  to 
linear  near-field-flow  predictions.  More  precisely, 
the  thin  dashed-line  and  solid-line  curves  in  Figs. 
4a,b  correspond  to  the  nonlinear  experimental  and 
numerical,  respectively,  near-field-flow  predictions 
depicted  in  Fig.  2b.  It  may  be  seen  from  Figs.  4a,b 
that  discrepancies  between  these  predictions  of  the 
wave  spectrum  corresponding  to  the  nonlinear 
experimental  and  numerical  near-field-flow 
predictions  are  relatively  small,  whereas  the 
prediction  of  the  wave  spectrum  corresponding  to 
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WAVE  SPECTRUM  OF  WIGLEY  HULL  AT  F=0.25 


WAVE  SPECTRUM  OF 
WIGLEY  HULL  AT  F=0.40 


tan# 


(a) 


(b) 


Fig.  3.  Modulus  of  the  wave  spectrum  function  k(0). 
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(a)  (b) 

Fig.  4.  Modulus  of  the  wave  spectrum  function  k(0). 


the  linear  near-field-flow  calculations  are  much 
smaller.  These  numerical  results  indicate  that  the 
major  contributions  to  the  waterline  integral  (18) 
clearly  stem  from  the  ship  bow  and  stern,  and  that 
the  simple  nonlinear  correction  of  the  linear 
numerical  predictions  of  the  wave-profile  elevation 
presented  in  [15]  and  depicted  in  Fig.  2b  thus  can  be 
used  effectively  for  predicting  the  short-wave  tail  of 
the  wave-spectrum  function. 

THE  FAR-FIELD  DIVERGENT  WAVES 

It  is  appropriate  to  analyze  the  far-field  wave 
pattern  of  a  ship  in  terms  of  the  nondimensional 
far-field  coordinates  (x,y,z)  =  v2(£,TpC)  =  (X,Y,Z)g/U2, 
where  (X,Y,Z)  are  dimensional  and  (£,r|,Q  = 
(X,Y,Z)/L  are  the  nondimensional  near-field 
coordinates  used  in  (1),  the  nondimensional 


potential  \\f  =  v2(j>  =  Og/U3  and  the  wave-spectrum 
function  k  =  v2K.  By  using  these  far-field  variables 
in  (1)  we  may  obtain  the  equivalent  alternative 
expression 

7iv[/(x,y,z)  =  Im  [E+(t;  x,y,z) 

+  E_(t;  x,y,z)]  k(t)  dt ,  (28) 

where  the  functions  E±(t;  x,y,z)  are  defined  as 

E+(t;  x,y,z)  =  exp[zp2+i(x±yt)p] 
with  p  given  by  (3). 

The  nondimensional  free-surface  elevation 
e(x,y)  =  Eg/U2,  where  E  is  dimensional,  is  given  by 
e  =  3\j//3x,  where  the  function  3\|//3x  is  evaluated  at 
the  mean  free-surface  plane  z  =  0. 

By  differentiating  (28)  we  may  obtain 

7ce(x,y)  =  Re  [e+(x,y)+e_(x,y)] ,  (29) 
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where  the  functions  e±  are  defined  as 

e±(x,y)  =  exp[ix0±(t;o)]  k(t)  p  dt ;  (30) 

the  phase  functions  0±(t;o)  in  (30)  are  given  by 

0+(t;o)  =  (1+Gt)p,  (31) 

with  a  defined  as 

a  -  y/(-x)  =  tana  .  (32) 

We  have  x  <  0  and  we  may  assume  y  >  0  since  the 
wave  pattern  is  symmetric  about  the  ship  track 
y  =  0.  We  thus  have  a  >  0  and  0  <  a  <n/2. 

Asymptotic  approximations,  valid  in  the  limit 
x  — >  —  °°,  to  the  functions  e±  defined  by  (30)  and  (31) 
can  be  obtained  by  using  the  method  of  stationary 
phase,  as  is  well  known.  The  phase  0„(t;o)  =  (l+ot)p 
is  monotonic  increasing  for  t  >  0.  The  phase  0+(t;o) 
=  (l-ot)p  is  monotonic  decreasing  for  t  >  0  if  a  > 
1/23/2,  whereas  it  is  stationary  at  t  =  tjo)  and 
t  =  t+(o)  if  0  <  a  <  1/23/2,  as  is  shown  in  detail  in  [2]. 
It  may  then  be  seen  from  (30)  and  (31)  that  we  have 

7ie(x,y)  *  Re  e+(x,y)  (33) 

as  x  ->  -00  if  0  <  a  <  1/23/2  =  0.35.  The  points  of 
stationary  phase  t_(o)  and  t+(a)  are  defined  by  t±  = 

[l±(l-8o2)1/2]/(4a)  and  correspond  to  the  transverse 
and  the  divergent  waves,  respectively,  in  the  wave 
pattern.  Only  the  divergent  waves  are  considered 
here. 

Let  the  stationary-phase  value  t+(o)  be  denoted 


t(g),  which  may  be  expressed  in  the  form 

T  =  T/(2c)  (34) 

with  the  function  T(o)  defined  as 

T  =  [l+(l-8a2)1/2]/2 .  (35) 

The  corresponding  value  of  p  =  (1+t2)1/2  =  (1+t2)*/2 
then  is  given  by 

p  =  P/(2o)  (36) 

with  the  function  P(o)  defined  as 

P2  =  [1+4g2+(1-8o2)1/2]/2  .  (37) 


At  the  stationary  point  t  =  t(g),  the  phase  function 
0+(t;o)  defined  by  (31)  takes  the  value  0(g)  given  by 
0  =  Q/(4  g), 

where  the  function  Q(g)  is  defined  as 

Q  =  P[3-(1-8g2)1/2]/2.  (38) 

By  using  (32)  in  the  foregoing  expression  for  0  we 
may  then  obtain 

x0  =  -Qx2/  (4y) .  (39) 

By  applying  the  method  of  stationary  phase  to  the 
integral  e+  defined  by  (30)  we  may  then  obtain 

(7c/2)1/2(-x)1/2(1-8g2)1/4  e  * 

Re  P3/2[k/ (2g)3^2]  exp[-i  {Qx2/ (4y)— 7i/4}]  (40) 

as  x  — >  — 00  if  0  <  G  <  1/23/2  =  0.35,  where  k  represents 
the  value  of  the  wave-spectrum  function  k(t)  at  the 


stationary  point  t  =  t(g)  defined  by  (34)  and  (35).  It 
may  readily  be  seen  from  (35),  (37),  and  (38)  that  the 
functions  T(o),  P(o),  and  Q(o)  are  nearly  equal  to  1 

for  small  values  of  o  -  y/  (-x). 

The  asymptotic  approximation  (40)  shows  that 
the  phase  Qx2/(4y)  =  x2/(4y)  of  any  divergent  wave 
is  nearly  constant  along  a  parabola  having  the  y-axis 
as  axis  and  the  origin  x  =  0,  y  =  0  as  vertex.  The 
divergent  waves  in  the  steady  far-field  wave  pattern 
of  a  ship  thus  consist  of  a  family  of  such  parabolas, 
as  is  well  known.  It  may  be  seen  from  (40)  that  the 
amplitudes,  a  say,  of  these  waves  are  given  by 
(-x)l/2a  =  (2/jt)V2  P3/2  [|k|  /(2o)3/2]/(1-8o2)1/4  .  (41) 
The  corresponding  wavelengths,  X  say,  are  given  by 
X  =  In/  I  VQx2/ (4y)  I .  We  may  then  obtain 

X  -  87ug2/P2  .  (42) 

The  steepness  s  =  a  A  of  the  divergent  wave  defined 
by  (41)  and  (42)  thus  is  given  by 
(— x)l/2S  =  (2tc3)-1/2  P7/2  [  |  k  |  /(2a)7/2]/(l-8<j2)l/4  (43) 

The  angle  0  between  the  ship  track  and  the 
direction  of  propagation  of  the  divergent  waves  is 
defined  by  the  relation  cotan0  =  2(tana)/T,  as  may 
readily  be  verified  from  (4),  (32)  and  (34).  The 
corresponding  interior  point(s)  of  stationary  phase 
on  the  ship  waterline  is  (are)  defined  by  the 
condition  1 1  \  =  2o/P,  which  readily  follows  from 
(22c),  (12a)  and  (36),  or  by  the  alternative  equivalent 
condition  (23).  In  summary,  we  thus  have 

X/(2n)  =  8(tan2a)/[l+(l-8tan2a)1/2+4tan2a] ,  (44a) 
cotan0  =  tan  |  <|>  |  =  4(tana)/[l+(l-8tan2a)1/2]  .  (44b) 
These  equations  define  the  wavelength  X,  the  wave 
propagation  angle  0  and  the  waterline  tangent 
angle  I  (()  I  as  functions  of  the  ray  angle  a  in  the 
wake.  Equivalent  simple  expressions  defining  X ,  0 
and  a  as  functions  of  |  (|>  |  can  also  be  obtained  from 


(44a,b).  Specifically,  we  have 
X/(2n)  =  sin2(|) ,  0  =  tc/2  - 1  b  |  ,  (45a,b) 

tana  =  (tan  |  c|)  |  )/(2+tan2(j))  .  (45c) 

The  following  equivalent  expressions  explicitly 
define  X,  |  <|>  |  and  a  in  terms  of  0  : 

X/(2k)  =  cos20  ,  |  (j)  |  =  tc/2  —  0  ,  (46a,b) 

tana  =  (tan0)/(l+2tan20)  .  (46c) 

Finally,  the  equivalent  expressions 

sin  |  (|)  |  =  [V(2tt)]1/2/  tan0  =  (27cA-l)l/2,  (47a, b) 
tana  =  (2tc/A.-1)1/2/  (4tc/A.-1)  (47c) 

explicitly  define  |  (j)  | ,  0  and  a  in  terms  of  X. 


By  using  (3)  and  (4)  in  (46a, b,c)  we  may  obtain  the 
following  expressions  for  the  values  of  the 
wavelength  X,  the  wave  propagation  angle  0,  the 
waterline  tangent  angle  I  <|)  I ,  and  the  wake  ray  angle 
a  corresponding  to  a  given  value  of  p: 
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X/( 2n)  =  1/p2  ,  cos0  =  sin  |  <|)  I  =  1  /p  /  (48a, b) 

tana  =  (p2-!.)1/2/ (2p2-l) .  (48c) 

In  summary,  the  far-field  pattern  of  divergent 
waves  is  defined  by  (40),  and  the  waves'  amplitude, 
wavelength,  and  steepness  by  (41),  (42),  and  (43). 
These  expressions  involve  the  value  of  the  wave- 
spectrum  function  k  =  v2K  at  the  stationary  point 
t  =  t(ct)  defined  by  (34)  and  (35).  The  corresponding 
values  of  p  =  (1+t2)1/2,  the  wavelength  X,  the  wave 
propagation  angle  0,  the  wake  ray  angle  a,  and  the 
waterline  angle  |  <J)  |  are  related  by  (48a, b,c).  A 
practical  approximate  expression  for  the  spectrum 
function  K(t)  is  given  by  the  waterline 
approximation  (18).  This  approximation  is  valid  in 
the  limit  p  -»  <»,  although  Figures  la,b,c  indicate 
that  it  may  be  used  in  practice  for  moderate  values 
of  p.  The  near-field  flow- velocity  components  <J)t 
and  <|)s  at  the  mean  waterline  in  (19)  can  be 
determined  from  the  wave-profile  elevation  e  by 
using  the  analytical  expressions  (25a,b)  obtained  in 
[15].  The  foregoing  expressions  provide  an 
approximate  but  complete  theoretical  basis  for 
predicting  the  short  waves  in  the  steady  wave 
spectrum  of  a  ship. 

Figure  5  depicts  the  steepness  (-x)1/2s,  defined  by 
(43),  of  the  divergent  waves  in  the  steady  wave 
pattern  of  the  Wigley  hull  for  values  of  the  wave 

angle  a  in  the  range  0  <  a  <  4°,  which 
approximately  corresponds  to  values  of  t  in  the 
range  7  <  t  <  ©o  for  which  the  waterline 
approximation  (18)  was  previously  shown  to 
provide  fairly  accurate  predictions.  The  top  and 
bottom  parts  of  Figure  5  correspond  to  values  of  the 
Froude  number  F  equal  to  0.25  and  0.4,  respectively. 
The  solid-line  and  dashed-line  curves  in  this  figure 
correspond  to  the  nonlinear  near-field-flow 
predictions  defined  by  (26a,b),  where  the  wave- 
profile  elevation  e  is  determined  from 
experimental  measurements  and  numerical 
calculations,  respectively,  in  the  manner  explained 
previously.  These  analytical/  experimental  and 
analytical/numerical  steepness  predictions  are  in 
reasonable  agreement  with  one  another.  Both 
predictions  exhibit  a  fairly  well-defined  peak  at 
values  of  a  approximately  equal  to  1.9°  and  1.4°  for 
F  =  0.25  and  0.40,  respectively.  Let  o  denote  the 
value  of  (-x)1/2  s.  We  thus  have  s  =  a/(-x)a/2  = 
gF/(-X/L)1/2  since  x  =  Xg/U2.  We  then  have  s  = 
Fa/10  at  a  distance  of  100  ship  lengths  behind  the 
ship.  It  may  be  seen  from  Fig.  5  that  the  predicted 
peak  values  of  the  wave  steepness  at  100  ship 
lengths  thus  are  approximately  equal  to  0.3  and  0.6 
for  F  =  0.25  and  0.40,  respectively.  These  predicted 
peak  values  are  extremely  large  and  the 
corresponding  waves  could  not  exist  in  reality. 
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Fig.  5.  Steepness  of  the  short  divergent  waves. 


CONCLUSION 

A  simple  practical  analytical /numerical  method 
for  calculating  the  short  divergent  waves  in  the 
steady  wave  spectrum  of  a  ship  has  been  presented. 
The  method  is  based  on  a  waterline-integral 
approximation  obtained  from  a  modified 
Neumann-Kelvin  integral  representation  of  the 
wave-spectrum  function.  A  comparison  of 
numerical  predictions  obtained  using  the  exact 
integral  representation  and  the  waterline-integral 
approximation  showed  excellent  agreement  for 
sufficiently  short  waves.  This  agreement 
demonstrates  both  the  validity  of  the  waterline- 
integral  approximation  and  the  robustness  of  the 
more  general  numerical  method  based  on  the  exact 
integral  representation.  The  waterline-integral 
approximation  to  the  spectrum  function  shows  that 
the  short  divergent  waves  in  the  wave  pattern  of  a 
ship  are  defined  in  terms  of  the  near-field  flow 
along  the  ship  waterline,  and  may  indeed  be 
regarded  as  an  image  of  the  flow  along  the  ship 
waterline. 
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The  foregoing  linear  far-field  flow  representation 
has  been  used  in  numerical  experiments  seeking  to 
determine  the  sensitivity  of  the  far-field  waves  to 
the  near-field  flow  along  the  ship  waterline.  The 
simplest  approximation  is  the  trivial 
approximation  corresponding  to  the  zeroth-order 
slender-ship  approximation,  in  which  the 
disturbance  potential  is  merely  ignored.  The  next 
level  of  approximation  for  the  near-field  flow  is 
that  corresponding  to  the  first-order  slender-ship 
approximation.  Significant  discrepancies  were 
found  between  the  wave-spectrum  predictions 
corresponding  to  these  two  near-field-flow 
approximations.  The  other  two  near-field-flow 
approximations  were  determined  by  applying  a 
simple  analytical  expression  defining  the  fluid 
velocity  along  the  waterline  in  terms  of  the 
elevation  of  the  wave  profile,  corrected  at  the  bow 
and  the  stern  according  to  the  nonlinear  local 
solution  given  in  [15];  both  wave  profiles  measured 
experimentally  and  predicted  numerically  using  the 
slender-ship  approximation  were  used. 
Discrepancies  between  the  wave-spectrum 
predictions  corresponding  to  the  latter 
analytical/experimental  and  analytical/numerical 
near-field-flow  approximations  were  found  to  be 
much  smaller  than  the  discrepancies  between  the 
wave-spectrum  predictions  corresponding  to  these 
nonlinear  near-field-flow  approximations,  on  one 
hand,  and  to  the  linear  near-field  flow  prediction 
given  by  the  slender-ship  approximation  on  the 
other  hand.  This  result  indicates  that  the  short 
divergent  waves  in  the  wave  pattern  of  a  ship  stem 
mostly  from  the  ship  bow  and  stern;  a  result  that  is 
not  surprising  but  points  to  the  fundamental 
difficulty  of  predicting  the  short  divergent  waves 
since  the  flow  at  a  ship  bow  and  stern  is  strongly 
nonlinear  and  quite  difficult  to  compute. 

Numerical  calculations  for  the  Wigley  hull 
showed  that  the  steepness  of  the  short  divergent 
waves  predicted  on  the  basis  of  the  foregoing  linear 
far-field /nonlinear  near-field  flow  analysis  is  too 
large  for  the  waves  to  exist  in  reality  within  a  sector 
of  several  degrees  in  the  vicinity  of  the  ship  track. 
The  wave  steepness  was  also  found  to  exhibit  a 
well-defined  peak  at  an  angle  of  approximately  1°  to 
2°  from  the  ship  track.  It  is  unclear  whether  or  not 
these  numerical  predictions  have  real  physical 
implications.  On  the  one  hand,  the  physically- 
unrealistic  predicted  wave  steepness  might  be 
regarded  as  a  theoretical  indication  for  the  common 
observation  that  the  wake  of  a  ship  in  the  vicinity 
of  the  track  does  not  contain  divergent  waves.  On 
the  other  hand,  these  physically-unrealistic 
numerical  predictions  might  be  regarded  as  an 
indication  that  the  assumptions  of  linear  far-field 
waves  and  of  steady  nonlinear  near-field  flow 
underlying  the  mathematical  model  and  the 
numerical  results  may  not  be  correct.  In  particular, 
assumptions  about  the  flow  in  the  immediate 


vicinity  of  the  ship  bow  and  stern  clearly  are  crucial 
for  the  prediction  of  the  short  divergent  waves  in 
the  wave  pattern.  Indeed,  the  present  study 
underscores  the  need  for  a  better  understanding  of 
the  flow  at  a  ship  bow  and  stern. 

It  should  be  recognized  that  the  assumptions 
underlying  the  short-wave  analysis  presented  in 
this  study  are  also  adopted  for  numerical 
predictions  of  the  longer  waves  in  the  steady  wave 
pattern  of  a  ship.  In  this  respect,  numerical 
experiments  analogous  to  those  performed  in  this 
study  for  the  short  divergent  waves  also  seem 
useful  for  determining  the  sensitivity  of  the  longer 
waves  in  the  wave  pattern  to  the  assumptions  used 
in  the  calculation  of  the  near-field  flow  at  a  ship 
hull.  Such  numerical  experiments  will  be 
presented  in  [16]. 
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ABSTRACT 

The  results  of  numerical  and  experimental  studies  on 
the  interaction  of  vortex  rings  with  a  free  surface  are 
presented.  New  results  are  reported  on  the  interaction  of  a 
large  vortex  ring  with  a  clean  surface  at  normal  incidence. 
The  early  stages  of  the  interaction  are  well  described  by  a 
simple  axisymmetric  vortex  filament  model.  Transition  to 
a  fully  three-dimensional  state  is  observed  at  later  stages  of 
the  interaction.  Surface  waves  are  generated  at  high 
Froude  numbers  by  these  three-dimensional  motions. 
Results  are  also  presented  on  the  interaction  of  vortex 
rings  with  clean  and  contaminated  free  surfaces  at  inclined 
incidence.  The  phenomenon  of  vortex  lines  breaking  and 
attachment  to  the  free  surface  is  documented.  It  is  shown 
that  small  amounts  of  surface  active  agents  greatly  alter  the 
interaction  at  inclined  incidence.  The  effect  differ 
depending  on  the  local  topology  of  the  vortex  lines.  A 
Reynolds  ridge  and  secondary  vorticity  generation  are 
observed  during  the  interaction  with  a  contaminated 
surface. 


INTRODUCTION 

The  disturbance  on  a  free  surface  created  by  a 
moving  ship  is  composed  of  several  superimposed  and 
sometimes  interacting  phenomena.  The  most  dramatic  and 
best  understood  is  the  surface  wave  pattern  generated, 
generally  referred  to  as  the  Kelvin  wake.  Not  only  is  the 
Kelvin  wake  the  more  visible  mark  left  by  the  ship,  it 
contributes  also  significantly  to  the  drag  of  the  ship,  and  is 
therefore  of  direct  economic  significance.  Although  it  is, 
of  course,  well  known  that  the  ship  also  has  a  large 
viscous  wake  that  is  turbulent  and  can  last  for  a  long  time, 
traditionally  the  turbulent  wake  has  only  been  of  interest  as 
it  directly  relates  to  the  drag  of  the  ship,  and  in  most  such 
considerations  the  effect  of  the  free  surface  can  be 
neglected.  Furthermore,  for  the  purpose  of  drag  estimation 
the  focus  is  on  the  turbulent  wake  near  the  ship.  It  is  only 
recently  that  the  far  wake  of  the  ship  has  generated 
interest.  The  motivation  is  remote  sensing  technology.  In 


order  to  process  the  signal  and  to  determine  what  is  being 
detected,  as  well  as  to  be  able  to  reduce  the  detectability  of 
ships,  it  is  necessary  to  understand  the  detailed 
mechanisms  of  generation  of  surface  signatures  of  ship 
wakes. 

The  surface  signature  of  unsteady  vortical  motions 
below  a  free  surface  has  recently  been  the  subject  of 
several  investigations.  Sarpkaya  &  Hendersonl 
experimented  with  a  delta  wing  moved  below  a  free 
surface.  The  wing  was  set  at  a  negative  angle  of  attack,  so 
that  the  trailing  vortices  moved  upward  to  the  free  surface. 
As  the  vortices  approached  the  surface  a  pair  of  long  and 
narrow  marks  were  observed  on  the  free  surface  that 
appear  to  be  directly  related  to  the  trailing  vortices.  These 
marks,  called  scars  by  Sarpkaya,  are  parallel  to  the 
direction  of  motion  and  moved  outward  with  the  vortices. 
The  scars  were  accompanied  by  other  features  called 
"striations",  perpendicular  to  the  line  of  motion.  A 
somewhat  different  setup,  two-dimensional  vortex  pair 
was  investigated  by  Willmarth  et  al2  and  by  Sarpkaya  et 
al .3  The  surface  signature  of  the  pairs  is  similar  to  the 
trailing  vortices,  but  the  mean  motion  is  now  strictly  two- 
dimensional.  These  experiments  were  motivated  primarily 
by  a  desire  to  understand  the  surface  signature  of  ship 
wakes,  and  the  focus  was  mainly  on  the  large  scale 
motion. 

Several  numerical  studies  of  this  problem  have 
followed  the  experimental  work.  These  have  mostly 
assumed  an  inviscid,  two-dimensional  motion. 
Tryggvason4  presents  a  brief  numerical  study  of  surface 
deformation  due  to  the  roll-up  of  a  submerged  vortex  sheet 
using  a  boundary  integral/vortex  method.  Sarpkaya  et  al3 
and  Telste5  use  a  similar  technique  to  follow  the  motion  of 
a  vortex  pair  toward  a  free  surface.  A  finite  difference 
simulation  of  the  point  vortex  problem  have  been  reported 
by  Marcus6  who  also  discusses  linearized  aspects  of  the 
problem.  More  realistic  vortex  structure  are  used  by 
Willmarth  et  afl  who  simulate  the  formation  of  a  vortex 
pair  from  an  initially  flat  vortex  sheet  and  the  subsequent 
vortex  motion  and  free  surface  deformation.  A  brief 
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comparison  of  experimental  and  computational  results  is 
contained  in  Reference  2.  A  thorough  discussion  of  both 
vortex  collision  as  well  as  the  formation  of  vortices  from  a 
shear  layer,  and  the  resulting  surface  signature,  is  given 
by  Yu  and  Tryggvason7,  who  simulated  a  large  number  of 
cases,  and,  in  particular,  explored  the  limits  of  high  and 
low  Froude  numbers. 

It  should  be  noted  that  the  signal  from  the  ocean 
surface  that  is  received  by  remote  radar  sensors  is  directly 
related  to  the  presence  of  relatively  short  waves.  It  is 
therefore  the  surface  roughness  that  is  observed  directly. 
Generally  the  large  features  of  more  interest  such  as 
changes  in  the  ocean  depth  or  currents  and  the  wakes  of 
ships  can  only  be  inferred  through  their  modulation  of  the 
free  surface  roughness.  For  interpretation  of  these  data  it 
is  therefore  necessary  to  understand  the  interplay  between 
the  large  and  small  scale  features  of  the  flow  and  their  role 
in  the  generation  of  short  surface  waves.  An  example  of 
such  interplay  is  the  relation  between  the  scars  and 
striations  in  the  vortex  wake  problem  studied  by  Sarpkaya 
and  coworkers1’3  and  more  recently  by  Hirsa.8  Also  of 
primary  interest  in  this  regard  is  the  role  of  smaller  scale 
motions  in  the  turbulent  wake  in  the  generation  of  short 
waves. 

To  examine  the  surface  response  to  a  turbulent 
subsurface  flow  Bernal  and  Madnia9  studied  a  turbulent  jet 
parallel  to  the  surface  located  a  few  diameters  from  the 
surface.  Near  the  jet  exit,  vortex  rings  are  generated  that 
produce  some  surface  deformations  and  waves,  but  the 
most  dramatic  signature  is  produced  when  these  vortex 
rings  open  and  reconnect  with  the  free  surface.  To  explore 
this  mechanism  in  more  detail,  Bernal  and  Kwon10  and 
Kwon11  experimented  with  a  single  ring  moving  parallel 
and  at  inclined  incidence  relative  to  the  surface, 
respectively. 

The  above  discussed  investigations  were  not 
concerned  with  the  effects  of  surface  contaminants  as 
such,  but  it  appears  that  some  of  those  results  were 
influenced  by  the  fact  that  a  free  surface  is  hardly  ever 
hydrodynamically  clean.  Earlier,  Davies12  discussed  the 
damping  of  turbulent  eddies  at  a  free  surface,  and  Davies 
and  Driscoll13  experimented  with  ejecting  pulses  of 
colored  water  to  a  free  surface,  specifically  addressing  the 
rate  of  surface  renewal  and  the  effect  of  surface 
contamination.  They  found  that  the  spreading  of  the 
colored  water  at  the  surface  is  reduced  considerably  for 
contaminated  surfaces.  However,  their  visualization 
technique  did  not  allow  for  a  clear  explanation  of  the 
mechanism  responsible  for  this  behavior.  Experiments  on 
the  collision  of  two-dimensional  vortex  pairs  with  a  free 
surface  were  reported  by  Barker  and  Crow14  whose  main 
interest  was  in  vortex  collision  with  a  rigid  surface.  The 
motivation  for  their  experiments  was  the  observed 
rebounding  of  aircraft  trailing  vortices  from  rigid  surfaces. 
This  rebounding  of  a  vortex  pair  from  a  solid  surface  is 
due  to  the  separation  of  the  ground  boundary  layer  and 


subsequent  formation  of  secondary  vortices.  Therefore  it 
is  not  expected  that  rebounding  will  occur  if  the  rigid 
surface  is  replaced  by  a  stress  free  surface.  However, 
Barker  and  Crow14  observed  rebounding  in  their  free 
surface  experiments,  just  as  the  rigid  surface  case,  and 
suggested  that  this  rebounding  might  be  due  to  inviscid 
effects  effects  such  as  the  deformation  of  the  vortex  cores. 
Saffman15  refuted  this  suggestion,  and  showed  that  for 
inviscid  flow  and  a  flat  boundary  rebounding  can  not 
occur.  He  suggested  that  the  behavior  might  be  due  to 
surface  tension  effects.  Peace  and  Riley16  performed 
numerical  simulations  of  the  Navier-Stokes  equations  for  a 
two-dimensional  vortex  pair  colliding  with  a  flat  no-slip 
and  stress-free  surface,  and  concluded  that  even  for  a 
stress-free  boundary  viscous  effects  could  cause 
rebounding.  However,  even  though  their  calculations 
clearly  show  rebounding,  those  are  for  rather  low 
Reynolds  numbers,  and  with  increasing  Reynolds 
number,  the  rebounding  decreased  significantly.  Their 
results  can  therefore  not  explain  the  behavior  in  the  Baker 
and  Chow  experiments,  which  were  conducted  at  a  much 
higher  Reynolds  number. 

The  explanation  for  rebounding  from  a  free  surface 
is  clear  from  recent  experiments  by  Bernal,  Hirsa,  Kwon 
and  Willmarth17  who  investigated  the  collision  of  both 
vortex  rings  and  pairs  with  a  free  surface.  They  observed 
that  the  cleanness  of  the  surface  lead  to  considerable 
differences  in  the  vortex  motion  itself.  For  very  clean 
surfaces  sufficiently  weak  vortices  were  deflected  outward 
in  a  manner  similar  to  what  inviscid  theory  predicts  (if  the 
surface  deforms  some  rebounding  is  predicted  but  most 
experiments  have  been  conducted  under  conditions  where 
surface  deformation  is  minimal),  but  for  contaminated 
surfaces  the  behavior  was  more  like  vortices  encountering 
a  rigid  wall  where  secondary  vorticity  from  the  wall 
boundary  layer  is  pulled  away  by  the  primary  vortex  that 
then  rebounds  as  a  result  of  its  interaction  with  the  wall 
vorticity.  Detailed  observations  using  Laser  Induced 
Fluorescence  (LIF)  flow  visualization  lead  Bernal  et  al 17 
to  conclude  that  the  surface  motion  induced  by  the  vortex 
generated  an  uneven  distribution  of  contaminant  that  in 
turn  caused  shear  stress  at  the  surface,  generating 
secondary  vorticity.  This  vorticity  rolls-up  into  a 
secondary  vortex  which  results  in  the  rebounding  of  the 
primary  vortex.  This  generation  and  roll-up  of  secondary 
vorticity  and  its  subsequent  interaction  with  the  primary 
vortex  appears  to  be  the  leading  effect  of  the  surface 
contaminants. 

Although  rebound  can  usually  be  associated  with 
viscous  effects  Dahm,  Scheil  and  Tryggvason18  have 
shown  that  a  weak  vortex  colliding  with  a  weak  density 
interface  can  engulf  a  portion  of  the  interface  containing 
baroclinically  generated  vorticity  which  then  causes  the 
primary  vortex  to  rebound  in  completely  inviscid 
simulations.  Yu  and  Tryggvason7  also  show  that  a 
deformable  surface  can  lead  to  rebounding.  However  this 
occurs  at  much  higher  Froude  number  than  in  the 
experiments. 
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Observations  of  contaminated  free  surfaces  have 
been  reported  on  numerous  occasions  for  over  a  century. 
One  important  phenomenon  is  the  Reynolds  ridge  which 
appears  on  the  boundary  between  the  contaminated  and 
clean  surface  regions  when  the  surface  flow  is  stopped  by 
a  barrier.  This  flow  configuration  develops  when  vortices 
collide  with  a  free  surface  as  shown  by  Hirsa8.  The 
upwelling  generated  by  the  vortices  pushes  the 
contaminated  surface  water  to  the  side,  thereby 
compressing  the  contaminated  layer.  The  surface  above 
the  vortices  is  cleaner  and  is  separated  from  the 
contaminated  surface  by  a  Reynolds  ridge.  For  a 
Thorough  discussion  of  the  Reynolds  ridge  with  historical 
perspective  see  Scott19.  We  should  note  that  the 
occurrence  of  a  Reynolds  ridge,  although  often  observed 
when  separation  takes  place,  is  not  directly  related  to  the 
generation  of  secondary  vortices.  Indeed,  a  Reynolds 
ridge  is  easily  generated  in  the  absence  of  separation  (see 
Scott19)  and  separation  can  take  place  without  the 
formation  of  a  Reynolds  ridge. 

In  what  follows  an  overview  of  recent  results  on  the 
interaction  of  vortex  rings  with  the  free  surface  is 
presented.  The  flow  geometry  is  shown  schematically  in 
Figure  1.  Results  on  the  interaction  at  normal  incidence, 
Figure  la,  are  presented  first.  Next  the  results  of  Kwon11 
for  inclined  incidence  are  briefly  reviewed.  Finally  the 
results  of  recent  experiments  on  the  effect  of  surface 
contamination  on  the  interaction  at  inclined  incidence  are 
presented  and  discussed. 


(a) 


Figure  1.  Schematic  diagram  of  flow  geometry, 
a)  Normal  incidence,  b)  Inclined  incidence. 


INTERACTION  AT  NORMAL  INCIDENCE 

The  interaction  of  a  vortex  ring  with  the  free  surface 
at  normal  incidence  is  perhaps  the  simplest  flow  geometry 
involving  the  interaction  of  a  vortical  flow  with  the  free 
surface.  This  type  of  interaction  has  been  studied  in  detail 
in  a  recent  experimental  and  numerical  investigation  by 
Song,  Bernal  and  Tryggvason.20  One  objective  of  the 
investigation  was  to  study  the  interaction  at  a  scale 
substantially  larger  than  previous  experiments  which  were 
conducted  in  small  water  tank  facilities.10’11 

A  large  vortex  ring  generator  with  a  nozzle  exit 
diameter  of  10  cm  was  used  in  this  study.  The  general 
design  and  operating  characteristics  are  similar  to  the 
smaller  scale  vortex  ring  generators.11  The  experiments 
were  conducted  in  Tow  Tank  facility  at  the 
Hydrodynamics  Laboratories  of  the  University  of 
Michigan.  The  water  surface  was  cleaned  by  a  continuous 
surface  current.  The  current  was  interrupted  and  the  flow 
motion  allowed  to  dissipate  before  each  vortex  ring  test. 
Because  of  these  precautions  the  water  surface  is  believed 
to  have  been  free  from  contaminants  on  these  tests. 

Hot  film  velocity  measurements  along  the  axis  of  the 
flow  were  used  to  determine  the  vortex  ring  formation 
characteristics.  The  flow  field  during  the  interaction  was 


characterized  by  flow  visualization  of  the  underwater  flow 
using  the  Hydrogen  bubble  technique  and  of  the  free 
surface  using  the  shadowgraph  technique.  The  surface 
signature  during  the  interaction  was  also  characterized  by 
measurements  of  the  free  surface  elevation  using  a 
capacitance  probe. 

The  numerical  simulations  were  conducted  using  a 
vortex/boundary -integral  method.  A  single  vortex  filament 
with  finite  core  size  was  found  adequate  for  the  objectives 
of  the  study.  Comparison  with  experiments  was  made  by 
adjusting  the  vortex  ring  circulation  and  core  parameter  to 
obtain  the  same  circulation  and  initial  propagation  speed  as 
in  the  tests.  For  additional  details  on  the  experimental 
setup  and  numerical  simulations  the  reader  is  referred  to 
Song  et  al.20 


Flow  visualization 

Typical  flow  visualization  results  of  the  interaction  at 
normal  incidence  are  shown  in  Figure  2.  Figure  2a  are 
visualizations  of  the  surface  deformation  and  underwater 
flow  at  a  Froude  number  I7(g  R3)112  =  0.252  where  Tis 
the  circulation  of  the  vortex  ring,  g  is  the  gravitational 
acceleration  and  R  is  the  radius  of  the  ring  before 
interaction.  The  corresponding  Reynolds  number  was 
n v=  15,000.  Figure  2b  are  similar  visualizations  at  a 
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(a) 


(b) 


Figure  2.  Flow  visualization  of  the  interaction  of  a  vortex  ring  with  a  free  surface  at  normal 
incidence.  Top  is  a  shadowgraph  image  of  the  surface,  Bottom,  underwater  flow 
visualized  by  hydrogen  bubbles,  (a)  Froude  number  0.252.  (b)  Froude  number 
0.988. 


Froude  number  of  0.988.  The  Reynolds  number  was 
64,700.  In  both  cases  it  is  shown  the  shadowgraph  image 
of  the  surface  on  top  and  the  side  view  image  obtained 
using  the  hydrogen  bubble  technique  at  the  bottom.  Both 
images  were  obtained  on  the  same  realization  of  the  flow. 
The  bubbles  in  the  side  view  pictures  tend  to  migrate 
towards  the  core  of  the  vortices  due  to  their  low  density. 
Note  that  on  the  side  view  the  mirror  image  of  the 
underwater  flow  is  observed  caused  by  total  reflection  of 
scattered  light  on  the  water  surface. 

The  flow  visualization  results  at  low  Froude 
number,  Figure  2a,  show  a  highly  coherent  axisymmetric 
surface  pattern.  The  side  view  picture  also  shows  a 
coherent  axisymmetric  core.  The  surface  signature 
consists  of  a  dark  band  bounded  by  two  bright  regions 
these  features  indicate  a  local  depression  of  the  surface. 
This  surface  depression  is  located  above  the  vortex  core 
and  moves  with  it  as  it  stretches  outward  due  to  the 
velocity  field  induced  by  the  image  vorticity  above  the 
surface.  There  were  no  surface  waves  generated  during 
this  process.  At  very  low  Froude  number  these  features 
were  observed  during  the  entire  interaction  process. 


Figure  2b  shows  flow  visualization  pictures  at  a 
higher  Froude  number  as  indicated.  The  shadowgraph 
visualization  of  the  surface  shows  small  scale  three- 
dimensional  structures  superposed  on  a  axisymmetric  dark 
band  associated  with  the  core.  Surface  waves  are 
generated  by  these  small  scale  three-dimensional  motions. 
These  waves  coalesce  to  form  an  axisymmetric  wave  front 
propagating  away  from  the  interaction  region.  The 
visualization  of  the  core  in  the  side  view  picture  show 
small  scale  three-dimensional  distortions  of  the  core 
associated  with  the  surface  features.  The  development  of 
the  small  scale  three-dimensional  features  was  found  to 
occur  rapidly,  through  an  instability  process.  Before  the 
instability  the  surface  signature  and  general  flow 
appearance  was  similar  to  the  case  shown  in  Figure  2a. 
After  transition  the  flow  features  discussed  in  relation  to 
Figure  2b  appeared. 


482 


Surface  signature  and  subsurface  flow 

The  measured  and  calculated  trajectories  of  the 
vortex  cores  at  a  Froude  number  of  0.255  and  0.988  are 
shown  in  Figure  3.  The  measured  and  calculated  results 
are  in  good  agreement.  There  is  no  rebounding  of  the 
vortex  core  in  the  low  Froude  number  case.  This  is 
expected  since  contaminants  were  not  allowed  to 
accumulate  on  the  surface.  At  the  larger  Froude  number 
the  calculations  show  a  small  rebounding  of  the  core.  The 
measurements  on  the  other  hand  are  not  accurate  enough 
to  confirm  this  result.  An  interesting  observation  shown 
by  the  data  in  Figure  3  is  that  the  vortices  attain  a  different 
final  depth  after  the  interaction  for  the  two  cases 
presented.  Studies  of  many  numerical  simulations  of  the 
flow  revealed  that  the  final  depth  of  the  vortex  core  is 
controlled  primarily  by  the  core  size  parameter.  For  the 
cases  shown  in  Figure  3  the  core  size  parameter  R/e, 
where  e  is  the  core  radius,  was  4.9  for  the  low  Froude 
number  case  and  2.7  for  the  high  Froude  number  case. 


r/R 


Figure  3.  Vortex  core  trajectories  for  normal  incidence. 

Froude  number  0.252:  Solid  line  calculated 
results,  circles  measurements.  Froude  number 
0.988:  Dashed  line  calculated  results,  squares 
measurements. 


Several  parameters  can  be  used  to  characterize  the 
surface  signature  during  the  interaction  of  a  vortex  ring 
with  the  free  surface.  Perhaps  the  simplest  measure  of  the 
strength  of  the  interaction  is  the  surface  elevation  at  the 
center.  Figure  4  is  a  plot  of  the  normalized  maximum 
elevation  at  the  center,  h/R,  as  a  function  of  Froude 
number,  r/(g  R3)11,  for  all  the  cases  tested  in  the 


laboratory.  The  straight  line  in  this  plot  has  slope  2,  the 
expected  scaling  behavior  derived  from  considerations  of 
momentum  balance  of  the  vortical  flow  and  the  surface 
deformation. 


r/(g  r3  )1/2 

Figure  4.  Normalized  maximum  surface  elevation  at  the 
centerline  as  a  function  of  Froude  number.  Only 
experimental  results  are  presented. 


The  surface  signature  during  the  interaction  was 
obtained  from  the  numerical  simulations.  Figure  5  is  a  plot 
of  the  instantaneous  surface  shape  for  the  case  0.252 
at  nondimensional  time  tT/R 2  =  14.16.  Note  that  the 
vertical  axis  is  stretched  by  a  factor  of  ten  compared  to  the 
horizontal  axis.  The  surface  features  in  this  plot  are  in 
good  qualitative  agreement  with  the  shadowgraph  flow 
visualization  picture  of  the  surface  shown  in  Figure  2a. 
The  dark  band  in  the  photograph  corresponds  to  the 
surface  depression  at  r/R  ~  3.0.  The  bright  regions  next  to 
the  dark  band  in  the  photograph  correspond  to  the  surface 
rise  at  either  side  of  the  depression. 

More  detailed  comparisons  between  the  measured 
and  calculated  results  is  presented  in  Figures  6  and  7  for 
Froude  numbers  of  0.252  and  0.988  respectively.  In  both 
Figures  we  plot  various  measures  of  the  position  of  the 
vortices  and  associated  surface  features  as  a  function  of 
time.  The  solid  lines  are  the  calculated  location  of  the 
vortex  core.  The  open  circles  are  the  measured  location  of 
the  cores  determined  from  the  hydrogen  bubbles  flow 
visualization.  The  broken  line  is  the  radial  location  of  the 
maximum  surface  depression  from  the  numerical 
simulations.  The  cross  symbols  are  the  measured  location 
of  the  dark  band  in  the  shadowgraph  images. 
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Figure  5.  Calculated  free  surface  shape  for  Froude 
number  0.252. 


The  results  at  low  Froude  number.  Figure  6,  show 
good  agreement  between  the  numerical  calculation  and  the 
measurements.  The  agreement  is  excellent  for  the  distance 


to  the  free  surface.  The  calculation  show  that  the  location 
of  the  maximum  depression  moves  outwards  ahead  of  the 
core.  The  calculated  speed  of  this  outward  motion  is  in 
good  agreement  with  the  measured  value.  Although  there 
are  discrepancies  in  the  absolute  location  of  the  core.  At 
later  times,  however,  ( tF/R 2  >15)  there  appears  to  be  a 
change  in  the  measured  core  trajectory. 

The  results  at  high  Froude  number,  Figure  7,  show 
significant  discrepancies  between  the  calculated  and 
measured  results.  Again  there  is  excellent  agreement 
between  the  calculations  and  the  measurements  for  the 
distance  to  the  free  surface.  The  evolution  of  the  radial 
location  of  the  core  is  in  good  agreement  up  to  tHR 2~  12. 
After  that  time  the  measurements  show  a  slower  outward 
motion  of  the  vortex  core  compared  to  the  calculations. 
The  reason  for  this  discrepancy  is  the  three-dimensional 
instability  observed  in  the  flow  visualization  study.  Before 
the  instability  the  outward  motion  of  the  core  results  from 
the  induced  velocity  field  caused  by  the  image  vorticity 
above  the  free  surface.  This  induced  motion  is  well 
characterized  by  the  axisymmetric  vortex  filament  model 
used  in  the  numerical  calculations.  As  three-dimensional 
motions  develop  after  the  instability,  vortex  lines  break 
and  connect  to  the  free  surface,  a  phenomenon  discussed 
in  more  detail  later,  thus  destroying  the  axial  coherence  of 
the  vorticity  distribution.  These  vortex  patches  attached  to 
the  free  surface  determine  the  speed  of  the  outward  motion 
of  the  core  after  the  three-dimensional  instability. 


rt/R2  rt/R2 


Figure  6.  Temporal  evolution  of  various  flow  parameters 
at  a  Froude  number  of  0.252.  Solid  line 
calculated  core  location.  Dashed  line  radial 
location  of  minimum  surface  depression. 
Circles  measured  core  location.  Crosses  radial 
location  of  dark  band. 


Figure  7.  Temporal  evolution  of  various  flow  parameters 
at  a  Froude  number  of  0.988.  For  key  to  the 
symbols  see  caption  of  Figure  6. 
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INTERACTION  AT  INCLINED  INCIDENCE 


to  the  surface.  These  experiments  demonstrated  that 
surface  dimples  result  from  vortex  lines  breaking  and 
reconnecting  with  the  free  surface.  To  further  examine  this 
phenomenon  a  systematic  investigation  on  the  interaction 
of  a  vortex  ring,  at  an  inclined  incidence  to  the  free 
surface,  was  undertaken  (see  Figure  lb). 


Investigations  on  the  interaction  of  a  turbulent  jet 
with  the  free  surface^  revealed  the  development  of 
characteristics  features  on  the  free  surface  consisting  of 
dark  dimples  associated  with  vortex  lines  terminating  at 
the  free  surface.  It  was  also  observed  that  vortical 
structures  in  the  near  field  of  the  jet  were  directly 
responsible  for  the  formation  of  the  dimples.  Bernal  and 
Kwon1^  experimented  with  vortex  rings  moving  parallel 


(a) 


(b) 


(c) 


Figure  8.  Flow  visualization  pictures  of  the  interaction  of  a  vortex  ring  with  a  clean  free 
surface  at  a  Reynolds  number  of  5,000  and  incidence  angle  of  20°. 
Shadowgraph  visualizations  of  the  surface  are  shown  on  top  and  Cross -section 
views  at  the  bottom.  In  each  photograph  the  vortex  motion  is  from  right  to  left, 
(a)  n/R2  =  18.  (b)  D/R2  =  26.  (c)  H/R2  =  43. 
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In  considering  these  flow  processes  at  a  free  surface 
the  role  of  surface  contamination  is  an  important 
parameter.  The  flow  visualization  results  by  Bernal, 
Hirsa,  Kwon  and  Willmarth17  showed  that  vorticity 
generation  at  the  free  surface  can  alter  the  evolution  of  the 
subsurface  flow.  The  study  of  this  interaction  in  the  more 
complicated  case  of  inclined  incidence  was  another 
motivation  for  the  present  study. 

The  experiments  were  conducted  in  the  free  surface 
water  tank  described  by  Bernal  and  Madnia9.  Several 
modifications  were  added  to  help  control  contamination  of 
the  free  surface.  A  stand-up  drain  pipe  was  installed,  and  a 
continuous  current  of  water  was  allowed  to  flow  into  the 
facility  to  remove  surface  contaminants  before  they  could 
have  accumulated  on  the  free  surface.  During  the  actual 
tests  the  water  current  was  temporarily  halted  and  the 
remaining  turbulence  in  the  tank  was  allowed  to  dissipate 
before  generating  the  vortex  rings.  This  procedure  resulted 
in  highly  reproducible  results  for  a  clean  free  surface. 

A  vortex  ring  generator  having  a  2.5  cm  nozzle  exit 
diameter  was  used  in  all  the  experiments  at  inclined 
incidence.  A  short  duration  water  pulse  is  allowed  to  flow 
out  of  the  generator  to  produce  the  vortex  rings.  A 
pressurized  tank  and  a  solenoid  valve  are  used  to  control 
the  speed  and  duration  of  the  water  pulse.  A  detailed  study 
was  conducted  to  determine  the  operating  characteristics  of 
the  vortex  ring  generator.  These  as  well  other  information 
on  the  operation  of  the  vortex  ring  generator  can  be  found 
in  Kwon11.  The  flow  field  and  surface  signature  was 
documented  by  Laser  Induced  Fluorescence  (LIF)  flow 
visualization  of  the  symmetry  plane  and  by  shadowgraph 
visualization  of  the  free  surface. 


Interaction  with  a  clean  free  surface 

Shown  in  Figure  8  are  flow  visualization  pictures  of 
the  interaction  at  an  incidence  angle  of  20°.  On  top  are  the 
shadowgraph  images  of  the  free  surfaces,  at  the  bottom 
are  LIF  cross-sections  through  the  symmetry  plane.  The 
vortex  ring  motion  is  from  left  to  right.  The  flow 
conditions  were  Reynolds  number  17 v  =  5,000  and  the 
Froude  number  r/(gR3)112  =0.81.  These  photographs 
show  the  three  stages  of  the  interaction  process.  The  first 
photographs  at  Ft/R 2  =  18,  Figure  8a,  show  the  upper 
vortex  core  interacting  with  the  free  surface  which  causes 
a  surface  depression.  The  second  set  of  photographs 
obtained  at  Ft!R2=  26,  Figure  8b,  show  a  single  vortex 
core  in  the  cross-section  while  the  surface  signature  shows 
two  dimples  on  the  surface  at  either  side  of  the  symmetry 
plane.  These  features  indicate  that  the  vortex  lines  in  the 
ring  have  opened-up  and  are  now  attached  to  the  surface 
at  the  dimples.  The  shadowgraph  image  also  shows  that 
surface  waves  were  generated  during  the  vortex  line 
breaking  and  reconnection  process.  At  a  later  time  (Figure 
8c,  n/R2=  43)  the  flow  visualization  of  the  cross-section 
shows  little  evidence  of  the  vortex  ring  core  while  the 


surface  shadowgraph  shows  four  dimples  on  the  surface. 
The  top  pair  propagates  away  from  the  lower  pair  in  time. 
Each  individual  pair  of  dimples  represents  the  surface 
signature  of  a  half  vortex  ring  with  vortex  lines  beginning 
and  terminating  at  the  free  surface. 

Flow  visualization  studies  were  conducted  to 
determine  the  effect  of  Reynolds  number  and  incidence 
angle  on  the  interaction.  The  results  are  summarized  in 
Figure  9.  Vortex  line  breaking  and  reconnection  of  the  top 
and  bottom  parts  of  the  ring  were  found  for  a  large  range 
of  Reynolds  numbers  (from  2,000  to  7,000)  and  incidence 
angles  in  the  range  between  10°  and  30°.  At  a  Reynolds 
number  of  5,000  the  vortex  line  breaking  and  reconnection 
of  the  lower  part  of  the  core  was  observed  for  angles  up  to 
45°.  Small  variations  were  observed  within  this  range  of 
parameters  in  the  sense  that  the  half-vortex  rings  would 
propagate  at  different  angles  after  the  interaction,  and  in 
some  cases  they  will  move  along  converging  paths, 
interact  with  each  other  again  and  form  a  single  open  ring. 


EZ3  Lower  Core  Vortex  Breakdown 

m  Lower  Core  Vortex  Reconnection 


Figure  9.  Observed  interaction  outcome  as  a  function  of 
vortex  ring  Reynolds  number  and  incidence 
angle. 


For  vortex  rings  formed  at  conditions  outside  this 
region,  the  vortex  lines  of  the  upper  core  break  and 
reconnect  to  the  surface  as  in  the  other  cases.  But  when 
the  bottom  core  reached  the  surface  the  vortical  region 
broke  down  into  smaller  scale  vortical  structures. 
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The  vortex  line  breaking  and  reconnection  process 
can  be  quantified  be  a  characteristic  time,  tr.  This 
reconnection  time  was  defined  in  the  experiments  as  the 
elapsed  time  between  the  time  when  the  vortex  outline  in 
the  LIF  image  first  reaches  the  surface  and  the  time  when 
the  dimples  on  the  surface  are  first  observed. 
Measurement  were  conducted  of  the  reconnection  time  of 
the  upper  vortex  core  at  several  conditions.  The  results  are 
shown  in  Figure  10  where  the  reconnection  time 
nondimensionalized  by  the  circulation  and  the  core 
diameter,  5,  is  plotted  as  a  function  of  the  Reynolds 
number  for  different  incidence  angles.  The  results  show 
that  the  normalized  reconnection  time  is  independent  of  the 
Reynolds  number,  suggesting  that  the  breaking  of  vortex 
lines  is  by  and  large  an  inviscid  process.  There  is  a 
systematic  reduction  of  the  normalized  reconnection  time 
as  the  incidence  angle  is  increased  suggesting  a  strong 
dependence  on  the  details  of  the  vortex  line  topology  as 
they  approach  the  surface. 


Figure  10.  Effect  of  vortex  ring  Reynolds  number  and 
incidence  angle  on  vortex  line  reconnection 


(a) 


(b) 


(c) 


Figure  11.  Flow  visualization  photographs  of  the  interaction  of  a  vortex  ring  with  a 
contaminated  surface  at  a  Reynolds  number  of  5,000,  incidence  angle  of  20 
and  surface  pressure  of  12.7  dynes/cm.  Shadowgraph  visualizations  of  the 
surface  are  shown  on  top  and  Cross-section  views  at  the  bottom.  In  each 
photograph  the  vortex  motion  is  from  left  to  right,  (a)  D/R2  =  42.  (b)  ft/R  = 
53.  (c)  n/R2  =  65. 
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The  flow  visualization  at  a  nondimen sional  time 
rt/R~  53  shown  in  Figure  1  lb  reveals  the  formation  of  a 
pair  of  counter  rotating  vortices  trailing  behind  the  lower 
core.  This  small  pair  of  vortices  is  the  remanence  of  the 
upper  vortex  core  and  the  opposite  sign  vorticity  generated 
by  surface  tension  effects  at  the  contaminated  surface.  The 
shadowgraph  image  of  the  surface  shows  the  dimples  due 
to  the  reconnection  of  the  top  vortex  core  with  the  surface 
and  the  waves  generated  in  the  process  of  reconnection. 
The  shadowgraph  image  also  shows  a  distinct  Reynolds 
ridge  moving  ahead  of  the  reconnected  vortex  cores. 

At  a  later  time,  rt/R2  =  65  Figure  11c,  the  cross 
section  view  still  shows  evidence  of  the  counter  rotating 
vortex  pair  at  the  surface  which  has  now  been  entrained  by 
the  lower  vortex  core.  Also  a  large  secondary  vortex  has 
formed  ahead  of  the  lower  vortex  core.  The  induced 
velocity  field  of  the  secondary  vortex  tends  to  stop  the 
motion  of  the  lower  vortex  core  towards  the  surface.  The 
surface  signature  in  this  case  show  well  defined  circular 
dimples  as  well  as  a  highly  distorted  Reynolds  ridge. 

These  flow  visualization  results  illustrate  the  effect 
that  surface  active  agents  have  on  the  dynamics  of  vorticity 
near  a  free  surface.  The  effect  vary  depending  on  the  local 
details  of  the  flow.  For  the  upper  core  the  surfactant  does 
not  suppress  the  vortex  line  breaking  and  reconnection 
process.  This  is  consistent  with  the  observed  Reynolds 
number  independence  of  the  reconnection  time.  In  contrast 
the  lower  core  dynamics  is  strongly  influenced  by  the 
presence  of  surface  active  agents.  As  the  lower  core  region 
approaches  the  free  surface  secondary  vorticity  generated 
at  the  surface  by  surfactant  action  accumulates  in  a 
secondary  vortex.  The  velocity  field  induced  by  the 
secondary  vortex  causes  rebounding  of  the  core  and 
prevents  vortex  line  breaking  at  the  surface. 
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DISCUSSION 

Daniel  Marcus 

Lawrence  Livermore  National  Laboratory,  USA 

What  is  the  effect  of  changing  the  ratio  of  core  radius  to  ring  radius 
on  the  reconnection  event? 

AUTHORS’  REPLY 

We  have  only  limited  amount  of  data  on  the  effect  of  core  radius  or 
ring  radius  on  the  reconnection  event.  The  data  presented  in  Figure 
10  shows  that  the  vortex  reconnection  time  when  nondimensionalized 
by  core  parameters  is  approximately  independent  of  the  Reynolds 
number.  For  these  data,  the  change  in  Reynolds  number  is 
accompanied  by  a  change  of  the  ratio  of  core  radius  to  ring  radius. 
Kwon  (1989)  estimates  the  values  of  this  parameter  for  the  cases 
plotted  in  Figure  10.  The  values  changed  from  a  minimum  value  of 
0.23  at  the  low  Reynolds  number  case  to  a  maximum  value  of  0.39 
at  the  largest  Reynolds  number  case.  On  the  basis  of  this  evidence, 
it  appears  that  the  nondimensional  reconnection  time  is  also 
independent  of  the  ratio  of  core  radius  to  ring  radius. 

DISCUSSION 

Theodore  Y.  Wu 

California  Institute  of  Technology,  USA 

The  authors  deserve  our  warm  thanks  for  the  very  enlightening  report 
on  their  investigations  of  this  fascinating  subject.  In  view  of 
Helmholz’s  theorem  that  no  vortex  filaments  can  terminate  in  the 
midst  of  a  fluid  (or  fluids),  I  wonder  if  the  authors  have  investigated 
the  vortical  flow  induced  in  the  air  by  the  submerged  vortices  that 
have  opened  up  at  the  interface.  I  further  wonder  if  such  more 
complete  vortex  systems  may  have  a  bearing  on  the  secondary 
vortices  sequentially  generated  in  the  course  of  the  vortex  bifurcation. 

AUTHORS’  REPLY 

We  would  like  to  thank  Professor  Wu  for  his  kind  remarks.  Yes, 
Helmholz’s  theorem  requires  that  vortex  lines  with  a  component 
normal  to  the  free  surface  continue  in  the  air  above  the  free  surface. 
We  have  not  attempted  to  measure  or  in  any  way  characterize  the  air 
motion  above  the  free  surface  during  the  interaction.  Elucidation  of 
the  topology  of  the  vortex  lines  in  air  is  a  challenging  problem.  The 
Reynolds  number  for  the  air  flow  is  one  order  of  magnitude  lower 
than  for  the  water  flow  and  consequently  the  air  vortices  are  expected 
to  dissapate  more  rapidly.  In  any  case,  these  induced  vortices  in  air 
or  other  weak  air  flow  disturbances  above  the  surface  do  not 
significantly  influence  the  vortex  reconnection  process  because  of  the 
large  density  ratio.  Free  surface  dynamics,  including  contamination 
effects,  dominate  the  interaction  process. 


DISCUSSION 

Richard  Yue 

Massachusetts  Institute  of  Technology,  USA 

In  your  work,  the  induced  velocity  on  the  surface  is  a  known  function 
(of  space  and  time)  since  the  influence  of  the  free  surface  on  the 
vortex  pair  is  not  considered.  This  is  consistent  with  the  assumption 
of  deep  submergence.  In  this  context  it  seem  that  the  present 
problem  can  be  addressed  by  simply  considering  the  dispersion 
relationship  in  terms  of  the  known  surface  advection  which  can  be 
applied  directly  to  a  wave  spectrum. 

AUTHORS’  REPLY 

Although  the  induced  velocity  on  the  surface  is  a  known  function  of 
space  and  time,  a  solution  method  based  solely  on  the  spectral 
variation  due  to  this  known  surface  current  requires  an  additional 
assumption.  This  assumption  is  that  the  variation  in  surface  current 
be  slowly  varying  in  time  and  space  with  respect  to  the  length  and 
time  scales  of  the  ambient  waves.  The  ambient  wavelengths  here  is 
allowed  to  be  of  the  same  order  of  magnitude  as  the  vortex  pair 
separation  and  depth.  The  problem  is  therefore  transient  in  nature 
rather  than  quasi -steady  as  would  be  assumed  in  the  direct 
modification  of  the  dispersion  relationship.  The  transient  problem  is 
handled  in  a  straightforward  manner  using  the  simulation  technique. 
In  the  limit  of  small  waves  under  the  influence  of  large  scale  vortices, 
such  as  in  the  ship  example  at  the  end  of  the  paper,  the  direct  method 
suggested  will  likely  give  reasonable  agreement. 
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Submerged  Vortex  Pair  Influence 
on  Ambient  Free  Surface  Waves 

S.  Fish  (David  Taylor  Research  Center,  USA) 
C.  von  Kerczek  (University  of  Maryland,  USA) 


ABSTRACT 

This  paper  examines  how  free  surface  gravity 
waves  travelling  over  a  fluid  are  modified  by  the 
presence  of  a  submerged  pair  of  vortex  singularities. 
Greater  attention  has  recently  been  focused  on  the 
problem  of  vortex  flows  near  a  free  surface  due  to  its 
possible  importance  in  determining  the  influence  of 
vortical  ship  wakes  on  radar  images  of  the  ocean 
surface.  Although  much  research  has  concentrated  on 
studying  vortices  near  a  still  free  surface,  a  theory  for 
vortical  influence  on  ambient  free  surface  waves  has 
not  been  addressed.  Initial  steps  in  uncovering  the 
subtleties  of  the  ambient  wave  modification  by 
submerged  vortices  are  taken  utilizing  first  order  free 
surface  boundary  conditions  to  demonstrate  the 
importance  of  the  vortex-induced  surface  current  in 
the  interaction  of  vortices  with  ambient  waves.  A 
parametric  study  is  then  conducted  showing  that  the 
relative  strength  of  the  vortices  and  their  geometric 
configurations  are  more  important  in  characterizing 
the  form  of  surface  modification  than  the  relative 
phase  or  steepness  of  the  ambient  waves.  And 
finally,  analysis  of  simulation  data  is  performed 
indicating  how  a  vortex  pair  ship  wake  model  can 
contribute  to  the  observed  dark  centerline  wakes  in 
radar  images  of  ships  at  sea. 

INTRODUCTION 

Research  interest  in  the  behavior  of  vortex 
structures  near  a  free  surface  has  recently  been 
revived  by  the  detection  of  dark  regions  in  radar 
images  of  the  sea  surface.  The  significance  of  these 
long  narrow  dark  streaks  is  their  coincidence  with  the 
centerline  wake  regions  of  ships  travelling  on  the  sea 
surface  at  the  time  of  radar  exposure.  For  this  reason, 
they  are  generally  referred  to  as  dark  centerlines. 
Examples  and  details  on  the  radar  operation  and 
image  processing  can  be  found  in  Lyden,  et  al  .  and 
Peltzer  et  al2.  Although  the  cause  of  the  dark 
centerlines  is  not  well  understood,  there  is  widespread 
agreement  that  the  lower  energy  radar  return  in  this 
region  is  a  result  of  the  elimination  of  surface  waves 


normally  responsible  for  constructive  interference  of 
the  reflected  radar  signal.  Constructive  interference 
occurs  when  the  component  of  the  surface 
wavenumber  vector  in  the  "look"  direction  of  the 
radar  satisfies  the  following  expression  (Wright  ): 

=  2  kj.  sin(0)  (1) 

where:  kw  =  2 tcAw  =  surface  wavenumber 

kj.  =  2k/\t  =  radar  wavenumber 

X  =  wavelength 

0  =  vertical  incidence  angle  of  the  radar 
(normal  to  the  free  surface:  0=0°) 

Waves  satisfying  this  criterion,  termed  Bragg 
scattering  waves,  are  typically  wind  generated,  and 
form  the  background  signal  return  level  in  SAR 
images.  Dark  centerlines  in  the  radar  images  of 
moving  ships  at  sea  suggest  the  reduction  or 
elimination  of  these  Bragg  waves  in  the  ship  wake. 

The  elimination  of  these  Bragg  waves  and  the 
long  term  maintenance  of  a  Bragg-free  region  in  the 
wake  is  the  subject  of  intense  research  in  several 
hydrodynamic  fields,  from  surfactant  distribution  to 
nonlinear  ship  wave  generation.  It  is  likely  that  many 
of  these  hydrodynamic  processes  are  combining  to 
produce  the  dark  centerlines  and  that  their  relative 
importance  depends  on  the  ambient  environmental 
conditions.  The  process  being  studied  here  is  the 
effect  of  the  large  scale  rotations  generated  in  the  ship 
wake  on  the  ambient  waves  present  in  the  background 
of  the  radar  image.  These  longitudinal  vortex-like 
motions  in  the  ship  wake  have  been  measured 
(Lindenmuth4)  and  calculated  (Griffin  et  al.5)  for  a 
variety  of  ships  and  are  illustrated  in  figure  1.  The 
origin  of  this  vorticity  is  the  overall  boundary  layer  of 
the  ship  and  occurs  in  slight  variations  regardless  of 
propulsion  configuration.  The  weaker  persistence  of 
these  vortices  in  the  wake  cannot,  by  itself,  account 
for  the  length  of  the  dark  centerline  but  may 
contribute  to  both  the  initial  Bragg  wave  elimination 
and  help  sustain  the  other  processes  (such  as 
surfactant  redistribution)  in  the  far  wake.  The 
presence  of  ambient  waves  in  the  real  ocean 
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environment  therefore  indicates  the  need  to  determine 
how  waves  may  be  modified  by  the  wake  itself.  This 
work  will  concentrate  on  wave  modification  by  the 
large  scale  wake  vorticity  just  described. 


Prior  studies  of  vortex -free  surface  interactions 
focused  on  the  dynamics  of  an  initially  flat  free 
surface  under  the  influence  of  the  vortex  pair.  This 
problem  is  relevant  only  under  the  limited  conditions 
of  a  glassy  smooth  sea  surface.  The  more  common 
wind-generated  ambient  wave  background  is  of 
concern  here.  In  this  case,  the  important  phenomenon 
is  the  modification  of  the  ambient  Bragg  scattering 
waves  by  vortices  of  relatively  weak  strength.  The 
term  "weak”  here  refers  to  circulation  strength  and 
speed  of  the  vortex  relative  to  the  gravitational  forces 
on  the  free  surface.  Weak  vortices  are  representative 
of  the  large  scale  flow  measurements  in  the  far  wake, 
and  result  in  minimal  vertical  surface  deflections,  and 
no  wave  breaking.  It  will  be  shown  that  a  first  order 
formulation  of  the  free  surface  boundary  condition 
retains  the  dominant  nonlinear  surface  characteristics 
without  the  additional  computational  difficulties 
associated  with  nonlinear  surface  modelling. 
Linearization  of  the  free  surface  also  allows 
simulation  of  simple  monochromatic  ambient  waves. 
The  alteration  of  these  simple  waveforms  by 
submerged  vortices  can  therefore  be  easily  identified 
both  visually  and  using  spectral  analysis.  Because 
Bragg  waves  for  typical  radar  wavelengths  are  much 
shorter  than  the  depth  of  the  modelled  wake  vortices, 
their  inviscid  influence  on  the  vortex  paths  is 
negligible  and  will  be  ignored  in  this  study.  The 
resulting  paths  of  the  vortex  pair  correspond  to  the 
paths  for  a  flat,  rigid  free  surface.  Simulations  of 
the  two  dimensional  vortex  pair  near  a  free  surface 
with  monochromatic  ambient  waves  are  used  here  to 
determine  which  parameters  of  the  governing 
equations  are  dominant.  The  Froude  number  and 
initial  vortex  positions  are  shown  to  play  the  most 
important  roles  in  modifying  ambient  waves.  Other 


parameters,  such  as  the  ambient  wave  steepness  and 
relative  phase  that  result  from  the  analytic  study  as 
independent  quantities,  play  secondary  roles,  as  might 
be  expected  from  linear  theory. 

In  addition,  spectral  analysis  is  used  in  a  form 
which  extracts  characteristics  in  the  surface  similar  to 
the  radar  imaging  process.  This  analysis  shows  that 
submerged  vortices  can  give  images  with  darker 
center  regions  where  the  ambient  waves  undergo  the 
modification.  This  analysis  will  be  performed  on  a 
vortex  pair  with  parameters  derived  from  typical  ship 
operating  characteristics. 


PROBLEM  FORMULATION  AND  SOLUTION 
METHOD 

In  developing  a  solution  technique  for  the 
vortex/ambient  wave  interaction  problem,  one  would 
like  to  start  with  the  simplest  model  possible  while 
retaining  the  most  significant  flow  interaction  tenns. 
The  model  used  here  follows  the  classical 
assumptions  of  inviscid,  incompressible  flow  without 
surface  tension.  In  addition,  the  three  dimensional 
ship  wake  will  be  considered  as  a  quasi-two 
dimensional  (2-D)  flow.  See  figure  2.  This 
modelling  hypothesis  assumes  that  velocity  gradients 
in  the  axial  direction  are  sufficiently  small  to  permit 
2-D  flow  realizations  in  a  plane  perpendicular  to  the 
ship  track  to  be  integrated  in  time  to  represent  the 
three  dimensional  problem.  The  constant  ship  speed 
may  then  be  used  to  transform  time  data  into  axial 
distance  behind  the  ship. 


Fig.  2  2-Dimensional  Flow  Model 


Because  simple  sinusoidal  ambient  waves  are 
desired  for  the  interaction  problem,  a  linearized 
approach  is  formulated  with  the  small  perturbation 
parameter,  e,  defined  as  follows: 


where  D  is  vortex  depth,  and  g  the  gravitational 
acceleration.  Although  £  represents  the  traditional 


492 


form  of  Froude  number  governing  the  flow  when  no 
ambient  waves  are  present,  the  use  of  "Froude 
number"  in  this  paper  will  refer  to  another  parameter, 
defined  later,  which  the  reader  will  find  more  intuitive 
for  cases  including  ambient  waves.  Nevertheless,  the 
value  of  £  will  be  kept  small  since  this  is 
representative  of  the  "weak"  large  scale  vortical 
motion  in  the  ship  wake. 

Following  a  standard  perturbation  theory  and 
using  a  zeroth  order  solution  of  the  vortex  near  a  rigid 
surface  (corresponding  to  £  approaching  0),  one  can 
derive  the  following  boundary  conditions  for  the  free 
surface.  (See  Fislr  or  Fish  and  von  Kerczek7  for 
details.) 

Dynamic: 

♦  ,+0.5^+l=0  (3) 


Kinematic: 

-V11'+<t>o.c1l;r'n<l>oyy=0  (4) 

where: 

<t>H>0+M>i 

'n='no+erii 

It  should  be  noted  here  that  these  equations  include 
the  first  order  Taylor  series  expansion  of  each  term 
about  its  evaluation  on  the  still  water  level 
(corresponding  to  the  rigid  surface  boundary).  Note 
also  that  the  0.5<|>x2  tenn  in  the  dynamic  boundary 
condition  and  the  <()qxT|x  term  in  the  kinematic 
boundary  condition  represent  the  influence  of  induced 
surface  currents  on  the  modification  of  ambient 
waves.  In  particular,  the  term  provides  a  direct 

coupling  of  the  vortex  induced  surface  current  and  the 
ambient  wave  slope.  These  tenns  are  excluded  in  the 
classical  free  surface  linearizations  utilizing  the 
quiescent  zero1*1  order  base  state. 

For  the  problem  here,  the  ambient  waves  are 
propagated  from  the  side  of  the  2-D  domain  as  shown 
in  figure  2.  These  waves  represent  ambient  waves 
moving  transverse  to  the  ship  track.  Because  of  the 
quasi-2-D  nature  of  the  ship  wake  model,  modelling 
waves  propagating  in  directions  much  different  from 
this  lateral  condition  should  not  be  assumed  practical. 

The  solution  method  used  to  march  through 
the  2D  computations  utilizes  the  widely  used 
Boundary  Integral  Technique  (BIT)  of  Trygvasson^, 
Telste^  and  others.  The  BIT  utilizes  the  Cauchy 
Integral  Theorem  to  describe  potential  flows  such  as 
this  one  by  the  values  of  the  potential  and  stream 
function  on  the  boundaries  of  the  fluid  domain. 

fJ_rfz+laoP(V)=0 

n  z~zo  w 


where:  P  =  <|)  +  i\|/ 

<j>  =  velocity  potential 
V  =  stream  function 
0(q  =  exterior  angle  between  boundary 
tangents  on  either  side  of  Zq 

The  boundary  is  discretized  for  numerical  integration 
assuming  a  continuous  linear  variation  in  potential 
and  stream  function  over  each  element.  In  the  present 
study,  the  boundaries  are  composed  of  the  free 
surface,  two  vertical  side  walls  and  a  flat  bottom.  At 
each  time  step  Cauchy’s  Integral  Theorem  is  used  to 
determine  the  equilibrium  unknown  (jq  or  \|q  on  a 
boundary  element  in  which  the  corresponding  Vi  or  <t>i 
is  prescribed.  This  is  achieved  by  solving  the  set  of 
simultaneous  equations  resulting  from  the  application 
of  equation  5  to  the  node  point,  z^,  of  each  element 
of  the  boundary. 

The  prescribed  values  of  V  and  $  for  die  next 
time  step  are  determined  as  follows.  First,  the  (jq 
distribution  over  the  free  surface  elements  is  obtained 
by  integrating  the  dynamic  free  surface  boundary 
condition. 

<b(f+AO  =  <KO+M0.5<|>n  +<j>0  <h  +—)  &) 

v  X  X  X  £ 

T||  on  the  free  surface  is  also  updated  by  integrating 
the  kinematic  boundary  condition. 

T)(f  +  Af)  =T|(f)+Af(<|>  -y-<t>0 Af+Tl(t>0yy)  (7) 

Then  the  new  distribution  of  Vwall  on  s^e  anc* 
bottom  boundaries  is  prescribed  by  the  undisturbed 
deep  water  ambient  wave  stream  function. 

VwaU(xi’t+At)  =  gA/<0  cosCaXt+AO-kXj)  (8) 

where: 

k  =  2nfk  (0  =  Vgk 

A  comparison  of  calculation  methods  for  the 
surface  disturbance  caused  by  a  single  vortex  moving 
at  constant  speed  below  the  free  surface  is  given  in 
figure  3.  One  can  see  that  the  method  used  here 
compares  very  well  with  the  fully  nonlinear 
calculations  of  Telste^  while  calculations  utilizing  the 
classical  zero  flow  base  state  for  linearization  are  in 
error. 

In  determining  the  relative  importance  of  the 
additional  terms  in  equations  3  and  4  with  respect  to 
the  classical  linearized  form,  equivalent  simulations 
were  conducted  with  each  term  deleted.  It  was  found 
in  this  study  that  the  terms  containing  <)>qx, 
representing  the  induced  surface  current  from  the 
vortices  were  significant  contributors  to  the  solution. 
The  B^Oyy  va^ue  remained  small.  In  addition,  the 
cross  term  ^Qx^lx  provides  a  direct  interaction  tenn 
between  the  ambient  waves  (whose  potential  will  be 
contained  in  ty  j  and  the  submerged  vortices). 

Without  this  term  calculations  were  almost  equivalent 
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to  the  superposition  of  independent  calculations  of  the 
vortices  and  waves.  Figures  4a  and  4b  show  the 
influence  of  the  induced  current  terms  on  the  ambient 
wave  modification.  This  figure  shows  free  surface 
profiles  at  discrete  time  intervals  corresponding  to  the 
period  of  the  ambient  wave,  T,  which  is  propagating 
from  left  to  right.  A  counter  rotating  pair  is 
positioned  in  the  center  region  as  shown  in  figure  2. 
The  details  of  the  flow  parameters  will  be  described 
further  in  the  next  section. 


-2.0  -1.5  -1.0  -0.5  0.0  0.5  1.0  1.5  2.0 

x/s 

Fig.  3  Free  Surface  Profiles  Above  Single  Vortex 
£  =  0.5 


Fig.  4a  Surface  Profiles  with  Vortex  Pair:  Classical 
Linearization 


Fig.  4b  Surface  Profiles  with  Vortex  Pair:  First  Order 
Theory  with  Induced  Current  Terms 


NONDIMENSIONAL  PARAMETER 
IDENTIFICATION 


When  ambient  waves  are  included  in  the 
vortex/free  surface  problem,  the  characteristic  length 
scale  should  correspond  to  the  ambient  wavelength. 
This  wavelength  is  of  primary  concern  since 
eventually  it  will  be  this  scale  which  determines  the 
character  of  radar  return  from  the  free  surface.  The 
problem  therefore  is  nondimensionalized  as  follows: 
(where  ’  indicates  a  dimensional  quantity) 


x-x’A  y=y’A  r|=r|’A 

t=t’\2/r  <M>vr 


(9) 


The  governing  inputs  to  the  problem  are  F,  g,  A,  S, 

D,  and  X.  Dimensional  analysis  reduces  these  six 
variables  to  four  parameters.  The  choice  of  parameter 
definitions  must  be  made  with  care  to  allow 
meaningful  conclusions  to  be  drawn.  The  ambient 
waves,  for  instance,  are  described  by  their  steepness, 

A  fk. 

Since  the  paths  taken  by  the  vortices  will  be 
defined  by  their  "rigid  wall"  paths  and  therefore  are 
known  a-priori,  one  choice  for  a  parameter  would  be 
the  ratio  of  the  initial  separation  distance  to  initial 
depth,  S/D.  Small  values  of  S/D  indicate  that  the 
vortex  pair  is  initiated  at  greater  depth  than 
separation,  and  will  initially  propagate  upwards 
toward  the  free  surface.  Large  values  of  S/D 
represent  a  vortex  pair  which  is  widely  separated  and 
will  move  parallel  to  the  free  surface  under  the 
primary  influence  of  their  image  vortices  above  the 
free  surface.  One  then  needs  to  define  either  S/X  or 
D/X  as  the  other  parameter  relating  the  vortex 
geometric  configuration  to  the  ambient  wavelength. 
Most  of  the  cases  studied  here  are  for  small  values  of 
S/D,  giving  a  minimum  depth  achievable  by  the 
vortex  of  approximately  S/2.  Since  this  will 
correspond  to  the  highest  value  of  induced  surface 
current  by  the  vortices,  S/X  was  chosen  as  the  second 
parameter. 

The  last  parameter  gives  the  relative  scales  of 
the  vortex  strength  to  the  wave  velocity,  and  is 
commonly  called  the  Froude  number.  The  Froude 
number  for  this  problem  can  be  defined  in  several 
ways  depending  on  one’s  choice  of  length  scale. 
Previous  works  without  ambient  waves  have  utilized 
the  initial  vortex  separation  following  the  definition 
F=e  of  equation  (2).  Since  it  has  been  shown  that  the 
induced  surface  current  has  a  dominant  influence  on 
the  modification  of  waves,  it  would  appear  prudent  to 
define  a  Froude  number  based  on  the  ratio  of  this 
induced  current  and  the  group  velocity  of  the  ambient 
waves.  The  maximum  induced  velocity  (including 
image  vortex  above  free  surface)  is  given  by: 


vi=2T/7cS  which  occurs  at  D=S/2  (10) 
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and  occurs  after  the  vortices  have  approached  the  free 
surface  and  separated.  The  deep  water  group  velocity 
for  the  ambient  waves  is 


g 


\j  271 


(ID 


The  ratio  V/V  will  be  used  as  the  Froude  number, 
F,  and  can  therefore  be  formed  as  shown  below. 


4r 

vi  _  nS  _  4/2  r 


^  \fn~  S\fgX 

(12) 

\  2k 

with  r  =  £  -_L- =  V/(T F  (13) 

F=r/(gS3)l/2  P=AA  Q=SA  R=S/D 

where  T  is  the  vortex  circulation,  S  is  the  initial 
vortex  pair  separation,  D  is  the  initial  vortex  pair 
depth,  X  is  the  ambient  wavelength,  and  A  is  the 
ambient  wave  amplitude.  Substituting  these  relations 
into  the  previously  defined  ALM  boundary  conditions 
gives  the  following  results: 

Dynamic: 

<t>,=  -<1)^/2  -<|)^(t>^-Tl/(F2Q3)  (I4) 


Kinematic: 

11,  =  <l>y  +  TVl>^y-  ^llx  (15> 


The  corresponding  deepwater  wave  potential  using  the 
above  nondimensional  parameters  takes  the  form: 

<!>w  =  P/(F  Q3/2  (2K)m)  e2*y 

sm  (2jtx  -  (2jr)1/2t/(F  Q3/2)]  (16) 

The  vortex  potential  is  also  nondimensionalized  and 
given  below  in  complex  form: 

P0  =  <|>0  +  i\|f0  =  i'1  In  [(z-zj)/(z-z2)] 

-  i'1  In  [(z-z*j)/(z-z*2)]  (17) 

where  the  character  represents  the  complex 
conjugate. 


FROUDE  NUMBER  VARIATION 

The  examination  of  Froude  number  influences 
will  consist  of  flow  simulations  with  the  vortices 
started  at  a  relatively  deep  position  (S/D=l/3).  This 
value  of  S/D  was  chosen  to  minimize  surface 
disturbances  associated  with  the  transients  of  the 
vortices  ’  impulsive  start.  The  ambient  wave 
modifications  would  therefore  be  associated 
predominantly  with  the  velocity  field  generated  by  the 
slowly  moving  vortices  rather  than  the  initial 
condition  wave  motion  generated  by  the  vortices. 
S/D=l/3  also  corresponds  well  with  the  experimental 
studies  of  Willmarth  et.al.10.  Sfk  is  set  to  1  to  equate 
Froude  numbers  based  on  different  length  scales.  The 
resulting  surface  profiles  for  F  ranging  between  0.1 
and  0.6  are  shown  in  figures  5  to  9.  Since  the  time 
scale  of  modification  is  much  slower  at  F=0.1,  the 
profiles  shown  in  figure  5  coincide  with  2T  intervals 
rather  than  the  IT  intervals  used  at  the  other  Froude 
numbers.  The  vortex  path  is  shown  in  figure  10.  The 
surface  modification  in  these  profiles  involves  a 
stretching  of  waves  in  the  center  region  above  the 
vortices  at  later  times.  The  ambient  waves  also 
appear  to  be  shortened  somewhat  on  the  left  or 
"windward"  side  due  to  the  opposite  directions  of  v- 
and  Vg.  The  wave  shortening  on  the  right  or 
"leeward"  side  is  much  less  pronounced  since  vi  and 
vg  are  in  the  same  direction. 

The  most  obvious  effect  of  varying  F  in  these 
cases  is  the  change  in  time  scale  for  the  surface 
disturbance  to  develop.  The  occurrence  of  ambient 
wave  modification  at  earlier  times  at  higher  F  is  due 
primarily  to  the  increase  in  relative  speed  of  the 
vortex  pair  moving  towards  the  surface.  To  minimize 
this  attribute,  surface  wave  profiles  can  be  compared 
between  different  F  cases  when  the  vortex  pairs  are  at 
common  positions.  Two  common  positions  are 
labeled  "A"  and  "B"  in  figure  10.  The  corresponding 
profiles  from  each  F  are  collected  and  shown  in 
expanded  vertical  scale  in  figures  11  and  12.  Case 
"A"  corresponds  to  a  moderately  deep  vortex  pair. 
Only  the  higher  F  cases  corresponding  to  relatively 
stronger  vortices  have  an  influence  at  this  depth, 
verifying  the  notion  that  stronger  vortices  will 
influence  the  surface  from  greater  depths. 

A  more  subtle  and  interesting  difference  is 
observed  as  the  vortex  pair  draws  near  the  surface  at 
position  "B".  Here  one  notices  the  lengthening  of 
residual  ambient  waves  in  the  central  region  above  the 
vortices.  This  increase  in  residual  wave  length  is 
presumably  caused  by  the  higher  tangential  velocity 
gradients  at  the  surface  in  cases  where  F  is  increased. 
The  width  of  the  disturbed  region  above  the  vortex 
pair  does  not  depend  heavily  on  the  value  of  F. 

Figure  13  shows  the  vortex-induced  current  for 
condition  B  without  waves.  For  any  threshold  value 
of  v/Vg,  one  would  expect  from  this  figure  that 
increasing  F  would  cause  a  greater  increase  in  the 
affected  region  width  than  the  simulations  actually 


495 


(g™1  spacing=0.2)  *?A  (grid  spacing=0.2)  7 (grid  spacing  =0.2)  V A  (grid  spacing=0.2) 


*A 

Fig.  5  Vj/Vg  Variation:  Vj/Vg  =  0.1 
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Fig.  6  Vj/Vg  Variation:  Vj/Vg  =  0.2 
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Fig.  7  Vj/Vg  Variation:  Vj/Vg  =  0.4 


A 

\/y 

^2 

../a, 

A- 

■ 

XT 

xX 

Xr“ 

A 

Ay 

£ 

/-V 

rX 

°X7 

XT6 

X  /' 

sy*" 

T  A 

^X3 
r\  i 

Xr- 

yT1/ 

a/' 

TX 

— V 

y  y 

Xr“ 

Xr* 

XT 

cr  -J 

XT 

Xi 

Xr 

X-T 

X7* 

v _ y 

X7- 

\  / 

XT- 

y  f 

xy1 

s.  / 

XT" 

\  / 

V  v 

X/ 

v _ / 

X/ 

"XT 

vv 

‘XT' 

k _ 4 

XT 

V  Jt 

'XT'*- 

Xr 

XT* 

X/1 

X/ 

Xr 

X/ 

X/ 

Xr 

X/ 

XT' 

XT* 

-7  -6  -5  -4  -3  -2  -1  0  1  2  3  4  5  6  7 


*A 

Fig.  8  Vj/Vg  Variation:  Vj/Vg  =  0.5 
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Fig.  9  Vj/Vg  Variation:  Vj/Vg  =  0.6 
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Fig.  10  Vj/Vg  Variation:  Vortex  Paths 


show  in  figure  4b.  The  reduced  dependency  of 
affected  region  width  on  F  suggests  that  the  time 
scale  of  the  free  surface  interaction  is  relatively  short, 
and  that  using  slowly  varying  current  distribution 
theories  such  as  the  conservation  of  wave  action  is 
inadequate  for  treatment  of  problems  of  this  type. 

This  further  emphasizes  the  inherent  transient  nature 
of  the  wave  modification  by  vortices  of  the  scale  used 
to  model  ship  wakes. 

An  additional  note  on  the  variation  of  F  is  the 
transition  occurring  around  values  of  0.5  of  the 
surface  disturbance  directly  above  the  vortex  pair.  At 
values  above  0.5,  the  creation  of  a  center  "hump" 
appears  similar  to  center  humps  calculated  by  Telste^ 
at  higher  Froude  numbers  without  ambient  waves.  It 
should  be  noted  that  in  this  case  the  vortices  have  not 
deviated  from  their  rigid  wall  paths.  This  indicates  a 
transition  Froude  number  value  of  0.5  above  which 
the  vortex  pair  begins  dominating  the  surface  profile. 

INITIAL  GEOMETRIC  CONDITIONS 

The  initial  position  of  the  vortex  pair  is 
equally  important  to  its  strength  in  defining  the  form 
of  ambient  wave  modification.  As  noted  previously, 
the  ratio  of  induced  surface  velocity  to  ambient  wave 
group  velocity  is  highly  dependent  on  the  depth  of  the 
vortex.  Time  scales  for  the  vortex  pair  to  approach 
the  surface  from  large  depths  is  also  obviously 
dependent  on  the  initial  depth  and  separation  distance. 
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Fig.  11  VyV g  Variation:  Position  "A",  F=V-/Vg 
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Fig.  12  Vj/Vg  Variation:  Position  "B”,  F=V|/Vg 


Fig.  13  Vj/V  Variation:  Induced  Current  from 
Position  "B" 


The  position  of  the  vortex  pair  can  be  identified  by 
two  parameters.  One  parameter  has  been  chosen  as 
S/D  specifying  the  relative  position  of  the  vortex  on 
its  prescribed  path.  The  particular  path  desired  may 
then  be  specified  by  designating  a  value  for  either  S 
or  D. 

S/D  Variation 


to:  deep  (S/D=0.5),  turning  (S/D=2),  and  shallow 
(S/D=6).  As  shown  earlier,  the  direction  of  motion  of 
the  vortex  pair  is  quite  different  in  each  of  these 
cases.  The  value  of  F  used  in  these  cases  was  set  to 
0.125,  and  the  common  path  chosen  corresponded  to  a 
final  submergence  depth  of  the  vortices  of  D^  j=A,. 
Figures  14  to  16  show  the  resulting  profiles  and 
figure  17  shows  the  corresponding  trajectories  of  the 
vortex  pair. 
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Fig.  14  S/D  Variation:  S/D  =  0.5 
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Fig.  15  S/D  Variation:  S/D  =  2.0 
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Fig.  16  S/D  Variation:  S/D  =  6.0 


The  influence  of  starting  at  various  points  on  a 
given  path  will  be  examined  first.  The  controlling 
parameter  in  this  case  is  S/D,  which  detennines  the 
initial  point  on  the  path.  Three  values  of  S/D  are 
examined  at  various  stages  of  the  path  corresponding 


In  these  figures  one  can  see  the  influence  of 
the  instantaneous  vortex  pair  depth  on  the  surface 
wave  modification.  In  the  case  of  S/D=0.5,  the 
surface  is  modified  only  by  a  slight  shifting  in  the 
waves  caused  by  the  small  vortex-induced  surface 
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Fig.  17  S/D  Variation:  Vortex  Paths 


current.  This  wave  alteration  is  also  noticed  to  be 
almost  symmetric  about  the  line  of  symmetry  for  the 
vortex  paths.  This  indicates  little  net  exchange  of 
energy  between  the  vortices  and  the  waves  as  they 
pass  through.  As  the  depth  is  decreased,  the  vortex 
induced  surface  current  grows  to  the  value  of  the 
group  velocity  of  the  ambient  waves,  and  essentially 
stops  the  transfer  of  ambient  wave  energy  from  left  to 
right.  Two  important  processes  occur  which  deserve 
further  attention.  First,  the  ambient  waves  are 
shortened  as  they  enter  the  region  of  influence  of  the 
vortex  pair  by  the  opposing  induced  current.  The 
resultant  decrease  in  ambient  wavelength  is 
accompanied  by  a  decrease  in  the  absolute  group 
velocity  of  the  waves.  The  result  of  this  process,  is 
that  ambient  waves  of  higher  speed  may  be  halted  by 
vortices  of  smaller  magnitude  than  that  predicted  from 
v/vg=l. 

S/X  Variation 

As  mentioned  in  the  S/D  section  above,  initial 
vortex  pair  location  is  important  in  examining  the 
influences  on  ambient  surface  waves.  In  addition  to 
specifying  the  portion  of  the  path  that  the  pair  will  be 
started  on,  a  particular  path  must  be  chosen.  Hie 
parameter  S/A,  is  used  as  a  path  selection  parameter 
for  its  role  in  scaling  the  vortex  path  geometry  to  the 
ambient  wavelength.  Three  values  of  S/A,  were 
simulated  with  a  constant  value  of  S/D=6.  S/A,  values 
were  set  to  3.0,  4.5,  and  6.0.  The  upper  limit  on  S/A, 
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Fig.  18  S/X  Variation:  Final  Profiles  t=8T 


is  caused  by  the  size  limitation  of  the  computational 
domain,  and  the  influence  of  partial  wave  reflections 
on  the  right  hand  boundary.  F  varied  between  0.06 
and  0.125  to  preserve  a  v^/v  at  the  surface  of  0.5. 

The  surface  profiles  after  8T  for  each  condition  are 
shown  in  figure  18.  Note  the  growth  in  modified 
wave  region  size  as  S/X  is  increased. 

An  additional  process  observed  in  the 
simulations  is  the  dynamics  of  waves  caught  in  the 
central  influence  region  during  the  initial  motion  of 
the  vortex  pair.  These  surviving  center  waves  may  be 
leftover  from  the  initial  ambient  wave  profile  in  this 
region  in  the  shorter  time  scales.  These  left  over 
waves  are  found  in  greater  numbers  as  S/X  is 
increased,  as  shown  in  figure  18.  In  the  cases  shown, 
a  wave  blocking  action  is  rapidly  generated  due  to  a 
relatively  large  value  of  v^Vg.  Wave  energy  may  also 
propagate  into  the  center  region  when  the  vortex  pairs 
are  initialized  at  low  values  of  S/D.  This  energy 
propagation  is  facilitated  by  the  canceling  influence  of 
the  induced  tangential  velocity  from  each  of  the 
counter  rotating  submerged  vortices  at  low  values  of 
S/D.  The  evolution  of  these  center  waves  is 
particularly  complex  in  cases  of  moderate  S/D.  Initial 
waves  in  this  region  are  typically  stretched  by  the 
surface  current  gradient.  The  resulting  increase  in 
wavelength  gives  rise  to  an  increase  in  phase  and 
group  velocity.  Because  the  gravity  wave  dispersion 
relation  specifies  that  longer  waves  move  at  higher 
velocity,  the  central  region  may  be  evacuated  over  a 
shorter  time  than  that  predicted  by  ambient  wave 
group  velocity.  Simulation  results  were  not  carried 
far  enough  in  time  to  show  complete  smoothing  of  the 
central  region  due  to  the  influence  of  partial  wave 
reflection  from  the  right  side  boundary.  Larger 
surface  grids  and  greater  computer  times  will 
therefore  be  necessary  to  validate  this  hypothesis. 

WAVE  STEEPNESS  AND  PHASE  VARIATION 

The  wave  steepness  and  phase  with  respect  to 
the  vortex  pair  are  additional  parameters  which  result 
from  the  problem  formulation  and  enter  the 
calculations  through  the  initial  boundary  condition  on 
the  free  surface  and  the  time  varying  stream  function 
prescribed  on  the  side  boundaries.  Simulation  results 
show  no  significant  influence  of  these  parameters  on 
the  form  of  the  interaction.  In  the  case  of  wave 
steepness,  the  waves  and  their  modification  can  be 
linearly  scaled  with  A/X  for  values  less  than  1/10 
corresponding  to  the  linearized  ambient  waves  being 
described.  The  relative  phase  of  the  ambient  wave 
was  also  found  to  have  no  effect  on  the  general  fonn 
of  the  wave  modification  at  the  S/X  values  studied 
here. 
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SPECTRAL  ANALYSIS 

In  order  to  make  the  previous  findings  useful 
in  the  study  of  real  ocean  flows,  a  method  of  analysis 
must  be  developed  which  illuminates  the  impact  of 
wave  modification  on  radar  images.  It  was  shown  in 
the  introduction  how  the  reflected  radar  intensity  is 
proportional  to  the  amount  of  Bragg  waves  present  in 
the  region  being  illuminated  by  the  radar.  This 
intensity  is  usually  expressed  as  the  backscattering 
cross  section  per  unit  surface  area,  Gq.  This  cross 
section  is  derived  by  Valenzuela11  in  the  well  known 
Bragg  scattering  expression: 

Gq  =  47tkr4cos40  F(0)  M(2kJ.sin0)  (18) 

where:  kf  =  radar  wavenumber  and  0  =  vertical 
incidence  angle  of  radar.  Here  F(0)  is  a  scattering 
coefficient  dependant  on  the  radar  polarization  and 
incidence  angle,  and  M()  is  the  component  of  the 
wave  spectra  corresponding  to  the  Bragg  condition. 
Remember,  from  the  introduction,  that  the  Bragg 
condition  is  satisfied  when  kw  (surface  wavenumber 
component  in  the  look  direction  of  the  radar)  is  equal 
to  the  argument  of  M()  in  the  equation  above.  If  0 
and  k^  are  known  constants,  then  Gq  is  proportional 
to  M().  This  property  indicates  that  a  relative 
variation  in  radar  backscatter  over  different  sections 
of  the  water  surface  can  be  determined  by  the 
variations  in  the  Bragg  wave  spectral  component 
among  the  respective  surface  sections.  Estimates  of 
the  relative  radar  intensity  image  can  therefore  be 
compiled  by  performing  finite  Fourier  transfonns  of 
the  surface  elevation  over  regions  corresponding  in 
size  to  the  resolution  cell  size  of  the  radar.  This  will 
be  performed  here  by  sweeping  a  window  across  the 
simulated  surface  data  and  calculating  the  finite 
Fourier  transform  at  various  window  positions.  The 
Fourier  transform  component  corresponding  to  the 
Bragg  waves  in  each  window  position  is  then 
assigned  to  the  midpoint  location  of  the  window.  The 
resulting  distribution  of  Bragg  wave  components  over 
the  surface  is  then  contour  plotted  for  comparison 
with  SAR  imagery. 

Method 

The  finite  Fourier  transform  used  to  determine 
the  Bragg  wave  spectral  content  in  a  data  window  is 
given  by: 

LI2 

Y(kl)  =  f  r\(x)e~i2nkxdx  (19) 

-LI 2 

where  L  is  the  window  width.  The  application  of  this 
equation  to  discrete  data  can  be  perfonned  using  an 
algorithm  known  as  the  Fast  Fourier  Transform,  or 
FFT.  This  common  method  is  described  in  detail  by 


1 2 

Bendat  and  Piersol  .  The  FFT  output  coefficients 
are  complex  in  form  providing  phase  information  for 
each  wavenumber  component.  Since  this  phase  was 
shown  to  be  unimportant  in  the  previous  chapter,  the 
absolute  magnitude  of  each  wavenumber  component 
is  fonned  from  the  modulus  of  the  real  and  imaginary 
parts: 

M(k)=(Yreaj2(k)  +  Ytaag2(k))l/2  (20) 

where:  FFT(k)  is  an  output  coefficient. 

Before  applying  the  scanning  FFT  window  to 
simulation  results,  several  comments  must  be  made 
here  to  avoid  misinterpretation  of  the  method.  The 
regions  used  in  computation  of  the  spectra  will  be 
overlapped  here  because  of  the  finite  extent  of  the 
surface  domain  and  the  desire  to  have  moderate  sized 
surface  patches.  If  the  patches  are  allowed  to  be  too 
small,  the  resolution  of  low  wavenumber  components 
decreases,  resulting  in  undistinguishable  movements 
of  wave  energy  among  the  wavenumbers  of  concern. 
This  overlapping  is  not  representative  of  radar 
imaging,  and  therefore  the  results  must  not  be 
considered  direct  simulation  of  radar  operation.  The 
general  trends  in  the  resultant  component  levels  in  the 
Bragg  wavenumber  range  are  believed  to  be 
somewhat  representative  of  results  obtained  with  radar 
processing. 

Application  to  Ship  Wake 

The  case  examined  using  this  technique  is  a 
simulation  approximating  the  wake  velocities  from  a 
twin  screw  destroyer  calculated  by  Sween1^.  It 
should  be  noted  that  in  simulating  the  full  ship  case, 
the  grid  resolution  was  lowered  considerably  by 
constraints  in  available  computer  memory.  The  grid 
density  is  32  points  per  ambient  wavelength.  The 
ambient  wavelength  is  set  to  25  cm  and  corresponds 
to  the  Bragg  scattering  wavelength  for  an  "L  band" 
SAR  operating  at  an  incidence  angle  of  30  degrees. 
The  initial  vortex  separation  and  depth  are  5  m  and  2 
m  respectively.  Gravitational  acceleration  is  equal  to 
9.8  m/s2,  and  the  ambient  wave  amplitude  is  set  to 
2.5  cm.  The  vortex  circulation  strength,  T,  is  chosen 
to  give  approximately  the  same  maximum  surface 
current  reported  by  Sween1^  for  the  given  depth  of 
submergence.  The  resulting  T  value  was  1.0.  The 
simulation  domain  extended  to  +  6.25  m  in  the  x 
direction  with  a  depth  of  12.5  m.  The  simulation  was 
carried  out  for  8  periods  of  the  ambient  wave  (3.2 
seconds)  and  the  resultant  profiles  at  each  half  period 
are  shown  in  figure  19.  The  corresponding 
downstream  distance  spanned  by  the  simulation  is  25 
m  for  a  ship  speed  of  15  knots. 

The  FFT  window  size  was  chosen  to  be  2  m 
wide,  which  is  typical  of  SAR  resolution  cell 
dimensions.  The  resultant  spectral  resolution  is 
3.14/cm  in  wavenumber  giving  components  at 
wavelengths  of  22  cm,  25  cm,  and  28  cm.  The 
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consecutive  FFT  windows  were  overlapped  in  the 
analysis  by  3  X.  This  overlap  gives  denser  data  for 
examining  the  variations  in  Bragg  component,  though 
only  non-overlapping  sections  would  be  directly 
comparable  to  typical  radar  imaging  techniques.  The 
Bragg  component  of  each  spectrum  is  assigned  to  the 
location  of  the  FFT  window  center.  The  resulting 
contour  plot  of  the  magnitude  of  the  Bragg 
component  versus  space  and  time  is  given  in  figure 
20.  This  plot  indicates  a  reduction  in  Bragg  wave 
component  in  the  center  region  as  time  progresses.  In 
order  to  understand  the  energy  flow  path  in  this 
region,  figure  21  is  constructed.  This  figure  shows 
the  progression  of  the  spectra  as  the  window  is 
traversed  across  the  contour  plot  at  the  2  second  time 
frame.  The  thick  line  indicates  the  wavenumber 
associated  with  the  Bragg  wavelength.  Figure  21 
illuminates  the  shift  in  wave  energy  to  lower 
wavenumbers  in  the  center  region.  Since  these 
wavenumber  components  do  not  satisfy  the  Bragg 
scattering  criterion,  the  resultant  received  energy  at 
the  radar  is  decreased.  This  phenomenon  of 
wavenumber  shifting  due  to  induced  surface  currents 
appears  to  produce  a  weaker  radar  return  signal  in  the 
region  between  the  vortices.  In  the  ocean,  the  wave 
field  can  be  described  by  the  superposition  of  many 
wavelength  waves.  Pierson-Moskowitz  spectral 
models  of  the  sea  show  a  decreasing  level  of  energy 
as  wavenumber  is  increased  in  the  range  of  the  L 
Band  Bragg  scattering  waves.  The  implication  of  this 
is  that  though  higher  wavenumber  (shorter)  waves 
will  be  stretched  into  the  Bragg  wavelength,  their 
original  energy  is  lower.  Thus  one  would  expect  that 
a  larger  amount  of  energy  was  shifted  out  of  the 
Bragg  sensitivity  window  than  was  being  shifted  in. 
The  inclusion  of  these  higher  wavenumbers  would 
however,  decrease  the  magnitude  of  variation  in  M() 
shown  in  figure  20.  The  importance  of  this  action  is 
that  it  produces  the  proper  trend  in  the  surface 
response  in  the  wake  region  of  a  ship  and  may  be  a 
significant  contributor  to  the  overall  signature 
production  process  for  the  dark  centerline  wake. 
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Fig.  19  Ship  Wake  Simulated  Surface  Profiles 
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Fig.  20  Contours  of  Bragg  Wave  Content 


Fig.  21  Cross  wake  Variation  in  Wave  Spectra, 
t=2  sec 


SUMMARY 

The  modification  of  surface  waves  by 
submerged  vortices  has  been  explored  here  in  a 
straightforward  progression  from  analytical 
examination  through  numerical  simulation  of  a  simple 
vortex  ambient  wave  model.  The  motivation  for 
study  of  this  problem  is  the  determination  of  ship 
wake  impacts  on  synthetic  aperture  radar  images 
showing  dark  centerline  regions  behind  ships  moving 
at  sea.  This  process  has  led  to  several  discoveries  in 
the  nature  of  the  interaction  process  between  vortices 
and  ambient  waves. 

A  perturbation  analysis  of  the  free  surface 
boundary  conditions  about  the  zero  Froude  number 
base  state  shows  that  additional  terms  (not  found  in 
the  classical  free  surface  linearization  for  small 
amplitude  waves)  are  needed  to  describe  the  first 
order  interaction  of  vortices  with  the  free  surface. 
These  terms  show  the  importance  of  the  vortex 
induced  surface  current  on  the  modification  of 
ambient  waves.  Example  simulations  show  that 
neglect  of  these  induced  current  terms  give  much 
smaller  modification  of  surface  waves. 

The  simulation  program  has  been  used  to 
examine  the  specific  flow  configuration  of  a  vortex 
pair  impulsively  started  below  a  free  surface 
containing  a  sinusoidal  ambient  wave  train.  This 
examination  determines  which  parameters  are 
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significant  in  determining  the  form  of  the  ambient 
wave  modification.  It  is  found  that  the  Froude 
number  of  the  vortices  and  their  position  relative  both 
to  each  other  and  the  free  surface  play  the  dominant 
roles  in  modifying  ambient  waves.  The  ambient  wave 
steepness  and  initial  relative  phase  with  respect  to  the 
vortices  have  only  secondary  influence  in  the  surface 
modification. 

The  simulation  is  then  extended  to  represent 
the  simple  twin  vortex  wake  model  of  a  generic  ship 
wake.  The  results  of  this  simulation  are  analyzed 
using  a  scanning  Fast  Fourier  Transform  window  on 
the  surface  to  obtain  spatial  distributions  of  the 
spectral  content  of  the  surface.  These  spatial 
distributions  are  filtered  to  extract  the  Bragg 
scattering  wave  component  and  contour  plotted.  The 
resulting  image  shows  that  the  current  induced  shift  in 
wave  energy  to  longer  wavelengths  can  produce  an 
effect  consistent  with  the  observed  dark  centerline 
wake  regions  of  moving  ships  in  radar  images. 
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Scarred  and  Striated  Signature 
of  a  Vortex  Pair  on  the  Free  Surface 

T.  Sarpkaya,  P.B.  Suthon  (Naval  Postgraduate  School,  USA) 


ABSTRACT 

This  paper  describes  a  numerical  and 
experimental  study  of  three-dimensional 
flow  structures  (striations,  whirls,  and  scars) 
resulting  from  the  interaction  of  a  pair  of 
ascending  vortices  with  the  free  surface. 
The  characteristics  of  the  flow  features  at 
the  scar-striation  interface  (a  constellation 
of  whirls  or  coherent  vortical  structures, 
thought  to  be  the  boundaries  of  the  dark 
narrow  radar  images),  are  investigated 
through  the  use  of  an  infra-red  camera,  flow 
visualization,  an  image  analysis  system,  and 
the  vortex-element  method.  The  results 
have  shown  that  the  striations  are  a  conse¬ 
quence  of  the  short  wavelength  instability, 
inherent  to  the  vortex  pair  itself,  and  the 
whirls  result  from  the  interaction  of  stria¬ 
tions  with  the  surface  vorticity  (Aco  =  2qK, 
twice  the  tangential  velocity  times  the  curva¬ 
ture  of  the  intersection  of  the  free  surface 
with  the  plane  normal  to  it).  The  whirl¬ 
merging  leads  to  an  up-cascading  process  in 
size  and  energy  in  fewer  vortices  while  the 
total  energy  decreases  rapidly. 

INTRODUCTION 

Just  a  narrow  patch  of  darkness, 
bounded  by  two  bright  lines,  provides  the 
impetus  for  this  investigation  partly  because 
it  is  seen  in  the  synthetic  aperture  radar 
(SAR)  images  of  a  ship's  wake,  partly  because 
it  extends  many  miles  directly  in  the  ship’s 
track,  partly  because  the  reasons  for  its  exis¬ 
tence  have  not  yet  been  explained,  and 
partly  because  the  surface  footprints  of  sub¬ 
surface  phenomena  can  give  trace  of  the 
generating  bodies.  This  is  the  basis  of  the 
current  intense  interest  in  the  interaction  of 
internal  waves,  wakes,  and  vortices  with  the 
free  surface. 


A  few  facts  are  known  about  the  SAR 
images:  Their  physics  is  elusive;  they  are  by 
no  means  easily  accessible  to  precise  mea¬ 
surement;  they  are  not  related,  at  least 
directly,  to  the  Kelvin  wake;  they  do  not 
reflect  the  incident  electro-magnetic  waves 
back  to  the  source  (negative  spectral  pertur¬ 
bation);  and  they  can  bifurcate.  Various  pro¬ 
posals  have  been  advanced  to  provide  a  fea¬ 
sible  explanation  of  the  dark  band:  Interac¬ 
tion  of  the  wake  of  a  vortex  pair  with  the 
free  surface;  turbulence  and  surface  mean 
flow  resulting  from  the  ship's  motion;  redis¬ 
tribution  of  surface  impurities  by  large-scale 
vortical  motions  (as  in  Langmuir  circulations 
[1]  and  Reynolds  ridges  [2]);  entrained  air  in 
the  wake;  bubble  scavenging  of  surface  and 
subsurface  surfactant  materials;  interaction 
of  Kelvin  waves,  ambient  waves,  and  momen¬ 
tum  wake;  generation  of  vorticity-retaining 
inverse  bubbles  and  drops  by  a  Kelvin- 
Helmholtz  instability  [3],  just  to  name  a  few 
of  the  existing  proposals.  Each  model  at¬ 
tempts  to  provide  a  more  feasible  explana¬ 
tion  of  the  dark  narrow  band  seen  in  the 
SAR  images. 

As  far  as  the  footprints  of  a  vortex  pair  on 
the  free  surface  are  concerned,  the  original 
observations  leading  to  the  present  study 
may  be  summarized  as  follows.  When  a 
trailing  vortex  pair,  generated  by  a  lifting 
foil,  rises  toward  the  free  surface,  with  or 
without  mutual  induction  instability  and/or 
vortex  breakdown,  the  vortices  and/or  the 
crude  vortex  rings  give  rise  to  surface  dis¬ 
turbances  (whirls,  scars,  and  striations). 
These  were  first  reported  by  Sarpkaya  and 
Henderson  [4,  5]  and  Sarpkaya  [6,  7].  The 
striations  are  essentially  three-dimensional 
free-surface  disturbances  (which  appear  as 
ridges  as  shown  in  Figs.  1  and  2),  normal  to 
the  direction  of  the  motion  of  the  lifting 
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surface,  and  come  into  existence  when  the 
vortex  pair  is  at  a  distance  equal  to  about  one 
initial  vortex  separation  from  the  free  sur¬ 
face.  The  scars  are  small  free-surface 
depressions,  comprised  of  many  randomly 
distributed  whirls,  and  come  into  existence 
towards  the  end  of  the  pure  striation  phase, 
as  in  Fig.  2,  and  when  the  vortices  are  at  a 
distance  equal  to  about  sixty  percent  of  the 
initial  vortex  separation  from  the  free  sur¬ 
face  (Fig.  3).  When  the  vortices  migrate 
large  distances  upward,  the  vortex  pair 
usually  undergoes  both  short-wavelength 
and  long-wavelength  sinusoidal  instability 
(Fig.  4)  and  often  breaks  up  into  isolated 
rings  (Fig.  5),  (for  additional  details  see,  e.g,, 
Sarpkaya  [8]). 


Fig.  1  Appearance  of  striations 


Fig.  2  Transition  from  striations  to  scars 


Sarpkaya  and  Henderson’s  [5]  and 
Sarpkaya's  [6]  theoretical  models  of  the  scar 
cross-section  created  by  the  trailing  vortices 
was  based  on  the  classical  solution  of  Lamb 
[9],  assuming  the  vortices  to  be  two-dimen¬ 
sional  and  the  free  surface  to  be  a  rigid 

plane. _ For  small  Froude  numbers  Fr  (= 

V0/Vgb0,  where  V0  is  the  initial  mutual 
induction  velocity  of  the  vortex  pair),  the 
vortices  follow  the  simple  path  described  by 
Lamb's  potential-flow  solution,  the  free  sur¬ 
face  remains  fairly  flat,  and  each  scar  front 


Fig.  3  Evolution  of  scars  and  whirls 


Fig.  4  Onset  of  long  wave  instability 


Fig.  5  Single  inclined  rising  ring 


approximately  coincides  with  the  stagnation 
point  on  the  Kelvin  oval,  formed  by  one  of 
the  pair  of  the  trailing  vortices  and  its 
image,  as  shown  by  Sarpkaya  and  Henderson 
[4-7].  For  Froude  numbers  larger  than  about 
0.15,  not  only  the  deformation  of  the  free 
surface  but  also  the  nonlinear  interaction 
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between  the  said  deformation  and  the 
motion  of  the  vortices  become  significant. 
The  vortices  follow  Lamb's  solution  only 
during  the  early  stages  of  their  rise.  Subse¬ 
quently,  they  exhibit  paths  of  varying 
degrees  of  complexity,  depending  on  Fr  and 
the  Reynolds  number  Re  (see,  e.g..  Fig.  6  for 
Fr  =  0.6  and  Re  -  4000,  reproduced  from 
Leeker’s  thesis  [10]).  Here  the  vortex  paths 
rise  vertically  upward  and,  instead  of  moving 
away  from  the  center,  move  initially  toward 
the  center  line  as  the  vortex  is  drawn  up 
into  the  domed  area  underneath  the  free 
surface  (Fig.  7).  Occasionally,  the  path  of  the 
approximate  center  of  a  vortex  forms  a  loop 
as  seen  in  Fig.  6.  It  is  not  clear  whether  this 
is  due  to  three-dimensional  instabilities 
along  the  axis  of  the  vortex,  or  due  to  the 
formation  of  the  "wall  vortex",  observed  by 
Yamada  and  Honda  [11],  or  due  to  the  suc¬ 
cessive  'rebounding'  of  the  decaying  turbu¬ 
lent  vortex  (for  rebounding  in  general,  see, 
e.g.,  Peace  and  Riley  [12]). 

Even  though  it  was  fully  realized  at  the 
outset  that  the  problem  ultimately  to  be 
solved  is  the  understanding  of  the  three- 
dimensional  nature  of  the  phenomenon,  the 
relative  ease  of  the  two  dimensional  coun¬ 
terpart  has  attracted  the  immediate  atten¬ 
tion  of  experimentalists  and  numerical  anal- 
ysists  alike  (e.g.,  Sarpkaya  et  al.  [13]  Dahm  et 
al.  [14],  Willmarth  et  al.  [15],  Marcus  [16], 
Marcus  and  Berger  [17],  Tryggvason  [18], 
Telste  [19])  and  Ohring  and  Lugt  [20],  just  to 
name  a  few).  Most  of  the  numerical  simula¬ 
tions  dealt  with  the  inviscid,  two-dimen¬ 
sional  interaction  between  a  pair  of  counter¬ 
rotating  line  vortices  and  a  free,  initially  pla¬ 
nar,  surface.  In  these  calculations  the  criti¬ 
cal  time  at  which  the  numerical  instability 
manifests  itself  does  not  correspond  to  the 
instability  of  the  free  surface  or  to  its 
extremum  position.  The  calculations  of 
Ohring  and  Lugt  are  for  a  two-dimensional 
laminar  flow  at  relatively  small  Reynolds 
numbers  (Re  =  Vobo/v  =  10  and  50). 
Recently,  Marcus  [21]  calculated  the  defor¬ 
mation  of  a  density  interface  for  Fr  =  1.125, 
Re  =  500,  and  a  density  ratio  of  5: 1  using  a 
second-order  finite-difference  projection 
method  for  the  full  variable-density  (i.e., 
without  invoking  the  Boussinesq  approxima¬ 
tion).  The  resolution  of  fine  structure  in  the 
flow  is  obtained  through  the  use  of  higher- 
order  Godunov  methods  in  evaluating  the 
nonlinear  advective  terms.  Figure  8  shows 
sample  vorticity  and  density  plots 
(reproduced  here  with  permission  from  the 
original  color  plots). 

Even  though  some  insight  has  been 
gained  through  the  use  of  two-dimensional 


Fig.  7  Sample  scar  cross  sections 


viscous-  or  inviscid-flow  numerical  models, 
the  results  are  not  likely  to  lead  to  the 
understanding  of  the  physics  of  the  dark 
narrow  images.  Observations  and  measure¬ 
ments  strongly  suggest  that  the  three- 
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Fig.  8  Vorticity  and  density  contours,  (from 
Marcus  [21]  with  permission) 


dimensionality  of  the  phenomenon  is  essen¬ 
tial  to  the  existence  and  longevity  of  the 
scars  and  striations. 

The  three-dimensional  instability  of  an 
initially  parallel  vortex  pair  has  attracted 
great  attention  because  of  its  importance  in 
the  understanding  of  the  demise  mecha¬ 
nisms  of  aircraft  trailing  vortices.  Crow  [22] 
was  the  first  to  show  that  both  symmetric 
and  asymmetric  modes  of  instability  will 
develop  on  the  vortices  due  to  the  mutual 
inductance  of  the  sinusoidally  perturbed 
pair.  Figure  9,  adopted  from  Widnall  [23], 
shows  Crow’s  stability  diagram  for  the  vortex 
pair.  The  shaded  areas  show  the  stability 
regions.  The  solid  curve  shows  the  wave- 


Fig.  9  Stability  diagram  for  a  vortex  pair 


lengths  of  maximum  amplification  for  each 
rc/b0.  The  upper  curve  shows  the  most 
unstable  long  wave  and  the  lower  curve 
shows  the  most  unstable  short  wave.  The 
preferred  mode  of  instability  at  the  longest 
wavelength  is  8.6b0.  The  wave  number  p  for 
the  short  wavelength  instability  varies  from 
about  4  to  17,  corresponding  to  wavelengths 
of  X  =  0.37b0  to  1.57b0. 


It  is  in  view  of  the  foregoing  that  it  was 
decided  to  generate  nearly  two-dimensional 
vortex  pairs  at  relatively  large  Froude  num¬ 
bers,  rather  than  inclined  trailing  vortices  at 
relatively  small  Froude  numbers,  and  to  con¬ 
struct  a  numerical  model  of  the  three- 
dimensional  surface  structures.  Such  an 
effort  is  complicated  by  the  difficulty  and 
expense  of  quantitative  measurements,  im¬ 
age  analysis,  and  high-resolution  numerical 
simulations.  Some  of  the  experimental  diffi¬ 
culties  stem  from  the  occurrence  of 
Helmholtz  instability  during  the  roll-up  of 
the  vortex  sheets,  the  short- wavelength  and 
the  long-wavelength  instabilities  of  the  vor¬ 
tex  pair,  turbulent  diffusion  of  the  trailing 
vortices,  and  the  unknown  (and  perhaps 
unknowable)  physical  condition  of  the  liquid 
surface.  Some  of  the  numerical  problems 
stem  from  the  difficulty  of  prescribing  the 
initial  conditions,  including  the  free-surface 

characteristics,  the  three-dimensional 
nature  of  the  resulting  surface  disturbances, 
and  the  stochastic  nature  of  the  whirl  con¬ 
stellation. 

EXPERIMENTAL  PROCEDURES 

Experiments  were  conducted  in  three 
different  water  basins.  The  first  was  a  long 
towing  tank.  It  was  used  previously  for  the 
exploration  of  the  characteristics  of  scars 
and  striations  resulting  from  the  trailing 
vortices  generated  by  lifting  bodies 
(Sarpkaya  and  Johnson  [24],  Sarpkaya  et  al. 
[13])  The  second,  a  multipurpose  basin,  was 
used  for  the  study  of  the  scar  cross  section 
in  a  two-dimensional  mode  (Sarpkaya  et  al. 
[13])  either  through  the  use  of  counter¬ 
rotating  plates  or  through  the  use  of  a 
streamlined  nozzle,  mounted  on  top  of  a 
piston  chamber.  The  third  water  basin  was 
constructed  partway  through  the  current 
investigation  when  it  was  realized  that  the 
existing  basins  were  insufficient  for  the  type 
and  scope  of  experiments  desired.  It  was 
built  three  times  wider  than  the  second  tank 
and  allowed  the  generation  of  two- 
dimensional  Kelvin  ovals  (with  aspect  ratios 
as  large  as  18)  and  the  study  of  two 
counter — rotating  stationary  circulations  at 
prescribed  depths  below  the  free  surface, 
through  the  use  of  two  counter-rotating 
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cylinders  of  identical  diameter  and  angular 
velocity. 

The  test  tanks  were  covered  with  ply¬ 
wood  and  the  water  was  recirculated  con¬ 
tinuously  prior  to  each  experiment  in  order 
to  protect  the  free  surface  from  airborn  con¬ 
taminants.  Nevertheless,  the  tanks  may  have 
had  a  contaminated  free  surface  with  a  sur¬ 
face  viscosity  larger  than  the  corresponding 
bulk  viscosity.  The  average  value  and/or  the 
spatial  distribution  of  the  surface  tension 
ultimately  produced  are  not  easy  to  quantify. 
The  surface  tension  always  exists  at  a  free 
surface  (due  to  intermolecular  cohesive 
forces)  regardless  of  whether  the  interface 
is  contaminated  or  not  by  agents  foreign  to 
either  fluid.  Surface  tension  can  affect  the 
motion  of  the  free  surface  partly  by  imposing 
a  tangential  pressure  gradient  as  a  result  of 
spatial  variations  of  the  curvature  of  the  air- 
water  interface  and  partly  by  applying  a  tan¬ 
gential  stress  to  the  liquid  beneath  as  a 
result  of  the  variations  of  the  surface  tension 
along  the  interface,  brought  about  by  the 
gradients  of  surfactant  concentration  and 
temperature.  The  effects  of  viscosity,  curva¬ 
ture,  surface-velocity,  and  surface-tension 
appear  to  play  significant  roles  in  the  cre¬ 
ation  of  the  surface  vorticity  and  the  evolu¬ 
tion  of  surface  signatures. 

Experimental  data  were  collected  using 
the  same  equipment  regardless  of  which 
basin  the  experiments  were  conducted  in. 
Two  video-recorder  systems  were  used,  one 
with  a  black-and-white  video  camera  and  the 
other  with  a  color  video  camera.  The  output 
signal  of  each  camera  was  sent  to  a  screen 
date/timer  before  it  is  recorder  on  a  video¬ 
tape.  The  black-and-white  camera  was  used 
primarily  with  the  shadowgraph  technique 
(for  optimum  contrast  and  clarity  of  the 
shadows  of  the  surface  disturbances),  and 
the  color  camera  was  used  primarily  for  the 
recording  of  the  striations,  visualized 
through  the  use  of  various  florescent  dyes 
(introduced  into  the  Kelvin  oval  at  the  nozzle 
exit,  not  onto  the  free  surface).  In  addition, 
two  still  cameras  were  used  for  the  record¬ 
ing  of  streaklines  through  the  use  of  surface 
markers.  Thermal-imaging  was  conducted 
using  an  infra-red  camera  which  sent  a  video 
signal  to  a  date/timer  and  then  to  a  video¬ 
cassette  recorder 

The  video-screen  images  of  whirls,  scars, 
and  striations  were  tracked  through  the  use 
of  a  digital  image  processing  system  and  the 
data  were  transferred  to  a  computer  for  flow 
structure  and  motion  recognition  in  whirl 
constellation  (for  additional  details,  see 
Leeker  [10]).  The  stored  data  could  be 
manipulated  to  generate  detailed  informa¬ 


tion  on  whirl  centers,  number  of  whirls  per 
reference  area,  angular  velocities  as  function 
of  whirl  radius,  whirl-migration  velocity, 
whirl-whirl  interaction  (fusing  and  cancella¬ 
tion,  etc).  All  of  the  experiments  cited 
above  were  repeated  at  least  twice  to  assure 
that  the  results  could  be  reproduced  within 
reasonable  experimental  errors.  The  exper¬ 
imental  data  corresponding  to  the  earlier 
stages  of  the  motion  were  used  to  prescribe 
the  initial  conditions  in  the  numerical  calcu¬ 
lations.  The  data  at  later  times  were  used 
for  comparison  with  the  numerical  predic¬ 
tions  at  the  corresponding  times. 

NUMERICAL  SIMULATION 

Following  extensive  observations  and 
measurements,  the  vortex  dynamics  or  the 
vortex-element  method  (see,  e.g.,  Sarpkaya 
[25])  was  used  to  simulate  the  phenomenon. 
In  doing  so,  the  most  important  flow  fea¬ 
tures  to  be  reproduced  by  this  or  any  other 
model  were  identified  and  a  numerical  code, 
with  very  little  or  no  sensitivity  to  the  per¬ 
turbations  in  the  input  parameters,  was 
developed.  The  model  is  idealized  enough 
for  simple  calculation  but  realistic  enough  to 
be  interesting. 

The  initial  separation  bo  of  the  vortex 
pair  was  chosen  as  the  reference  length;  the 
mutual-induction  velocity  V0  of  the  vortex 
pair  as  the  reference  velocity;  bo/V0  as  the 
reference  time,  and  the  initial  strength  To  of 
a  vortex  as  the  reference  vortex  strength. 
The  equations  describing  the  motion  were 
non-dimensionalized  through  the  use  of  the 
characteristic  parameters  bo,  V0,  b0/V0,  and 
r0  where  V0  =  T0  /(27cb0). 

The  numerical  model  simulates  the 
mutual  interaction  of  the  whirls  on  the  free 
surface,  beginning  with  their  creation, 
through  the  use  of  the  vortex-element 
method.  The  results  of  the  previous  investi¬ 
gations  (Sarpkaya  et  al.  [6]),  and  the  experi¬ 
mental  results  obtained  in  this  investigation 
helped  to  define  the  parameters  necessary 
for  the  construction  of  the  numerical  model. 
As  shown  in  Fig.  10,  the  position  of  the 
inboard  edge  of  the  scar  band  is  denoted  by 
s,  the  width  of  the  scar  band  by  w,  the  aver¬ 
age  spacing  of  whirls  in  the  longitudinal 
direction  (a  measure  of  whirl  population 
density  per  unit  length)  by  c,  and  the  hori¬ 
zontal  component  of  the  convection  velocity 
of  one  of  the  vortices  in  the  original  vortex 
pair  by  Vb.  It  has  been  shown  previously  that 
the  scars  are  slaved  to  and  transported  by 
the  vortices  [4-7]. 
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Fig.  10  Schematic  of  scars  and  striations 


A  right-handed  coordinate  system  has 
been  defined  in  the  complex  plane  where 
the  real  x-axis  is  parallel  to  the  scars  and  the 
y-axis  is  perpendicular  to  the  scar  bands. 
Ideally,  the  length  of  the  scar  band  should 
extend  from  -°o  to  +<*>.  However,  this  is  not 
numerically  possible.  Instead,  a  finite  scar 
length  L,  defined  by  L  =  c  [Nw]  and  extend¬ 
ing  from  (-L/2,  y)  to  (L/2,  y),  is  used.  Nw  is 
the  number  of  whirls  in  each  scar  band. 

The  whirl  strength. is  given  by 

rw  =27crcVt  =  2jirc2G>  (1) 

where  rc  is  the  core  radius  and  the  tangen¬ 
tial  velocity  at  the  core  boundary  is  =  rc  co. 
The  normalized,  time-averaged,  angular 
velocity  co  of  each  whirl  core,  for  a  large 
number  of  whirls,  was  determined  from  the 
image  analysis  and  was  found  to  vary  from 
about  0.6  to  1.2,  the  majority  of  the  data 
falling  closer  to  unity.  The  core  radius  was 
then  calculated  from 


(2) 


where  now  co  is  assigned  approximately  the 
size-  and  time-averaged  value  of  unity. 

The  numerical  analysis  began  by  ran¬ 
domly  placing  the  whirls  into  two  parallel 
scar  bands, 


z  = 


Rnc^L-  — 
2 


+  i  Rnd2  w 


(3) 


rw  =  (Rnd3rm)(-1)Rnd4 

where  Fw  is  the  strength  of  a  whirl,  rm  is 
the  mean  absolute  value  of  the  strengths  of 
all  whirls,  Rnd3  is  a  random  number  from  a 
standard  normal  distribution  (with  a  mean  of 
rm  and  a  standard  deviation  one-quarter  the 
expected  range  of  the  whirl  strengths),  and 
Rnd4  is  a  random  integer  from  1  to  10, 
inclusive. 

It  has  been  customary  to  amalgamate  two 
or  more  vortices  into  a  single  vortex,  placed 
at  their  center  of  vorticity,  (see,  e.g., 
Sarpkaya  [25]),  when  their  cores  touch,  or 
are  less  than  a  prescribed  critical  distance  e, 
or  overlap  by  a  prescribed  amount.  Like- 
signed  whirls  merge  into  a  larger  whirl. 
Oppositely  signed  whirls  are  merged  into  a 
smaller  whirl,  to  mimic  the  cancellation  of 
oppositely  signed  vorticity  (thought  to  be  the 
major  mechanism  of  enhanced  energy  dissi¬ 
pation  in  turbulent  flow).  If  the  resulting 
whirl  strength  is  below  a  prescribed  mini¬ 
mum  (Ymin)»  the  whirl  is  removed  from  the 
scar.  The  amalgamation  process  does  not 
conserve  total  vorticity  nor  is  the  linear  or 
angular  momentum  conserved  due  to  the 
merging  of  oppositely-signed  whirls  and  the 
removal  of  weak  whirls.  Nevertheless,  the 
conservation  of  these  quantities  is  not  con¬ 
sidered  important  for  a  number  of  reasons. 
First,  the  purpose  of  the  simulation  is  not  an 
exact  treatment  of  the  viscous  diffusion 
although  the  removal  of  very  small  whirls  do 
in  fact  accomplish  this  purpose  indirectly. 
Second,  the  random  nature  of  the  distribu¬ 
tion  has  far  greater  effect  on  the  mutual 
interaction  of  the  whirls  than  the  occasional 
amalgamation  of  the  whirls.  Third,  the  cal¬ 
culations  with  different  ranges  of  the  funda¬ 
mental  parameters,  such  as  the  whirl  den¬ 
sity,  minimum  survival  strength  (Ymin)’ 
amalgamation  distance,  etc.,  have  shown  that 
the  fundamental  nature  of  the  randomly  dis¬ 
tributed  vortices  within  a  narrow  band  is  to 
self-limit  the  amalgamation  process  and  to 
reduce  the  effect  of  the  imposed  perturba¬ 
tions  (for  sensitivity  analysis)  on  the  result¬ 
ing  characteristics  of  the  scar  band. 

For  an  incremental  time  step  At,  the 
mutual  induction  velocity  of  each  whirl  is 
calculated  using  a  cutoff  scheme  similar  to 
that  first  proposed  by  Rosenhead  [26] 


where  z  is  the  position  of  the  whirl  center 
and  Rndi  and  Rnd2  are  random  numbers 
(independently  seeded)  with  a  uniform  dis¬ 
tribution  from  0.0  to  1.0,  inclusive.  Each 
whirl  is  also  assigned  a  vortex  strength  in  a 
random  manner, 


Az  .  vp  irk 
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The  cutoff  parameter  6  was  taken  to  be  pro¬ 
portional  to  the  sum  of  the  core  sizes  on  the 
basis  of  past  experience  [25].  Each  whirl  is 
moved  to  a  new  position,  after  the  calcula¬ 
tion  of  the  induction  velocity,  using 


Zt  +  At  _Zt  + 


u  +  i 


<'-+vbj 


At 


(6) 


The  whirl-energy  density  or  the  specific 
energy  in  the  system  is  estimated  through 
the  use  of 


E~i(vt)£  ~irk®k  (7) 

k  k 


strips.  Several  runs  were  made  with  identi¬ 
cal  sets  of  parameters,  changing  only  the 
seeding  of  the  random  numbers  involved,  in 
order  to  ascertain  that  the  insensitivity  of 
the  results  and  basic  conclusions  to  the  vari¬ 
ation  of  the  parameters  selected  was  not  a 
consequence  of  the  use  of  a  particular  set  of 
random  numbers.  In  fact,  the  randomization 
was  performed  by  the  computer  using  the 
system  clock  time  at  the  commencement  of 
each  run.  Several  plots  were  created  at 
regular  intervals  during  the  execution  of  the 
numerical  simulation,  carried  out  to  times 
corresponding  to  the  disappearance  of  the 
surface  structures,  in  order  to  compare  the 
predicted  results  with  those  obtained  exper¬ 
imentally. 


The  diffusion  of  vorticity  due  to  viscosity 
is  introduced  artificially  by  reducing  the 
strength  of  each  whirl  either  through  the 
use  of  a  Gaussian  vorticity  distribution  or 
through  the  use  of  a  simple  percentage, 
(e.g.,  0.5  percent  per  time  step),  in  a  man¬ 
ner  similar  to  that  done  previously  by  others 
(for  details  see,  e.g.,  Sarpkaya  [25]).  The 
artificial  reduction  of  circulation  is  justified 
on  the  grounds  that  it  accounts  for  the 
three-dimensional  deformation  of  vortex  fil¬ 
aments,  for  the  cross-diffusion  of  oppositely- 
signed  vorticity,  and  for  the  observed  fact 
that  the  strength  of  the  vortices  continues  to 
decrease  with  time  or  downstream  distance. 
Numerical  experiments  did  not  show  a  sig-' 
nificant  dependence  on  the  type  and  magni-1 
tude  of  the  circulation  reduction  (0.5  %  to 
1%  per  time  step). 

A  few  additional  features  of  the  model 
need  to  be  explained.  These  concern  the 
creation  of  the  whirls,  sensitivity  analysis, 
and  the  selection  of  the  numerical  parame¬ 
ters  (c,  s0,  w,  rm,  5,  e,  Nw,  At,  and  ymin). 
Whirls  were  created  at  a  particular  time  in 
the  initial  stages  of  the  scar  formation  in 
accordance  with  the  observed  characteris¬ 
tics  of  the  whirl  population.  The  sensitivity 
of  the  predictions  of  the  later  stages  of  the 
scar  motion  to  the  parameters  involved  in 
the  simulation  was  examined  with  great 
care.  Accordingly,  every  significant  parame¬ 
ter  involved  in  the  calculations  was  varied 
within  reasonable  limits.  For  example,  c  was 
varied  by  100  percent  and  w  was  varied  from 
zero  to  0.4.  The  other  parameters,  such  as 
rm,  8,  e,  Nw,  At,  ymin,  were  varied  by  at 
least  100  percent..  The  initial  inboard  posi¬ 
tion  of  the  scar  front  s0  was  kept  at  the 
experimentally-observed  value  of  1.6  at  the 
corresponding  time  and  was  not  varied  fur¬ 
ther  since  it  naturally  increased  as  a  function 
of  time  and  since  it  influenced  only  indi¬ 
rectly  the  mutual  interaction  of  the  two  scar 


DISCUSSION  OF  RESULTS 
Physical  Experiments 

A  careful  frame-by-frame  analysis  of  the 
video  recordings  of  literally  hundreds  of  test 
runs  has  shown  that  the  sloping  of  the  vor¬ 
tex  pair  relative  to  the  free  surface  or  the 
generation  of  vortices  by  a  lifting  surface  is 
not  necessary  for  the  creation  of  scars  and 
striations.  Nearly  identical  surface  signa¬ 
tures  can  be  produced  through  the  use  of  an 
initially  horizontal  vortex  pair.  Figure  11 
and  many  others  like  it  have  shown  clearly 
that  the  three-dimensional  instability  lead¬ 
ing  to  striations  do  not  originate  at  the  free 


Fig.  1 1  Inception  of  short  wavelength  in 
stability  on  a  Kelvin  oval  below  the 
free  surface 
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surface  but  rather  on  the  Kelvin  oval,  long 
before  the  latter  'sees'  the  free  surface.  Sub¬ 
sequently,  the  free  surface  interacts  with 
and  is  modified  by  the  instability  brought  to 
it  by  the  Kelvin  oval  (see  Figs.  12-15),  i.e., 
the  striations  (nearly  uniform  corrugations, 
at  least  at  their  inception)  are  a  manifesta¬ 
tion  of  the  short  wavelength  instability  of  the 
vortex  pair.  The  flow  features  on  the  scar 
front  (Figs.  13  -15)  are  clearly  identifiable 
and  show  the  creation  of  whirls.  Figure  16 
shows  the  whirls  and  the  whirl  pairs 
(Kelvin-oval  like  structures  at  the  free  sur¬ 
face),  resulting  from  a  pair  of  trailing  vor¬ 
tices.  The  only  contribution  of  the  sloping  of 


the  trailing  vortices  is  the  divergence  of  the 
scar  lines  (the  V-shaped  footprints)  and  the 
fact  that  the  striations  come  into  existence 
sequentially  rather  than  simultaneously. 

As  noted  previously,  the  wave  number  p 
for  the  short  wavelength  instability  varies 
from  about  4  to  17,  corresponding  to  wave¬ 
lengths  of  X  =  0.37bo  to  1.57b0.  The  wave¬ 
length  X  of  the  striations  has  been  deduced 


Fig.  14  Intensification  of  scars 


Fig.  13  Formation  of  scars  and  whirls 


Fig.  15  Later  stages  of  scar  formation 
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Fig.  16  Whirl  formation  in  scars 


from  numerous  runs  as  a  function  of  the  ini¬ 
tial  spacing  of  the  main  vortex  pair.  The  his¬ 
tograms  of  the  striation  wavelength  have 
shown  that  X/bo  varies  from  about  0.75  to 
1.25,  depending  primarily  on  the  initial  roll¬ 
up  of  the  vortex  sheets  as  dictated  by  the 
Froude  number.  As  far  as  a  vortex  pair  in  an 
infinite  homogeneous  medium  is  concerned, 
the  striational  instability  corresponds  to  the 
short  wavelength  instability  (see  Fig.  9). 

The  interaction  of  a  'corrugated'  Kelvin 
oval  with  the  free  surface  under  the  influ¬ 
ence  of  gravitational,  centrifugal,  and  surface 
tension  effects  is  anything  but  simple.  The 
surface  acquires  space  and  time  dependent 
curvature  and  velocity  and  produces  vorticity 
even  in  the  absence  of  surface  tension  or 
surface  contamination.  This  vorticity  is  Aco  = 
2qx,  twice  the  tangential  surface  velocity 
times  the  surface  curvature  [27].  The  sur¬ 
face  velocities  are  induced  partly  by  the 
motion  of  scars  and  striations  and  partly  by 
the  vortex  pair.  The  surface  vorticity  is 
largest  at  the  scar-striation  intersection 
because  this  is  where  the  curvature  and  the 
surface  velocities  are  largest.  Consequently, 
the  scars  are  the  regions  where  the  surface 
vorticity  is  most  likely  to  be  converted  into 
whirls  with  vertical  axes.  Thus,  what  begins 
as  a  short  wavelength  instability  quickly 
degenerates  into  a  far  more  complex  three- 
dimensional  free-surface  phenomenon  (Figs. 
14-15)  with  its  own  source  and  mechanism 
of  vorticity  generation.  The  unsteady  motion 
of  the  striations  (particularly  those  of  the 
ends  where  strongest  surface-tension  con¬ 
centration  and  whipping  action  occurs) 


Fig.  17  An  additional  sample  of  Kelvin  oval 
free-surface  interaction 


Fig.  18  Vortex  dome  for  Fr  =  1.125 


Fig.  19  Rapid  increase  of  the  striations 
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provide  the  stroke  necessary  to  concentrate 
the  surface  vorticity  into  whirls.  The 
hypothesis  of  vorticity  transport  to  the  free 
surface  from  the  main  vortex  pair  is  not 
necessary  simply  because  the  free  surface 
acquires  its  own  curvature  and  surface  veloc¬ 
ity  even  if  it  were  initially  flat  and  free  of 
vorticity.  Figures  17  through  19  show  addi¬ 
tional  samples  of  the  evolution  of  Kelvin  oval, 
striations,  and  scars  at  a  Froude  number 
close  to  unity. 

Experiments  with  rotating  cylinders 
have  shown  that  even  at  fairly  low  angular 
velocities  and  at  fairly  large  depths  of 
immersion  (as  much  as  1.5D  below  the  free 
surface),  the  rotation  of  the  cylinders  give 
rise  to  striations  and  whirls.  Figure  20 
shows  the  evolution  of  a  whirl  and  its  neigh¬ 
borhood  during  a  time  interval  of  0.25  sec¬ 
onds.  It  is  clear  that  neither  a  trailing  vor¬ 
tex  pair  nor  a  nearly  two-dimensional  Kelvin 
oval,  neither  a  contaminated  free  surface  nor 
a  Reynolds  ridge  is  necessary  to  create  scars 
and  striations.  The  mere  presence  of  two 
counter-rotating  circulations  near  a  free 
surface  (with  curvature  and  velocity)  is  suf¬ 
ficient  to  create  all  the  phenomena  observed 
in  other  scar  experiments.  There  is,  obvi¬ 
ously,  much  more  to  be  explored.  The  only 
purpose  of  reference  to  rotating-cylinder 
experiments  at  this  time  is  to  point  out  that 
conjectures  regarding  surface  contamination 
and  Reynolds  ridge  are  not  necessary. 
There  are,  obviously,  some  fundamental  dif¬ 
ferences  as  well  as  strong  similarities 
between  the  classical  Taylor  instability,  the 
striational  instability,  resulting  from  the 
counter-rotation  of  two  cylinder,  and  the 
three-dimensional  instability  observed  in  the 
actual  vortex  experiments.  These  will  be 
explored  in  some  detail  in  future  studies. 

The  sequence  of  events  emerging  from 
the  experimental  observations  and  mea¬ 
surements  may  be  summarized  as  follows: 

UorteH  pair  and  Keluin  oual; 

Short  wauelength  instability; 

Interaction  with  the  free  surface; 

Formation  of  striations,  leading  to: 

3-D  curvature,  Surface  velocity,  and; 

Dividing  and  pairing  of  striations ; 

Surface  uorticity,  mostly  near  the  scars; 

Grauitational,  centrifugal  and  surface- 
tension  effects; 

Formation  of  whirls,  whirl  pairing,  and 
cascading  of  uorticity; 

Self-limiting  amalgamation  process; 

Dissipation  of  whirls. 


As  the  Kelvin  oval  rises,  the  spiralling 
vortex  sheets  in  each  vortex  undergo 
Helmholtz  and,  subsequently,  Rayleigh 
instability  and,  eventually,  degenerate  into 
turbulent  motion.  The  distance  travelled  by 
the  oval  more  or  less  determines  the 
sequence  of  events.  In  the  present  experi¬ 
ments  the  said  distance  to  the  free  surface 
has  been  kept  below  6b0  in  order  to  obtain  a 
clearly  defined  oval  near  the  free  surface. 
The  vorticity  is  initially  confined  to  the 
Kelvin  oval  and  the  motion  outside  it  is  irro- 
tational.  With  the  passage  of  time,  the  vor¬ 
ticity  diffuses  over  a  wider  area  and  some 
vorticity  gets  annihilated  in  the  overlapping 
regions  of  oppositely-signed  vorticity.  The 
distance  between  the  vortices  during  the 
initial  period  of  rise  of  the  Kelvin  oval 
remains  fairly  constant  but  the  core  radius 
and,  hence,  rc/b0  increases  due  to  diffusion. 
As  the  short  wavelength  instability  begins  to 
grow,  the  initial  value  of  X/b0  in  Figure  9  is 
in  the  order  of  unity.  Had  the  cores 
touched,  X/bQ  would  have  been  as  large  as 
2.45  (point  B  in  Figure  9).  However,  the 
vortex  cores  do  not  grow  to  such  large  sizes, 
not  at  least  during  the  short  period  of 
migration  of  the  Kelvin  oval  toward  the  free 
surface.  Once  the  vortices  begin  to  diverge, 


Fig.  20  Evolution  of  a  single  whirl  in  025  s. 
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as  in  the  case  of  parallel  line  vortices 
approaching  a  rigid  plane,  the  distance 
between  them  increases.  This  decreases  the 
mutual  interaction  of  the  vortices  and  the 
relative  wavelength  \/h0  decreases.  It  is  not, 
therefore,  surprising  to  see  that  the  stria- 
tions  multiply  quickly  and  concentrate  in 
the  regions  directly  above  the  vortices  and 
adjacent  to  the  scars  (see  Figs.  13-15).  The 
dividing  and  pairing  of  the  striations  are 
accompanied  by  the  stroking  and  meander¬ 
ing  of  the  ends  (a  fishtail-like  motion)  of  the 
striations.  It  is  this  action  that  is  thought  to 
be  responsible  for  the  reconstitution  of  the 
surface  vorticity  into  numerous,  randomly- 
sized,  randomly-shaped,  and  randomly-dis¬ 
tributed  whirls. 

A  number  of  whirls  in  close  proximity  to 
each  other  may  give  rise  to  a  number  of 
complex  interactions,  such  as,  amalgama¬ 
tion,  annihilation  (at  least  partially),  or 
pairing  for  a  brief  period  and  then  re-sepa- 
ration.  Thus,  it  is  clear  than  the  interaction 
of  three-dimensional  whirls,  penetrating 
only  a  short  distance  into  the  fluid,  is  not  a 
simple  matter  and  needs  further  study 
through  the  inclusion  of  viscous  effects.  The 
amalgamation  as  well  as  annihilation  is  par¬ 
ticularly  strong  during  the  formation  period 
of  the  scars.  The  amalgamation  amounts  to 
cascading  of  circulation  into  larger  vortices 
and  hence  to  their  longer  life-span.  It  is  this 
process  and  the  generation  of  surface  vortic¬ 
ity  that  are  thought  to  be  responsible  for  the 
longevity  of  the  SAR  images.  Evidently, 
some  sort  of  regeneration  process  is  neces¬ 
sary  without  violating  the  principles  of  con¬ 
servation  of  energy  and  circulation.  One 
could  interpret  this  whirl-growth  phe¬ 
nomenon  as  an  indication  of  an  inverted 
energy  cascade.  However,  the  total  internal 
energy  decreases  in  spite  of  the  growth  in 
size  of  a  number  of  whirls.  This  completes 
the  observed  as  well  as  perceived  evolution 
of  the  surface  signatures.  It  will  be  interest¬ 
ing  to  discover  as  to  how  the  scar  band, 
comprised  of  whirls,  tend  to  increase  the 
radar  return  in  order  to  provide  bright  lines 
in  the  SAR  images. 

Numerical  Experiments 

Figures  21a  through  21c  show  at  s0/b0  = 
1.6  (where  time  is  taken  to  be  x  =  0  ),  the 
position  of  the  whirls,  the  streamlines  (with 
respect  to  a  coordinate  system  moving  with 
the  scars),  and  the  streamlines  (with 
respect  to  a  fixed  coordinate  system).  The 
size  of  the  whirls  is  drawn  proportional  to 
the  square  root  of  their  strength.  A  solid 
circle  denotes  clockwise  circulation  and  a 
hollow  circle  indicates  counter-clockwise 
circulation.  Figures  22a  through  22c  show 


%  o 


Fig.  21a  Initial  whirl  distribution  on  scars 


Fig.  21b  Streamlines  at  z  =  0  (comoving 
with  the  scars) 


Fig.  21c  Streamlines  at  x  -  0  (relative  to  a 
fixed  coordinate  system) 


the  corresponding  plots  at  x  =  1.6.  Thus,  it 
is  seen  that  the  whirls  amalgamate  as  time 
increases.  Figures  21c  and  22c  show  that 
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the  wide  region  between  the  scar  bands  is 
fairly  calm  whereas  the  scar  bands  are  a  con¬ 
stellation  of  depressions  created  by  the 
whirls.  Additional  facts  emerging  from 
these  figures  are  as  follows:  The  width  of 
the  scar  band  increases  naturally  partly 
because  of  the  transport  velocity  imposed  on 
them  by  the  main  vortex  pair  and  partly 
because  of  the  mutual-induction  of  the 
whirls.  It  is  rather  remarkable  that  the  band 
essentially  retains  its  identity  (eventually,  a 
long  wave  instability  is  seen  to  develop). 
What  is  more  remarkable  is  the  fact  that  the 
calculated  mean  scar-separation,  for  the 
example  shown  here,  is  within  3  percent  of 
that  measured  at  the  corresponding  times. 


■  • 
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Fig.  22a  Predicted  whirl  distribution  on 
scars  at  x=  1.6 


Fig.  22b  Predicted  Streamlines  at  x  =  1.6 
(comoving  with  the  scars) 


Figure  23  shows  a  sample  plot  of  the  path 
lines  of  a  number  of  particles  initially  situ¬ 
ated  along  a  line  on  the  scar. 

Typical  whirl  strength  distribution  is 
shown  in  Fig.  24.  Clearly,  the  total  strength 
of  the  whirl  system  decreases  with  time. 
However,  the  amalgamation  process  does 
lead  to  a  set  of  larger  whirls.  The  increase 
of  the  number  of  large  structures  slows 
down  or  stops  after  a  short  time  period.  In 
other  words,  the  whirl  system  reaches  an 
equilibrium. 


Fig.  22c  Predicted  streamlines  at  x  =  1.6 
(relative  to  a  fixed  coordinate 
system) 


Fig.  23  Marker  path  lines  on  scars  at  x=  2 
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Clearly,  the  whirl-whirl  interaction 
should  contribute  most  significantly  to  the 
evolution  of  the  initial  distribution,  and  such 
events  should  occur  only  if  the  number  of 
whirls  is  high  enough.  In  the  present  calcu¬ 
lations  the  whirl  population  has  been  dou¬ 
bled  several  times  to  explore  this  very  ques¬ 
tion.  Furthermore,  numerical  experiments 
were  carried  out  with  different  random- 
number  seedings  to  ascertain  that  the 
results  concerning  the  energy- density  dis¬ 
tribution  and  the  cascading  of  the  energy  did 
not  depend  on  either  the  number  of  the 
whirls  or  on  their  statistical  distribution.  It 
has  been  found  that  the  population  density 
and  the  number  of  random  samplings  are 
sufficiently  large  to  arrive  at  statistically 
meaningful  conclusions.  The  time  variations 
of  the  distributions,  therefore,  allow  one  to 
estimate  whether  whirl-whirl  interactions 
are  important.  The  results  presented  above 
show  that  the  shift  in  the  size  distribution 
toward  larger  structures  and  the  concentra¬ 
tion  of  energy  in  these  structures  are  an 
important  ingredient  of  the  scar  formation 
and  scar  life-span. 

The  numerically-simulated  scars  were 
intentionally  started  parallel,  with  no  further 
intrusion  into  their  evolution  in  succeeding 
steps.  As  described  above,  the  scars  evolved, 
remaining  essentially  parallel,  with  the 
superposition  of  a  long  wavelength  sinusoidal 


instability  as  seen  in  Fig.  22a.  At  no  time  did 
the  scar  fronts  exhibit  a  V-shaped  diver¬ 
gence  as  observed  in  the  SAR  images.  This 
was  entirely  expected  because  it  is  the  con¬ 
tinuous  creation  and  upwash  of  the  trailing 
vortices  that  give  rise  to  the  V-shaped  scar 
bands  with  an  included  angle  of  2a  [where  a 
is  arctan(V0/U)].  It  was  deemed  necessary 
to  apply  the  numerical  model  to  the  trailing 
vortex  case  with  a  few  minor  differences, 
partly  to  further  substantiate  the  predictions 
of  the  model  and  partly  to  observe  the  simi¬ 
larities  or  differences  between  the  mea¬ 
surements  and  calculations.  Figure  25 


Fig.  25  V-shaped  scar  streamlines  at  x=  0 
(comoving  with  the  scars) 


shows  the  instantaneous  streamlines  at  x  = 
0,  as  they  would  be  seen  by  an  observer 
moving  with  the  scars,  and  Fig.  26  shows  at 
x  =  0-1.2,  the  instantaneous  streamlines  as 
they  would  be  seen  by  an  observer  fixed  to 
the  coordinate  system.  Finally,  Figures  27a 
and  27b  show  a  comparison  of  the  experi¬ 
mental  and  numerical  results.  One  half  of 
these  figures  represent  the  numerical 
results  and  the  other  half  the  experimental 
results.  A  comparison  of  the  two  halves 
show  the  remarkable  similarity  between  the 
observations  and  predictions  at  the  corre¬ 
sponding  times. 

V.  CONCLUSIONS 

The  numerical  and  experimental  results 
presented  herein  warranted  the  following  con¬ 
clusions: 

1.  The  sloping  of  the  vortex  pair  (as  in 
the  case  of  trailing  vortices)  is  not  necessary 
to  produce  surface  signatures  or  footprints 
of  vortex  wakes  in  the  form  of  scars  and  stri- 
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Fig.  26  Growth  of  a  V-shaped  scar  in  time 
and  space 


ations.  An  initially  two-dimensional  vortex 
pair  yields  similar  structures. 

2.  A  fully  submerged  vortex  pair  is  sub¬ 
ject  to  both  long-  and  short- wavelength  instabili¬ 
ties.  The  latter  is  particularly  prevalent  when 
the  former  is  suppressed.  The  experiments 
have  revealed  their  existence  and  the  role 
played  by  them  in  the  generation  of  striations. 

3.  The  short- wavelength  instability  has  a 
wavelength  in  the  order  of  unity,  compared 
with  the  initial  spacing  of  the  main  vortex  pair. 
The  wavelength  decreases  as  the  vortex  spacing 
increases. 


Fig.  27a  Comparison  of  measured  and  pre¬ 
dicted  V-shaped  scars  (No.  1) 
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Fig.  27b  Comparison  of  measured  and  pre¬ 
dicted  V-shaped  scars  (No  2) 


4.  The  short  wavelength  instability  leads 
to  striations,  surface  curvature,  surface  veloc¬ 
ity,  and  surface  vorticity.  The  strongest  sur¬ 
face-tension  concentration  occurs  near  the  tips 
of  the  striations.  Consequently,  these  are  the 
regions  where  the  new  whirls  are  created 
through  the  use  of  the  surface  vorticity.  This 
type  of  whirl  formation  appears  to  be  unique  to 
the  scar  generation. 

5.  The  scar  and  striation  generation  may 
be  affected  by  the  degree  of  surface  contamina¬ 
tion.  However,  the  changes  in  surface  tension 
and  surface  elasticity  brought  about  by  contam¬ 
ination,  beyond  that  due  to  intermolecular 
cohesive  forces,  are  neither  necessary  nor  suffi¬ 
cient  for  the  creation  of  striations  and  scars. 


The  most  indispensable  ingredients  for  the  gen¬ 
eration  of  whirls  are  the  viscosity  of  fluid,  gen¬ 
eration  of  surface  vorticity  due  to  surface  curva¬ 
ture,  and  the  unstable  motion  of  the  ends  of 
whirls.  Also,  it  is  equally  important  to  note  that 
the  so-called  Reynolds  ridge  is  akin  to  but  not 
related  to  the  scar  formation.  The  Reynolds 
ridges  do  not  give  rise  to  whirls. 

6.  The  numerical  simulation  of  the  phe¬ 
nomenon  through  the  use  of  vortex  dynamics  or 
vortex  element  method  has  shown  that  all  of  the 
fundamental  characteristics  of  the  scar  evolu¬ 
tion  (e.g.,  the  preservation  of  scar-band  width, 
whirl  distribution,  whirl-whirl  interaction, 
energy  cascading,  mutual  annihilation  of 
whirls,  self-limiting  amalgamation,  etc.)  are 
faithfully  reproduced. 

7.  Among  the  numerous  mechanisms 
proposed  to  explain  the  physics  of  the  SAR 
images,  the  hypothesis  of  the  interaction  of  a 
vortex  pair  with  the  free  surface  emerges  as  the 
most  viable  one  in  view  of  the  observations  and 
measurements  made  and  the  conclusions 
arrived  at  in  this  investigation. 

8.  The  above  conclusions  are  further 
vindicated  by  the  experiments  carried  out  with 
two  rotating  cylinders.  The  analogy  between 
the  two  types  of  circulatory  motions  need  to  be 
further  explored,  partly  because  such  experi¬ 
ments  will  provide  an  excellent  opportunity  to 
discover  many  new  and  interesting  vortex  pat¬ 
terns  and  partly  because  they  will  lead  to  the 
closer  examination  of  the  similarities  between 
the  striations,  whirls,  and  scars  generated  by 
the  two  types  of  circulations. 
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DISCUSSION 


Owen  M.  Griffin 

Naval  Research  Laboratory,  USA 

In  your  introductory  remarks  you  noted  that  the  surface  disturbances 
and  effects  are  caused  by  shed  vortices  which  accompany  the  passage 
of  a  submerged  body.  There  is  equal,  if  not  more,  interest  in  the 
wake  of  a  surface  ship  in  terms  of  the  persistent  synthetic  aperture 
radar  (SAR)  signature  produced  by  the  ship’s  passage.  Can  you 
comment  upon  the  possible  importance  of  the  vortex-free  surface 
interactions  discussed  in  your  paper  as  they  might  apply  to  the 
remotely  sensed  surface  ship  wake? 

AUTHORS’  REPLY 

As  I  have  noted  in  the  Introduction  of  the  written  version  of  the 
paper,  "Just  a  narrow  patch  of  darkness,  bounded  by  two  bright  lines, 
provides  the  impetus  for  this  investigation  partly  because  it  is  seen  in 
the  synthetic  aperture  radar  (SAR)  images  of  a  ship’s  wake,  partly 
because  it  extends  many  miles  directly  in  the  ship’s  track,  Dr. 
Griffin  is  of  course  correct  in  reinforcing  this  fact.  My  introductory 
remarks  at  the  oral  presentation  of  the  paper  were  confined  to 
ascending  heterostrophic  vortices,  generated  by  submerged  bodies, 
primarily  because  of  the  mechanism  with  which  the  vortices  were 
created  in  our  experiments.  I  should  have  pointed  out  that  a  well- 
known  example  of  such  a  SAR  image  is  that  of  the  wake  of  the 
surface  ship  USS  Quapaw. 

As  far  as  the  possible  importance  of  the  vortex/free-surface 
interactions  discussed  in  the  paper  to  the  understanding  of  the 
mechanisms  leading  to  the  SAR  images  of  surface  ship  wakes  is 
concerned,  the  current  state  of  the  understanding  of  either  phenomena 
does  not  allow  one  to  explain  the  physics  of  what  relationship  could 
scars  and  striations  have  with  the  SAR  images.  Among  the  many 
proposals  made,  one  that  appeals  this  writer  most  is  the  interaction  of 
the  vortical  fluid  motions  generated  by  the  boundary  layers  and 
propellers  of  the  ship  with  the  free  surface.  However,  such  an 
interaction  is  not  as  simple  and  as  relatively  clean  as  that  of  ascending 
vortices  because  of  intense  turbulence  (patches  and  parcels  of  vorticity 
of  many  scales  and  intensities)  and  air-water  mixture  accompanying 
the  ship’s  wake.  The  development  of  a  U-shaped  vortex  wrapping 
around  the  outside  of  the  main  vortex  core  (discussed  in  1985  in 
author’s  Reff6]),  restructuring  of  vorticity  in  the  wake,  the  reverse 
energy  cascading,  and  the  self-limiting  growth  of  the  surface  whirls 
(all  discussed  in  the  present  paper)  may  go  long  ways  towards 
establishing  a  relationship  between  the  scars  and  striations  generated 
by  ascending  heterostrophic  vortices  and  the  SAR  images  of  ship 
wakes.  It  is  also  possible  that  the  real  fall-out  benefits  of  the 
investigation  will  be  in  yet-unthought-of  areas  of  experimental  and 
computational  fluid  dynamics.  The  investigation  has  just  begun. 
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Measurement  and  Computations  of  Vortex  Pair  Interaction 
with  a  Clean  or  Contaminated  Free  Surface 

A.  Hirsa,  G.  Tryggvason,  J.  Abdollahi-Alibeik,  W.W.  Willmarth 
(The  University  of  Michigan,  USA) 


Observations  of  surface  deformations  produced 
by  the  interaction  of  trailing  vortices  with  a  free 
surface,  behind  a  submerged  delta  wing  at 
negative  angle  of  attack,  were  described  by 
Sarpkaya  and  Henderson  (1985).  The  flow 
field  during  the  laminar  interaction  with  the  free 
surface  is  studied  experimentally  using  a  pair  of 
vertically  oriented,  computer  controlled, 
counter  rotating  flaps  to  generate  laminar  vortex 
pairs  with  the  same  Reynolds  number  and 
Froude  number  as  the  trailing  vortices. 
Numerical  computations  in  two-dimensions, 
flow  visualization  (laser  induced  fluorescence 
and  shadowgraph)  and  particle  image 
velocimetry  (PIV)  with  known  surfactants  on 
the  surface  show  that  surface  contamination  has 
a  significant  influence  on  the  flow  field  and 
surface  motion  during  the  interaction.  New 
vorticity  produced  on  either  side  of  the  vortex 
pair  when  the  surface  is  contaminated  initially 
forms  a  Reynolds  ridge,  (the  surface  signature 
at  the  leading  edge  of  a  subsurface  boundary 
layer),  and  then  the  new  vorticity  beneath  the 
contaminated  surface  rolls  up  to  form  secondary 
vortices  outboard  of  the  original  vortices  and 
with  opposite  sign.  The  secondary  vortices 
cause  the  original  vortex  pair  to  rebound  from 
the  free  surface. 

INTRODUCTION 

Synthetic  aperture  radar  images  made  at  high 
altitudes  show  that  a  ship  produces  a  long,  narrow 
signature  on  the  surface  in  the  wake  that  is  detectable  long 
after  the  passage  of  the  ship  (Munk  et  al.  1987).  Since 
the  wake  directly  behind  a  ship  contains  vortical 
structures  produced  by  the  hull  and  the  propeller  blades 
which  interact  with  the  surface,  it  appears  that  an 
explanation  of  the  surface  signature  in  the  wake  will 
require  a  fundamental  understanding  of  the  interaction  of 
vorticity  with  the  free  surface. 

When  a  pair  of  counter  rotating  vortices  in  an  ideal 
fluid  approach  a  flat  surface  the  velocity  field  due  to  the 
image  vortices  will  cause  them  to  diverge  (Lamb  1932). 
Since  the  motion  of  each  vortex  is  a  result  of  the  velocity 
induced  by  the  other  vortex  as  well  as  the  image  vortices, 
the  diverging  vortices  ultimately  move  along  straight  lines 
parallel  to  the  flat  surface.  When  the  viscosity  of  the  fluid 


is  considered,  the  flow  field  will  be  different  owing  to 
the  diffusion  of  the  initial  vorticity  and  the  additional  no 
slip  boundary  condition  at  the  flat  surface.  The  observed 
surface  features  produced  by  the  wake  of  a  submerged 
delta  wing  at  a  negative  angle  of  attack,  as  originally 
described  by  Sarpkaya  and  Henderson  (1985),  are 
sketched  in  Figure  1 . 


Delta  Wing 

Trailing  Vortices  Propagating  at  a  Negative 
Toward  the  Free  Surface  and  Angle  of  Attack 


Figure  1  Surface  deformations  resulting  from  the  trailing 
vortices  interacting  with  a  free  surface. 


The  subsurface  flow  field  associated  with  many  of  the 
surface  features  that  they  described  are  not  yet 
understood.  There  are  also  numerous  other  experimental 
and  theoretical  studies  of  the  interaction  of  vortex  pairs 
with  solid  and  free  surfaces.  A  survey  of  the  literature  for 
many  of  these  studies  has  been  made  by  Hirsa  (1990). 

From  the  literature  it  is  clear  that  the  interaction  of 
vorticity  with  a  free  surface  is  a  very  complex  problem. 
The  flow  may  or  may  not  be  turbulent  and  one  must 
consider  the  Reynolds  number.  In  addition,  the 
momentum  of  the  vortex  pair  may  be  great  enough  to 
cause  vertical  displacement  of  the  free  surface  with 
rebounding  of  the  vortex  pair  during  the  interaction,  as 
Tryggvason  has  shown  through  numerical  computations 
[see  Willmarth  et  al.  (1989)]  and  one  must  consider  the 
Froude  number.  Finally,  it  has  become  apparent  (as  will 
be  demonstrated  in  this  paper)  that  an  understanding  of 
the  interaction  of  vortex  pairs  with  a  free  surface  at  low 


521 


A.  Hirsa  Department  of  Mechanical  Engineering,  Aeronautical  Engineering  and 
Mechanics,  Rensselaer  Polytechnic  Institute,  Troy  NY  12180  U.S.A. 

G.  Tryggvason  and  J.  Abdollahi-Alibeik  Department  of  Mechanical  Engineering  and 
Applied  Mechanics,  The  University  of  Michigan,  Ann  Arbor  MI  48109  U.S.A. 

W.  W.  Willmarth  Department  of  Aerospace  Engineering,  The  University  of  Michigan, 
Ann  Arbor  MI  48109  U.S.A. 


Froude  and  Reynolds  numbers  requires  that  one  also 
must  consider  the  effect  of  a  dimensionless  number 
representing  the  ratio  of  the  viscous  force  tangential  to  the 
free  surface  to  the  tangential  surface  force  exerted  by  a 
surface  film  with  a  gradient  in  concentration.  When 
surface  contaminating  films  are  not  present  on  the  free 
surface  (which  in  nature  is  a  very  rare  condition)  the 
basic  interaction,  at  low  Froude  numbers  and  for  a 
laminar  flow,  is  approximately  similar  to  the  flow  that 
would  be  observed  for  an  inviscid  fluid  with  a  flat 
surface.  However,  clean  surfaces  are  a  rarity  and 
varying  amounts  of  surface  film  contaminants  are  usually 
present  on  the  surface.  When  present,  as  will  be  shown, 
surface  contaminants  can  completely  change  the  nature  of 
the  flow  field  during  the  later  stages  of  the  interaction  of 
vortex  pairs  with  the  surface. 

Initial  experiments  were  made  with  a  small  delta 
wing,  similar  to  the  one  used  by  Sarpkaya  and 
Henderson  (1985),  which  was  towed  beneath  and 
parallel  to  the  surface  at  negative  angle  of  attack.  The 
flow  beneath  the  surface  was  observed  using  a 
fluorescent  dye  (Fluorescein)  injected  at  the  trailing  edge 
of  the  wing  and  illuminated  from  below  the  surface  by  a 
thin  sheet  of  laser  light  normal  to  the  surface  and  to  the 
towing  direction.  These  flow  visualization  experiments 
were  in  general  agreement  with  the  results  described  by 
Sarpkaya  and  Henderson  (1985). 

In  addition  to  observations  of  the  wake  cross- 
section,  we  observed  the  motion  of  the  surface  with  the 
aid  of  particles  placed  on  the  surface  after  the  wing  had 
passed.  We  found  that  as  the  vortex  pair  approached  the 
surface  the  particles  on  the  center  line  of  the  wake  were 
swept  to  either  side  by  the  upwelling  of  fluid  carried  with 
the  vortex  pair.  We  also  discovered  that  the  surface 
motion  was  not  consistent  because  the  velocity  and 
amount  of  surface  motion  observed  on  either  side  of  the 
wake  was  dependent  upon  the  type  of  particles  used  as 
passive  markers.  In  one  case,  punched  circles  (chaff) 
from  oiled,  paper  computer  tape  placed  on  the  surface 
after  the  wing  were  completely  motionless.  However,  a 
few  pieces  of  chaff  that  were  completely  wet  and  had 
sunk  slightly  below  the  surface  were  observed  to  be 
moving  outward  from  the  wake  center  line  while  the  drier 
pieces  of  chaff  just  above  them  and  floating  on  the  surface 
were  stationary. 

After  these  initial  observations,  the  status  of  the 
project  was  discussed  with  personnel  of  the  Naval 
Research  Laboratory  and  the  Office  of  Naval  Research. 
We  were  alerted  to  the  possibility  that  surfactants  could  be 
present  in  the  Ann  Arbor  city  water  used  to  fill  our  small 
towing  tank.  Jack  Kaiser  of  the  Naval  Research 
Laboratory  offered  to  measure  the  surface  tension  of  our 
water  and  found  severe  surface  contamination  of  the  Ann 
Arbor  tap  water.  He  suggested  that  we  investigate 
methods  to  clean  the  water  in  our  tow  tank  water  and 
referred  us  to  the  papers  of  Scott  (1975  and  1982).  Scott 
(1975)  describes  methods  to  prepare  clean  water  for  fluid 
mechanical  experiments  with  an  uncontaminated  surface. 
In  the  other  paper,  Scott  (1982),  experimental 
measurements  are  described  of  the  boundary  layer  flow 
beneath  a  contaminated  surface  in  which  the  convection  of 
surface  contaminants  is  blocked  by  a  barrier  which 
penetrates  below  the  surface.  A  steady  state  boundary 
layer  is  formed  as  a  result  of  a  balance  between  viscous 
shear  forces  in  the  viscous  flow  beneath  the  surface  and 
the  force  produced  by  gradients  in  the  surface  tension 
which  are  a  result  of  surface  active  agent  concentration 
gradients  in  the  blocked  film  of  surface  active  agent.  At 
the  leading  edge  of  the  contaminated  surface,  where  the 
surface  tension  begins  to  decrease,  there  is  a  rapid 


variation  in  height  of  the  surface  which  appears  as  an 
easily  observable  ridge.  The  ridge  is  formed  when  the 
upstream  flow,  with  high  surface  tension,  first  encounters 
the  contaminated  surface  which  has  a  considerably  lower 
surface  tension.  The  upstream  fluid  is  rapidly  decelerated 
as  a  result  of  the  upstream  "pull"  of  the  clean  oncoming 
flow  with  a  rapid  increase  and  then  decrease  in  surface 
elevation. 

At  this  initial  stage  of  the  investigation  it  was 
apparent  that  a  study  of  the  interaction  of  vorticity  with  a 
free  surface  would  require  both  experimental 
measurements  of  the  flow  field  and  numerical 
computations  of  the  velocity,  vorticity  and  displacement 
of  the  fluid  particles  in  the  wake  flow  field.  Experimental 
measurements  of  the  flow  field  in  the  wake  of  the  delta 
wing  would  require  many  measurements  for  a  large 
number  of  runs  in  the  tow  tank  facility. 

To  reduce  the  time  and  labor  required  for  the 
experimental  and  numerical  investigation  of  the  wake 
flow  field,  the  flow  in  the  wake  was  approximated  by  a 
two-dimensional  vortex  pair  propagating  toward  and 
interacting  with  a  free  surface.  In  the  experiments  the 
flow  field  of  a  laminar  vortex  pair  was  produced  by  a 
vortex  pair  generator  designed  for  this  investigation.  In 
the  numerical  computations  the  time  dependent,  two- 
dimensional  flow  resulting  when  two  line  vortices  were 
placed  at  an  initial  position  beneath  the  surface  was 
calculated.  The  line  vortices  were  approximated  by  two 
blobs  of  vorticity,  with  opposite  sign.  Both  a  clean  free 
surface  and  a  free  surface  contaminated  by  various  known 
amounts  of  surface  active  agents  were  studied  in  the 
experiments  and  in  the  numerical  computations. . 

In  the  paper  we  first  present  a  description  of  the 
flow  visualization  experiments  and  the  quantitative 
measurements  that  we  have  made  which  serve  to  outline 
many  fundamental  aspects  of  the  problem.  This  is 
followed  by  a  description  of  the  numerical  computations 
for  vortex  blobs  interacting  with  clean  and  contaminated 
free  surfaces  at  low  Froude  and  Reynolds  numbers.  The 
numerical  computations  allow  the  study,  at  little  cost  in 
time  and  labor,  of  the  effect  of  many  different  parameters 
on  the  flow  variables  during  the  interaction  of  vorticity 
with  the  free  surface. 

EXPERIMENTS 

1)  Vortex  pair  Generation 

The  vortex  pair  generator  used  for  the  experiments 
was  designed  to  produce  a  two-dimensional  pair  of 
counter  rotating  vortices  that  propagate  upward  toward 
the  free  surface.  A  pair  of  initially  vertical  flaps,  see 
Figure  2,  which  were  driven  by  a  computer  controlled 
stepping  motor  were  rotated  toward  each  other  to  produce 
a  pair  of  vortices  without  any  measurable  effect  on  the 
free  surface  caused  by  the  flap  motion.  The  velocity 
induced  by  the  vorticity  in  the  vortex  pair  causes  the  pair 
to  propagate  upwards  as  the  flaps  close.  The  flow  field 
produced  by  the  flaps  was  found  to  be  uniform  along  the 
span.  This  vortex  generation  scheme  also  produced  little 
interference  between  the  flaps  and  the  newly  formed 
vortex  pair.  As  the  vortices  form,  the  inward  rotation  of 
the  flaps  allows  the  vorticity  to  roll  up  and  entrain 
additional  fluid  as  required  for  the  formarion  of  the  Kelvin 
oval  associated  with  the  vortex  pair.  The  Kelvin  oval  is 
the  oval  region  bounded  by  a  closed  streamline  around  the 
vortex  pair  which  can  be  observed  in  frame  of  reference 
moving  with  the  vortex  pair.  The  triangle  formed  by  the 
flaps  after  they  are  closed  had  an  apex  angel  of  less  than 
74  .  See  Hirsa  (1990)  for  further  information  on  the 
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Figure  2  Schematic  of  the  vortex  pair  approaching  a  free 
surface. 

The  dimensions  of  the  vortex  pair  generator  were 
chosen  so  that  the  vortex  pair  would  have  a  Reynolds 
number,  Re,  and  Froude  number,  Fr,  matching  the 
vortex  pair  produced  in  the  wake  of  the  delta  wing.  The 
Reynolds  number  of  the  vortex  pair  is  defined  by: 

Re  s  -  (1) 

V 

where  T  is  the  circulation  about  one  of  the  vortices  and  v 
is  the  kinematic  viscosity.  The  Froude  number  of  the 
vortex  pair  is  defined  by: 

Fr  s  (2) 

Vg  5 o3 


where  g  is  the  gravitational  acceleration  and  80  is  the 
vortex  pair  separation  when  the  vortices  are  far  beneath 
the  surface. 

2)  Flow  Field  of  the  Vortex  Pair 

Observations,  using  laser  induced  fluorescence 
(LIF),  of  a  cross-section  of  the  flow  field  when  vortex 
pairs  interact  with  the  free  surface  were  made  for  a 
number  of  different  strength  vortex  pairs  generated  with 
the  flaps  and  for  various  degrees  of  surface 
contamination.  The  dye  used  was  fluorescein  which  was 
injected  with  a  syringe  fitted  with  a  slender  plastic  tube 
into  the  water  between  and  around  the  flaps  before  flap 
motion  was  initiated.  The  laser  light  sheet  was  less  than  1 
mm  thick  and  illuminated  the  flow  field  above  the  flaps 
from  one  side,  see  Hirsa  (1990)  for  further  information. 

As  described  in  the  introduction,  our  initial 
measurements  with  the  delta  wing  and  a  contaminated 
surface  demonstrated  conclusively  that  the  motion  of  the 
surface  was  inhibited  if  the  surface  was  contaminated. 
During  the  experiments  with  the  vortex  pair  generated 
with  the  flaps  the  free  surface  with  an  area  of 
approximately  one  half  square  meter  above  the  vortex 
generator  was  cleaned  for  at  least  one  hour  by  means  of  a 
drain  pipe  and  a  fan  blowing  air  toward  the  drain  prior  to 
the  first  experiment  each  day.  After  each  vortex  pair  was 
generated,  the  free  surface  was  cleaned  first  for  a 
minimum  of  5  minutes  by  surface  draining  with  the  fan 
on,  then  the  fan  was  turned  off  and  the  surface  drain  was 
continued  for  at  least  another  5  minutes.  The  surface 
drain  was  then  stopped  and  the  free  surface  was 
undisturbed  for  a  minimum  of  5  minutes  to  allow  the 
surface  currents  to  completely  decay  before  the  next  run. 

To  illustrate  the  typical  flow  phenomena  observed 
for  low  Froude  number  vortex  pairs  of  various  strengths 
a  set  of  (LIF)  photographs  of  a  the  flow  produced  for  a 
typical  vortex  pair  (Re=l  2,400  and  Fr=0.217) 
interacting  with  the  free  surface  with  and  without 
surfactant  added  on  the  surface  is  shown  in  Figure  3. 
The  photographs  on  the  left,  labeled  (A),  are  for  a 
relatively  clean  free  surface  with  no  oleyl  alcohol  added. 
The  photographs  on  the  right,  labeled  (B),  are  for  an 
initially  clean  free  surface  with  1.06  x  10"^  (cm^/cm^)  of 
oleyl  alcohol  spread  on  the  surface  before  the  vortex  pairs 
were  generated.  Hirsa  (1990)  contains  a  complete 
description  of  the  method  used  to  determine  the  surface 
concentration  of  the  oleyl  alcohol  .  From  the 
concentration  and  using  the  state  relationship  for  oleyl 
alcohol,  see  Hirsa  (1990)  Figure  4.5,  the  initial  surface 

pressure  n  =  <Jo  -  cr  (the  difference  between  the  surface 

tension,  Go,  of  the  clean  and  the  surface  tension,  a,  of 
the  contaminated  free  surface  was  approximately  2.5 
dynes/cm). 

For  the  vortex  pairs  shown  in  Figure  3,  the  tips 
of  the  flaps  (when  vertical)  were  at  a  depth  of  21  (cm). 
The  average  velocity  and  spacing  of  the  vortices  when  the 
pairs  were  well  below  the  surface  was  vp0  =  2.36 
(cm/sec)  and  5o  =  6.93  (cm/sec).  A  dimensionless  time 
x*  was  defined  as: 


T*_  t-ti 


5o / vpo 


(3) 


where  t  is  the  time  since  the  start  of  the  flap  motion  and, 
ti  =  7.55  (sec),  is  the  time  elapsed  from  the  start  of  the 
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flap  motion  until  the  time  the  vortices  are  at  a  depth  equal 
to  the  vortex  pair  separation  after  roll-up.  Thus,  S0  / 
Vp0,  is  the  time  it  takes  the  vortex  pair  to  propagate  a 
distance  equal  to  their  separation,  when  they  are  far  from 
the  free  surface.  The  circulation,  T,  and  the  Froude 
number,  Fr,  for  the  vortex  pairs  produced  in  the 
experiments  was  estimated  using  an  inviscid  point  vortex 
model.  The  model  treats  each  of  the  vortices  as  a  point 
vortex  and  consists  of  two  point  vortices  and  the  two 
image  vortices  associated  with  the  original  vortices  when 
they  are  in  the  proximity  of  a  free  surface.  Lamb  (1932) 
describes  the  trajectory  of  a  vortex  pair  approaching  a  flat 
wall  in  inviscid  fluid.  Using  the  trajectory  equations  and 
observations  of  the  position,  spacing  and  velocity  of  the 
vortex  pairs,  the  apparent  circulation  of  the  vortex  pairs 
was  estimated.  This  is  equivalent  to  assuming  an  inviscid 
vortex  pair  with  Fr=0,  approaching  a  free  surface. 


(A)  Free  Surface  (B) 

-  g 


Figure  3  LIF  photograph  of  a  vortex  pair  interacting 
with  a  free  surface  with:  (A)  no  surfactant  added  &  (B) 
with  oleyl  alcohol  added  with  surface  pressure  of  2.5 

(dynes/cm);  initial  vortex  pair  separation  80=6.93  (cm) 
and  propagation  speed  vpo=2.36  (cm/sec),  Re=12,400 
and  Fr=0.217  (scale:  1  cm  on  the  photograph  =  8.4  cm  in 

the  flow  field).  The  dimensionless  times  are:  (i)  x*  = 
0.59,  (ii)  x*  =  0.93,  (iii)  x*  =  1.27,  (iv)  x*  =  1.61,  (v) 

x*  =  1.95,  and  (vi)  x*  =  2.29. 


Figure  3  (i)  shows  the  vortex  pair  approaching  the 
free  surface.  The  dimensionless  time  x*  is  0.59.  The 
vortices  have  started  to  move  apart  and  no  difference  is 
apparent  between  the  case  without  oleyl  alcohol  (A),  and 
the  case  with  oleyl  alcohol  (B).  The  subsequent 

photographs,  (ii)  to  (vi),  show  the  vortex  pair  at  equal  x* 
intervals  of  0.34.  The  mirror  image  that  appears  on  the 
upper  portion  of  each  photograph  is  due  to  total  internal 
reflection  at  the  free  surface.  Location  of  the  free  surface 
was  determined  in  each  photograph  by  drawing  a  bisector 
through  the  symmetrical  image. 

There  is  little  visible  difference  in  the  flow  field 
between  the  case  (A),  and  case  (B)  up  to  the  time 

t*=1.61.  At  x*=1.61,  Figure  3  (iv)  shows  a  marked 
difference  between  the  two  cases.  In  the  case  where  oleyl 
alcohol  is  added,  the  streamlines  near  the  free  surface 
appear  to  diverge  from  the  free  surface  whereas  in  the 
case  with  no  oleyl  alcohol  the  streamlines  near  the  free 

surface  stay  close  to  the  surface.  By  x*=1.95,  Figure  3 
(v)  shows  that  a  secondary  vortex  is  being  formed  for  the 
case  (B),  but  in  case  (A)  no  secondary  vorticity  is 
formed.  In  the  last  Figure  3  (vi),  a  pair  of  secondary 
vortices  are  visible  in  the  case  (B)  with  oleyl  alcohol 
which  drastically  alter  the  path  of  the  primary  vortices  as 
they  begin  to  rebound  from  the  free  surface.  The  case 
without  oleyl  alcohol  shows  no  sign  of  secondary 
vorticity  formation  or  rebounding  of  the  primary  vortices. 


Free  Surface 


Figure  4  Average  trajectory  of  the  apparent  center  of  the 
(right)  vortex  during  the  interaction  of  the  vortex  pair  with 
a  solid  wall  and  a  free  surface  with  various  amounts  of 
oleyl  alcohol  whose  surface  pressure  is  denoted  by  n. 
Re=  12,400  and  Fr=0.217.  A  tick  mark  on  the  primary 
vortex  trajectory  indicates  the  position  of  the  primary 
vortex  at  the  beginning  of  the  secondary  vortex  trajectory. 
The  time  at  the  beginning  and  the  end  of  each  primary  and 
secondary  vortex  trajectory  is  as  follows: 
no  surfactant;  -1.55  <  x*  <  2.19,  not  formed: 


=  0.3 
=  1.1 
=  9.0 


-1.55  <  x*  <  2.19,  1.85  <x*  <2.19: 
-1.55  <  x*  <  1.85,  1.51  <  x*  <  1.85: 
-1.55  <  x*  <  1.51,  Turbulent: 


>olid  Wall,  -1.55  <  x*  <  1.85;  1.17  <  x*  <  1.85. 
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3)  Vortex  Pair  Trajectories 

Figure  4  shows  the  trajectories  of  the  apparent 
center  of  the  right  vortex  for  various  surface  conditions 
for  vortex  pairs  with,  Re=  12,400  and  Fr=0.217.  Also 
plotted,  are  the  apparent  center  of  the  secondary  vortex 
which  is  produced  outboard  of  the  right  vortex.  The  five 
primary  vortex  trajectories  overlap  in  the  beginning,  but 
diverge  at  later  times  during  the  interaction.  The  primary 

vortex  trajectories  all  begin  at  x*=  -1.55.  The  time  at  the 
end  of  each  primary  vortex  trajectory  is  given  in  the 
caption  along  with  the  time  at  the  beginning  and  the  end 
of  secondary  vortex  trajectories.  The  secondary  vortex 
for  the  case  with  the  largest  surface  pressure,  9.0 
(dynes/cm),  rapidly  became  turbulent  and  no  distinct 
vortex  center  could  be  observed.  A  tick  mark  on  each  of 
the  primary  vortex  trajectories  indicates  the  position  of  the 
primary  vortex  at  the  time  of  formation  of  the  secondary 
vortex.  Turbulence  in  the  primary  vortex  was  first 

observed  at  time,  x*=  2.19  (±0.24)  for  all  the  surface 
conditions  tested. 

The  trajectories  plotted  in  Figure  4  show  that 
when  oleyl  alcohol  is  present  on  the  free  surface,  the 
trajectory  of  the  primary  vortex  departs  from  the  trajectory 
for  the  case  with  no  surfactant.  From  these  trajectories  it 
is  apparent  that  the  greater  the  surface  pressure,  the 
greater  the  amount  of  rebounding  of  the  primary  vortex 
from  the  free  surface.  When  the  surface  pressure  is  as 
high  a  9.0  (dynes/cm),  the  vortex  trajectory  is  very 
similar  to  that  for  vortex  interaction  with  a  solid  wall. 


core  of  the  vortices  while  the  much  heavier  titanium 
dioxide  particles  migrate  away  from  the  vortex  core.  The 
fluid  in  the  vicinity  of  the  flaps  was  seeded  with  both 
glass  micro-balloons  and  titanium  dioxide  particles  and 
titanium  dioxide  particles  were  also  continuously 
deposited  on  the  free  surface. 

Figure  5  shows  the  velocity  vector  field  of  the 
vortex  pair  for  Re=  12,400  and  Fr=0.217  as  it  approaches 

a  clean  surface  at  time  x*=  0.49. 


Free  Surface 
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Figure  5  Vortex  pair  velocity  field  during  the  interaction 

with  a  free  surface  with  no  surfactant  added;  =  0.49, 
Re=  12,400  and  Fr=0.217. 


4)  Particle  Image  Velocimetry  Measurements 

In  order  to  provide  quantitative  data  for  the 
phenomena  observed  and  results  obtained  using  flow 
visualization  the  entire  velocity  field  in  the  cross  section 
was  measured  for  a  vortex  pair  at  Re=12,400  and 
Fr=0.217  using  a  particle  image  velocimetry  (PIV) 
technique.  The  method  we  used  is  one  of  the  variations 
of  double-pulse  velocimetry  used  in  the  past  fifteen  years, 
as  described  in  Stetson  (1975),  Lauterborn  and  Vogel 
(1984),  and  Dudderar  et  al.  (1986).  From  a  double- 
exposed  transparent  photograph  of  a  seeded  flow,  the 
velocity  at  each  point  in  the  flow  is  deduced  by  measuring 
the  displacement  of  the  seeding  particles  during  the  time 
between  two  exposures.  In  the  present  study,  a  pulsed 
copper  vapor  laser  was  used  to  illuminate  a  thin  cross- 
section  of  the  vortex  pair  flow  field.  The  Young’s  fringe 
method  was  chosen  to  determine  the  particle 
displacements  and  direction  of  displacement.  The 
magnitude  of  the  velocity  was  determined  from  the 
displacement  divided  by  the  time  between  the  two 
exposures.  The  flow  direction  was  obtained  by 
inspection  of  the  velocity  magnitude  data.  The  system 
and  method  we  used  to  interrogate  double  exposure 
photographs  of  the  particle  images  was  developed  by  L. 
P.  Bernal  and  is  described  by  Kwon  (1989).  This  system 
consists  of  a  Helium-Neon  laser,  a  set  of  mirrors,  a 
transform  lens,  a  beam  stopper,  a  video  camera  with  a 
pair  of  imaging  lenses  and  a  Gould  model  FD  5000  image 
analysis  system  controlled  by  a  Zeos  model  286  personal 
computer.  Some  time  was  spent  learning  how  to  seed  the 
flow.  After  a  number  of  trials  the  seeding  particles 
selected  for  PIV  measurements  were  12  to  50  microns 
particles  of  titanium  dioxide  in  the  rutile  crystalline  form 
and  50  to  100  micron  diameter  micro-balloons.  Micro¬ 
balloons  are  hollow  glass  bubbles  with  specific  gravity  of 
less  than  one  which  tend  to  migrate  inward  toward  the 


The  non-zero  velocities  on  the  top  of  the  figure  show  that 
the  free  surface  is  adequately  clean  and  free  to  move.  The 
lack  of  data  near  the  center  of  the  vortices  is  primarily  due 
to  the  limits  in  the  spatial  resolution  of  the  interrogation 
system.  Inadequate  seeding  is  responsible  for  the 
missing  data  near  the  lower  part  of  the  figure.  The 
dynamic  range  of  the  interrogation  system  limits  the 
lowest  velocity  that  could  be  measured.  The  flow  on  the 
plane  of  symmetry  at  the  free  surface  resembles  a 
stagnation  region  of  very  low  velocity.  As  a  result,  the 
spacing  between  the  Young's  fringes  is  too  large  to 
measure.  PIV  images  at  later  times  with  a  clean  surface 
were  also  obtained  and  there  was  no  sign  of  the 
development  of  secondary  vorticity  near  the  free  surface. 

From  the  PIV  data  the  contours  of  constant 
vorticity  in  the  primary  vortices  were  determined.  The 
circulation  for  each  side  of  the  vortex  pair  was  also 
calculated  using  a  line  integral  around  a  square  contour 
surrounding  the  vortex  core.  The  magnitude  of 
circulation  for  each  vortex  was  found  to  be  145.9 
(cm2/sec).  A  few  of  the  vorticity  contour  lines  extended 
outside  the  domain  of  the  calculation.  This  implies  that 
the  total  circulation  for  each  vortex  is  slightly  more  than 
the  145.9  (cm2/sec)  measured.  In  contrast,  the  apparent 
circulation,  i.e.  the  circulation  based  on  the  measured 
propagation  speed  and  spacing  of  the  vortex  pair  and 
using  a  point  vortex  model,  was  found  to  be  124 
(cm2/sec). 

In  marked  contrast  to  the  flow  with  a  clean  free 
surface.  Figure  6  shows  the  velocity  vector  field  of  the 
left  primary  vortex  and  the  secondary  vortex  developed 

outboard  of  the  left  primary  vortex  at  a  time  T*=  1.54, 
when  the  free  surface  is  contaminated  with  oleyl  alcohol 
with  a  surface  pressure  of  9.0  (dynes/cm). 
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Figure  6  Velocity  field  for  the  left  vortex  interacting  with 
a  free  surface  with  oleyl  alcohol  with  tc=9.0  (dynes/cm); 
the  right  edge  of  the  figure  is  7.7  (cm,  actual)  from  the 

centerline;  x*=1.54,  Re=12,400  and  Fr=0.217. 


Figure  7  Shadowgraph  view  (of  the  right  half)  of  the 
free  surface  during  the  interaction  of  a  vortex  pair  with  a 
free  surface  with  no  surfactant  added;  Re=18,700  and 
Fr=0.277  (scale:  1  cm  on  the  photograph  =  10.0  cm  on 
the  surface). 


The  circulation  around  the  secondary  vortices  in  this  PIV 
vector  plot  was  calculated  and  found  to  be  approximately 
-45  (cm2/sec),  opposite  to  and  approximately  30%  of  the 
circulation  in  the  primary  vortex.  This  clearly  illustrates 
the  fact  that  surface  contamination  can  lead  to  the 
generation  of  new  vorticity  during  interaction  of  vorticity 
with  the  free  surface. 

5)  Free  Surface  Signatures  of  a  Vortex  Pair 

The  Froude  number  for  the  vortex  pairs  in  these 
experiments  was  not  large  enough  to  cause  appreciable 
wave  generation  when  the  vortex  pairs  interact  with  the 
free  surface.  However,  a  variety  of  slight  surface 
deformations  were  observed  that  were  associated  with  the 
velocity  and  pressure  field  of  the  primary,  secondary  and 
any  other  vorticity  produced  by  the  vortex  pair.  These 
surface  deformations  were  visually  observed  using  the 
shadowgraph  method.  The  shadowgraph  system  used  in 
the  experiments  with  the  vortex  pair  generator  was  very 
simple,  a  mercury  vapor  light  source  beneath  the  glass 
bottom  tank  containing  the  vortex  pair  generator  and  a 
white  cloth  screen  6X2  feet  mounted  3  feet  above  the 
free  surface.  The  image  on  the  screen  was  recorded  on 
video  tape  using  the  video  camera  and  recorder.  The 
shadowgraph  effect  is  a  result  of  the  refraction  of  light  by 
the  free  surface.  When  an  approximately  parallel  beam  of 
light  passes  upward  from  water  to  air  normal  to  the 
surface,  a  depression  of  the  surface  will  result  in  the  light 
rays  diverging  and  an  upward  displacement  of  the  free 
surface  will  cause  the  light  rays  to  converge.  The  screen 
placed  above  the  free  surface  will  then  show  surface 
depressions  as  darker  regions  and  elevations  of  surface  as 
brighter  regions. 

The  vortex  pair  with  Re=l  8,700  and  Fr=0.277 
produced  a  surface  signature  which  from  our 
observations  of  the  signatures  of  various  strength  vortex 
pairs  (at  low  Froude  number)  contains  the  typical 
phenomena  observed  with  weaker  and  stronger  vortex 
pairs  before  transition  to  turbulent  flow  occurs.  The 
surface  signature  for  the  right  half  of  a  clean  surface 
above  a  vortex  pair  is  shown  in  Figure  7. 


The  first  observable  features  are  the  striations  that  were 
first  described  by  Sarpkaya  and  Henderson  (1985). 
Using  LIF  and  other  techniques  to  observe  the  flow 
beneath  the  surface  we  have  determined  that  the  striations 
are  caused  by  spanwise  vorticity  which  is  stretched  in  the 
upwelling  flow  field  of  the  primary  vortex  pair,  see  Hirsa 
(1990).  A  paper  describing  and  summarizing  these 
observations  of  the  flow  field  of  the  striations  is  in 
preparation.  The  first  photograph  in  Figure  7,  (i),  is  at 

time  x*=0.79.  The  striations,  observed  to  produce 
narrow  dark  strips  of  surface  depression,  are  clearly 
visible  in  this  photograph.  A  surface  depression  which  is 
wider  than  and  normal  to  the  striation  depressions  can  be 
observed  directly  above  the  right  hand  primary  vortex. 
Just  outboard  of  this  depression  the  initial  formation  of  a 
Reynolds  ridge  can  be  observed  (an  undulating,  narrow, 
line  bright  on  the  left  and  dark  on  the  right)  which 
becomes  stronger  in  the  following  photographs,  (ii) 

through  (iv).  The  photograph  (ii),  taken  at  x*=1.16, 
shows  the  striations  and  the  Reynolds  ridge  as  well  as  a 
surface  dimple,  a  dark  region  at  the  top  of  the 
photograph.  This  dimple  is  caused  by  a  vortex  line 
terminating  at  the  free  surface.  A  similar  dimple  occurred 
on  the  bottom  but  does  not  appear  in  this  photograph. 
The  vortex  induced  at  the  end  wall  (see  Yamada  and 
Honda  1989)  is  thought  to  be  responsible  for  this 
phenomenon.  The  third  photograph  (iii),  taken  at 

X*=1.90,  shows  that  the  Reynolds  ridge  has  been 
convected  to  the  right.  A  few  striations  are  still  visible  in 
this  photograph.  Adjacent  to  the  large  dimple  near  the  top 
of  the  photograph,  a  series  of  smaller  dimples  appear  in 
this  picture.  The  last  photograph  (iv),  shows  the 
Reynolds  ridge  which  by  this  time  has  moved  very  much 

to  the  right.  The  photograph  was  taken  at  x*=2.63. 
There  are  some  last  remnants  of  the  striations  visible  to 
the  left  of  the  Reynolds  ridge.  The  dimples  are  more 
numerous  by  this  time.  It  should  be  noted  that  the  small 
dimples  all  appear  on  the  outboard,  i.e.  on  the 
contaminated  side  of  the  Reynolds  ridge. 

The  surface  deformations  on  the  right  side  of  the 
same  vortex  pair  formed  when  a  small  amount  of  oleyl 
alcohol,  surface  pressure  of  0.3  (dynes/cm),  is  present 
on  the  free  surface  are  shown  in  Figure  8. 
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Figure  8  Shadowgraph  view  (of  the  right  half)  of  the 
free  surface  during  the  interaction  of  a  vortex  pair  with  a 

free  surface  with  oleyl  alcohol  with  tu=0.3  (dynes/cm); 
Re=l 8,700  and  Fr=0.277  (scale:  1  cm  on  the  photograph 
=  10.0  cm  on  the  surface). 


The  first  photograph,  (i),  at  x*=0.79,  shows  the 
striations,  an  intense,  narrow  bright  and  dark  wavy  line, 
the  Reynolds  ridge,  and  two  wide  depressions  (which 
will  be  referred  to  as  scars)  parallel  to  the  Reynolds  ridge 
and  to  the  primary  vortex.  The  weaker  depression  is 
formed  to  the  left  of  the  Reynolds  ridge  (above  the 
primary  vortex)  and  a  stronger  one  just  to  the  right  of  the 
Reynolds  ridge  (above  the  secondary  vortex).  The  next 

photograph,  (ii),  atx*=1.16,  shows  that  the  Reynolds 
ridge  has  moved  slightly  to  the  right.  The  striations  are 
still  visible  in  this  photograph.  A  series  of  surface 
deformations,  primarily  depressions,  are  visible  between 
the  two  scars.  The  next  photograph,  (iii),  shows  the 
effect  of  three-dimensional  structures  along  with  vortex 
lines  terminating  at  the  free  surface  (dimples)  to  the  right 
outboard)  of  the  Reynolds  ridge.  The  last  photograph, 

(iv),  at  t*=2.63  again  shows  the  surface  signatures  of 
the  three-dimensional  structures  which  have  been 
onvected  to  the  right.  The  Reynolds  ridge,  which  did  not 
move  very  much  since  the  last  photograph  appears  to  be 
less  intense  at  this  time. 

Figure  9  is  for  the  same  vortex  pair  (  Re=l  8,700 
and  Fr=0.277)  as  the  previous  two  figures  but  with  a 
higher  concentration  of  oleyl  alcohol.  For  this  case, 
enough  oleyl  alcohol  was  spread  on  the  surface  to  saturate 
it  so  that  the  surface  pressure  was  equal  to  the  saturation 
pressure  which  for  oleyl  alcohol  is  approximately  31.5 
(dynes/cm).  The  striations  and  the  scars  are  visible  in  this 
photograph.  The  photograph  shows  that  no  Reynolds 
ridge  is  formed.  The  scar  above  the  secondary  vortex 
observed  out  board  of  the  primary  vortex  is  more  intense 
than  the  previous  cases. 

NUMERICAL  COMPUTATIONS 

1)  Problem  Formulation  and  Numerical  Method 

The  flow  is  assumed  to  be  viscous,  and  confined 
to  two  dimensions.  In  addition  to  the  assumption  of  two- 
dimensionality,  the  major  limitation  is  that  the  free 
surface  is  assumed  to  remain  flat  for  all  times.  This  limits 
the  results  presented  here  to  relatively  low  Froude 
numbers.  However,  these  are  the  cases  most  frequently 
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Figure  9  Shadowgraph  view  of  the  free  surface  showing 
the  scar  during  the  interaction  of  a  vortex  pair  with  the 

free  surface  with  7t=31  (dynes/cm);  T*=  0.79,  T=187 
(cm2/sec)  (Re=l  8,700),  Fr=0.277;  (scale:  1  cm  on  the 
photograph  =  4.0  cm  on  the  surface). 


studied  experimentally,  and  since  the  surface 
deformations  are  observed  to  be  small  the  limitation  is  not 
as  severe  as  might  be  thought.  In  order  to  avoid  any 
arbitrary  modeling  of  inflow  and  outflow  boundaries  we 
simply  take  the  flow  domain  to  be  periodic  in  the 
horizontal  direction,  and  to  have  a  flat  full  slip  bottom. 
The  effects  of  this  limited  domain  size  is  discussed  below 
in  section  2).  The  flow  is  governed  by  the  Navi er- Stokes 
equation,  which  in  vorticity  form  can  be  written, 

3to/3t  +  J(\|/,co)  =  ^  V2(cd)  (4) 


where  J(\{/,co)=  (3\|//3y)(3co/3x)  -  (3\j//3x)(3to/3y),  and  a 
Poisson  equation  relating  the  stream  function  to  the 
vorticity 

V2(\j/)  =  -  co  (5) 

Here  the  the  Reynolds  number  is  defined  as  Re  =  T/v. 

The  free  surface  boundary  condition  is  very 
important  for  the  present  investigation.  Surface 
contaminants  are  known  to  have  an  effect  on  the  motion 
of  vortices.  In  a  previous  investigation  Davies  (1966) 
described  the  damping  of  turbulent  eddies  at  a  free  surface 
and  later  Davies  and  Driscoll  (1974)  experimented  with 
ejecting  pulses  of  colored  water  towards  a  free  surface, 
specifically  addressing  the  rate  of  surface  renewal  and 
they  found  that  the  spreading  of  colored  water  at  the  free 
surface  is  reduced  considerably  for  contaminated 
surfaces.  Their  simple  visualization  technique  did  not 
allow  a  clear  explanation  of  the  mechanism  responsible 
for  this  behavior.  The  explanation  for  rebounding  from  a 
free  surface  is  clear  from  recent  experiments  of  Bernal  et. 
al.  (1989)  who  investigated  collision  of  both  vortex  rings 
and  two-dimensional  vortex  pairs  with  a  free  surface. 
They  observed  (as  did  Davies  and  Driscoll)  that  surface 
contamination  led  to  considerable  differences  in  the  vortex 
motion  itself.  Using  LIF  for  flow  visualization  they 
found  that  the  surface  motion  induced  by  vorticity 
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approaching  a  contaminated  free  surface  generated  an 
uneven  distribution  of  surface  contaminant  that  in  turn 
caused  a  shear  stress  at  the  surface,  thereby  generating 
vorticity  with  sign  opposite  to  the  initial  vorticity.  The 
generation  of  vorticity  at  a  contaminated  surface  appears 
to  be  a  primary  effect  of  the  surface  contaminants  since 
for  contaminated  surfaces  the  behavior  is  similar  to 
vortices  encountering  a  rigid  wall. 

For  the  numerical  computations  the  boundary 
condition  at  the  surface  requires  knowledge  of  the  surface 
contaminant  which  is  assumed  to  be  conserved,  leading 
to  a  hyperbolic  conservation  equation 

dc/di  +d(usc)/dx  =  0  (6) 

Here  us  is  the  horizontal  velocity  at  the  surface.  Notice 
that  since  the  surface  divergence  of  us  is  in  general  not 
zero  and  depends  on  c,  this  equation  allows  for  the 
possibility  of  "contamination  shocks"  (that  is  the 
development  of  a  discontinuity  in  c).  The  surface 
contaminant  affects  the  flow  field  through  shear  stresses 
induced  by  variations  in  the  surface  tension.  At  the  free 
surface,  surface  tension  gradients  induce  a  shear  given  by 

t  -  do/dx  (7) 

Since  the  surface  is  flat  the  vorticity  at  the  surface  is  cos= 
du/dy.  The  surface  tension  depends  on  the  amount  of 
contaminant,  a  =  o(c),  and  the  boundary  conditions  for 
the  vorticity,  at  the  surface,  is  therefore 

co  -  ]u_10tf/9c)5c/0x  (8) 

The  quantity  £  =  co  (dc/dc)  is  usually  called  the  elasticity 
of  the  surface.  If  the  contamination,  c,  is 
nondimensionalized  by  its  initial  value,  co,  and  the 
vorticity  is  as  before,  we  end  up  with  the  boundary 

condition  cos  =  Cdc/dx  in  nondimensional  units,  where 

C  =  [L/(r»]  CO0G/3C)  (9) 

The  flow  is  therefore  governed  by  the  parameters  Re  and 
C  as  well  as  the  initial  vorticity  configuration.  The 

dimensionless  variables  used  for  the  computations  were, 

the  dimensionless  time  =  t  T/L^,  and  the  dimensionless 

distances,  x/L  and  y/L.  Where  T  is  the  circulation  and  L 
is  the  half  width  of  the  computational  box.  To  solve  these 
equations  numerically  we  have  used  a  rather  standard 
finite  difference  approximations.  Equation  (4)  is 
integrated  by  an  explicit  second  order  predictor- corrector 
method  in  time,  and  the  spatial  discretization  is  done  with 
second  order  centered-differences.  For  the  Jacobian, 
J(x,y),  Arakaw’s  conservative  stencil  is  used.  The 
Poisson  equation  is  solved  with  a  fast  solver  (HWCRT 
form  FISHPACK).  For  the  contaminant  we  also  use  a 
second  order  predictor  corrector  in  time,  and  second  order 
differences  in  space.  For  stability  an  artificial  viscosity 
term  is  added  on  the  right  hand  side  of  (6)  with  viscosity 
that  is  small  everywhere  except  where  the  contaminant 
value  changes  rapidly.  The  surface  velocity  is  found  by  a 
one  sided,  second  order  differentiation  of  the  stream 
function.  Several  of  our  results  have  been  checked  for 
convergence  by  repeating  the  calculation  using  a  different 
resolution. 


2)  Results  and  Parameter  Studies 

Most  of  our  computations  have  been  done  for  the  case  of 
a  two  dimensional  vortex  pair  colliding  head  on  with  the 
top  surface.  Since  the  problem  is  symmetric  about  the 
centerline  it  is  sufficient  to  calculate  only  one  of  the 
vortices  and  use  symmetry  boundary  conditions.  The 
central  question  that  we  are  addressing  is  how  the 
contaminants  on  the  surface  affect  the  evolution  of  the 
vorticity,  and  how  it  differs  from  the  case  when  the  free 
surface  is  clean.  In  Figure  10,  for  Re  =  2000,  we  show 
the  evolution  of  the  flow  produced  by  two  blobs  of 
primary  vorticity  with  opposite  sign,  with  an  initial 
spatial  distribution  proportional  to  r  exp(-ar2)  where  r  is 
the  distance  from  the  center  of  each  blob.  The  boundary 
conditions  on  the  top  surface  are,  (a)  a  stress  free 
boundary  (also  called  a  full  slip  boundary)  and  (b)  a 
contaminated  top  surface  with  C  =2.  The  right  hand 
vortex  is  initially  half  way  between  the  top  and  bottom 
boundary,  and  the  first  frame  is  at  the  time  the  motion 
begins.  There  is  no  boundary  layer  for  the  full  slip 
surface.  A  slight  boundary  layer  (not  visible  at  the  initial 
time,  t  =  tj)  is  formed  beneath  the  contaminated  surface 
an  instant  after  the  motion  begins.  In  the  second  frame 
the  upward  motion  of  the  vortex  has  ended,  and,  due  to 
the  image  vorticity  above  the  free  surface,  it  is  now 
moving  outward.  The  boundary  layer  in  (b)  has  grown 
considerably,  and  it  is  clear  that  separation  is  about  to 
take  place.  In  the  third  frame  the  vortex  in  (a)  continues 
its  outward  motion  along  the  full  slip  boundaries,  but  in 
(b)  the  boundary  layer  has  separated  and  formed  a 
secondary  vortex  that  deflects  the  path  of  the  primary 
vortex  away  from  the  surface.  This  evolution  continues 
in  the  fourth  frame,  the  vortex  in  (a)  moves  out  along  the 
wall,  but  in  (b)  the  primary  vortex  has  moved  further 
away  from  the  wall  under  the  influence  of  the  secondary 
vortex.  At  the  same  time  the  stronger  primary  vortex 
swings  the  secondary  vortex  around  so  it  is  now  almost 
below  the  primary  one,  and  thus  induces  an  inward 
motion.  Viscosity  now  has  visible  effect  on  the  evolution, 
the  maximum  vorticity  of  both  the  single  vortex  in  (a),  as 
well  as  in  (b)  has  decreased  compared  with  the  previous 
frames.  In  the  last  frame  the  vortex  in  (a)  has 
encountered  the  outer  boundaries  of  the  computational 
box,  and  is  starting  to  move  downward  along  the  outer 
wall,  and  in  (b)  the  primary  vortex  is  actually  moving 
upward  again  as  well  as  inward.  Perhaps  the  most 
striking  feature  of  the  above  sequence  is  the  similarity 
between  the  results  for  the  contaminated  surface  case  (b) 
and  results  of  calculations  (not  shown  in  this  paper)  for 
the  case  of  a  "no  slip"  rigid  wall  .  The  flow  field, 
primary  vortex  motion  and  secondary  vortex  motion  for 
case  (b)  and  the  "no  slip"  wall  case  are  very  similar. 

The  rebounding  of  the  primary  vortex  for  the 
contaminated  top  surface  in  (b)  is  obviously  due  to  the 
uneven  distribution  of  the  contaminant  produced  after  the 
motion  begins.  This  distribution  is  shown  in  Figure  11, 
at  times  corresponding  to  those  in  Figure  10.  In  (a)  the 
contaminant  is  passive,  and  is  simply  advected  with  the 
flow  and  this  does  not  lead  to  any  shear  stresses  on  the 
fluid  at  the  boundaries,  as  mentioned  above.  As  the 
vortex  collides  with  the  surface  the  contaminant  is  swept 
outward,  depleting  the  region  between  and  above  the 
vortices  of  contaminant  and  accumulating  it  outward  of 
the  vortices.  This  contaminant  peak  is  then  pushed 
outward.  Since  the  computational  box  is  of  finite  width, 
the  contaminant  eventually  reaches  large  values  at  the 
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Figure  10  Computational  results  showing  contours  of 
constant  vorticity  on  the  right  side  of  a  vortex  pair 
approaching  the  free  surface  for  a  clean  surface  (a), 
C  =  0  and  a  contaminated  surface  (b),  C  =  2.  Re  = 
2000.  The  dimensionless  time  is  zero  at  the  top  of  the 
Figure  and  increases  in  increments  of  0.7  dimensionless 
time  units. 


Figure  1 1  Contamination  profiles  for  the  computations 
shown  in  Figure  10.  Full  slip  case  is  (a)  and  the  C  =  2 
case  is  (b).  The  time  between  the  profiles  is  the  same  as 
in  Figure  10  and  the  profiles  all  become  steeper  with  time 
except  for  the  last  profile  for  the  case  C  =  2. 


outer  side  of  the  box  in  the  down  welling  region. 
Although  the  finite  box  size  obviously  has  effects  on  the 
final  profile,  the  maximum  contamination  peak  increases 
rapidly  even  before  the  side  effects  become  significant, 
since  the  outward  velocity  decreases  outboard  of  the 
vortex.  In  the  second  frame,  (b),  C  =  2,  as  in  Figure  10. 
Now  the  uneven  contaminant  distribution  creates  shear 
stresses  on  the  top  surface  that  opposes  the  outward 
motion  due  to  the  vortices.  This  balance— outward 
motion  due  to  the  vortices,  and  inward  motion  due  to  the 
uneven  contaminant  distribution— eventually  slows  down 
the  spreading  of  the  clean  region  above  the  vortices.  The 
shear  stresses  due  to  the  contaminants  create  vorticity  that 
eventually  separates  and  causes  the  primary  vortex  to 
rebound.  As  the  vortices  rebound  their  effect  on  the 
surface  diminishes,  and  the  contamination  "shock"  that 
separates  the  clean  and  contaminated  surface  starts  to 
move  inward  again.  In  Figure  1 1  at  time  t5  the  inward 
motion  has  just  started.  The  large  accumulation  of 
contaminants,  seen  for  the  "full  slip"  case  does  not  take 
place  in  the  contaminated  surface  case  although  the 
contamination  profile  behind  the  shock  equilibrates  with 
time.  We  have  made  computations  for  larger  values  of  C 
and  find  that  the  restoring  effect  of  the  contaminants  is 
much  stronger.  As  a  result  for  C  =  10,  only  a  small 
clean  region  forms  on  the  surface  between  the  primary 
vortices.  The  vortices  then  move  outboard  of  the  shock, 
and  as  they  pass  under  and  rebound  the  "hole"  closes 
rapidly.  For  the  case  with  C  =  50  the  vortices  only  cause 
a  small  initial  dimple  in  the  contamination  profile  which 
disappears  rapidly  as  the  vortices  move  outward. 
Perhaps  the  most  noticeable  feature  of  the  contamination 
profiles  is  how  different  they  are  when  compared  to  the 
similarity  of  the  vorticity  distributions  which  the 
contamination  has  created.  Except  for  the  completely 
stress  free  boundary  a  secondary  vortex  is  formed  and  the 
primary  vortex  rebounds,  even  though  in  some  cases  a 
clean  region  is  formed,  and  in  others  the  contaminant 
distribution  is  hardly  changed  at  all.  The  only  difference 
in  the  vorticity  distribution  is  that  the  boundary  layer  at 
the  top  starts  further  away  from  the  center  when  a  clean 
region  is  formed. 

The  above  runs  have  all  been  done  in  a  relatively 
small  computational  domain.  To  assess  the  influence  of 
the  boundaries  on  the  evolution  we  have  repeated  one  of 
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the  runs  with,  C  =  2,  in  a  domain  that  is  twice  as  wide. 
The  vorticity  distribution  appeared  almost  identical,  and 
only  for  the  latest  times  were  there  any  significant 
differences  in  the  contamination  profiles.  The  primary 
difference  was  that  the  value  of  the  contamination 
concentration  was  slightly  higher  behind  the  shock  for  the 
shorter  box,  and  as  a  result  the  shock  moved  slightly 
faster  to  close  the  hole  in  the  contamination  profile  after 
the  vortices  had  rebounded.  We  therefore  feel  rather 
confident  that  boundary  effects  are  of  minimal 
significance. 


(a) 


Figure  12  The  paths  of  the  primary  and  secondary 
vortices.  In  (a),  the  full  slip  case  with  no  secondary 
vortex  is  a  dotted  line,  the  solid  line  is  for  C  =  2  and  the 
dashed  line  is  the  solid  wall  case.  The  two  large  radius 
curves  are  the  secondary  vortex  paths.  In  (b),  the 
primary  and  secondary  vortex  paths  for  increasing 
Reynolds  numbers  of  500,  1000,  2000,  &  4000  are 
shown  for  contaminated  surface  with,  C  =  2.  There  are 
no  secondary  vortices  for  Re  =  500  and  1000.  For  Re  = 
2000  and  4000  the  secondary  vortex  paths  have  a  large 
radius  of  curvature  as  the  Reynolds  number  increases. 


To  efficiently  display  the  similarities  and 
differences  in  the  flow  fields  caused  by  the  surface 
boundary  condition  and/or  Reynolds  number,  we  plot  in 
Figure  12  (a),  the  path  of  the  primary  vortices  and 
secondary  vortices,  at  Re  =  2000,  for  the  no-stress 
case,  for  a  contaminated  surface  with  C  =  2  and  for  the 
rigid  boundary  case.  For  the  no-stress  case  there  is  no 
secondary  vortex  and  no  rebounding.  The  slight 
downturn  in  the  primary  vortex  trajectory  is  caused  by  the 
proximity  of  the  right  hand  boundary.  For  the 
contaminated  surface  and  for  the  rigid  wall  there  is  a 
secondary  vortex  and  there  is  rebounding  of  the  primary 
vortex. 

In  Figure  12  (b)  the  paths  of  the  primary  and 
secondary  vortices  are  shown  for  a  contaminated  surface 
with  C  =  2  at  various  Reynolds  numbers  of  500,  1000, 
2000,  and  4000.  At  the  higher  Reynolds  numbers  the 
diffusion  of  vorticity  is  less  rapid  in  comparison  to 
convection.  This  results  in  greater  outboard  motion  of  the 
primary  and  secondary  vortices  as  the  Reynolds  number 
increases. 


CONCLUSIONS 

•  Experiments  and  numerical  computations  for 
vorticity  interaction  with  a  free  surface  show  good 
qualitative  agreement. 

•  Surface  contamination,  in  the  experiments  and 
computations,  was  found  to  have  a  strong  influence  on 
the  nature  of  the  interaction  of  the  vortex  pair  (or  the 
trailing  vortices)  in  both  the  surface  deformations  and  the 
flow  field  below  the  surface. 

•  During  interaction  of  a  vortex  pair  (or  trailing 
vortices)  with  a  contaminated  free  surface,  shear  stress 
produced  at  the  free  surface  causes  the  production  of 
vorticity.  This  vorticity  can  roll-up  into  a  pair  of 
secondary  vortices  with  sign  opposite  to  the  adjacent 
primary  vortex.  This  alters  the  trajectory  of  the  original 
vortices. 

•  A  Reynolds  ridge  is  formed  as  a  result  of  the 
interaction  of  vortex  pair  (or  the  trailing  vortices)  with  a 
slightly  contaminated  free  surface. 

•  The  strong  scar  (surface  depression)  was  found 
to  be  caused  by  secondary  vortices  formed  when  a 
surfactant  was  present  on.  the  surface. 

•  The  circulation  of  the  secondary  vortex  produced 
as  a  result  of  the  vortex  pair  interacting  with  a  free  surface 
with  surfactant  was  found  to  be  about  one  third  of  the 
circulation  of  the  primary  vortex. 
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Targut  Sarpkaya 

Naval  Postgraduate  School,  USA 

Contrary  to  authors’  arguments,  contamination  does  not  change  the 
physics  of  the  phenomena.  Authors’  use  of  low  speeds  and  scales  in 
their  model  overly  accentuated  the  effect  of  surface  tension  and  hence 
the  Weber  number.  They  could  have  minimized  the  said  effects  at 
relatively  larger  Froude  numbers  and  thereby  gained  a  clearer 
understanding  of  the  physics  of  the  phenomenon.  As  I  have  shown 
in  my  papers,  variations  in  contamination  at  higher  Froude  numbers 
(relatively  lower  numbers)  did  not  alter  the  fundamental  character  of 
the  scars  and  striations.  In  ocean  environments,  the  vortex  motion 
and  the  turbulent  wake  is  such  that  the  relative  significance  of  Weber 
number  is  not  exaggerated. 

AUTHORS’  REPLY 

In  the  near-wake  of  large,  high  speed  ships,  it  is  possible  to 
encounter  very  energetic,  high  Froude  number  vortices  which  try  to 
"leap  out"  of  the  surface.  For  such  high  Froude  number  vortices,  it 
is  true  that  the  effect  of  surface  contamination  might  not  be  as  great 
as  it  is  for  vortices  with  lower  Froude  number.  On  the  other  hand, 
in  the  far-wake  of  ships,  which  are  observed  in  the  SAR  images,  the 
turbulence  is  decaying  and  the  Froude  number  for  the  eddies  is 
relatively  small  and  therefore  surface  contamination  plays  an 
important  role  in  the  interaction  of  the  eddies  with  the  free  surface. 

DISCUSSION 

Hyong-Tae  Kim 

The  University  of  Iowa,  USA  (Korea) 

1.  Besides  the  secondary  vortices  identified  in  your  measurement  of 
the  velocity  for  the  case  of  the  contaminated  surface,  could  you  really 
resolve  the  free-surface  boundary  layer  in  the  measurement? 

2.  Could  you  tell  how  this  vortex  pair  model  is  related  with  the 
persistent  trace  on  the  ocean  surface  of  the  ship  wake? 

AUTHORS’  REPLY 

1 .  The  measurements  which  we  made  using  PIV  do  not  resolve  the 
velocity  within  the  free  surface  boundary  layer.  For  that  information 
we  have  to  rely  on  our  results  from  full  Navier-Stokes  simulations. 
Information  on  the  finer  scales  of  flow  obtained  from  the 
computations  should  be  reliable  since  the  agreement  on  large  scale 
comparisons  to  the  laboratory  measurements  is  very  good  and  the 
flow  is  relatively  laminar. 

2.  Although  there  are  vortex  pair-like  structures  in  the  wake  of  ships 
(e.g.,  bilge  vortices  and  propeller  vortices),  an  exact  comparison 
between  the  vortex  pair  flow  and  the  actual  ship  wake  is  not  possible 
and  in  fact  is  not  intended.  The  vortex  pair  offers  a  simple  flow 
which  can  be  studied  in  order  to  provide  insight  into  the  nonlinear 
ship  wake  problem.  For  example,  the  mass  transport  to  the  surface 
by  a  vortex  pair  and  the  important  effects  of  surface  contamination  on 
this  transport  process  shows  the  role  surfactants  can  play  in  the  wake 
of  a  ship  in  the  ocean. 
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ABSTRACT 

When  compacted  at  the  free-surface,  surface- active  ma¬ 
terials  have  very  strong  wave  damping  properties.  Careful 
measurements  are  required  to  characterize  these  physical  ef¬ 
fects.  Prior  to  a  Field  Experiment  in  January  1989,  we  re¬ 
fined  the  spreading  oil  technique,  developed  by  Adam  in 
1937  to  characterize  the  physical  properties  of  a  surfactant 
film,  so  as  to  provide  the  necessary  spatial  resolution  to  iden¬ 
tify  fine  structure  in  the  surface  tension  gradients  on  the 
surface  generated  by  the  passage  of  a  ship.  We  present  an 
in-depth  look  at  the  measurements  of  the  cross-wake  surface 
tension  distributions  that  were  obtained  during  the  Field  Ex¬ 
periment  for  a  Navy  ship  at  25  knots.  These  cross-wake  sur¬ 
face  tension  profiles,  together  with  the  film  pressure- area  and 
elasticity  data  also  presented,  allow  us  for  the  first  time  to  re¬ 
alistically  calculate  the  changes  in  wave  energy  due  to  these 
surfactants  for  a  given  radar  wavelength  band.  To  accom¬ 
plish  these  calculations  we  have  developed  a  computer  model 
which  uses  the  time  series  of  surface  tension  together  with 
the  film  pressure-area  and  elasticity  data  from  the  Langmuir 
trough  and  the  wind  velocity  and  direction  as  input  to  gen¬ 
erate  cross-wake  profiles  or  two-dimensional  maps  of  wave 
energy  decay  for  a  given  radar  wavelength.  In  this  paper  we 
describe  the  development  of  this  model  and  present  some 
results  of  wave  energy  decay  for  a  given  radar  wavelength 
obtained  with  the  model  and  compare  these  results  to  air¬ 
craft  SAR  intensity  measurements  obtained  during  the  run. 


NOMENCLATURE 


A 

free  surface  area  of  surfactant  film 

a 

surface  wave  height 

c 

wave  phase  speed 

Cg  ,  Cg 

(vector)  group  velocity  of  a  wave 

dw( /dz 

vertical  derivative,  RMS  turbulent  vertical  velocity 

D 

ship  draft 

E 

energy  density  spectrum 

Ea 

ambient  spectral  level  outside  the  wake 

Es 

surface  elasticity 

F 

force  on  Wilhelmy  plate  exerted  by  liquid 

9 

gravitational  acceleration 

H 

depth  below  the  free  surface 

h 

definition,  h  - 

k 

wavenumber 

L,LWl  ship  length,  waterline  length 
Lt  length  of  the  zone  of  ship-affected  turbulence 

Lwp  length  of  Wilhelmy  plate  in  contact  with  liquid 
Lww  length  of  the  white  water  wake 
n  logarithmic  slope  of  pressure- area  curve 

n  propeller  revolutions  per  second  (Figure  1) 

Saw  surface  tension  force  at  the  air-water  interface 

Sao  surface  tension  force  at  the  air-oil  interface 

Sow  surface  tension  force  at  the  oil- water  interface 

Sw  wave  energy  growth  due  to  wind  energy  input 

Sni  wave  energy  growth  due  to  nonlinear  interactions 

St  wave  energy  decay  due  to  turbulence 

Ss  wave  energy  decay  due  to  surfactant  damping 

t  time 

u *  friction  velocity  of  the  wind 

u\o  ten  meter  wind  speed 

V,  Vs  ship  speed 

W  wake  width 

x  downstream  distance 

a  surface  tension  of  clean  water 

wind  induced  wave  growth  rate 
p2  wind  induced  wave  growth  rate 

wave  decay  rate  due  to  surfactant  damping 
(3W  wind  induced  wave  growth  rate 

7  wave  growth  rate  from  nonlinear  interactions 

rj  definition,  77  =  ( gk  +  -&3)1/2 

8  angle  between  wave  and  wind  direction 

v  kinematic  viscosity  of  seawater 

II  surface  film  pressure 

t r  3.14159 . 

p  density  of  seawater 

a  radian  wave  frequency 

Tmeas  measured  surface  tension 

<f>  definition,  <j)  - 

1.0  INTRODUCTION 

One  prominent  feature  of  the  wake  of  a  surface  ship 
is  a  long  narrow  region  of  relatively  calm  water  behind  the 
ship  that  is  characterized  by  the  absence  of  short  wavelength 
waves.  This  region  is  commonly  referred  to  as  the  “dead” 
water  or  centerline  wake  region.  It  is  usually  several  ship 
beams  in  width  and  persists  for  many  ship  lengths  behind 
the  ship.  This  region  of  relatively  low  radar  backscatter  is 
the  most  consistently  seen  wake  manifestation  in  synthetic 
aperture  radar  (SAR)  images  of  ship  wakes  on  the  ocean 
surface.  Another  feature  in  the  SAR  images  of  ship  wakes  is 
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the  appearance  of  dark  lines  aligned  at  some  narrow  angle  to 
the  ship’s  path  that  sometimes  outline  this  centerline  wake 
region  far  behind  the  ship.  Surface  tension  changes  caused 
by  the  presence  of  surface-active  films  that  have  been  con¬ 
centrated  at  the  edges  of  the  centerline  wake  by  the  passage 
of  the  ship  have  been  suggested  as  one  of  the  physical  mecha¬ 
nisms  responsible  for  these  SAR  image  features.  Surfactant 
films  strongly  affect  the  propagation  of  short  gravity  and 
capillary  waves  which  interact  with  electromagnetic  waves 
at  both  radar  and  visible  wavelengths.  Surface  tension  and 
surface  elasticity  are  the  two  major  physical  properties  of 
surfactant  films  which  contribute  to  short  wave  damping. 

To  investigate  the  physical  origin  of  these  SAR  im¬ 
age  features,  a  small,  towable,  instrumented  catamaran  was 
built  and  deployed  by  NRL  scientists  to  measure  the  cross¬ 
wake  surface  tension  distribution  after  the  ships  passage. 
This  instrument  package  was  named  the  Surface  TEnsion 
Measuring  System  (STEMS).  The  device  measures  surface 
tension  by  dropping  a  sequence  of  calibrated  spreading  oils 
along  a  straight  line  on  the  water  surface  and  recording  their 
behavior  with  a  video  camera.  Each  individual  oil  represents 
one  surface  tension  value  so  that  if  one  oil  spreads  and  the 
next  one  does  not,  then  the  surface  tension  is  bracketed  be¬ 
tween  the  two  values. 

Surface  elasticity  cannot  be  measured  in  situ  by  the 
spreading  oil  technique.  Therefore,  1-liter  water  samples 
were  collected  for  later  measurements  in  a  Langmuir  trough. 
Surface  elasticity  is  defined  as  the  product  of  film  area  times 
the  slope  of  the  pressure-area  curve  at  the  corresponding 
value  of  the  film  area  as  measured  in  the  trough.  The  sur¬ 
face  elasticity  distribution  can  then  be  calculated  from  the 
resulting  pressure-area  curve  together  with  the  ambient  sur¬ 
face  tension  distribution  measured  using  STEMS.  Coupling 
the  surface  tension  measurements  made  by  STEMS  to  the 
determination  of  the  pressure-area  curves  has  for  the  first 
time  allowed  us  to  infer  elasticity  distributions  for  ocean 


water  and  to  realistically  calculate  the  changes  in  wave  am¬ 
plitude  due  to  these  surfactants. 

In  this  paper  we  describe  the  STEMS  device  and  give 
examples  of  the  results  that  were  obtained  during  its  deploy¬ 
ment  in  an  extensive  Field  Experiment  that  was  conducted 
in  the  vicinity  of  Santa  Cruz  Island,  California  in  January, 
1989  to  study  surfactant  films.  Previous  to  this  experiment, 
in  situ  surface  tension  data  have  never  been  measured  to 
the  resolution  in  surface  tension  obtained  or  with  such  fine 
spatial  resolution.  The  NRL  data  from  the  experiment  show 
that  these  surface  active  films  play  a  significant  and  some¬ 
times  dominant  role  in  the  formation  of  the  two  SAR  image 
features  of  ship  wakes.  We  also  present  an  overview  of  the 
chemical  and  physical  properties  of  surface  active  materi¬ 
als  and  the  techniques  used  to  measure  and  determine  their 
physical  properties  when  they  adsorb  at  the  air- water  inter¬ 
face. 

2.0  BACKGROUND 

2.1  Description  of  the  Ship  Wake 

In  this  section  we  will  describe  the  wake  of  a  surface  ship 
from  a  perspective  corresponding  to  the  large-scale  physical 
phenomena  that  are  observed  both  visually  and  by  means  of 
remote  sensing  systems.  A  schematic  of  a  surface  ship  wake 
is  illustrated  in  Figure  1.  The  wake  is  composed  of  white 
water,  viscous  wake,  propeller  wake,  and  Kelvin  wake.  The 
white  water  generally  originates  at  the  bow,  is  reinforced  at 
the  stern,  and  extends  aft  of  the  ship  for  a  few  ship  lengths. 
The  viscous  wake  extends  many  ship  lengths  aft  from  the 
stern  of  the  ship  and  incorporates  the  flow  moving  in  the 
direction  of  the  ship’s  travel  due  to  the  viscous  drag,  as 
well  as  large-scale  vortical  flows  and  turbulence.  Embedded 
within  the  viscous  wake  is  the  propeller  outflow  or  propeller 
wake.  Superimposed  over  this  is  the  classical  Kelvin  wave 
pattern  or  Kelvin  wake.  The  Kelvin  wake  is  also  the  source 
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of  many  of  the  viscous  wake  manifestations.  It  is  in  fact  the 
breaking  bow  and  stern  waves  from  the  Kelvin  wave  system 
which  contribute  significantly  to  the  white  water  regions  at 
the  bow  and  stern.  These  wake  manifestations  lie  upon  the 
ambient  seaway  made  up  of  swell,  wind  waves,  and  short 
gravity  and  capillary  waves;  all  of  which  confuses  the  picture 
even  more. 

It  is  often  useful  to  draw  an  imaginary  ellipse,  extend¬ 
ing  several  ship  beams  ahead  of  and  off  to  each  side  of  the 
ship  and  a  ship  length  or  so  aft  of  the  ship,  around  the  ship. 
We  call  the  region  internal  to  the  ellipse  the  near  wake  and 
the  region  external  to  the  ellipse  the  far  wake.  The  near 
wake  can  be  thought  of  as  the  region  where  surface  foam, 
subsurface  bubbles,  and  strong  turbulence  is  generated.  It  is 
also  where  the  most  rapid  decay  of  these  features  occurs.  In 
the  near  wake,  the  initial  region  of  the  viscous  and  propeller 
wakes  is  a  region  of  high  angular  divergence  (initial  spread¬ 
ing  region,  ISR)  of  foamy,  turbulent,  white  water  directly 
aft  of  the  ship’s  stern,  generally  outlined  by  what  appears 
to  be  a  spilling-type  breaking  wave.  There  are  two  addi¬ 
tional  sources  of  highly  energetic  white  water  in  the  near 
wake.  The  bow  wave  that  is  generated  by  the  ship’s  mo¬ 
tion  breaks,  producing  white  water  and  turbulence  when  the 
wave  steepness  ak  (a  =  wave  amplitude  and  k  =  wavenum¬ 
ber),  is  greater  than  ak  =  0.30  (Ramberg  and  Griffin  1987). 
The  region  adjacent  to  the  ship’s  hull  produces  foam,  bub¬ 
bles  and  turbulence  because  of  the  frictional  drag  forces  at 
the  surface  of  the  hull. 

The  far  wake  is  that  region  where  the  variations  are 
relatively  slow  i.e.,  where  the  foam,  viscous,  propeller,  tur¬ 
bulence  and  vortical  features  of  the  wake  decay  slowly  and 
steadily  and  where  the  surface  roughness  and  thermal  char¬ 
acteristics  gradually  return  to  those  of  the  surrounding  am¬ 
bient  surface.  Measurements  have  shown  that  thermal  and 
subsurface  bubble  wakes  can  persist  for  an  hour  or  more  after 
the  passage  of  a  ship  (National  Defense  Research  Committee 
1969). 

Under  moderate  to  high  wind  conditions  («io  >  3  m/s), 
the  ambient  surface  is  sufficiently  rough  so  that,  visually,  the 
surface  in  the  far  wake  appears  smooth  relative  to  the  sur¬ 
rounding  surface.  Recent  high  altitude  photographs  released 
by  NASA  show  that  the  centerline  wake  can  be  observed  as 
far  back  as  100  km  behind  a  ship.  Centerline  wakes  are  vis¬ 
ible  in  SAR  imagery  as  a  dark  narrow  line  along  the  ship’s 
track  when  the  surface  is  sufficiently  rough  to  yield  a  mea¬ 
surable  background  return.  Centerline  wakes,  in  addition 
to  various  other  wake  features  are  also  visible  in  SEASAT 
SAR  imagery  up  to  15  km  aft  of  the  ship  (Lyden  et  al.  1988, 
Vesecky  and  Stewart  1982).  Observations  of  the  dark  cen¬ 
terline  return  in  many  wake  images  show  that  this  region  is 
generally  significantly  greater  than  the  ship’s  beam  in  ex¬ 
tent.  The  width  of  the  dark  centerline  corresponds  very  well 
with  the  width  of  the  region  over  which  there  are  breaking 
bow  and  stern  waves,  waves  from  the  Kelvin  wave  system. 

The  Kelvin  wave  system’s  19°28/  boundary  lines  (cusp 
lines)  and  35°16'  cusp-crest  tangent  lines  are  illustrated  in 
the  figure.  The  apex  of  the  boundary  lines  is  always  forward 
of  the  bow  (Newman  1970).  The  transverse  and  divergent 
wave  crests  are  visible  optically  for  many  ship  lengths  astern 
and  to  either  side  of  the  ship’s  path.  The  shorter,  steeper  di¬ 
vergent  waves  tend  to  be  emphasized  in  aerial  photographs. 
Under  moderate  to  high  wind  conditions  the  transverse  and 
cusp  waves  appear  in  SAR  images  of  the  surface  because 


these  waves  modulate  the  existing  field  of  ambient  Bragg 
waves  (Lyden  et  al.  1988). 

The  persistence  of  surface  foam  in  the  far  wake  depends 
on  the  time  it  takes  for  the  bubbles  to  break  after  they  reach 
the  surface.  The  major  factors  that  increase  the  stability 
of  a  bubble  at  the  surface  are  increasing  salinity  (Peltzer 
and  Griffin  1988),  decreasing  water  temperature  (Miyake 
and  Abe  1948),  increased  surface  viscosity  (Kitchener  and 
Cooper  1957),  and  the  presence  of  organic  surface  active  ma¬ 
terials  which  modify  the  surface  rheology  (Adamson  1976). 
A  recent  photographic  analysis  by  Peltzer  (1984)  developed 
empirical  relations  for  the  length  of  the  foamy  white-water 
region.  These  empirical  relations  are  shown  in  the  figure 
and  indicate  that  the  length  of  the  white  water  region  is  a 
function  of  the  Froude  number. 

2.2  Surface- Active  Materials 

The  surface- active  (surfactant)  materials  that  are  found 
in  all  natural  water  bodies  are  chemicals  which  are  by¬ 
products  of  plant  and  animal  life.  The  term  surfactant 
means  that  the  long-chain  (10  to  1000’s)  carbon  polar- 
organic  chemicals  which  constitute  these  materials  have  a 
natural  affinity  for  the  free  surface  of  the  water  in  which  they 
reside.  Typically  the  molecules  have  an  acid,  alcohol,  ketone 
or  other  water-soluble  radical  on  one  end,  which  makes  that 
end  of  the  molecule  hydrophilic.  The  opposite  end  is  very 
similiar  to  a  pure  hydrocarbon,  which  is  insoluble  in  water 
and  is  hydrophobic.  Because  of  the  polar  nature  of  these 
substances,  when  they  reach  the  water  surface  they  find  a 
preferred  state  in  which  the  hydrophobic  end  of  the  molecule 
removes  itself  (sticks  out)  from  the  water,  and  this  reduces 
the  Gibbs  free  energy  of  the  water-surfactant  system.  The 
lower  free  energy  of  the  system  requires  energy  to  be  put 
back  into  the  system  to  force  the  surfactants  back  into  the 
bulk  water.  Wind  stress  is  the  primary  mechanism  to  do 
this. 

As  the  surfactants  adsorb  on  the  surface,  they  reduce 
the  surface  tension  and  increase  the  two-dimensional  elastic 
modulus  of  the  surface.  A  small  increase  in  the  surface  con¬ 
centration  of  the  materials  at  the  interface  can  lead  to  sig¬ 
nificant  capillary  and  small  surface-gravity  wave  (<  20  cm) 
damping  because  the  film  viscously  retards  the  very-small- 
scale  velocity  field  just  under  the  interface.  When  these 
areas  become  large  enough  they  alter  the  appearance  of  the 
sea  surface  being  observed  by  remote  sensing  instruments. 
In  light  to  moderate  winds  (uio  <  3  m/sec)  these  surfactant 
films  are  highly  persistent.  The  films  can  reduce  the  radar 
cross-section  of  the  surface  by  as  much  as  15  dB  depending 
on  the  concentration  and  elastic  properties  of  the  film  and 
the  radar  wavelength. 

Films  can  become  concentrated  enough  to  attenuate 
surface  waves  when  they  are  compacted  by  horizontal  con¬ 
vergences  due  to  current  field  variations  at  the  ocean  surface. 
The  currents  which  are  most  likely  to  compact  the  surfactant 
films  within  a  ship’s  wake  are  the  transverse  currents  gen¬ 
erated  by  flow  around  the  hull  or  currents  associated  with 
the  breaking  bow  and  stern  waves.  Surfactant  material  can 
also  be  rapidly  transported  to  the  water  surface  by  adsorp¬ 
tion  at  the  air/water  interface  of  rising  bubbles  generated 
by  air  entrainment  around  the  ship’s  hull,  in  the  breaking 
bow  and  stern  waves  and,  in  the  wake  flow.  As  these  bub¬ 
bles  burst  when  they  reach  the  air/water  interface,  the  ma¬ 
terial  is  merged  with  that  already  adsorbed  on  the  water 
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surface  (Skop,  Brown  and  Lindsley,  1989).  These  bubbles 
are  also  concentrated  by  the  horizontal  convergences  in  the 
wake  flowr  behind  the  ship;  this  is  an  additional  mechanism 
which  should  enhance  surfactant  concentrations  in  the  sur¬ 
face  convergence  zones. 

Measurements  and  observations  of  the  wakes  of  large 
ships  (Kaiser  et  al.,  1988)  show  the  most  persistent  wake 
feature  to  be  a  pair  of  bands  of  compacted  surfactant  mate¬ 
rial  aligned  with  the  ship  track  along  the  edges  of  the  tur¬ 
bulent  wake.  The  bands  are  typically  one  to  several  meters 
wide  and  show  a  pronounced  depression  in  surface  tension. 
The  surface  tension  in  the  core  of  the  wake  generally  has  the 
same  value  as  the  ambient  water.  Photographs  suggest  that 
the  surfactant  material  is  being  organized  into  these  bands 
by  rising  bubbles  generated  in  the  breaking  bow  wave  which 
scour  the  surfactants  from  the  water  column.  Bubbles  are 
additionally  important  because  they  have  been  observed  to 
persist  for  an  hour  or  more  in  a  ship’s  wake.  Since  these  bub¬ 
bles  presumably  transport  surfactants  to  the  surface  during 
this  time,  they  may  contribute  substantially  to  the  long  per¬ 
sistence  of  the  dark  centerline  wake  signature. 

Remote  sensing  of  these  ship-generated  surfactant 
bands  with  a  SAR  depends  on  the  interaction  of  the  electro¬ 
magnetic  waves  with  the  Bragg-resonant  short  waves  in  the 
region  of  the  bands.  The  viscous  properties  of  the  surfac¬ 
tant  films  in  these  bands  attenuate  the  short  waves  and  also 
block  their  formation  or  reformation  by  wind.  The  damping 
of  these  short  waves  reduces  the  Bragg  scattering  in  the  films 
compared  to  that  of  the  surrounding  clean  water  and  the  film 
bands  appear  dark  in  SAR  images.  Laboratory  experiments 


(Garrett  1967)  have  shown  that  surface-active  materials  at¬ 
tenuate  capillary  waves  through  viscous  damping  at  the  sur¬ 
face.  Full-scale  experiments  (Huhnerfuss  et  al.  1981)  have 
demonstrated  that  slicks  of  surface-active  materials  attenu¬ 
ate  Bragg  waves  in  the  X-  and  L-  SAR  wavelength  bands  by 
40  to  60  percent.  Since  the  magnitude  of  the  backscattered 
radiation  from  the  surface  is  proportional  to  the  amplitude 
squared  of  the  Bragg  scatterers,  this  attenuation  results  in 
a  significant  reduction  of  the  backscattered  radiation. 

An  example  of  the  reduced  return  from  these  ship¬ 
generated  slick  bands  is  shown  in  Figure  2a  (Ochadlick,  et 
al.  1990).  The  measurements  were  made  near  the  Chesa¬ 
peake  Light  Tower  by  the  NADC  SAR  during  the  SAXON 
88  experiment.  Note  the  remarkable  similarity  between  the 
ship  wakes  and  ambient  features  (mesoscale  circulation  pat¬ 
terns  highlighted  by  surfactant  film  bands)  in  the  SAR  image 
and  the  similar  features  in  the  photographic  image  (Figure 
2b)  of  the  Mediterranean  Sea  taken  from  the  Space  Shuttle 
Challenger  by  Scully-Power  in  1984  (Scully  Power,  1986). 
The  photograph  was  taken  into  the  sunglint  pattern  which 
is  produced  on  the  water  surface  by  those  wave  facets  which 
are  oriented  with  respect  to  the  surface  to  produce  specular 
reflections  of  the  sun.  In  this  case,  the  long  persistent  ship 
wakes  appear  as  bright,  double  bands  with  a  darker  area 
between  the  bands.  Both  of  these  images  are  approximately 
10  km  wide  and  42  km  long.  These  concentrated  films  af¬ 
fect  the  wake  surface  because  they  influence  the  transfer  of 
energy  and  momentum  from  the  wind  to  the  wave  field  and 
inhibit  wave  formation  (Barger  et  al.  1974). 


a)  L-Band  SAR  Image 


b)  Photographic  Image 


40  km  - ► 


Figure  2.  Airborne  SAR  and  photographic  images  of  ship-generated  surfactant  bands 
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3.0  SURFACTANT  MEASUREMENTS 

3.1  Surface  Tension  Measurement  by 
Spreading  Oils 

Several  techniques  have  been  proposed  to  measure  the 
mechanical  properties  of  ocean  surfactant  films  in  situ  (e.g., 
capillary  wave  damping,  laser  second-harmonic  generation, 
and  spreading  oils),  but  only  the  use  of  spreading  oils  has 
been  successful  thus  far.  Adam  (1937)  was  the  first  to  use 
a  series  of  buoyant  calibrated  oils  to  determine  the  surface 
tension  of  sea  water  in  situ.  More  recently  this  technique 
has  been  described  by  Garrett  and  Duce  (1980).  When  sev¬ 
eral  oils  are  dropped  onto  the  surface  of  the  sea  where  a  film 
of  surface- active  material  may  or  may  not  be  present,  some 
will  spread  while  others  will  not,  and  therefore  the  surface 
tension  of  the  sea  at  the  test  point  can  be  bracketed  between 
the  calibrated  values  of  any  two  oils  in  the  set.  Figure  3  il¬ 
lustrates  (a)  a  spreading  oil  and  (b)  a  non-spreading  oil  on 
the  water  surface.  The  straight  white  lines  are  toothpicks 
that  were  used  to  apply  the  oils  to  the  surface.  The  reso¬ 
lution  of  the  surface  tension  measurements  depends  on  the 
differences  in  the  calibrated  values  of  the  test  oils.  The  oils 
must  also  be  dispensed  rapidly  and  close  together  to  identify 
fine  structure  in  the  surface  tension  gradients.  For  the  Field 
Experiment  we  refined  this  technique  to  provide  the  neces¬ 
sary  spatial  resolution  and  prepared  a  set  of  twenty  three 
spreading  oils  to  cover  the  surface  tension  range  from  44  to 
73  mN/m.  The  preparation  and  calibration  of  these  oils  and 
the  principle  by  which  these  oils  work  is  described  below. 


b)  Non-Spreading  Oil 


Figure  3.  Video  image  of  the  spreading  oil  distribution 


The  spreading  oils  were  made  from  a  pure  non¬ 
spreading  paraffin  oil  into  which  precisely  controlled  trace 
quantities  of  a  pure  surface- active  compound,  dodecanol, 
were  dissolved.  Different  batches  of  commercially  available 
paraffin  oil  already  contain  traces  of  surface- active  compo¬ 
nents,  so  each  set  of  spreading  oils  must  be  calibrated  -  they 
cannot  be  made  reliably  by  following  the  recipe  employed  for 
an  earlier  set.  Calibrations  were  carried  out  using  the  Lang¬ 
muir  trough  facility  of  the  NR.L  Chemistry  Division  and  can 
be  more  easily  discussed  in  terms  in  terms  of  film  pressures. 
Film  pressure  (II)  is  defined  as  the  difference  in  surface  ten¬ 
sion  calculated  by  subtracting  the  surface  tension  of  water 
covered  by  a  film  (rmeas)  from  the  surface  tension  of  clean 
water  (a),  or  II  =  a  —  rmeas. 

The  surface  tension  (and  therefore  the  film  pressure) 
was  varied  in  the  Langmuir  trough  instrument  by  compress¬ 
ing  or  expanding  a  monolayer  film  of  oleyl  alcohol  surround¬ 
ing  the  oil  to  be  calibrated.  The  plateau  film  pressure  (at 
which  the  oil  drop  had  expanded  to  a  thin  disc  that  could  be 
varied  in  diameter  by  expanding  or  compressing  the  mono- 
layer  while  still  maintaining  a  constant  film  pressure)  was 
the  assigned  equilibrium  spreading  pressure  (ESP)  of  the 
oil.  For  oil  drops  of  approximately  20  mg  the  diameter  was 
approximately  3  cm  at  the  ESP. 

The  principle  by  which  these  oils  work  is  illustrated  in 
Figure  4.  S^vv  is  the  surface  tension  at  the  air-water  in¬ 
terface,  Sao  is  the  surface  tension  at  the  air-oil  interface, 
and  Sow  is  the  oil  water  interfacial  tension.  Since  Sao  and 
Sow  are  reduced  by  adding  a  surface- active  compound  to 
the  paraffin  oil,  a  series  of  oils  with  varying  spreading  charac¬ 
teristics  can  be  prepared.  If  Saw  >  (S^ocosA  +  Sowc°sB) 
the  oil  will  spread.  Organic  surface-active  films  on  water 
will  reduce  Saw-  As  the  oil  becomes  thinner  by  spreading, 
both  cosA  and  cosB  approach  the  value  of  1  and  the  force 
balance  required  for  continued  spreading  becomes  S^w  > 
(S/io  +  Sow)-  When  the  colorless  oil  spreads  to  a  thickness 
in  the  500  to  700  nanometer  range,  interference  colors  can 
be  observed  visually  from  a  distance.  To  make  a  measure¬ 
ment,  oils  with  progressively  higher  concentrations  of  dode¬ 
canol  are  dropped  onto  the  surface  until  one  is  observed  to 
spread. 


Figure  4.  Balance  of  forces  acting  on  an  oil  drop 


The  resolution  of  the  measurement  in  surface  tension 
depends  on  the  ambient  surface  tension.  Table  1  gives  the 
spreading  pressures  for  the  twenty  three  oils  used  in  the  Field 
Experiment.  The  resolution  is  nominally  the  difference  in 
pressure  between  adjacent  oils,  which  is  tabulated  in  Column 
Three  of  Table  1.  Note  that  at  high  surface  tensions  (near 
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the  clean  water  values)  the  resolution  is  nearly  0.16  mN/m, 
but  reduces  to  several  mN/m  at  very  low  surface  tensions. 
The  spreading  pressures  were  intentionally  graduated  this 
way  to  optimize  the  resolution  of  the  measurement  to  the 
physical  processes  involved. 


Oil  Number  Surface  Tension  Difference 


1 

2 

3 

4 

5 


73.03 

.16 

72.87 

.15 

72.72 

.16 

72.56 

.16 

72.40 

.14 

6 

7 

8 

9 

10 


72.26 

.18 

72.08 

.16 

71.92 

.16 

71 .76 

.13 

71.63 

.28 

11 

71 

12 

71 

13 

70 

14 

70 

15 

70 

16 

69 

17 

68 

18 

66 

19 

64 

20 

61 

21 

60 

22 

53 

23 

44 

.35 

.34 

.01 

.17 

.84 

.31 

.53 

.53 

.00 

.67 

.33 

.62 

.71 

2.09 

.62 

1.99 

.63 

2.64 

.99 

1.17 

.82 

7.42 

.40 

8.85 

.55 

TABLE  1.  SPREADING  OILS 


3.2  Determination  of  Film  Elasticity 

The  important  property  of  a  surfactant  film  which  gov¬ 
erns  the  wave  damping  is  its  elasticity  ( Es ).  However,  we 
did  not  measure  this  in  situ,  but  determined  it  indirectly  as 
follows. 

We  collected  samples  of  water  during  the  Field  Experi¬ 
ment  and  then  transported  them  back  to  NRL  for  measure¬ 
ment  in  the  Chemistry  Division’s  Langmuir  trough.  The 
bottles  were  chemically  cleaned,  one  liter  reagent  bottles 
containing  a  residual  amount  of  triple-distilled  water.  The 
bottles  were  drained,  flushed  several  times  with  the  sea  wa¬ 
ter  to  be  sampled  from  a  depth  of  0.25  to  0.5  meters,  and 
then  filled.  This  was  done  by  lowering  the  bottles  over  the 
side  of  the  host  research  vessel  R/V  Garnet  Banks.  The  sam¬ 
ples  were  then  treated  with  10  of  a  sodium  azide  solution 
to  kill  any  life  in  the  sample,  thus  “freezing”  the  chemical 
composition  of  the  surfactants.  The  bottle  was  then  sealed 
and  stored  in  a  cool,  dark  place  until  measurements  were 
made  in  the  Langmuir  trough. 


The  measurement  in  the  Langmuir  trough  consists  of 
determining  the  pressure- area  relationship  for  the  surfac¬ 
tant,  from  which  its  elastic  properties  are  calculated.  This 
procedure  is  described  in  detail  by  Barger  and  Means  (1985) 
and  outlined  here.  The  surfactant  material  in  the  sample  ad¬ 
sorbs  to  the  surface  in  a  few  hours  and  forms  a  thin  film.  The 
free  surface  area  (A)  containing  the  film  is  decreased  slowly 
by  moving  a  barrier  along  the  surface  as  the  surface  ten¬ 
sion  (rmeas)  is  measured  with  a  Wilhelmy  plate  (Barger  and 
Means  1985).  The  Wilhelmy  plate  technique  uses  a  flame- 
cleaned  thin  platinum  plate  which  is  over  the  filmed  water 
surface.  It  is  carefully  and  slowly  brought  into  contact  with 
the  film  and  a  meniscus  forms  which  then  exerts  a  down¬ 
ward  force  F  on  the  plate  equal  to  2TmeasLwp^  where  Lwp  is 
the  length  of  the  plate  in  contact  with  the  liquid  (bouyancy 
and  plate-effects  are  ignored  here).  The  surface  tension  is 
Tmeas  =  F/2Lwp.  In  the  actual  procedure  the  force  is  mea¬ 
sured  with  a  strain  gauge  and  the  system  carefully  calibrated 
against  known  liquids.  This  procedure  generates  the  func¬ 
tion  r(A).  The  measured  surface  tension  rmeos  is  related 
to  the  underlying  clean  water  surface  tension  (a)  and  the 
pressure  (II)  exerted  by  the  surfactant  film  by  the  relation 


Tmeas  —  ®  ff* 

(1) 

The  elasticity  of  the  film  is  defined  as 

„  AdJl 

Ea  ~  ~AdA  ■ 

(2) 

Thus,  by  taking  the  negative  of  the  logarithmic  slope  of  the 
11(A)  curve  measured  in  the  Langmuir  trough  we  obtain  the 
function  FS(A).  From  the  measured  n(A)  relation  we  then 
obtain 


Es  =  E.(n),  (3) 

since  both  FS(A)  and  11(A)  are  single  valued  over  the  range 
of  values  of  II  encountered  in  the  Field  Experiment  (0  to  30 
mN/m). 

In  order  to  determine  the  elasticity  Es  by  this  method 
we  make  the  assumption  that  the  surfactant  material  ad¬ 
sorbing  at  the  water  sample  in  the  laboratory  has  the  same 
physical  properties  as  that  which  had  adsorbed  on  the  sea 
surface.  Treating  the  samples  with  sodium  azide  solution 
is  intended  to  help  insure  this  process.  Very  recent  tests  by 
W.  Barger  (private  communication,  1990)  suggest  that  sam¬ 
ples  collected  and  measured  within  one  hour  give  the  same 
results  as  samples  stored  for  months.  Hundreds  of  film  sam¬ 
ples  collected  by  various  techniques,  including  screens  and 
rotating  glass  drums  which  sample  a  layer  on  the  order  of 
microns  near  the  surface,  have  shown  remarkably  similar 
pressure-area  relations  (Barger  and  Means,  1985;  Barger  et 
al.,  1988).  In  addition,  surface  chemists  define  the  reciprocal 
of  the  elasticity  as  the  coefficient  of  compressibility.  Com¬ 
pressibility  measurements  for  fifty  two  film  samples  from 
Atlantic  surface,  bulk  and  deep  water  and  Chesapeake  Bay 
water  are  reported  in  Barger  and  Means  (1985)  and  also 
show  remarkable  similaries  in  behavior. 

However,  there  is  the  possibility  that  mechanical  and 
chemical  reactions  occur  on  the  ocean  surface  which  may  al¬ 
ter  the  mechanical  properties  of  the  surfactant  film.  The  two 
most  likely  possibilities  are  photo-chemical  reactions  due  to 
the  ultraviolet  component  of  the  solar  spectrum  and  working 
of  the  film  due  to  the  continual  compaction  and  expansion 
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caused  by  the  passage  of  surface  waves.  Furthermore,  in 
calm  conditions  the  surface  constituents  may  not  have  the 
same  relative  concentrations  as  those  in  the  sampled  water 
column.  Presently  there  is  little  or  no  evidence  to  address 
these  issues,  so  we  are  reasonably  confident  in  the  relation¬ 
ship  given  by  equation  (3)  to  determine  the  elasticity  of  films 
on  the  the  ocean  surface. 

3.3  STEMS  (Surface  TEnsion  Measuring 
System)  Description 

3.3.1  Deployment  and  Operation 

STEMS  is  a  catamaran  which  is  towed  from  the  host 
vessel  (R/V  Garnet  Banks,  an  ex-Navy  YTB  class  tug)  from 
a  boom  (6  m  long)  off  the  forward  port  side  of  the  vessel. 
A  photograph  of  STEMS  is  shown  in  Figure  5.  It  is  2  m 
wide,  3  m  long,  and  weighs  135  kg  (300  lbs).  Figure  6  shows 
the  towing  configuration  employed  in  the  Field  Experiment. 
STEMS  needs  to  be  outside  of  any  disturbance  created  by 
the  host  vessel,  so  it  has  a  movable  rudder  to  control  its 
distance  away  from  the  towing  vessel.  In  all  cases  it  must 
sample  an  undisturbed  water  surface.  Maximum  tow  speed 
depends  on  sea  conditions  and  wind,  but  generally  a  tow 
speed  of  0.5  m/sec  (1  kt)  was  found  to  give  relaible  perfor¬ 
mance  of  STEMS.  During  the  operation  we  positioned  the 
R/V  Garnet  Banks  either  north  or  south  of  the  wake  pro¬ 
duced  by  the  passing  target  ship,  about  100  to  200  meters 
off-track  before  the  scheduled  start  of  the  individual  test 
runs.  As  the  target  approached,  we  moved  up  on  its  track 
and  towed  STEMS  across  the  wake,  intending  to  follow  the 
serpentine  pattern  shown  in  Figure  7.  Our  tow  speed  was 
about  0.5  m/sec,  so  that  in  the  time  allocated  for  each  run 
(approximately  50  minutes)  we  could  only  make  three  to 
four  wake  crossings.  If  the  sea  became  too  rough,  turbu¬ 
lence  and  splashing  within  STEMS  made  observation  of  the 
spreading  oil  behavior  difficult  to  impossible. 

The  device  measures  the  surface  tension  in  situ  by  drop¬ 
ping  any  twenty  two  of  the  twenty  three  calibrated  spreading 
oils  on  the  water  surface  from  twenty  two  individually  regu¬ 
lated  channels.  The  spreading  behavior  of  the  oils  (whether 
they  do  or  don’t  spread)  is  recorded  with  a  video  camera 
system.  Each  oil  represents  one  surface  tension  value,  so  if 
one  oil  spreads  and  the  next  one  does  not,  the  in  situ  surface 
tension  is  bracketed  between  the  values  of  the  two  spreading 
oils.  In  some  cases  a  drop  of  oil  will  neither  spread  nor  not 
spread,  but  it  will  oscillate  instead.  Presumably  its  spread¬ 
ing  pressure  is  almost  exactly  the  value  of  the  surfactant  film 
and  the  oscillation  occurs  because  the  ambient  surface  ten¬ 
sion  oscillates  about  a  mean  value  due  to  alternate  surface 
compactions  and  expansions  induced  by  the  passage  of  sur¬ 
face  waves.  The  dropping  of  each  individual  oil  is  controlled 
from  the  ship  and  a  permanent  video  record  of  its  spreading 
behavior  is  obtained  for  later  analysis.  In  addition  to  being 
recorded  on  VHS  video  tapes,  the  STEMS  data  were  mon¬ 
itored  in  real  time  with  the  operator  annotating  the  videos 
with  verbal  comments  on  the  audio  track.  A  second  video 
system  was  placed  on  a  mast  above  the  bridge  to  monitor 
STEMS  and  to  record  the  general  environmental  conditions 
encountered.  In  addition,  an  audio  cassette  record  was  made 
from  the  bridge  describing  various  facets  of  the  operation, 
the  environmental  conditions,  when  STEMS  entered  a  slick, 
and  other  pertinent  test  information. 


Surface  TEnsion  Measurement  System  (STEMS) 


Figure  5.  Photograph  of  the  STEMS 


Figure  6.  STEMS  towing  configuration 


Figure  7.  STEMS  wake  crossing  pattern 

3.3.2  Data  Resolution  and  Quality  . 

One  reading  of  surface  tension  was  typically  obtained 
every  one  to  two  seconds  when  the  winds  were  under  5.5 
m/sec,  and  less  frequently  for  higher  wind  speeds.  This 
gave  a  cross- wake  resolution  of  0.5  to  1.0  m  in  the  lighter- 
wind  runs.  The  down- wake  resolution  was  highly  variable 
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but  averaged  50  m.  The  resolution  in  surface  tension  varied 
from  0.16  mN/m  to  a  few  mN/m  based  on  the  differences 
in  spreading  pressures  of  the  oils  (see  Table  1).  Through 
the  first  nine  days  of  the  Field  Experiment  (Jan.  23rd  to 
Jan.  30th),  the  oil  number  in  the  table  corresponded  di¬ 
rectly  to  the  channel  number  on  the  STEMS.  Channels  5 
and  8  did  not  work  throughout  the  entire  test  and  channel 

22  worked  only  on  the  final  two  days  of  the  Field  Experi¬ 
ment  (Jan.  31st  and  Feb  1st).  Oil  23  was  used  on  the  final 
day  of  the  test  (Feb.  1st)  in  place  of  oil  1.  It  was  unfortu¬ 
nate  that  oils  22  and  23  were  not  working  or  available  during 
most  of  the  Field  Experiment  because  we  could  not  estab¬ 
lish  the  maximum  value  of  the  surface  tension  decrease  in 
certain  regions  of  both  the  ship  generated  and  ambient  sur¬ 
factant  bands.  If  we  assume  that  the  physical  properties  of 
the  compacted  surfactant  material  in  the  bands  were  similar 
throughout  the  Field  Experiment,  we  know  that  the  maxi¬ 
mum  surface  tension  decrease  in  the  bands  varied  between 
our  measured  value  of  11.3  mN/m  and  some  value  greater 
than  27.2  mN/m.  There  were  regions  where  oils  21,  22  and 

23  did  not  spread  when  they  were  used  on  the  final  day  (Feb. 
1st)  of  the  Field  Experiment  and  in  addition,  oils  21  and  22 
did  not  spread  during  portions  of  the  measurements  on  Jan. 
31st.  All  of  the  film  pressure  -  area  curves  we  have  exam¬ 
ined  so  far  (1/26,  1/28,  1/29)  have  similar  characteristics, 
which  suggests  that  the  physical  properties  of  the  surfactant 
films  are  indeed  similar  on  a  day  to  day  basis.  Furthermore, 
measurements  of  surface  film  pressures  of  surface- active  or¬ 
ganic  matter  generated  by  marine  phytoplankton  typically 
range  between  20  mN/m  and  30  mN/m  (Frew  et  al.,  1990). 
Considering  all  of  the  above,  we  can  confidently  assume  that 
the  maximum  surface  film  pressure  in  the  film  bands  varied 
somewhere  between  11.3  mN/m  and  30  mN/m. 

3.4  Results  of  the  Surface  Tension  Measure¬ 
ments 

The  STEMS  data  processing  consists  of  playing  back 
the  video  tapes  several  times  and  recording  the  spreading 
behavior  of  each  oil.  In  this  manner  the  dividing  line  be¬ 
tween  spread  and  non-spread  is  determined  as  a  function  of 
time  on  the  video.  Readings  are  made  each  second.  The 
time  series  of  surface  tension  is  then  input  to  a  computer  to¬ 
gether  with  the  film  pressure-area  and  elasticity  data  from 
the  Langmuir  trough.  Also,  wave  damping  coefficients  (as  a 
function  of  elasticity  for  a  given  surface  wavelength)  can  be 
calculated.  Finally  cross-wake  profiles  or  two-dimensional 
maps  of  surface  tension,  film  pressure,  elasticity  and  wave 
damping  can  be  generated  for  a  given  surface  wavelength. 
We  include  here  for  each  of  the  wake  crossings,  the  measured 
surface  tension  profiles  across  the  wake.  The  corresponding 
film  pressure  profiles  can  be  calculated  using  equation  (1) 
with  a  taken  as  the  surface  tension  measured  in  the  clean 
water  well  outside  of  the  wake.  The  film  pressure  directly 
relates  our  field  measurements  to  the  laboratory- determined 
elasticity.  The  wake  widths  were  determined  by  multiplying 
the  speed  of  the  towed  STEMS  platform  by  the  total  time 
it  took  the  STEMS  to  cross  the  wake. 

Surface  tension  measurements  were  obtained  during  the 
25  knot  run  along  three  wake  crossings  centered  at  3735  m, 
11978  m  and  21316  meters  aft  of  the  ship.  These  surface 
tension  distributions  are  shown  in  Figure  8.  All  crossings 
are  plotted  so  that  the  water  south  of  the  wake  (0.0  m)  is  at 
the  left  of  the  figure.  The  wake  edges  are  defined  as  the  lo¬ 


cation  of  the  edge  of  the  outermost  foam  bands  in  the  video 
record  made  by  the  STEMS  as  it  crossed  the  wake  and/or 
the  region  corresponding  directly  to  the  sudden  decrease  (or 
increase)  in  surface  tension  measured  by  the  STEMS  as  it  en¬ 
tered  (or  exited)  these  outermost  surfactant  bands.  Regions 
of  decreased  surface  tension  relative  to  the  ambient  value  are 
caused  by  increased  film  pressure  of  a  compacted  surfactant 
in  those  regions.  Each  of  the  three  crossings  has  two  edge 
bands  of  compacted  film  as  well  as  one  or  more  additional 
bands  between  the  edge  bands.  From  this  data  alone  it  is 
not  clear  whether  these  inner  bands  persist,  but  rather  move 
around,  or  appear  and  disappear.  The  two  outermost  bands 
were  visible  to  the  eye  as  slicks,  whereas  this  was  not  gen¬ 
erally  true  for  the  inner  bands.  Since  the  surface  is  already 
smooth  in  the  centerline  region  of  the  turbulent  wake,  the 
visibility  of  these  inner  bands  will  be  limited.  In  addition, 
the  surfactant  films  will  not  allow  the  wind  waves  to  regrow 
in  these  regions  and  will  limit  the  regrowth  throughout  the 
entire  centerline  wake  region.  The  outer  bands  are  visible 
because  of  the  contrast  between  the  ambient  surface  where 
small  waves  are  present  and  the  smooth  surface  where  the 
small  waves  have  been  damped  by  the  compacted  surfactant 
material.  The  surface  tension  in  the  core  of  the  wake  has 
the  same  value  as  the  ambient  (away  from  the  wake). 

As  was  discussed  in  Section  3.3.2,  we  were  not  able  to 
measure  the  minimum  surface  tension  value  in  certain  re¬ 
gions  of  the  crossings.  For  the  crossings  shown  in  Figure  8  we 
have  assigned  an  arbitrary  value  of  60.0  mN/m  to  those  re¬ 
gions  where  oil  21  did  not  spread.  This  value  is  only  slightly 
less  than  the  measured  value  of  60.82  mN/m  associated  with 
oil  21  which  did  not  spread. 

4.0  MODEL  DEVELOPMENT,  CALCU¬ 
LATIONS  AND  COMPARISONS  WITH 
MEASUREMENTS 

4.1  The  Energy  Balance  Equation 

To  examine  the  short  wave  field  in  the  wake  of  a  sur¬ 
face  ship,  we  have  developed  a  model  based  on  the  spectral 
energy  balance  equation 

d^P  +  7g(T)-VE(t)  =  Sw('k)  +  S„l(t)  (4) 

-st(?)-s.(Z)  , 

where  E  is  the  energy  density  spectrum,  k  is  the  circular 

wave  number  vector,  t  is  time  and  cg(  k  )  is  the  group  ve¬ 
locity  vector  for  the  spectral  component  and  the  .S’s  are  the 
energy  source  terms  for  the  spectral  component  at  the  wave 

number  k  . 

Sw  and  Sni  represent  the  rates  of  energy  input  to  the 
waves  from,  respectively,  the  wind  and  wave-wave  nonlinear 
interactions.  St  is  the  rate  of  energy  dissipation  due  to  the 
interactions  of  the  waves  with  turbulence.  Ss  is  the  direct 
rate  of  energy  dissipation  due  to  viscosity  which  can  be  in¬ 
fluenced  by  the  effect  of  surface  film  elasticity  on  the  free 
surface  boundary  layer. 

The  energy  balance  in  the  form  of  equation  (4)  neglects 
wave  scattering  by  turbulence  and  wave  diffraction  by  mean 
flows.  These  effects  are  insignificant  compared  to  the  other 
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Cross-Wake  Distance,  (m) 


Figure  8.  Measured  cross-wake  surface  tension  distributions 


source  terms  except  in  the  first  few  ship  lengths  of  the  wake 
(near  field  region),  when  estimated  from  the  scattering  the¬ 
ory  of  Phillips  (1958)  and  the  analysis  of  diffraction  by  ship 
wake  flows  by  Skop  et  al.  (1990). 

At  the  present  time  little  is  known  about  relationships 
between  the  four  source  terms  on  the  right  hand  side  of 
equation  (4)  and  oceanic  conditions,  either  in  or  out  of  ship 
wakes,  for  the  short  waves  associated  with  radar  backscat- 
tering.  For  this  reason,  we  cannot  make  a  precise  compar¬ 
ison  between  radar  measurements  and  the  predicted  wave 
energy  distribution.  Instead,  we  shall  compare  radar  mea¬ 
surements  with  predictions  from  equation  (4)  using  plausible 
formulations  for  the  source  terms  based  on  what  is  currently 
known  about  them.  The  resulting  qualitative  agreement 
between  radar  measurements  and  the  calculated  wave  en¬ 
ergy  distribution,  including  its  sensitivity  to  variations  in 
the  source  term  formulations,  will  indicate  the  important 
hydrodynamic  effects  leading  to  the  short  wave  calming  in 
ship  wakes.  Taking  this  approach,  we  now  explain  the  for¬ 
mulations  we  have  used  for  the  source  terms. 


4.1.1  Wind  Energy  Input  to  Short  Waves 

Wind  induced  growth  of  short  waves  was  determined  by 
Plant  (1982)  on  the  basis  of  available  experimental  data.  He 
expressed  the  growth  rate,  /3w(er),  of  a  spectral  component 
with  circular  frequency  cr  as: 

Pw  =  (0.04  ±  0.02 )o(u./c)2cos6.  (5) 

Here  u*  is  the  friction  velocity  of  the  wind,  c  is  the  phase  ve¬ 
locity  of  the  wave  component  and  0  is  the  angle  between  the 
wind  and  the  direction  of  wave  propagation.  Since  the  data 
used  by  Plant  includes  damping  from  viscosity,  the  growth 
due  to  wind  alone  should  be  slightly  larger  than  his  esti¬ 
mate.  Therefore,  we  will  use  0.05  for  the  numerical  coeffi¬ 
cient  which  is  slightly  above  the  median,  but  still  in  Plant’s 
range.  Under  typical  conditions,  u*  is  related  to  the  ten 
meter  wind  speed  ^io  by: 

u.  =  uio/30.  (6) 
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Useful  information  on  wind  energy  input  in  addition  to 
equation  (5)  is  provided  by  the  studies  of  Mitsuyasu  and 
Honda  (1982).  They  found  that  when  the  water  surface  was 
calmed,  interestingly  achieved  with  a  surfactant,  the  friction 
velocity  was  reduced  to  less  than  ttio/30.  Changing  from  a 
naturally  wind  roughened  surface  to  a  nearly  calm  surface 
reduced  the  friction  velocity  by  roughly  14  percent.  If  the 
formulation  of  equation  (5)  applies,  this  reduces  the  spectral 
growth  by  thirty  percent. 

To  account  for  the  reduction  in  growth  rate  when  the 
waves  are  calmed,  rather  than  using  Sw  =  we  approx¬ 

imate  Sw  as: 

=  (01+02  ■#-)£,  (?) 

-E'a 

where  Ea  is  the  ambient  spectral  level  outside  the  wake,  and 

fix  -f  —  0.05 cr(u*/c)2cos6.  (8) 

For  our  subsequent  “base  case”  calculations,  we  shall  take 
02  —  /3i/2.  This  corresponds  to  a  33  percent  reduction  in 
the  energy  growth  rate  from  the  wind  if  the  waves  were 
completely  calmed. 

The  short  waves  which  are  attenuated  in  the  ship  wakes 
have  wavenumbers  and  frequencies  several  times  that  of  the 
spectral  peak.  On  the  other  hand,  the  available  data  used 
by  Plant  in  developing  equation  (5)  are  based  on  wave  fre¬ 
quencies  close  to  the  spectral  peak.  The  validity  of  the  for¬ 
mulation  for  frequencies  much  higher  than  the  spectral  peak 
is  unknown.  However,  it  is  the  best  information  presently 
available  and  that  is  why  we  have  used  it,  modified  by  the 
reduction  due  to  surface  smoothness.  We  shall  include  the 
base  case  of  /52  =  0  in  our  subsequent  calculations  to  demon¬ 
strate  the  effect  of  neglecting  the  reduction  in  growth  rate 
due  to  smoothness. 

4.1.2  Nonlinear  Energy  Transfer  to 
Short  Waves 

The  present  state  of  the  art  in  estimating  nonlinear  en¬ 
ergy  transfer  is  the  resonant  interaction  theory  of  Hassel- 
mann  (1962).  This  is  a  perturbation  based  theory  that  in¬ 
cludes  Taylor  series  expansions  about  the  mean  free  surface 
elevation.  As  a  result,  when  short  waves  have  lengths  that 
are  small  in  comparison  to  the  long  wave  amplitudes,  the 
range  of  use  of  the  series  covers  many  short  wavelengths. 
The  validity  of  the  existing  theory  for  this  situation  is  un¬ 
certain  and  is  an  area  of  active  fundamental  research  at 
this  time.  Nevertheless,  with  nothing  more  certain  or  bet¬ 
ter  available  at  this  time,  we  have  applied  a  computer  code 
based  on  the  Hasselmann  theory  to  the  range  of  frequen¬ 
cies  from  very  small  to  those  responsible  for  L-band  radar 
backscattering.  Heretofore,  application  of  the  Hasselmann 
theory  has  not  included  these  short,  high-frequency  waves. 

Figure  9  shows  the  computed  nonlinear  energy  transfer 
rate  to  waves  propagating  in  the  wind  direction  as  a  func¬ 
tion  of  wave  frequency  for  a  Jonswap  spectrum  correspond¬ 
ing  to  a  wind  speed  of  6.2  m/s  (12  knots  at  a  height  of  10 
meters).  The  figure  also  shows  the  wind  energy  input  rate 
as  a  function  of  the  theory  according  to  Plant  (1982).  For 
the  frequency  range  corresponding  to  L-band  scattering,  the 
nonlinear  energy  transfer  rate  is  roughly  20  percent  of  the 
wind  energy  input  rate. 


Figure  9.  Computed  energy  transfer  to  short  waves  from  the 
wind  and  nonlinear  interactions 

Although  knowledge  of  nonlinear  energy  input  to  waves 
much  shorter  than  the  spectral  peak  wavelength  in  equilib¬ 
rium  conditions  is  scanty,  even  less  is  known  about  it  for 
the  non-equilibrium  condition  of  attenuated  and  regrowing 
short  waves  in  a  ship  wake.  To  deal  with  this  uncertainty 
here,  we  will  take  two  steps: 

1.  Set  the  nonlinear  energy  input  to  20  percent  of  the  wind 
energy  input  for  our  “base  case”  calculations, 

Sni  =  7  E  (9a) 

7  =  0.20(/3i  +  02 -jf-)-  (96) 

2.  Perform  calculations  with  other  values  of  7  to  deter¬ 
mine  both  the  effect  of  the  uncertainty  and  the  order- 
of-magnitude  of  the  influence  of  the  nonlinear  energy 
transfer  on  the  short  wave  energy  distribution  through 
the  wake. 

4.1.3  Short  Wave  Energy  Dissipation  Due 
to  Turbulence 

The  primary  mechanism  for  wave  energy  dissipation  by 
turbulence  in  non-breaking  wave  conditions  is  thought  to  be 
downward  convection  of  wave  energy  by  the  vertical  velocity 
components  of  the  turbulence.  Kitaigorodskii  and  Lumley 
(1983)  derived  a  mathematical  relationship,  based  on  this 
concept,  between  the  dissipation  rate  and  the  correlation 
between  the  vertical  turbulence  velocity  and  the  square  of 
the  fluid  velocity  due  to  the  waves.  However,  as  far  as  we 
know,  this  correlation  has  never  been  measured  either  in  or 
out  of  a  ship  wake.  Thus,  we  are  directed  to  an  alternative 
approach  for  estimating  the  downward  convection  of  wave 
energy  by  turbulence. 

Olmez  and  Milgram  (1989)  measured  the  dissipation  of 
short  waves  due  to  turbulence  generated  by  a  submerged 
oscillating  grid  in  a  laboratory  tank.  Using  the  concept  of 
the  downward  convection  of  wave  energy,  they  developed  the 
following  order-of-magnitude  formula  for  St‘ 
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»  =  (10) 

where  dwf /dz  is  the  rate  of  increase  of  the  RMS  vertical 
turbulence  velocity  near  the  water  surface,  w '  is  presumed 
to  be  zero  at  the  surface. 

To  use  equation  10,  the  RMS  vertical  turbulence  ve¬ 
locity,  u/,  must  be  estimated.  Kitaigorodskii  et  al.,  (1983) 
have  estimated  this  velocity  component  from  measurements 
made  in  Lake  Ontario.  Their  shallowest  measurement  loca¬ 
tion  was  0.3  meters  beneath  the  surface  where  both  wr  and 
the  RMS  horizontal  velocity,  u',  were  roughly  uio/120.  uj o 
is  the  wind  speed  at  a  height  of  ten  meters.  The  turbulent 
velocity  was  estimated  by  subtracting  the  vertical  wave  ve¬ 
locity,  inferred  from  the  measured  wave  elevation,  from  the 
measured  total  velocity.  We  note  nearly  all  errors  in  the 
estimate  of  wave  velocity  will  lead  to  over  estimates  of  wf. 

Brumley  and  Jirka  (1987)  studied  the  influence  of  a  free 
surface  on  otherwise  homogeneous  turbulence.  Parameters 
of  the  horizontal  turbulence  velocity  were  altered  slightly 
whereas  parameters  of  the  vertical  velocity  were  strongly 
altered  in  a  layer  having  a  depth  about  equal  to  the  integral 
length  scale  of  the  horizontal  turbulence.  The  vertical  RMS 
velocity  and  integral  length  scale  were  nearly  zero  at  the  free 
surface  and  increased  to  values  comparable  to  those  of  the 
horizontal  turbulence  at  the  bottom  of  the  layer. 

The  functional  form  of  w*  versus  depth  is  uncertain. 
The  Brumley  and  Jirka  data  show  a  linear  dependence  for 
the  upper  2  percent  changing  to  a  (depth)1/3  dependence 
over  the  lower  95  percent.  McDougal  (1979)  measured  the 
effect  of  a  rigid  lid  on  otherwise  homogeneous  turbulence. 
His  results  were  similar  to  those  of  Brumley  and  Jirka,  ex¬ 
cept  the  increase  of  w '  with  depth  was  nearly  linear  over  a 
depth  equal  to  the  integral  length  scale  of  the  horizontal  tur¬ 
bulence.  Hunt  and  Graham  (1978)  have  shown  theoretically 
and  numerically  that  the  form  of  wf  versus  depth  depends 
on  details  of  the  turbulence  spectrum. 

For  our  purposes  here,  we  will  make  the  approximation 
that  w*  increases  linearly  from  zero  at  the  surface  to  ulo/120 
at  a  depth  H  (which  we  shall  take  to  be  0.3  meters), 


one  ship  length,  they  are  expected  to  behave  globally  in  the 
same  fashion  as  round  wakes.  If  all  of  the  hull  drag  were 
due  to  skin  friction,  this  drag  would  be  exactly  balanced  by 
the  propeller  thrust  and  the  wake  as  a  whole  would  have 
zero  axial  momentum.  Because  of  the  energy  radiated  by 
the  ship-generated  waves,  the  wake  has  net  momentum  flux 
directed  aft  with  a  magnitude  equal  to  the  wave  drag.  How¬ 
ever,  for  the  ship  parameters  and  speeds  of  interest  here, 
the  skin  friction  drag  is  larger  than  the  wave  drag  so  we  ex¬ 
pect  the  far  wake  behavior  to  be  more  like  a  zero- momentum 
wake  than  a  drag  wake  or  a  jet.  This  expectation  is  justi¬ 
fied  by  the  measured  widths  of  the  zone  of  wake-modified 
surface  tensions.  Figure  10  shows  these  measured  widths 
(corresponding  to  Figure  8)  as  well  as  the  following  equa¬ 
tion  which  fits  the  data  well: 

W(x)  =  22.9(x  +  0.4B)1/5,  (12) 

where  W,x,  and  the  ship  beam  B  are  measured  in  meters. 
For  the  ship  that  generated  the  data  for  Figures  8  and  10 
the  beam  B  =  16.75  meters. 


Figure  10.  Measured  and  theoretical  wake  widths 


For  a  self-similar  zero-momentum  wake,  all  velocities 
behave  asymptotically  as  2“4/5,  so  with  v!  —  0.02  V  ten 
ship  beams  aft  of  the  ship,  we  model  u*  over  the  entire  wake 
as: 


u'(x)  =  0.02V 


( 


10,47?  \ 
x + 0.45 ) 


4/5 


(13) 


dwr  jdz  =  uio/ (120  H),  (11) 

outside  the  wake. 

The  only  wake  turbulence  measurements  available  to 
us  are  those  taken  in  model  tests  and  provided  to  us  by  W. 
Lindenmuth  (private  communication,  1990).  Very  strong 
turbulence  just  behind  the  ship  model  decayed  such  that  at 
a  distance  of  ten  ship  beams  aft  of  the  stern,  u 7  was  approxi¬ 
mately  0.02V  in  the  near  surface  region,  where  V  is  the  ship 
speed.  The  depth  of  the  zone  of  influence  of  the  free  surface 
on  the  vertical  turbulence  velocity  was  about  one-eighth  of 
the  ship  draft  (D/S).  Further  aft,  the  turbulent  velocities 
became  too  small  to  reliably  measure  with  the  laser  doppler 
anemometer  being  used.  We  need  to  couple  Lindenmuth’s 
measurements  with  our  measurements  of  wake  widths  and 
known  features  of  turbulent  wakes  in  general. 

Under  the  assumption  of  self-similar  velocity  profiles 
and  eddy  viscosities,  a  round  drag  wake  grows  asymptot¬ 
ically  as  W  ~  a:1/3,  where  W  is  the  width  and  x  is  the 
downstream  distance.  A  wake  with  zero  net  axial  momen¬ 
tum  grows  as  W  ~  x1/5  (Birkhoff  and  Zarantonello  1957). 
Because  of  the  low  Froude  numbers  of  wakes  further  aft  than 


Then,  dwf / dz  is  approximated  as 


inside  the  wake.  Equation  14  neglects  the  variation  in  tur¬ 
bulence  across  the  wake.  Also,  this  equation  is  used  in  our 
model  only  when  the  turbulence  gradient  exceeds  the  ambi¬ 
ent  level  given  by  equation  (11).  Setting  the  two  expressions 
equal  yields  the  length  Lt  of  the  zone  of  ship-affected  tur¬ 
bulence  as: 

/  ]j  \r  \5/4 

5*  =  41851-- -  -0.45.  (15) 

\D  uioj 

4.1.4  Dissipation  of  Energy  Due  to  the 
Presence  of  a  Surfactant  Film 

The  damping  of  surface  waves  in  clean  water  is  well 
known  to  have  a  1/e  time  of  1/(2 i/k2)  where  v  is  the  kine¬ 
matic  viscosity  and  k  is  the  wavenumber  (Lamb  1945).  The 
1/e  times  are  about  4500  seconds  for  30  cm  waves  responsi- 
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ble  for  L-band  Bragg  scattering,  32  seconds  for  5  cm  waves 
associated  with  C-band  scattering  and  5  seconds  for  2  cm 
waves  associated  with  X-band  scattering.  These  decay  rates 
are  typically  small  in  comparison  to  growth  rates  (equation 
5)  due  to  modest  winds. 

What  is  less  well  known,  is  that  elastic  surface  films 
can  dramatically  increase  the  viscous  damping  rates  of  short 
waves.  In  the  absence  of  a  surface  film,  the  requirement  of 
zero  shear  on  the  surface  leads  to  a  very  weak  surface  bound¬ 
ary  layer  with  similarly  weak  damping.  In  the  presence  of 
an  elastic  film,  however,  a  much  stronger  boundary  layer 
with  increased  damping  can  be  necessary  to  provide  a  shear 
stress  equal  to  the  gradient  of  the  surface  tension. 

A  thorough  study  of  the  wave  damping  due  to  a  lami¬ 
nar  boundary  layer  beneath  an  elastic  surface  film  was  con¬ 
ducted  by  Dorrestein  (1951).  His  results  can  be  written  as: 

S3  =  $SE  (16a) 


where 


with 


(166) 


r)  =  (gk  +  ^fc3)1/2, 


Es£ 

pg  +  ak2  * 


(16c) 


Here  g  =  980  cm/s2  is  the  gravitational  acceleration, 
p  =  1.02  gm/cm3  is  the  density  of  seawater,  v  =  0.01  cm2/s 
is  the  kinematic  viscosity  of  seawater,  a  =  73  mN/m  is  the 
nominal  surface  tension  at  the  air/seawater  interface,  Es  (in 
mN /m)  is  the  film  elasticity  and  k  is  the  wavenumber  of  the 
wave. 

Figure  11  illustrates  the  rate  of  decay  of  capillary- 
gravity  waves  on  the  free  surface  due  to  the  presence  of  a 
surfactant  film  based  on  the  studies  of  Dorrestein.  The  wave¬ 
length  range  in  the  figure  covers  the  Ka-  to  L-Band  range  in 
SAR  operating  frequencies.  Plotted  are  a  family  of  curves 
showing  the  ratio  of  the  wave  energy  after  one  wavelength  of 
propagation  in  the  surfactant  film  band  to  the  energy  at  the 
beginning  of  the  cycle  for  surfaces  films  with  different  physi¬ 
cal  or  elastic  properties.  In  addition,  the  two  limiting  cases, 
a  clean  free  surface  where  only  the  viscosity  of  the  fluid  is 
responsible  for  wave  damping  and  a  surface  covered  by  an 
infinitely  stiff,  incompressible  film  are  also  included.  The 
figure  shows  that  the  presence  of  a  surfactant  film  greatly 
increases  the  rate  of  decay  of  capillary-gravity  waves  less 
than  20  cm  in  wavelength.  Note  also  that  a  small  change  in 
surface  elasticity  can  result  in  a  significant  change  in  cap¬ 
illary  and  small  surface  gravity  wave  damping  for  a  given 
wavelength. 

We  close  this  subsection  by  noting  that  in  the  pres¬ 
ence  of  a  turbulent  free  surface  boundary  layer,  the  actual 
surfactant-induced  wave  damping  could  be  different  than 
predicted  by  Dorrestein’s  laminar  analysis.  However,  it 
seems  likely  that  the  effect  of  turbulence  would  be  small 
here,  on  the  basis  of  the  vanishing  vertical  turbulence  veloc¬ 
ity  at  the  free  surface  found  by  Brumley  and  Jirka  (1987) 
and  the  very  small  depth,  0(v/c t),  of  the  wave-induced  lam¬ 
inar  surface  boundary  layer. 
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Figure  11.  Wave  energy  decay  in  a  surfactant  film 


4.2  Data  and  Conditions  Used  for  the  Model 
Computations 

Calculations  were  carried  out  using  data  that  were  ob¬ 
tained  in  the  wake  of  a  Navy  ship  at  a  speed  of  12.9  m/s 
(25  kt)  on  January  28th,  1989.  The  Navy  ship  reported  a 
wind  speed  of  5  knots  whereas  the  R/V  Sea  Tech  reported 
wind  speeds  varying  between  7  and  9  knots  while  in  the 
wake.  These  vessels  reported  disparate  and  varying  wind 
directions  with  angles  between  30  and  90  degrees  with  re¬ 
spect  to  the  cross- wake  direction.  We  cannot  fully  resolve 
the  disagreement  over  the  wind  speed.  However,  the  direc¬ 
tion  of  the  short  waves  is  clearly  visible  on  a  videotape  made 
from  the  R/V  Garnet  Banks  during  the  surface  tension  mea¬ 
surements.  This  direction  is  about  50  degrees  with  respect 
to  the  cross- wake  direction. 

The  uncertainty  of  the  actual  wind  speed  is  unfortu¬ 
nate  for  the  modelling  of  L-band  Bragg  scattering  waves. 
For  these,  the  model  growth  rate  terms  from  the  wind  and 
nonlinear  interactions  have  the  same  order  of  magnitude  as 
the  dissipation  terms  from  turbulence,  viscosity  and  surfac¬ 
tants.  Thus  the  L-band  waves  can  be  modelled  as  growing  or 
decaying,  depending  on  the  chosen  wind  speed  within  the  re¬ 
ported  range.  The  same  difficulty  applies  to  C-  and  X-band 
waves  in  the  first  few  ship  lengths  of  the  wake.  However,  it  is 
not  severe  in  the  far  field  at  C-  and  X-band  because  there,  for 
all  the  reported  wind  speeds,  these  waves  grow  outside  the 
surfactant  bands  and  decay  in  the  strong  surfactant  bands. 

We  will  use  a  wind  speed  of  7  knots  at  an  angle  of  50 
degrees  from  the  cross-wake  direction  in  our  model  calcula¬ 
tions  here.  However,  we  must  point  out  that  if  9  knots  were 
chosen  very  little  wave  attenuation  would  be  predicted  in 
the  wake  for  L-band  waves,  and  if  5  knots  were  chosen  the 
waves  would  be  predicted  to  decay,  even  outside  the  wake. 

The  SAR  image  with  which  model  calculations  will  be 
compared  was  made  from  an  aircraft  flying  parallel  to  the 
wake.  Thus  the  predominant  Bragg  scattering  waves  to 
which  the  SAR  is  most  sensitive  propagate  directly  across 
the  wake.  For  our  estimated  wind  direction,  the  value  of  6 
to  be  used  in  Equation  5  is  50  degrees. 

Surface  tension  measurements  were  obtained  along 
three  wake  crossings  centered  at  3735  m,  11978  m  and  21316 
meters  aft  of  the  ship.  These  surface  tension  distributions 
are  shown  in  Figure  8.  Regions  of  decreased  surface  tension 
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Figure  12.  L-band  SAR  image  of  the  Navy  ship  wake  (courtesy  of  J.  Lyden,  ERIM) 


relative  to  the  ambient  value  are  caused  by  increased  film 
pressure  of  a  compacted  surfactant  in  those  regions.  Each 
of  the  three  crossings  has  two  edge  bands  of  compacted  film 
as  well  as  one  or  more  additional  bands  between  the  edge 
bands. 

Figure  12  is  an  L-band  SAR  image  of  the  Navy  ship 
wake  obtained  from  an  aircraft  during  the  same  time  that 
the  surface  tension  measurements  in  the  ship  wake  were  be¬ 
ing  made  by  STEMS  as  it  was  towed  across  the  wake  by 
the  R/V  Garnet  Banks.  C-  and  X-band  data  were  also  ob¬ 
tained  simultaneously  by  the  multi-band  aircraft  SAR.  We 
will  compare  the  multiband  SAR  backscatter  intensity  data 
with  model  calculations  using  the  surface  tension  data  from 
the  3735  m  cut  and  film  elasticity  values  calculated  from 
the  pressure-area  curve  of  the  water  sample  obtained  prior 
to  the  25  knot  run  as  input  to  the  model. 

The  film  pressure  -  area  curve  for  the  surfactant  mate¬ 
rial  is  needed  to  relate  the  film  elasticity  Es  to  the  measured 
surface  tension.  A  subsurface  water  example  was  collected 
prior  to  the  25  knot  run  for  later  film  pressure  versus  area 
measurements  in  the  Chemistry  Division  at  NRL.  The  re¬ 
sults  of  these  measurements,  plotted  as  the  natural  loga¬ 
rithm  of  the  film  pressure  (in  mN/m)  versus  the  natural 
logarithm  of  the  surface  area  (in  cm2),  are  shown  in  Fig¬ 
ure  13.  These  data  have  been  fitted  with  three  straight  line 
segments  so  that  for  each  portion  of  the  fitted  curve  we  have 

n  =  CAn,  (17) 

where  n  is  the  slope  of  the  portion  and  C  is  a  characteristic 
constant  of  that  portion  of  the  curve.  Then,  from  equation 
(2),  we  find  that 


Es  =  -nil  (18) 

or,  specifically  from  the  three  segment  fit  in  Figure  13, 

(o.o  n  <  0.20, 

5.2in  0.20  <  II  <  4.42,  nqv 

2.90n  4.42  <  n  <  8.58,  {  } 

1.27II  n>8.58. 

As  was  noted  in  section  3.2,  we  make  the  assumption 
that  the  surfactant  material  adsorbing  at  the  water  surface 
in  the  laboratory  sample  has  the  same  physical  properties  as 
that  which  had  adsorbed  on  the  sea  surface  during  the  test. 
It  is  quite  possible  that  the  film  elasticity  determined  from 


the  subsurface  water  sample  is  not  exactly  representative  of 
the  film  elasticity  of  the  material  in  the  surfactant  bands. 
Nevertheless,  the  value  of  the  film  pressure  at  each  location 
across  the  wake  used  in  equation  (19)  to  determine  the  cross¬ 
wake  elasticity  distribution  used  in  the  energy  calculations 
is  that  measured  by  STEMS. 


Figure  13.  Measured  surfactant  film  pressure-area  curve 


It  is  very  difficult  to  nearly  impossible  to  determine 
the  exact  composition  of  the  material  in  the  surfactant 
film  bands  measured  during  the  January  Field  Experiment. 
There  are  literally  hundreds  of  different  materials  present 
in  these  film  bands.  Surface  chemists  (Frew  et  al.,  1990, 
Barger  and  Means,  1985)  agree  that  the  major  constituents 
of  these  film  bands  are  relatively  soluble,  highly  oxygenated 
and  condensed,  but  poorly  defined  polymeric  materials  of 
high  molecular  weight.  However,  it  is  not  the  composi¬ 
tion  of  the  material  in  the  bands  that  is  important,  but 
rather  the  effects  of  physical  properties  of  the  material  on 
the  ambient  wave  field.  A  small  change  in  surface  elastic¬ 
ity  will  lead  to  significant  changes  in  capillary  and  small 
surface  gravity  wave  damping.  Given  the  relative  similarity 
in  the  pressure- area  curves  of  the  water  samples  obtained 
during  the  Field  Experiment  with  hundreds  of  samples  ob¬ 
tained  from  varied  locations  throughout  the  major  oceans 
(Frew,  1990,  Barger  and  Means,  1985;  Barger  et  al.,  1988) 
we  feel  confident  that  the  physical  properties  of  the  films 
present  during  the  Field  Experiment  are  representative  of 
many  films  throughout  the  major  oceans.  To  properly  char- 
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acterize  and  measure  the  physical  properties  of  surfactants 
that  are  important  for  wave  damping  studies,  controlled  nat¬ 
ural  surfactant  materials  must  be  developed  by  extracting 
the  material  from  natural  seawater  samples.  Comparing  the 
physical  properties  of  these  extracted  films,  which  we  now 
know  the  concentration  of,  with  untreated  seawater  samples 
will  provide  some  insight  into  the  concentration  of  the  ma¬ 
terials  in  the  untreated  samples. 

Surface  tensions  throughout  the  wake,  for  use  in  the 
model  computations,  are  found  by  interpolating  between 
measurements  on  the  wake  cuts.  This  requires  an  estimated 
surface  distribution  on  a  wake  cut  at  the  ship  stern.  For 
this,  we  have  hypothesized  two  eight  meter  wide  edge  bands 
whose  centers  are  spaced  two  ship  beams  apart .  The  surface 
tension  used  in  the  bands  is  12  mN/m  which  is  the  lowest 
value  we  measured  in  the  actual  cuts. 

When  integrating  the  energy  balance  equation,  the  re¬ 
sults  at  each  time  step  must  be  restrained  to  prescribed  up¬ 
per  and  lower  limits.  The  upper  limit  is  the  ambient  energy 
level  outside  the  wake.  For  the  lower  limit  we  have  used  20 
percent  of  the  ambient  inasmuch  as  this  is  the  typical  re¬ 
duction  in  wave  energy  level  we  measured  directly  in  wakes 
during  the  experiments. 


The  initial  condition  we  used  for  the  model  computa¬ 
tions  has  the  energy  reduced  to  20  percent  of  the  ambient 
level  at  the  ship  stern  over  a  distance  of  one  ship  beam.  The 
initial  energy  is  taken  as  linearly  rising  from  this  depressed 
level  back  to  the  ambient  level  on  each  side  of  the  ship  over 
a  distance  of  one-half  a  ship  beam,  thus  making  the  entire 
depressed  zone  two  ship  beams  wide. 

4.3  Computations  and  Comparisons  With 
Measurements 

Results  of  calculations  for  the  spectral  energy  ratio 
(E/Ea)  along  the  SAR  look  direction  at  a  center  distance  of 
3735  m  aft  of  the  Navy  ship  are  shown  in  Figures  14,  15  and 
16.  This  is  the  distance  of  our  closest  wake  crossing  mea¬ 
surements  for  which  the  surface  tension  distribution  is  also 
shown  in  the  figures.  The  results  are  expressed  in  dB  down 
from  the  ambient,  [lOlog10(E/ Ea)\.  For  these  calculations 
we  have  used  60.0  mN /m  for  the  value  of  surface  tension  in 
the  regions  where  oil  21  did  not  spread  and  we  do  not  know 
the  lower  surface  tension  limit  (see  Section  3.3.2).  The  re¬ 
sults  are  shown  for  three  wavelengths:  15.9  cm,  3.6  cm  and 
2.0  cm  which  correspond  to  the  L-,  C-  and  X-band  wave- 


Figure  14.  Calculated  spectral  energy  ratio  of  L-band  waves  together  with  the  measured  cross- wake  surface 
tension  and  SAR  intensity  distributions  3735  m  aft  of  the  ship 
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Figure  15.  Calculated  spectral  energy  ratio  of  C-band  waves  together  with  the  measured  cross- wake  surface 
tension  and  SAR  intensity  distributions  3735  m  aft  of  the  ship 


lengths  at  the  incidence  angle  of  52  degrees  used  for  SAR 
images  of  this  experimental  run.  The  measured  SAR  cross- 
sections  at  3735  m  aft  are  also  shown  in  the  figures.  The 
SAR  intensity  data  shown  are  averaged  longitudinally  over 
a  length  of  100  meters.  The  X-band  signal  to  noise  ratio  was 
near  unity  for  this  run,  so  that  any  direct  comparison  with 
the  data  may  be  subject  to  some  error. 

The  mathematical  model  predicts  L-band  waves  have 
not  recovered  to  ambient  levels  and  are  attenuated  across 
the  entire  wake.  Conversely,  the  C-  and  X-band  waves  are 
predicted  to  have  recovered  to  ambient  levels  except  in  and 
immediately  downwind  of  zones  of  compressed  surface  films. 
These  findings  are  consistent  with  the  SAR  measurements 
at  the  same  location  shown  in  the  figures.  The  L-band  SAR 
data  shows  the  full  width  attenuation  and  several  of  its  vari¬ 
ations  in  intensity  across  the  wake  can  be  visually  “matched 
up”  with  spectral  energy  variations  in  the  mathematical  pre¬ 
dictions.  Correlations  between  the  regions  of  the  largest 
backscatter  intensity  reduction  in  the  SAR  data  and  the  re¬ 
gions  of  lowest  surface  tension  are  evident  in  the  C-  and 
X-band  data  as  well.  The  reductions  in  image  intensity  in 


these  regions  are  about  6  dB  at  L-band  and  5  dB  at  C-band. 
Corresponding  attenuations  predicted  by  the  mathematical 
model  are  about  5  dB  at  L-band  and  7  dB  at  C-  and  X-band. 
The  latter  value  is  set  by  the  arbitrary  minimum  energy  level 
of  20  percent  of  the  ambient  level  used  for  the  computations. 

As  is  predicted  by  the  mathematical  model,  the  C-  and 
X-band  SAR  data  show  backscatter  intensity  in  the  wake 
to  be  nearly  at  ambient  levels  except  in  isolated  regions 
whose  locations  are  in  reasonable  correspondence  with  zones 
of  measured  surfactant  concentration. 

4.4  Influence  of  Variations  in  Model  Input 
Parameters 

Because  of  uncertainties  about  the  accuracy  of  some 
of  the  formulations  used  for  the  source  terms  in  the  energy 
balance  equation,  a  study  of  the  influence  of  variations  in  the 
source  terms  should  be  done.  Although  a  complete  study  of 
this  type  cannot  be  included  in  this  paper,  we  will  show  the 
influences  of  a  few  variations.  The  effects  of  source  term 
variations  on  the  wake  3735  meters  and  further  aft  will  be 
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Figure  16.  Calculated  spectral  energy  ratio  of  X-band  waves  together  with  the  measured  cross- wake  surface 
tension  and  SAR  intensity  distributions  3735  m  aft  of  the  ship 


most  pronounced  for  L-band  waves  since  the  others  have 
regrown  to  the  ambient  level  except  in  the  surfactant  bands. 
We  will  compare  results  with  source  term  variations  with 
the  base  case  L-band  results  shown  in  Figure  14. 

Figure  17  shows  the  predicted  L-band  energy  distribu¬ 
tion  3735  meters  aft  when  the  wave  energy  decay  rate  due  to 
turbulence  in  the  ambient  sea  is  reduced  to  seventy-five  per¬ 
cent  of  the  value  used  to  produce  Figure  14.  This  changes 
the  decay  rate  in  the  wake  because  the  ship-induced  turbu¬ 
lent  decay  is  taken  as  diminishing  with  distance  aft  (equa¬ 
tions  10  and  14)  until  it  becomes  equal  to  the  ambient  level. 
The  effect  of  the  modest  reduction  in  decay  from  turbulence 
is  strong  with  significant  wave  attenuation  remaining  only  in 
the  regions  of  strong  surfactant  concentration  on  the  down¬ 
wind  side  of  the  wake  instead  of  all  across  the  wake  as  in  the 
base  case. 

Figure  18  shows  the  effect  of  raising  the  energy  input 
due  to  nonlinear  interactions  by  fifty  percent.  Compari¬ 
son  with  Figure  14  shows  the  significant  change  that  can 
be  caused  by  such  an  increase  in  the  energy  transfer  from 
nonlinear  interactions. 


As  was  discussed  in  Section  3.3.2,  we  were  not  able  to 
determine  the  maximum  value  of  the  surface  tension  de¬ 
crease  in  the  regions  where  oil  21  did  not  spread.  For  the 
original  model  calculations  shown  in  Figure  14,  we  used  60.0 
mN/m  as  the  surface  tension  in  these  regions.  It  is  entirely 
possible  that  that  surface  tension  value  could  have  been  as 
low  as  42.0  mN/m.  Figure  19  shows  the  effect  of  decreas¬ 
ing  the  surface  tension  value  in  these  regions  to  42.0  mN/m. 
42.0  mN/m  is  the  lower  limit  on  the  surface  tension  value 
that  can  be  associated  with  the  compacted  surfactant  mate¬ 
rial  at  the  surface  during  the  Field  Experiment.  Decreasing 
the  surface  tension  increases  the  surfactant  damping  in  these 
regions.  Comparing  the  two  figures  shows  that  the  possible 
variation  in  surfactant  damping  is  shown  to  have  a  marked 
effect  on  the  L-band  wave  energy  levels. 

Figure  20  shows  the  results  of  eliminating  the  effect  of 
the  reduction  in  wind  growth  rate  due  to  surface  smoothness. 
For  this  computation,  The  wind  energy  input  rate  was  set 
to: 

Sw  =  0.05e(u*/c)2Ecos0 .  (20) 
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Figure  17.  Calculated  spectral  energy  ratio  of  L-band  waves  when  the  ambient  turbulence  level  is  reduced 
by  seventy-five  percent 


Figure  18.  Calculated  spectral  energy  ratio  of  L-band  waves  when  the  energy  input  due  to  nonlinear 
interactions  is  increased  by  fifty  percent 
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Figure  19.  Calculated  spectral  energy  ratio  of  L-band  waves  when  the  surfactant  damping  is  increased 
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Figure  20.  Calculated  spectral  energy  ratio  of  L-band  waves  when  the  reduction  in  wind  growth  rate  due 
to  surface  smoothness  is  removed 


Comparing  Figure  20  with  Figure  14  shows  that,  at  least  at 
the  3735  meter  location,  the  effect  of  this  variation  in  wind 
energy  input  is  clearly  observable. 

Although  a  much  more  complete  sensitivity  study 
should  be  done  in  the  future,  the  above  examples  clearly 
show  that  distributions  of  short  waves  in  wakes  are  sensitive 
to  all  of  the  terms  in  the  energy  balance  equation.  However, 
it  is  because  of  the  surfactant  effects  alone  that  attenuation 
can  persist  into  the  very  far  wake.  The  other  attenuating 
effects  and  the  energy  input  effects,  at  least  to  the  extent 
that  we  presently  understand  them,  would  lead  to  wave  re- 
growth  to  ambient  levels  in  the  very  far  wake  if  surface  film 
concentration  did  not  persist  into  this  region.  This  is  prob¬ 
ably  why  SAR  centerline  images  do  not  persist  into  the  very 
far  wake  when  the  sea  is  rough.  The  mixing  associated  with 
wave  breaking  eliminates  the  bands  of  ship-induced  surfac¬ 
tant  concentration  in  that  situation. 

5.0  SUMMARY  AND  CONCLUSIONS 

Previous  to  this  experiment  in  situ  surface  tension  data 
have  never  been  measured  to  the  resolution  in  surface  ten¬ 
sion  obtained  or  with  such  a  fine  spatial  resolution.  Coupling 
these  measurements  to  the  determination  of  the  pressure- 
area  curves  has  for  the  first  time  allowed  us  to  infer  film 
elasticity  distributions  for  ocean  water  and  to  realistically 
calculate  the  changes  in  wave  amplitude  due  to  the  presence 
of  these  surfactants. 

The  major  process  by  which  surfactants  affect  synthetic 
aperture  radar  (SAR)  or  other  radar  images  of  the  ocean 
surface  is  through  wave  damping,  and  two  important  vari¬ 
ables  in  this  process  are  the  Bragg  scattering  wave  number 
(if  the  incidence  angle  is  not  too  large  or  small)  and  the  sur¬ 
face  film  elasticity  as  determined  above.  It  is  apparent  from 
our  measurements,  calculations,  and  comparisons  with  ob¬ 
servations  that  surfactant  films  play  an  important  role  in  the 
formation  and  persistence  of  the  centerline  wake  region.  The 
role  is  probably  dominant  in  the  far  wake.  In  the  near  and 
intermediate  wake  regions  other  influences  on  wave  energy 
cannot  be  neglected. 

All  of  the  ship  wakes  we  have  analyzed  from  the  Field 
Experiment  have  exhibited  a  banded  structure  for  many 
kilometers  downstream.  Even  in  one  run  in  which  the  wind 
speed  was  9  m/sec  the  bands  were  measured  at  distances 


nearly  20  km  behind  the  target  vessel.  In  lighter  wind  cases 
bands  were  easily  detected  more  than  one  hour  late  (equiv¬ 
alent  to  35  to  40  km  behind  the  target).  The  width  of  the 
wake  slowly  grew  in  time  as  indicated  in  Figures  8  and  10. 
From  our  limited  data  analysis  so  far,  we  cannot  reach  any 
conclusions  about  the  dependence  of  these  ship-generated 
surfactant  film  bands  on  environmental  parameters  (wind 
speed  and  direction,  ambient  surfactant  concentration)  and 
ship  operating  characteristics  (hull  form,  speed,  number  of 
propellers).  However,  we  conclude  that  continued  analysis 
of  the  remaining  data  will  allow  us  to  determine  the  effects 
of  both  environmental  and  ship  operating  parameters  on  the 
origin  and  downstream  persistence  of  these  ship  wake  sur¬ 
factant  bands. 

As  our  sensitivity  studies  have  shown,  variations  in  each 
of  the  source  terms  in  the  model  (within  our  present  knowl¬ 
edge  of  what  we  can  reasonably  expect  their  variations  to 
be)  have  a  strong  effect  on  the  L-band  calculations.  This 
points  out  the  need  to  learn  more  about  these  source  terms. 

Within  the  present  model,  the  approximations  for  wind 
wave  regeneration  and  nonlinear  energy  transfer  are  both 
subject  to  limited  data  on  which  to  base  the  approximations. 
Here  again,  both  a  careful  analysis  of  available  information 
and  additional  laboratory  experiments  are  indicated  in  or¬ 
der  to  resolve  the  uncertainties  which  still  remain  after  this 
“first  look”  analysis.  In  particular,  existing  theories  and  ex¬ 
periments  apply  to  wave  frequencies  up  to  twice  that  of  the 
spectral  peak.  On  the  other  hand,  radar  scattering  waves 
have  frequencies  about  ten  times  that  of  the  spectral  peak. 
That  is  why  new  experiments  are  needed. 

Finally,  wave  damping  by  turbulence  in  ship  wakes  is 
the  least  understood  of  all  the  source  terms.  Our  knowl¬ 
edge  of  wave  damping  by  turbulence  is  very  limited.  Our 
knowledge  of  the  amount  of  turbulence  that  actually  exists 
in  the  wake  more  than  a  few  ship  lengths  downstream  is 
non-existent.  Like  all  the  other  uncertainties,  this  one  can 
only  be  fully  resolved  by  careful  experiments  focused  on  the 
hydrodynamics  in  question. 
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Three-Dimensional  Instability  Modes 
of  the  Wake  Far  Behind  a  Ship 

G.  Triantafyllou  (Massachusetts  Institute  of  Technology,  USA) 


1  Abstract 

The  three-dimensional  linear  stability  of  the  viscous  wake  far 
behind  a  ship  is  investigated.  The  Euler  equations  are  linearized 
around  the  time-average  flow  in  the  wake,  and  the  stability  problem 
is  formulated  as  an  eigenvalue  problem  for  waves  travelling 
parallel  to  the  course  of  the  ship.  It  is  shown  that  the  complex 
phase  velocity  of  the  unstable  waves  satisfies  Howard’s  semi-circle 
theorem.  For  a  self-similar  velocity  profile,  a  numerical  solution  is 
obtained  by  expanding  the  perturbation  pressure  in  a  Fourier  series 
and  solving  a  set  of  simultaneous  ordinary  differential  equations.  It 
is  found  that  the  wake  becomes  unstable  in  its  antisymmetric 
pressure  mode  for  a  range  of  wavenumbers  less  than  a  "cut-off1 
value.  In  the  zero  Froude  number  limit,  the  frequency  and  phase- 
velocity  of  the  unstable  gravity  waves  are  determined  entirely  by 
the  characteristics  of  the  shear  flow  in  the  wake,  a  fact  allowing  the 
derivation  of  a  simple  approximation  for  the  eigenvalues  and 
eigenvectors.  As  the  Froude  number  is  increased,  the  growth-rates 
of  the  unstable  waves,  and  the  "cut-off  value  are  reduced, 
indicating  a  stabilizing  effect  on  this  mode.  In  the  infinite  Froude 
number  limit  the  wake  becomes  unstable  in  a  different  mode.  The 
wake  does  not  exhibit  self-excited  behaviour,  because  the 
instability  of  the  shear  flow  is  of  the  convective  type  at  all  Froude 
numbers.  External  noise,  like  ambient  waves  in  the  ocean,  can 
drive  the  wake  instability  producing  spatially  growing  waves.  The 
free-surface  manifestation  of  the  spatially  unstable  waves  exhibits  a 
characteristic  staggered  pattern  of  alternating  "hills"  and  "valleys". 

2  Introduction 

The  best  known  feature  of  the  flow  behind  a  ship  is  the 
Kelvin  wave  pattern.  The  Kelvin  wave  pattern  has  been 
extensively  studied,  because  it  is  a  very  significant  source  of  ship 
resistance  at  high  speeds.  The  viscous  wake  of  the  ship  has 
received  much  less  attention,  since  it  is  assumed  that  it  is  for  most 
ships  thin,  and  its  influence  on  the  wavemaking  of  the  ship  has 
routinely  been  neglected,  with  some  notable  exceptions 
(Tatinclaux,  1970,  Peregrine,  1971).  In  recent  years,  however,  the 
viscous  wake  of  the  ship  has  attracted  a  considerable  amount  of 
attention,  both  as  a  basic  fluid  mechanical  problem,  and  in 
connection  with  the  problem  of  wake  imaging.  As  aerial  pictures 
of  the  ocean  have  revealed,  viscous  wakes  of  ships  are  visible  at 
very  large  distances  behind  the  ship  (see,  among  others,  Peltzer  et 
al.,  1978,  Milgram,  1988,  and  Skop  et  al.,  1990).  Thus,  the  viscous 
wake,  even  though  relatively  thin,  leaves  a  very  persistent  "trace" 
on  the  ocean  surface,  and  offers  an  effective  means  of  ship 
detection.  The  problem  has  several  different  aspects,  including  the 
backscatter  of  electromagnetic  waves  from  the  ocean  surface 
(Valenzuela,  1978),  and  is  currently  extensively  studied. 

From  the  fluid  mechanics  point  of  view,  which  is  mainly  of 
interest  in  the  present  paper,  investigations  of  the  interaction  of 
vortical  flows  with  a  free  surface  have  revealed  several  interesting 


new  properties:  Benney  and  Chow,  1986,  Sarpkaya,  1986,  Lugt, 

1987,  Oikawa  et  al.,  1987,  Tryggvason,  1988,  Willmarth  et  al., 
1989,  Bernal  and  Kwon,  1989,  Triantafyllou  and  Dimas,  1989, 
Liepmann,  1990.  The  basic  hydrodynamics  of  wake/free  surface 
interactions  are  not  understood  well  enough  yet  to  provide  a  full 
description  of  the  complex  phenomena  involved,  nor  an 
explanation  of  the  aforementioned  persistence  of  ship  wakes.  A 
solution  of  the  problem  from  first  principles,  through  direct 
simulation  of  the  Navier-Stokes  equations,  is  still  impossible, 
owing  to  the  combined  complexity  provided  by  the  very  high  value 
of  the  Reynolds  numbers  of  ships,  typically  109,  and  the  presence 
of  a  moving  boundary,  the  free  surface,  which  renders  the 
computational  domain  time-dependent.  It  appears  therefore  that 
the  problem  has  to  be  approached  in  successive  stages. 

In  this  paper  a  specific  aspect  of  the  wake/free  surface 
interaction  is  addressed,  namely  the  linear  hydrodynamic  stability 
of  wake,  seen  as  a  three-dimensional  shear  flow.  It  has  been  well 
known  that  in  supercritical  transitions,  linear  theory  can  determine 
whether  a  certain  flow  state  is  unstable  or  not.  In  recent  years,  it 
has  become  increasingly  clear  that  linear  theory  can  also  provide  a 
good  description  of  the  "shape"  of  the  unsteady  flow  patterns  that 
result  from  the  instability,  whereas  the  amplitude  of  the  patterns  is 
determined  by  non-linear  effects.  (See  for  instance  Koch,  1985, 
Triantafyllou  et  al.,  1986,  Triantafyllou  et  al.,  1987,  Chomaz  et  al., 

1988,  Unal  and  Rockwell,  1988,  Kamiadakis  and  Triantafyllou, 

1989,  Hanneman  and  Oertel,  1989,  Triantafyllou  and  Kamiadakis, 
1990).  Linear  theory  has  thus  become  a  very  useful  conceptual  tool 
in  interpreting  the  physics  of  unsteady  viscous  flows.  A 
fundamental  concept  in  the  linear  instability  theory  in  media  that 
are  unbounded  in  the  direction  of  propagation  of  the  instability 
waves  is  the  distinction  between  absolute  and  convective 
instabilities  (see  the  review  article  by  Bers,  1983).  Absolutely 
unstable  flows  are  self-excited ,  and  a  localized  perturbation  leads  to 
growing  motions  at  any  fixed  location  in  space.  Convectively 
unstable  flows  on  the  other  hand  remain  steady  in  a  noise-free 
environment,  because  all  localized  perturbations  are  convected 
away.  It  is  interesting  to  investigate  to  what  extent  these  concepts 
can  elucidate  the  problem  of  shear  flow/free  surface  interaction. 

For  the  two-dimensional  wake/free  surface  interaction 
problem,  it  has  been  recently  shown  (Triantafyllou  &  Dimas,  1989) 
that  the  vicinity  of  a  free  surface  drastically  alters  the  instability 
properties  of  two-dimensional  shear  flows,  and  renders  an 
absolutely  unstable  flow  convectively  unstable.  As  a  result,  high 
Reynolds  number  wakes  of  floating  objects  remain  steady  at  low 
Froude  numbers,  and  have  the  form  of  steady  recirculating  flows. 
Few  things  have  been  known  for  the  considerably  more  complex 
three-dimensional  problem,  studied  here.  We  consider  the  space- 
time  evolution  of  perturbations  around  the  mean  flow  in  the  wake. 
The  perturbations  have  the  form  of  waves  that  propagate  parallel  to 
the  course  of  the  ship,  and  have  an  eigenfunction  type  of 
dependence  in  the  other  two  directions.  The  presence  of  the  free 
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surface  is  acknowledged  through  the  kinematic  and  the  dynamic 
boundary  conditions.  An  eigenvalue  problem  is  thus  obtained  for 
the  frequency  which  depends  parametrically  on  the  Froude  number 
of  the  flow.  The  eigenvalues  and  eigenvectors  are  solved  for 
numerically.  From  the  computed  eigenvectors,  the  shape  of  the 
free-surface  manifestations  of  the  instability  waves  is  determined. 
The  issues  that  are  of  interest  here  are:  (i)  The  shape  of  the 
unsteady  patterns  that  result  from  the  wake/free  surface  interaction, 
and  (ii)  Whether  these  patterns  can  be  self-excited  (which,  as 
mentioned  before,  is  related  to  the  absolute  versus  convective 
instability  distinctions). 


3  Three-dimensional  shear  flow/free  surface 
interactions 

In  this  section  we  discuss  the  formulation  of  the  shear 
flow/free  surface  interaction  problem  in  general.  Let  x,y,z  be  a 
system  of  coordinates,  with  the  x-axis  parallel  to  the  direction  of 
the  flow,  the  z-axis  parallel  and  opposite  to  the  direction  of  gravity, 
and  the  y-axis  perpendicular  to  the  other  two.  The  unit  vectors 
along  the  x,  y,  z  axes  are  i,  j,  k  respectively  (figure  1).  For  the 
problem  of  interest  here,  the  frame  of  reference  is  fixed  with 
respect  to  the  ship. 


Figure  1 :  Definition  sketch. 


From  the  momentum  equation  in  the  z-direction  (the  second  of  (1)), 
we  have  that: 


<!-!> 


dp 

dz 


(5) 


We  assume  that  all  velocities  have  been  non-dimensionalized 
with  respect  to  some  reference  velocity  (in  this  case  the  speed 
of  the  ship),  the  pressure  with  respect  to  p U^2  (p  is  the  density), 
and  all  lengths  with  respect  to  the  width  b  of  the  wake.  Consistent 
with  this  non-dimensionalization,  the  acceleration  of  gravity  g  is 
replaced  by  1  IF2,  where  F  is  the  Froude  number  of  the  flow, 
defined  asF  =  U^/'Tgb. 

The  non-dimensional  Euler  equations,  linearized  around  a 
parallel  flow  U(y,z ),  can  be  written  as  follows  (Drazin  and 
Howard,  1966): 

(— +  U—  )u+ v  VU*~  -  0  (1) 

dt  ox  ox 

(|+y|-)v+vp  =  o 

dt  ox 


We  use  (5)  to  eliminate  w  from  (3),  in  order  to  combine  the  two 
boundary  conditions  into  a  single  condition  for  the  pressure: 

f2(9  u^)2  p  +  |P  =  o  (6) 

dt  ox  dz 


The  dispersion  relation  of  the  flow  can  now  be  obtained  by 
considering  wavy  perturbations,  i.e.  by  setting  u,v,w,/?  into  the 
momentum  and  continuity  equations  proportional  to  exp(z(fcx-GM)). 
where  co  is  the  frequency  and  k  the  wavenumber.  Then  the 
momentum  equations  (1)  become: 

(7) 

i(kU-(0)u  +  \VU+ikp  =  0 
i(kU- co)v  +  Vp  =  0 


where  u  is  the  component  of  the  perturbation  velocity  parallel  to 
the  x-axis,  v  =  (v,w)  is  the  projection  of  the  perturbation  velocity 
vector  in  the  y,z  plane,  and  p  is  the  perturbation  pressure  field; 
also,  V  =  (9/3y,  dldz).  In  equation  (1)  p  is  the  dynamic  pressure, 
i.e.  the  total  pressure  p  minus  the  hydrostatic:  p-p  +F~2z.  The 
incompressibility  condition  requires  that  the  perturbation  velocity 
has  to  be  divergence-free: 

— +Vv  =  0  (2) 

dx 


At  the  free  surface  we  have  the  kinematic  and  dynamic 
conditions  for  the  free-surface  elevation  T|(x,y,0*  They  can  be 
written  as  follows: 


£ 

II 

& 

> 

II 

+ 

(3) 

p  =  f~2  n 

(4) 

The  incompressibility  condition  for  the  perturbation  velocity 
v  =  ( w,  v,  w)  is  written  as: 

(8) 

zk+Vv=0 


The  boundary  condition  (6)  at  the  free  surface  is  written  as: 

F2(kU-<o)2p~  =  0  (9) 

OZ 

We  also  impose  the  condition  that  the  perturbation  decays  far 
outside  the  wake,  i.e.  w,v,w,p  — >0  when  Vy2  +  z2 

We  have  used  for  notational  simplicity  in  (7),  (8),  (9)  the 
same  symbols  for  the  perturbation  quantities  in  the  frequency  and 
in  the  time-domain;  this  does  not  cause  confusion  since  we  will 
work  mainly  in  the  frequency  domain. 

We  multiply  the  first  of  (7)  by  ik ,  operate  on  the  second  of 
(7)  with  V,  add  the  two,  and  use  the  incompressibility  condition  (8) 
to  obtain  a  single  second-order  partial  differential  equation  for  the 
dynamic  pressure  p: 
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(kU-a>)(V2p-k2p)-2kVpVU  =  0 


(10) 


Equation  (10)  subject  to  the  boundary  condition  (9)  plus  the 
condition  p  -»  0  for  \y  |,  |  z  |  defines  an  eigenvalue  problem  for 
co,  which  depends  parametrically  on  the  Froude  number.  If  for 
some  range  of  real  wavenumbers  complex  frequencies  with 
positive  imaginary  parts  exist,  the  flow  is  unstable.  In  fact,  since 
the  flow  is  inviscid,  complex  eigenvalues  appear  in  conjugate  pairs, 
corresponding  to  one  growing  and  one  decaying  mode.  Finally, 
when  the  flow  is  uniform,  i.e.  dUjdr=0,  the  basic  equation  (10) 
reduces  to  Laplace’s  equation,  and  from  the  free  surface  boundary 
condition  the  classical  dispersion  relation  for  deep  water  waves  is 
recovered. 

We  will  now  show  that  Howard’s  semi-circle  theorem  is 
valid  for  the  complex  eigenvalues.  To  this  purpose,  we  first  recast 
the  basic  equation  (10)  into  the  following  form: 


V( 


Vp 


(U-c)2 


)-k2 


( u-c r 


(ii) 


where  c=co/£  is  the  phase  velocity  of  the  wave.  We  multiply  (11) 
by  the  complex  conjugate  of  p,  p*  and  integrate  along  the  y,z  plane. 
This  gives: 

f  dydz(p?V(  VP-...)-<-2-  lp|2  )  =  0  (12) 

Ja  ( U-c )2  (U-c)2 


Since  unstable  waves  have  complex  phase  velocity,  U-c  does  not 
vanish  anywhere  in  the  flow  field,  and  the  integral  in  (12) 
converges.  For  the  first  term  of  the  integrand  we  write: 


pxV( 


Vp 


(U-c) 


(U-c)2  (U-c)2 


(13) 


We  substitute  into  (12),  and  apply  the  divergence  theorem  for 
the  integral  of  the  first  term. 


dydzV( 

]A 


PxVp 

(U-c) 


dl  n 


PxVp 

(U-c)2 


(14) 


where  S  represents  the  boundary  of  the  domain  A,  consisting  of  the 
free-surface  and  a  line  at  infinity  (figure  2),  and  n  is  the  outward 
pointing  unit  vector.  We  use  the  boundary  condition  at  the  free 
surface,  and  that  p  tends  to  zero  at  infinity  to  obtain: 

f  dydz(U-c)2(\Vp\2+k2\p\2)\U-c\-*  = 

Ja 


=  k2F2j°°  dy\p(y,0)\2  05) 


With  c=cr+ici?  |c-|>0,  we  can  separate  the  real  and 
imaginary  parts  of  (15)  as  follows: 

f  dydz((U-c  )2-c2)Q=  (16) 

J  A 

=  k2F2\  dy\p(y,0)\2 

J  —  oo 


y 


Figure  2  :  Integration  contour  in  the  y,z  plane. 


f  dydz(U~cr)Q  =  0 
Ja 


where  Q  stands  for: 

<2  =  (|V/?|2+^2|p|2)|t/-cr4>0 


(17) 


(18) 


Also,  following  Howard,  1961,  we  note  that,  if  Umin,  Umax 
denote,  respectively,  the  minimum  and  maximum  velocity  in  the 
flow  field,  we  have: 

f  dydxW-U^KU-UnJQZ  0  (19) 

Ja 

We  use  (16),  (17)  to  eliminate  the  integrals  J  U2Q ,  J  UQ  from  the 
left  side  of  (19).  This  yields: 

0>  f  dydz(U-Umin)(U-Umax)Q=\  dydzx 

Ja  Ja 

((cr2+ci2)-(Umin  +  Umax)cr+UminUmax)Q  + 

+  k2F2  f°°  dy\p(y,0)\2> 

J  —  OO 

.  f  ,  ,  , ,  U min +  ^  max  .  y  2 

>  J  dydz{(cr - ^ - r+cf- 

_(  t/?“~t/maj;.)2)e  (20) 


which  implies,  since  Q  is  positive,  that: 

(<V 


t/  -  +  £/ 

min  max  >2  2 


)2  +  C|Z— (  Umin-V^  )2.  0  (21) 


Equation  (21)  is  Howard’s  semi-circle  theorem  (Howard,  1961, 
Drazin  and  Howard,  1966),  for  the  three-dimensional  shear-flow 
free  surface  interaction;  it  states  that  the  vector  crci  lies  within  a 
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circle  with  center  at  the  average  of  the  maximum  and  minimum  of 
the  velocity,  and  radius  half  their  difference.  Equation  (21) 
generalizes  an  earlier  result  by  Yih,  1972  for  the  instability  of  two- 
dimensional  shear  flows  with  a  free-surface. 


Equations  (22),  (24),  (25)  define  for  any  given  k  an  eigenvalue 
problem  for  the  frequency  co;  that  is  to  say,  they  constitute  the 
dispersion  relation  for  gravity  waves  propagating  above  the  wake 
of  the  ship. 


Before  proceeding  with  the  instability  of  the  wake,  it  is 
useful  to  discuss  briefly  the  zero  and  infinite  Froude  number  limits 
of  the  formulation.  In  the  former  the  free  surface  condition  is 
reduced  to  3p/3z  =  0,  whereas  in  the  latter  [op=0.  It  is  reasonable 
to  assume  that  on  the  free  surface  3£//3z  =  0.  In  this  case,  we  can 
define  the  "double-flow"  in  the  whole  space  through  the  extension 
U(y ,z)=£/(y,-z).  Then  the  zero  Froude  number  limit 
corresponds  to  an  instability  mode  with  pressure  that  is  symmetric 
around  the  z=0  plane  in  the  unbounded  fluid,  and  the  infinite 
Froude  number  limit  to  a  mode  with  pressure  that  is  antisymmetric 
around  z=0.  In  two-dimensional  flows,  for  instance,  the  zero 
Froude  number  limit  corresponds  to  the  "varicose"  mode  in 
unbounded  fluid,  and  the  infinite  Froude  number  limit  to  the 
"sinuous"  mode.  For  wake  flows,  the  first  is  convectively  unstable, 
and  the  second  absolutely  unstable.  The  instability  properties  of 
the  wake  as  a  function  of  the  Froude  number  give  a  smooth 
transition  from  the  one  limit  to  the  other  (Triantafyllou  and  Dimas, 
1989). 


4  Instability  of  the  far  wake 

Far  behind  the  ship,  where  the  effects  of  the  details  of  the 
ship  hull  form  have  diffused,  we  assume  that  the  average  flow  has 
become  self-similar,  independent  of  the  angle  0  =  atan  (zfy)  in  the 
y,z  plane.  We  consider,  in  other  words,  a  time-average  velocity  of 
the  form  U  =  U(r).  The  reasoning  behind  this  assumption  is  that,  at 
low  Froude  numbers,  the  time-average  flow  can  be  approximated 
by  half  of  that  behind  the  "double-body",  ( a  fictitious  object  that  is 
twice  the  submerged  part  of  the  ship),  which  far  behind  the  object 
asymptotically  tends  to  acquire  an  axisymmetric  form.  This 
assumption  is  supported  by  the  numerical  computations  of  Swean, 
1987,  who  computed  the  steady  flow  past  a  ship  using  the 
parabolized  Navier-Stokes  equations,  and  a  K-z  model  of 
turbulence.  S wean’s  results  suggest  that  indeed  the  steady  flow 
tends  to  become  self-similar;  his  computational  results  show  good 
agreement  with  the  experimental  results  of  Mitra  et  al.,  1985,  and 
Mitra  et  al.,  1986. 

Because  of  the  self- similarity  assumption,  it  seems  natural  to 
work  in  polar  coordinates.  Equation  (10)  for  the  perturbation  p(r,0) 
is  written  in  polar  coordinates  as  follows: 


(kU-  w)(^ 
3rz 


Ijjg  1  d2P 

>3r  r23e2 


-k2p)-2k 


dr  dr 


(22) 


defined  for  r  >  0,  -tu  <  0  <  0.  For  the  boundary  conditions  on  the 
free  surface,  we  note  that  on  0  =  0 ,  -7t,  we  have: 


5  Fourier  Series  Solution 

Because  of  the  linearity  of  the  problem,  and  the  symmetry  of 
the  average  flow  t/(r)  around  the  plane  y  =  0,  an  arbitrary 
perturbation  can  be  decomposed  into  two  parts:  One  in  which  the 
pressure  is  anti-symmetric  around  y  =  0,  referred  to  as  Mode  I,  and 
one  in  which  the  pressure  is  symmetric  around  y  =  0,  referred  to  as 
Mode  II.  Thus,  given  that  the  free  surface  elevation  is  proportional 
to  the  value  of  the  dynamic  perturbation  pressure  there,  Mode  I 
disturbs  the  free  surface  in  an  antisymmetric  manner  around  y  =  0, 
whereas  Mode  II  disturbs  the  free  surface  in  a  symmetric  manner 
(figure  3).  The  fact  that  the  two  modes  are  separable  facilitates  the 
numerical  solution  of  the  problem. 


c°s(9)2 


a 

rae 


(23) 


Consequently,  the  boundary  condition  on  the  free  surface  becomes: 

cos(Q)(kU-(£>)2F2p-~-=0  on  6  =  0,  -*  (24) 
r  30 

Finally,  we  impose  the  condition  that  far  from  the  wake  the 
perturbation  vanishes,  i.e. 

p(r,0)  — >  0  r  — >  oo  (25) 


Figure  3  :  Free  surface  elevation  for  Mode  I  (antisymmetric),  and 
Mode  II  (symmetric). 


5.1  Mode  I 

We  start  with  mode  I,  which  satisfies  the  following 
symmetry  relations: 


p(r-K)  =  -  p(r  ,0) 


!<'->-  !<'■»> 


(26) 
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Since  the  initial  flow  is  independent  of  the  angle  0,  it  is  convenient 
to  expand  p(r,0)  in  a  cosine-series  in  the  interval  -n  <  0  <  0.  In 
accordance  with  the  antisymmetric  character  of  Mode  I,  the  Fourier 
series  will  contain  odd-order  coefficients  only.  Direct  substitution 
of  a  Fourier  series  in  the  basic  partial  differential  equation  (22)  is 
not  applicable,  because,  for  non-zero  values  of  the  Froude  number, 
p  satisfies  a  mixed  boundary  condition  on  the  free  surface,  and  its 
Fourier  series  can  not  be  differentiated  twice. 

We  thus  make  the  following  substitution: 

p(r,0)  =  ?(r,0)  +  ^(r,O)(e+5)  (27) 


or,  after  using  the  free  surface  boundary  condition  (24): 

p(r,0)  =  9(r.0)  +  G(r)(0+5)  (28) 

where  G(r )  is  defined  by: 

G(r)  =  F2r(kU-v>)2  p(r,0)  (29) 


The  new  variable  q(r,Q)  satisfies  the  following  conditions  at 
0=0, -n: 


The  function  0+tt/2  is  antisymmetric  around  the  y=0  plane. 
Consequently,  the  new  variable  q  can  be  expanded  in  a  cosine 
Fourier  series  containing  odd  terms  only.  The  Fourier  series  is 
twice  differentiable  with  respect  to  0  because  of  the  boundary 
conditions  (30).  We  write  for  q\ 


q(r,Q)  =  £  qn(r) cos (n 0)  (3 1) 

n=l 

Where  in  (31)  it  is  implied  that  the  summation  is  carried  over  all 
odd  n  only.  The  same  convention  applies  for  the  rest  of  the  section 
too.  The  coefficients  qn(r )  of  the  Fourier  series  in  (31)  are  given 
by: 


q(r,Q)  cos  (n0)  dQ 


(32) 


In  order  to  obtain  the  differential  equations  satisfied  by  the 
coefficients  qn ,  we  substitute  (28)  into  (10)  and  use  the  finite 
Fourier  transform  method,  i.e.  we  multiply  both  sides  of  (10)  by 
cos(n0),  and  integrate  with  respect  to  0  from  -n  to  0.  In  an 
unbounded  fluid  this  procedure  yields  an  infinite  set  of  uncoupled 
ordinary  differential  equations  for  qn(r ),  compeletely  equivalent  to 
those  obtained  for  the  perturbation  velocity  by  Batchelor  and  Gill, 
1962.  In  the  problem  considered  here,  however,  owing  to  the 
presence  of  the  free  surface,  the  equations  for  the  coefficients  of  the 
Fourier  series  are  coupled,  as  follows: 

(kU-a>)(.L0qn-^qn  +  -±-L0G)-  (33) 

rL  nnz 


..dU  rd<ln  4  dG.  n 

-  2  k——  (  —  + —  )  as  0 

dr  dr  Kn2  dr 


where  in  (33)  L0  stands  for  the  following  operator: 


L  -*L  +  lL-k  2 

L°  dr2  r  dr 


(34) 


In  the  derivation  of  (33)  the  following  result  has  been  used: 
ro  *  !-(-!)* 


f  d0  (0+^)  cos(n0)  =  — — 
J-n  2  nl 


(35) 


We  also  need  to  express  G  in  terms  of  the  Fourier 
coefficients  qn.  This  can  be  done  by  substituting  (31)  into  (28)  and 
the  result  into  (29);  we  obtain: 


G  =  F2r(kU-ca)2('£jq„+^G) 
n 

or,  after  solving  with  respect  to  G: 

F2r(fc{/-(i))2  ^ 

l-(n/2)F2r(kU-a>)2  T  * 


(36) 


(37) 


Equation  (37)  expresses  G(r)  in  terms  of  qn(r)t  but  is  not 
very  appropriate  for  the  numerical  solution  of  the  problem,  since  it 
depends  non- linearly  on  the  frequency  co.  In  order  to  obtain 
relations  between  the  unknown  variables  that  are  linear  in  m,  we 
introduce  an  auxiliary  unknown  function  H(r)  defined  as  follows: 

H  =  F(kU-to)p(r,0)  (38) 

Now  equation  (36)  can  be  replaced  by  the  following  pair  of 
coupled  equations: 


H  =  F(kU~v>)(^  Vn+^G) 


(39) 


G  =  F(kU-w)rH  (40) 

Also,  because  of  the  antisymmetry  of  the  free  surface  elevation 
around  the  plane  y=0,  we  have  the  following  condition  for  the 
coefficients  of  the  Fourier  series: 


qn(r=0)  =  G(r=0)  =  0,  n=  1,3,...  (41) 

Equations  (39),  (40),  and  (33),  subject  to  the  conditions  (41),  and 
that  the  unknown  functions  H(r ) , G(r),qn(r)  n  =  1, 3, 5,...  vanish  as 
r  -» oo,  define  for  a  given  k  an  eigenvalue  problem  that  depends 
linearly  on  the  eigenvalue  co.  Consequently,  if  we  truncate  the 
domain  to  0  <  r  <  R,  and  use  finite-differences  to  approximate  the 
derivatives  in  (33)  at  specified  points  ri ,  i  =  1,2,..JV,  the  discretized 
versions  of  equations  (39),  (40)  and  (33)  define  a  generalized 
algebraic  eigenvalue  problem  for  co.  The  latter  can  be  solved  using 
a  standard  Q-Z  algorithm. 
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5.2  Mode  U 


(50) 


Mode  II  satisfies  the  following  symmetry  relations: 


p(r,  0)  =  p(r,-n) 


(42) 


The  eigenvalue  problem  for  Mode  II  can  thus  be  formulated  in  a 
similar  manner  as  for  Mode  I,  with  the  important  difference  that  the 
Fourier  series  has  to  be  chosen  in  a  way  that  is  compatible  with  the 
symmetry  conditions  (42). 

We  thus  use  the  following  substitution  (instead  of  (28)): 

p(r,0)  =  ?(r,e)+i^(r,O)(e+5)2  (43) 

n  d0  2 

As  with  Mode  I,  the  derivative  of  <?(r,0)  satisfies  the  boundary 
conditions  (30),  and  can  be  expanded  in  a  cosine  Fourier  series: 


q(r,Q)  =l?o(r)+X  ?n(,')C0S(n8)  (44) 

n 

where  the  coefficients  qn  are  given  by  (32),  and  the  summation  in 
(43)  is  carried  now  over  all  even  n  only.  We  substitute  (43)  into 
(10),  and  apply  the  finite  Fourier  transform  technique,  noting  that 
for  n  even: 


f  (0+~)2cos  (nQ)dQ  =  ^l 

J-n  2  /iz 


(45) 


Using  the  same  procedure  as  for  Mode  I  we  obtain  the 
following  equations: 


//  =  F(£t/-G>)(i<70  +  £  <7„+|  G) 


(46) 


G  =  F(kU-to)rH 
for  rt=2,4,„.  we  have  : 


(47) 


"2-  ■  4  L0G)- 


(kU-a>)(L0qn-^qn+^2 


(48) 


— )=o 

dr  dr  %n2  dr 


whereas  for  /i=0  we  have: 

*!§>-»  <49> 

in  equations  (47),  (48),  and  (49)  G(r)=F2r(kU-<o)2p(r,0),  and  L0 
is  defined  as  before  by  equation  (34).  Finally,  instead  of  (41),  we 
have  that  the  slope  of  the  unknowns  vanishes  at  r = 0: 


^(r=0)  =  ^(r=0)  =  0  n=0,2,4,... 

dr  dr 

and  that  the  unknown  functions  //(r),G(r),  and  qn(f),  /i  =  0,2, ... 
vanish  as  r  -» 


6  Numerical  results 

In  order  to  solve  for  co  as  a  function  of  k ,  we  truncate  the 
Fourier  series  for  tf(r,0)  after  M  terms,  and  use  a  finite-difference 
scheme  to  discretize  the  ordinary  differential  equations  on  a  grid 
that  has  N  points.  We  then  form  a  compound  eigenvector  X  of 
order  (M+2)xN  as  follows:  The  first  N  positions  of  the 
eigenvector  are  occupied  by  the  values  of  H(r)  at  the  N 
discretization  points  r  •,  i-  1,2,.. TV,  the  next  N  positions  by  the 
values  of  G(r),  the  next  N  positions  by  the  values  of  qx(r) ,  and  so 
on;  finally,  the  last  N  positions  are  occupied  by  the  values  of  qM(r) 
at  the  discretization  points.  The  discretized  equations  can  then  be 
combined  into  a  single  matrix  equation  of  the  form: 


(51) 

A*X  =  coB«X 

where  A .  B  are  compound  matrices  of  order 
((Af+2)  AO  x  {{M +2)  N). 

In  general,  depending  on  the  value  of  M  which  is  required 
for  the  convergence  of  the  Fourier  series,  the  order  of  the 
eigenvalue  problem  can  become  quite  high,  and  require  enormous 
amounts  of  computation  (the  number  of  operations  is  of  order 
(M  +  2)3 N3  ).  We  note  however  that  the  coefficients  of  the  Fourier 
series  are  not  directly  coupled  with  each  other,  but,  indirectly, 
through  the  variable  G,  which  is  of  order  F2.  As  a  result,  for  low 
values  of  the  Froude  number  F ,  which  are  mainly  of  interest  here, 
the  coupling  between  the  coefficients  qn  is  very  weak.  This, 
combined  with  the  fact  that  for  F=0  only  the  n=  1  mode  is  unstable, 
allows  an  accurate  representation  of  the  Fourier  series  using  only  a 
low  number  of  terms.  The  decomposition  of  the  pressure  field  into 
modes  I  and  II  proves  quite  helpful  in  that  respect  too,  since,  say 
for  mode  I,  truncating  the  series  at  the  (2M+l)-th  term  requires  the 
use  of  M  coefficients  in  the  Fourier  series.  For  the  finite  difference 
grid,  the  domain  was  truncated  at  R  =  6,  and  N~S0  grid  points  were 
used  in  a  second-order  finite  difference  scheme.  At  the  two  ends  of 
the  interval  all  perturbation  quantities  were  set  equal  to  zero. 

The  free  surface  elevation  A{r)  can  easily  by  determined 
from  the  computed  values  of  H(r ),  which  occupy  the  first  N 
positions  of  the  compound  eigenvector  x,  as  follows: 

A  =  (52) 


For  a  self-similar  average  flow,  the  following  non- 
dimensional  velocity  distribution  can  be  used: 

U(r)=  l-wm  exp(-ar2)  (53) 

where  wm,a  are  constants.  In  this  paper  the  values 
u  =  0.368  ,  a  =  0.89  were  used.  Those  are  the  values  for  the 
sdf-similar  profile  measured  by  Ogata  and  Sato,  1966,  far  behind 
an  axisymmetric  body  in  unbounded  fluid.  The  numerical  results 
obtained  using  (53)  are  discussed  in  the  next  two  subsections.  We 
only  discuss  Mode  I,  since  Mode  II  was  found  for  this  velocity 
profile  to  be  stable.  For  velocity  profiles  with  larger  velocity 
deficits,  both  modes  can  become  unstable. 
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6.1  Form  of  the  instability  waves 

When  the  Froude  number  is  equal  to  zero,  the  Fourier 
coefficients  become  uncoupled ,  i.e.  each  one  represents  a  different 
wave,  and  only  the  n- 1  coefficient  represents  an  unstable  wave. 
The  eigenvalue  problem  is  therefore  identical  with  the  one  in 
infinite  fluid,  which  is  unstable,  with  the  maximum  amplification 
occuring  for  a  wavenumber  equal  to  0.55,  and  giving  a  complex 
frequency  (0.4524,  0.0172)  The  variation  of  the  amplitude  of  the 
first  coefficient  as  a  function  of  r  is  shown  in  figure  4a  (semi-log 
scale).  Subsequently,  a  finite  value  of  the  Froude  number  was 
used,  using  three  terms  in  the  Fourier  expansion:  n=l,n=3,n=5. 
The  series  was  thus  truncated  at  the  seventh  term.  The  variation  of 
the  amplitude  of  the  three  coefficients  qn  as  a  function  of  r  is 
shown  in  figure  4b.  The  first  coefficient  is  indistinguishable  from 
the  one  found  in  the  F= 0  case.  The  other  two  coefficients  are 
extremely  small;  the  maximum  value  of  the  /i= 3  coefficient  is  for 
example  about  10  4  times  smaller  than  the  n= 1.  The  Fourier  series 
can  accurately  be  represented  using  the  n~\  term  only,  as  further 
attested  by  the  fact  that  the  complex  frequency  has  changed  by  less 
than  one  per  cent  from  its  F= 0  value.  As  the  Froude  number  is 
further  increased,  the  importance  of  the  other  terms  is  gradually 
increased.  At  1.5  the  computation  was  repeated  using  five  terms 
(n=  1,3, 5, 7, 9.  The  maximum  value  of  the  /i= 3  term  is  now  about 
10 3  times  smaler  than  that  of  the  first  (figure  4c).  The  complex 
frequency  has  changed  somewhat,  to  a  value  (0.4526,  0.0166);  the 
real  part  has  thus  changed  by  less  than  one  per  cent,  whereas  the 
imaginary  part  has  been  reduced  by  four  per  cent.  This  implies  that 
increasing  the  Froude  number  has  a  stabilizing  effect  on  Mode  I.  At 
F= 2.5  the  n= 3  term  is  still  considerably  more  than  10+2  times 
smaller  than  the  first.  The  contribution  of  the  Fourier  coefficients 
with  n  >  1  is  more  visible  in  the  far  field.  The  complex  frequency 
has  changed  to  the  value  (0.4527,  0.0155),  showing  a  decrease  in 
the  growth-rate  of  about  eight  per  cent  from  the  F=0  value. 

F=0 


Figure  4a  :  Variation  of  the  amplitude  of  the  most  unstable 
pressure  eigenmode  with  r  for  zero  Froude  number  (semi-log 
scale).  v  6 


F=0.5 


Figure  4b  :  Variation  of  the  amplitude  of  the  Fourier  coefficients 
n- 1,3,5  with  r  for  the  most  unstable  wave  at  F=0.5  (semi-log 
scale). 


F=1.5 


Figure  4c  :  Variation  of  the  amplitude  of  the  Fourier  coefficients 
n=  1,3, 5, 7, 9  with  r  for  the  most  unstable  wave  F=1.5  (semi-log 
scale). 
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Qjr)  xn 


Figure  4d  :  Variation  of  the  amplitude  of  the  Fourier  coefficients 
n=  1,3,5, 7, 9, 11, 13  with  r  for  the  most  unstable  wave  at  F= 2.5 
(semi-log  scale). 


A  common  feature  of  figures  4a-4d,  where  the  Froude 
number  is  not  too  high,  is  that  there  is  a  wide  separation  in 
magnitude  between  the  n=  1  and  the  subsequent  coefficients.  For 
large  n,  the  Fourier  series  converges  faster  than  /T3;  this  can  be 
seen  in  figure  4e,  where  the  Fourier  coefficients  for  F=2.5  have 
been  multiplied  by  n 3  and  replotted  as  a  function  of  r  in  a  linear 
scale.  In  fact  equations  (33),  (34)  suggest  that,  with  the  exception 
of  the  region  around  r=0,  the  convergence  is  like  rT4.  The 
convergence  rate  is  therefore  algebraic,  and  we  can  safely  say  that 
the  main  advantage  in  using  the  Fourier  series  expansion,  as 
opposed  to  a  direct  numerical  solution  of  (10),  lies  in  the  wide 
separation  in  magintude  between  the  first  and  the  subsequent 
Fourier  coefficients,  which  allows  an  accurate  representation  of  the 
series  using  very  few  coefficients. 


Figure  4e  :  Plot  of  ^xn3,  n  -  3, 5,7,9, 11, 13  as  a  function  of  r, 
for  the  same  wave  as  in  figure  4d,  exhibiting  a  convergence  rate 
faster  than  /T3. 


The  variation  of  the  free  surface  displacement  generated  by 
the  most  unstable  wave  along  an  x  =  constant  plane  as  a  function  of 
the  coordinate  y  is  shown  in  figure  5a  for  Froude  number  equal  to 
0.5.  (Only  the  part  0  <  y  <  °o  is  shown).  The  free  surface  elevation 
basically  follows  the  F- 0  pressure  eigenmode  and  decays 
exponentially  with  the  distance  y  far  from  the  region  where  shear  is 
present.  The  phase  of  the  free  surface  elevation  of  the  same 
eigenmode  is  shown  in  figure  5b  (again  only  the  part  0  <  y  <  °°  is 
shown).  The  free  surface  elevation  in  the  middle  of  the  wake, 
where  the  fluid  velocity  is  reduced,  lags  behind  the  elevation 
outside  the  wake,  where  the  fluid  velocity  has  its  free-stream  value. 
This  is  basically  the  variation  of  the  phase  of  the  pressure 
eigenmode  for  zero  Froude  number.  As  the  Froude  number  is 
increased,  the  free  surface  elevation  is  also  increased, 
proportionally  to  the  square  of  the  Froude  number.  The  shape  of 
the  elevation  changes  however  by  very  little,  owing  to  the 
aforementioned  separation  in  magnitude  between  the  n- 1  and  the 
subsequent  Fourier  coefficients.  It  is  only  after  F=  2.5  that  the  latter 
become  significant  enough  to  start  altering  the  shape  of  the 
elevation.  This  can  be  seen  in  figure  6a,  where  the  free  surface 
elevation  divided  by  the  square  of  the  Froude  number  is  plotted  as  a 
function  of  r  for  F=0.5, 1.5, 2.5.  The  effect  of  the  Froude  number 
is  more  visible  in  the  phase  of  the  free  surface  elevation  (figure  6b). 


Figure  5a  :  Amplitude  of  the  free  surface  elevation  as  a  function 
of  y,  for  the  most  unstable  wave  at  F-  0.5. 


Figure  5b  :  Phase  of  the  free  surface  elevation  as  a  function  of  y, 
for  the  most  unstable  wave  at  Fa  0.5. 
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Figure  6a  :  Amplitude  of  the  free  surface  elevation  as  a  function  of 
y  for  0.5, 1.5, 2.5. 


Figure  6b  :  Phase  of  the  free  surface  elevation  as  a  function  of 

y  for  F  =  0.5, 1.5, 2.5. 

As  discussed  above,  the  growth-rate  of  the  unstable  waves  is 
consistently  decreased  as  the  Froude  number  is  increased,  showing 
that  the  latter  has  a  stabilizing  effect.  This  can  be  seen  in  figure  7, 
where  the  whole  unstable  frequency  range  has  been  plotted  for 
three  different  values  of  the  Froude  number,  F= 0,0.5, 1.5.  The 
cut-off  frequency,  marking  transition  from  stable  to  unstable  waves 
is  reduced  as  the  Froude  number  is  increased,  and  the  growth-rates 
of  the  unstable  waves  are  also  decreased.  Increasing  the  Froude 
number  causes  therefore  a,  slow,  but  clear,  "shrinking"  of  the 
^unstable  wave  range.  At  the  cutoff  frequency,  the  frequencies  of 
the  growing  and  the  decaying  mode  coalesce.  Consequently,  the 
condition  3Z)/9co=0  is  satisfied  there,  where  D(®,k;F)  =  0 
denotes  the  dispersion  relation  of  the  flow  at  Froude  number  F. 
This  condition  is  typical  of  the  onset  of  instability  in  non- 
dissipative  media. 


Finally,  in  the  infinite  Froude  number  limit  there  is  a 
symmetric  mode  that  becomes  unstable.  More  specifically,  when 
F  =  oo,  the  boundary  condition  on  the  free  surface  becomes  p-  0. 
Then  an  exact  solution  of  the  problem  is  given  by: 

p(r,6)  =  <?iO)  sin (0)  (54) 

where  q  x  (r)  is  the  pressure  eigenmode  in  the  zero  Froude  number 
case.  The  frequency  of  (54)  is  the  same  as  the  F- 0.  The  fact  that 
the  F  ~  oo  mode  is  just  the  F-0  mode  rotated  by  tc/2  in  the  y  ,z 
plane  is  due  to  the  axisymmetry  of  the  basic  flow.  In  a  non- 
axisymmetric  flow  the  two  limits  will  be  different. 


to 


Figure  7  :  Growth-rate  as  a  function  of  frequency  in  the  unstable 
wave  range,  for  F=0,0.5, 1.5.  (Note,  that  at  the  "cut-off  point 
dD/d  co  =  0). 


6.2  Spatial  instability 

The  physical  character  of  the  wake  instability  was 
determined  next,  i.e.  whether  it  is  of  the  absolute  or  of  the 
convective  type.  As  mentioned  before,  if  mapping  of  the  fc-real 
axis  through  the  dispersion  relation  into  the  co-plane  yields 
frequencies  with  positive  imaginary  parts,  the  flow  is  unstable. 
This  was  done  in  the  previous  subsection,  where  an  unstable 
wavenumber  range  was  found,  by  solving  the  dispersion  relation 
with  respect  to  the  frequency.  In  order  to  distinguish  whether  this 
instability  is  absolute,  or  convective,  the  "pinching"  double  roots 
(Bers,  1983)  of  the  dispersion  relation  have  to  be  determined. 
More  specifically,  one  has  to  determine  a  complex  pair  (co0,A:q) 
that  satisfies: 


D(C0O,*O;F)  =  —  (co0,*0;F)  =  0  (55) 

plus  the  "pinching"  requirement,  stating  that  the  double  root  should 
be  formed  from  the  coalescing  of  a  right-travelling  with  a  left¬ 
travelling  wave.  Then  it  can  be  shown  (Bers,  1983)  that,  if  the 
imaginary  part  of  co0  is  positive,  any  localized  perturbation  leads  to 
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a  growing  motion  at  any  location  in  space,  and  the  instability  is 
termed  absolute;  if  the  imaginary  part  of  co0  is  negative,  any 
localized  perturbation  will  be  convected  away  in  finite  time, 
leading  to  decaying  motions  at  any  fixed  location  in  space;  the 
instability  is  then  termed  convective. 

It  can  be  further  shown  that,  if  the  instability  is  absolute,  the 
long-time  response  of  the  flow  develops  a  normal-mode  with  a 
characteristic  frequency  and  wavenumber.  After  non-linearities 
saturate  the  growth  of  the  linear  instability,  the  flow  settles  into  a 
self-sustained  oscillation  at  approximately  this  frequency  and 
wavenumber.  Absolutely  unstable  media  are  for  this  reason  called 
"oscillators".  Convective  instabilities  are  on  the  other  hand  very 
receptive  to  persistent  external  excitations:  There  exists  a  range  of 
excitation  frequencies  which  lead  to  asymptotic  states  that  are 
oscillatory  in  time  and  grow  in  space  along  the  direction  of 
propagation  of  the  instability  waves.  Convectively  unstable  flows 
are  thus  characterized  as  "amplifiers".  This  distinction  is 
fundamental  in  discussing  the  spontaneous  appearance  of  unsteady 
patterns  in  viscous  flows. 

The  double  roots  were  determined  using  the  procedure 
suggested  in  Triantafyllou  et  al,  1986,  and  Triantafyllou  et  al., 
1987,  in  which  the  complex  wavenumber  plane  is  mapped  through 
the  dispersion  relation  into  the  complex  frequency  plane;  the  pinch- 
point  type  of  double  roots  are  located  from  the  local  angle-doubling 
property  of  the  map.  This  procedure  is  particularily  appropriate  for 
the  present  problem,  where  it  is  possible  to  solve  for  co  as  a 
function  of  k,  in  the  manner  described  before,  but  in  general  it  is 
extremely  difficult  to  do  it  the  other  way  around.  That  the  so 
determined  double  roots  are  of  the  "pinch-point"  type  can  be 
verified  from  the  fact  that  there  is  only  one  unstable  branch  of  the 
c o(k)  function  (Triantafyllou  et  al.,  1987). 

For  the  velocity  profile  (53)  the  instability  was  found  to  be 
convective  at  all  Froude  numbers.  This  is  due  to  the  fact  that  the 
instability  is  convective  when  the  Froude  number  is  equal  to  zero, 
which  is  the  most  unstable  case.  The  presence  of  flow  reversal  is 
required  to  produce  an  absolute  instability  in  the  self-similar  wake, 
but  such  a  velocity  profile  can  not  exist  far  behind  the  ship.  We 
note  that,  if  such  a  profile  were  present,  it  would  remain  absolutely 
unstable  for  low  Froude  numbers. 

Since  the  flow  is  convectively  unstable,  the  question  of 
spatial  instability  to  an  excitation  periodic  in  time  is  very 
important.  The  spatially  unstable  waves  for  this  problem  can  be 
determined  using  an  iterative  procedure:  A  complex  wavenumber 
is  assumed,  the  frequency  is  determined  by  solving  the  eigenvalue 
problem  as  explained  in  the  previous  section,  and  then  a  new  guess 
is  made  untill  a  wave  with  complex  wavenumber  and  real 
frequency  is  obtained.  That  the  complex  wavenumber  corresponds 
to  a  growing,  as  opposed  to  an  evanescent,  mode  can  be  verified 
again  from  the  fact  that  only  one  unstable  mode  exists  for  real  k. 
For  Froude  number  equal  to  0.5,  the  absolute  value  of  the  growth- . 
rate  of  the  spatial  mode  as  a  function  of  frequency  is  shown  in 
figure  8.  (The  growth-rates  are  actually  negative,  showing  that  the 
wave  are  amplified  as  x  -» J.  The  most  amplified  spatial  mode 
has  complex  wavenumber  (0.65,  -0.02217)  and  real  frequency 
0.5306.  The  real  parts  of  its  frequency  and  wavenumber  differ  thus 
somewhat  from  those  of  the  most  amplified  temporal  mode,  pie 
variation  of  the  amplitudes  of  the  Fourier  coefficients  of  the 
spatially  unstable  mode  as  a  function  of  r  is  shown  in  figure  9.  The 
amplitude  and  phase  of  the  free  surface  elevation  are  shown  in 
figures  10a,  and  10b  respectively.  The  more  clear  difference 
between  the  spatially  unstable  mode  and  the  temporal  modes 
discussed  before  can  be  seen  in  the  variation  of  the  phase  with  the 
distance  from  the  wake  axis.  Figure  10b  shows  that  a  phase-lag  is 
present  in  the  spatial  mode  over  a  larger  distance  than  in  the 
temporal  mode,  which  implies  that  the  wavecrests  of  the  spatial 
mode  will  be  more  curved. 


Figure  8  :  Absolute  value  of  the  spatial  growth-rate  as  a  function 
of  frequency  for  F-  0.5. 


Figure  9  :  Variation  of  the  amplitude  of  the  Fourier  coefficients 
Ki—  1,3,5  with  r  for  the  most  unstable  spatial  mode  at  F=Q.5  (semi¬ 
log  scale). 

Given  the  convective  character  of  the  wake  instability,  it  is 
the  spatial  modes  that  are  the  physically  significant  ones.  It  is 
therefore  interesting  to  obtain  a  visual  picture  of  how  their  free 
surface  manifestation  can  be  expected  to  look  like.  A  perspective 
view  of  the  free  surface  elevation  caused  by  the  most  amplified 
spatial  mode  at  Froude  number  F= 0.5  is  shown  in  figure  11.  The 
plot  has  been  constructed  in  a  frame  of  reference  that  moves  with 
the  phase  velocity  of  the  wave.  In  this  frame  of  reference  the  wave 
appears  stationary  in  time,  and  its  spatial  growth  can  be  seen  more 
clearly.  The  free  surface  elevation  thus  consists  of  two  parallel 
series  of  alternating  hills  and  valleys  the  height  of  which  increases 
exponentially  with  x.  The  wave  grows  indefinitely  according  to 
linear  theory,  but  in  reality  the  growth  will  be  eventually  saturated 
by  non-linear  effects,  unless  the  free  surface  wave  breaks  before 
that 
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7  Conclusions 


0.075 


Figure  10a  :  Amplitude  of  the  free  surface  elevation  as  a  function 
of  y,  for  the  most  unstable  spatial  mode  at  F=0.5. 


Figure  10b  :  Phase  of  the  free  surface  elevation  as  a  function  of  y , 
for  the  most  unstable  spatial  mode  at  F=0.5. 


Finally,  it  should  be  mentioned  that  we  have  investigated  the 
presence  and  form  of  spatially  unstable  modes  in  the  wake  of  the 
ship,  without  discussing  the  mechanics  of  excitation  of  these  modes 
by  ambient  waves.  This  is  a  subject  that  little  is  known  about,  and 
will  probably  attract  attention  in  the  near  future.  A  related  problem 
is  the  response  of  the  wake  to  excitations  in  the  stable  wavenumber 
range:  An  incident  harmonic  wave  will  be  then  partly  reflected  and 
partly  transmitted  when  it  meets  the  region  of  shear  flow,  whereas  a 
stable  wave  will  be  excited  above  the  wake.  It  will  be  interesting  to 
determine  the  reflected  and  transmitted  waves  in  relation  to  the 
energy  carried  by  the  wave  propagating  above  the  shear  flow.  A 
study  of  the  stable  response  of  the  wake  to  water  waves  will 
complement  the  results  presented  here. 


The  instability  of  the  wake  behind  a  ship  has  been 
investigated  numerically.  The  main  outcome  of  this  investigation 
is  that  the  unstable  waves  are  antisymmetric  about  the  centerplane 
of  the  wake.  The  free  surface  manifestation  of  the  instability  wave 
develops  a  pattern  consisting  of  two  parallel  series  of  alternating 
"hills"  and  "valleys".  An  interesting  observation  is  that,  at  low 
Froude  numbers,  the  frequency  and  phase  velocity  of  the  instability 
waves  is  controlled  by  the  characteristics  of  the  shear  flow  in  the 
wake,  and  is  practically  the  same  as  in  the  F=  0  case.  This  allows 
the  derivation  of  a  very  simple  approximation  for  the  unstable 
modes,  as  follows:  We  first  solve  for  the  eigenvalue  co  and 
eigenvector  q}(r)  for  F= 0;  this  requires  the  numerical  solution  of 
only  an  NxN  eigenvalue  problem.  Then,  for  low  F,  the  unstable 
eigenmode  of  the  same  flow  with  a  free  surface  can  be 
approximated  by  the  first  term  of  the  Fourier  series: 

P(''>0)  =  ?i('‘)cos(0)+  (56) 

F1r(kU-iS>)'1ql{r) 

+ _ _ _ C  9  +  _ ) 

l-(jt/2  )F2r(kU-a>)2  2 

Equation  (56)  satisfies  exactly  the  linearized  boundary  conditions 
at  the  free  surface,  (as  in  fact  will  any  truncated  series  for  q  in 
(28)),  and  approximately  the  basic  partial  differential  equation  (10). 
Equation  (56)  becomes  asymptotically  exact  as  the  Froude  number 
tends  to  zero. 

The  fact  that  the  instability  of  the  wake  is  convective,  implies 
that  unstable  wavepackets  are  convected  with  the  mean  flow,  and 
the  flow  can  not  be  self-excited.  Even  a  convectively  unstable  flow 
can,  however,  be  driven  by  background  noise,  to  generate  a 
spatially  growing  response.  For  the  wake/free  surface  interaction 
problem,  a  source  of  persistent  "noise"  is  provided  by  the  ambient 
waves,  which  are  almost  always  present  in  the  ocean.  Thus,  if  the 
frequencies  of  the  ambient  waves  cover  the  range  of  spatial 
instability,  they  can  excite  waves  that  grow  in  the  streamwise 
direction.  The  vortices  that  are  formed  by  this  noise-driven 
instability  can  cause  a  local  mixing  in  that  part  of  the  wake  where 
shear  exists,  creating  a  region  of  fluid  with  somewhat  different 
properties  than  the  surrounding  fluid  (e.g.  lower  temperature,  since 
cooler  fluid  from  below  has  been  brought  upwards).  This  region, 
which  has  a  width  roughly  equal  to  the  width  of  the  wake,  can 
therefore  become  visible  to  scientific  instruments  and  the  human 
eye.  The  formation  of  such  a  region  might  account  for  the 
observation  that  ship  wakes  remain  visible  long  after  the  passage  of 
the  ship,  when  all  hydrodynamic  disturbances  have  presumably 
been  dissipated. 
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DISCUSSION 


John  P.  McHugh 

The  University  of  New  Hampshire,  USA 

I  have  recently  considered  very  similar  problems  as  in  this  paper,  and 
I  have  a  comment  and  a  question.  The  comment  is  that  the  reduction 
of  the  quadratic  eigenvalue  problem  to  a  linear  eigenvalue  problem 
may  be  accomplished  another  way.  Instead  of  your  analytical  version 
(Eq.  38,  p.  55),  you  can  create  a  matrix  version  of  the  quadratic 
problem:  [AA  +  BA  +  C](y)  =  0.  Then  use  Z  =  Ay  in  the  first  two 
terms.  The  question  concerns  neutral  modes.  Did  you  find  any 
neutral  modes  where  the  wavespeed  is  outside  the  range  of  velocity 
of  the  primary  hull?  I  have  found  such  waves  in  similar  cases. 

AUTHORS’  REPLY 

First,  regarding  the  comment,  the  proposed  alternative  linearization 
of  the  eigenvalue  problem  seems  equivalent  with  what  I  have  done. 
I  believe  that  the  treatment  I  have  presented  is  closer  to  the  physics 
of  the  problem,  but  the  final  choice  is  probably  a  matter  of 
preference.  I  am  not  familiar  with  the  work  of  the  discusser,  and  as 
he  gives  no  specific  reference  for  his  work,  I  cannot  make  a  more 
detailed  comparison.  Regarding  the  question,  I  have  determined  the 
neutrally  stable  modes  of  this  problem  for  various  Froude  numbers  by 
considering  the  limit  of  the  unstable  modes  as  their  growth-rate  goes 
to  zero  (see  Figure  7).  The  phase  velocities  of  these  modes  are  inside 
the  range  of  velocity  of  the  basic  flow.  In  fact,  from  Howard’s 
theorem,  it  is  straightforward  to  see  that  in  the  limit  as  the  growth- 
rate  of  the  unstable  wave  tends  to  zero  the  phase  velocity  has  to 
remain  within  the  range  of  the  basic  flow.  Consequently,  I  do  not 
see  how  in  the  similar  problem  that  the  discusser  has  considered  that 
the  phase  velocity  of  neutrally  stable  modes  can  possibly  lie  outside 
this  range.  I  would  like  to  thank  Prof.  McHugh  for  his  interest  and 
comments. 


DISCUSSION 

All  H.  Nayfeh 

Virginia  Polytechnic  Institute  and  State  University,  USA 

The  results  presented  in  the  paper  show  a  weak  influence  of  the 
Froude  number  on  the  growth-rates  and  bandwidth  of  unstable 
disturbances,  contrary  to  the  known  results  about  the  influence  of  the 
Mach  number  on  the  stability  of  compressible  boundary  layer.  Are 
these  results  due  to  neglecting  the  influence  of  the  Froude  number  on 
the  mean-flow  profile  U(y,z)? 

AUTHORS’  REPLY 

Increase  of  the  Froude  number  clearly  results  in  a  reduction  of  the 
growth-rates  and  of  the  unstable  wavenumber  range,  and,  in  the 
infinite  Froude  number  limit,  Mode  I  gets  stabilized.  Overall, 
therefore,  the  influence  of  the  Froude  number  cannot  be  considered 
weak.  The  influence  is  weak  only  for  low  Froude  numbers,  a  result 
that  simply  reflects  the  physics  of  the  problem:  at  low  Froude 
numbers,  the  presence  of  the  free  surface  reduces  the  motion  of  the 
fluid  in  the  vertical  direction.  As  a  result,  the  motion  of  the  fluid  is 
confined  mostly  in  the  horizontal  direction,  and  the  free  surface  is 
merely  deformed  to  accommodate  the  non-uniform  pressure  caused  by 
the  fluid  motions.  This  behavior  does  not  change  until  the  Froude 
number  becomes  high  enough  for  the  free  surface  to  behave  like  an 
almost  perfectly  compliant  boundary,  and  accounts  for  the  weak 
influence  of  the  Froude  number  on  the  instability  mode.  I  believe, 
therefore,  for  low  Froude  numbers,  the  weak  influence  of  the  Froude 
number  on  the  instability  is  a  realistic  result.  I  do  agree,  however, 
that,  above  some  value  of  the  Froude  number,  the  average  flow  itself 
might  start  to  change  significantly  in  a  manner  that  would  accelerate 
the  stabilization.  There  are  no  data  available,  to  my  knowledge,  as 
to  what  that  value  may  be;  existing  steady  computations  of  the  wake 
behind  a  ship  (Ref.  22)  show  a  velocity  profile  similar  to  the  one 
used  in  this  paper.  I  would  like  to  thank  Prof.  Nayfeh  for  his  interest 
and  comments. 
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Ship  Internal  Waves  in  a  Shallow  Thermocline: 
The  Supersonic  Case 

M.  Tulin  (University  of  California,  Santa  Barbara,  USA) 

T.  Miloh  (Tel  Aviv  University,  Israel) 


ABSTRACT 

We  develop  a  general  theory  of  ship  internal  waves  in  a 
thermocline  of  moderate  thickness  below  a  well  mixed 
upper  layer,  when  the  ship  is  traveling  faster  than  the 
fastest  internal  waves.  This  theory  provides  both  the 
kinematical  pattern  earlier  discussed  by  Keller  and  Munk, 
and  also  the  amplitude  of  the  internal  waves  (the  deflection 
of  the  top  of  the  thermocline)  in  terms  of  the  spectral 
amplitude  function  generated  by  the  ship. 

The  wave  far  field  consists  of  an  inner  and  outer  wake. 
In  the  inner  wake,  near  the  track  of  the  ship,  each  phase 
line  originates  in  a  cusp,  periodically  spaced  on  the  track, 
with  a  time  interval  corresponding  to  the  average  Vaisalla- 
Brunt  period  of  the  water  in  the  thermocline.  The  inner 
wake  is  created  by  the  high  frequency  content  of  the 
disturbance.  In  the  outer  wake,  further  downstream,  each 
phase  line  approaches  the  Mach  angle,  snr^l/F),  defined 
by  the  densimetric  Froude  number  corresponding  to  the 
depth  of  the  thermocline  and  the  density  jump  across  it. 
The  kinematical  wave  field  near  the  limiting  Mach  line  (the 
outer  field)  is  independent  of  the  thermocline  thickness. 
The  distance  between  the  dominant  wave  crests  in  the  outer 
wake  corresponds  to  (kh)  of  order  one. 

The  spectral  amplitude  function  is  given  in  terms  of 
two  factors,  one  depending  on  the  thermocline  but  not  the 
ship,  and  another  depending  on  the  ship,  Froude  number, 
and  the  thermocline.  The  latter  is  shown  to  be  related  to 
the  wave  disturbance  just  behind  the  ship  in  its  near  field. 

An  asymptotic  non-linear  theory  is  developed  for  the 
calculation  of  the  near  field  around  the  ship.  For 
supersonic  speeds  the  field  equation  is  hyperbolic  and  can 
be  solved  numerically  by  the  method  of  characteristics. 
Calculations  show  the  development  of  a  narrow  wake 
immediately  behind  the  ship,  consisting  of  three  lobes,  a 
central  lobe  of  elevation  and  two  side  lobes  of  depression. 


The  amplitude  spectrum  is  concentrated  in  the  region 
0  <  kh  <  2-3.  This  coincides  with  the  wavenumbers  most 
prevalent  in  the  outer  wake  in  the  region  of  interest  and 
helps  to  explain  why  internal  waves  are  so  readily  made  by 
ships  traveling  at  supersonic  speed  in  shallow 
thermoclines. 

INTRODUCTION 

At  a  previous  Symposium  on  Naval  Hydrodynamics 
(Miloh  and  Tulin,  1988),  we  have  presented  a  non-linear 
theory  of  internal  waves  made  by  surface  ships  in  the 
transonic  region,  F  =  0(1),  with  particular  reference  to 
early  studies  of  "deadwater"  (Ekman,  1904).  Here  F  is  the 

ratio  of  ship  speed  to  the  speed  of  longest  internal  waves, 
* 

c  . 

Here  we  consider  the  case  of  internal  waves  made  by 
ships  traveling  over  stratified  water  in  the  supersonic  case, 
F  >  1.  Since  values  of  c*  in  nature  lie  in  the  range  20-70 
cm/sec,  while  ship  speeds  are  normally  an  order  of 
magnitude  larger,  we  are  especially  interested  in  the 
hypersonic  case,  F  »  1. 

Our  interest  in  this  problem  has  been  created  originally 
by  the  fact  that  ships  at  sea  are  known  sometimes  to  leave 
behind  them  narrow  V  wakes  of  great  length  (measured  in 
kilometers),  detectable  by  remote  sensing  radar,  (Hughes, 
1986).  The  circumstances  of  occurrence  and  the 
hydrodynamic  mechanism  of  their  origin  remains 
unknown.  The  angles  of  the  V  wake  are  sufficiently  small 
(normally  less  than  10°),  however,  to  be  consistent  with 
the  notion  that  they  are  surface  manifestations  of  a  pattern 
of  limiting  thermoclinal  waves  propagating  at  speeds  close 
to  the  so-called  Mach  angle,  a  =  sin_1(l/F).  Such  a 
pattern,  including  waves  internal  to  the  V  have  been 
theoretically  predicted  using  ray  kinematical  considerations 
by  Keller  and  Munk  (1970)  and  by  Yih  (1990).  An 
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adequate  theory  of  such  ship  waves,  connecting  their 
amplitude  distributions  with  the  parameters  of  the  problem, 
and  taking  adequate  recognition  of  non-linear  effects 
remains  absent,  however. 

Heightened  interest  in  the  problem  is  caused  by  recent 
field  research  conducted  by  a  team  led  by  the  Royal 
Aircraft  Establishment  Space  Division  (Famborough,  UK) 
recently  reported  at  a  Workshop  held  at  Famborough 
under  the  aegis  of  the  British  Remote  Sensing  Society 
(Workshop  Proceedings,  1990).  The  RAE  team  has 
systematically  measured  in  the  water,  internal  wave  wakes 
produced  by  a  number  of  ships  traveling  over  shallow 
thermoclines  with  a  depth  of  the  order  of  the  ship  draft  as 
well  as  above  water,  visual,  and  radar  signatures  due  to  the 
internal  waves.  It  is  noteworthy  that  in  these  careful 
scientific  studies,  no  above  water  V-wake  signatures  have 
yet  been  observed  except  those  which  originate  with  the 
internal  waves. 

Excepting  the  kinematical  studies  mentioned  above, 
almost  all  of  the  previously  published  work  on  ship 
internal  waves  is  concerned  with  the  description  of 
singularities  (Green's  functions)  in  a  two-layered  fluid 
[Stretensky  (1959),  Uspenskii  (1959),  Hudimac  (1961), 
Crapper  (1967),  Miles  (1971)];  Sabuncu  (1961)  applied 
the  source  singularity  to  the  derivation  of  a  theory  for  the 
interfacial  wave  resistance  of  a  thin  ship,  a  la  Michell,  and 
carried  out  some  calculations.  Unpublished  work  on 
internal  waves  due  to  ships  has  been  carried  out  and 
presented  in  unclassified  contractor  reports:  (Munk,  et  al., 
1968);  (Holliday,  1981).  These  have  resulted  in 
algorithms  for  computation. 

Our  interest  is  in  providing  an  adequate  mathematical 
analysis  and  concurrent  description  of  the  wake.  Our 
ultimate  practical  interest  is  in  predicting  the  long  internal 
waves  propagating  away  from  the  track  of  the  ship  and 
comprising  a  dominant  pattern  near  the  limiting  Mach 
angle. 

THEORETICAL  DEVELOPMENT:  THE  LINEAR  FAR 
FIELD 

General  Theory 

We  assume  a  mixed  upper  layer  depth,  h,  and  wish  to 
calculate  the  wavy  displacement  at  that  depth.  The 
approach  of  Havelock,  introduced  for  the  prediction  of  the 
Kelvin  wave  pattern  of  a  ship,  is  generalized.  It  involves 
synthesizing  the  far  field  as  a  summation  of  waves 
propagating  in  the  ship  direction  and  at  all  angles,  0,  to  that 
direction  within  a  sector,  ±  rc/2.  The  amplitude  of  the 


individual  waves  is  given  by  a*(0)d0,  and  the  wave 
amplitude  at  any  point  (x,y;z  =  -h)  is  given  by, 

Tl(x,y)  =  R  j+ |/2a*(0)  e^cose-ys*116)  dej  (i) 

The  wave  number,  k,  for  each  wave  element  is  not 
arbitrary,  but  corresponds  to  the  phase  velocity,  c,  which 
on  account  for  station arity,  is  simply  related  to  0: 

c  =  c0  cos0  (2) 

where  c0  is  the  ship  speed;  therefore  k  =  k(0).  The 
relationship  between  k  and  c  follows  from  the  dispersion 
relation  co  =  co(k),  where  c  =  to/k.  These  relations  alone, 
allow  the  determination  of  the  asymptotic  wave  pattern  due 
to  a  steady  disturbance  propagating  in  the  general  medium 
defined  by  co(k).  If  the  disturbance  is  located  at  (x,y)  =  0 
and  the  coordinates  (x,y)  are  replaced  by  polar  co¬ 
ordinates  (r,P),  see  Figure  1,  then: 

f+rc/2  1 

i](x,p)=R  J  a*(0)  exp  [ix •  g(0, p)]  d0 >  (3) 

l-n/2  J 


where 

g(0,p)  =  k[cos0  -  tanp  sin0]  (4) 

For  large  values  of  x,  the  stationary  phase  solution  of  (3) 
is  given  by: 


t|(x,|3)  =  R|  J?  (es)V2rc  exp(ix.  g/0  j 

V^{lg"(0s)l)}1/2  1  s/ 

+  ggn[g"(@J]-*/4}}  +  0a/x) 


(5) 


where  dg/d0  =  g'(0s)  =  0,  the  stationary  phase  condition. 
This  corresponds  to: 


tanp  =  y  /x  = 


c  /cA-sin0 
g  0  s 


1-c 


A 


•cos0„ 


(6) 


where  cg/c0  is  evaluated  at  0S  and  where  cg,  the  group 
velocity,  is  given  by  cg  =  dco/dk.  This  same  result,  (6), 
can  be  readily  obtained  by  geometrical  construction.  Figure 
1.  The  shape  of  the  phase  lines  follows  from  (6)  and  from 
the  relation  (see  Figure  1): 


dy/dx  =  cot  0S 


(7) 
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which  allows  the  elimination  of  0S  in  (6)  and  (7).  This 
first  order  system  requires  an  initial  condition  y(xn)  =  0 
which  defines  the  nth  phase  line.  This  condition  follows 
from  consideration  of  the  wave  along  the  track;  using  (1): 

T|(x,0)  =  r{+ |/2a*(0)eikxcosede 

l-Jt/2 


=  R 


J  a  (9)e  ^  0 
-rc/2 


d0 


(8) 


where  we  have  used  c  =  cq  cos0  and  o)/k  =  c,  and  where 
to*  corresponds  to  the  frequency  of  waves  on  the  track  of 
the  ship  (p  =  0).  We  are  entitled  to  shift  the  origin  of  this 
far  field  result  corresponding  to  a  given  value  of  r|(0,0). 
Here  we  take  T|(0,0)  =  0,  since  no  internal  waves  are 
generated  ahead  of  the  ship  in  the  supersonic  case.  In 
addition  we  expect  the  first  wave  at  the  ship  to  be  given  a 
net  initial  downward  impetus  due  to  the  early  action  of  the 

bow  of  the  ship.  Therefore  we  replace  ie^w  x/c°>  by 
jeKofxn/co)  .  The  values  of  xn  corresponding  to  crests  in 
T|(x,0)  behind  the  ships  are  therefore  given  by: 


xn =  c0 /©*  Prcn  -  7t/2]  n=l,2,...  (9) 


where  the  longest  wave  speed,  c*,  and  the  maximum 
frequency,  co*,  are: 


* 


c 


'Ap 
<  P 


y/2 

gh 


* 


CO 


y/2 

e 

) 


(13) 


Since  the  local  Brunt-Vaisalla  frequency  is, 
co2  =  ,  the  average  of  CDgy  over  the  thermocline 

P 

is  CO*. 

Note  that  the  long  wave  limit  is  independent  of  the 
thermocline  thickness,  e,  while  the  short  wave  limit  is 
independent  of  the  thermocline  depth. 


The  Hypersonic  Case:  Wave  Patterns 


In  the  hypersonic  case,  c/cq  =  cos0  «  1,  so  that 
sin0  ~  1.  Then,  (6)  and  (7)  simplify  to: 

F  »  1 :  y /x  ~  cg/c0  ;  dy/dx  -  c/c0  (14) 

Therefore  the  shortest  and  slowest  waves  are  found  near 

the  track  of  the  ship  (y/x  0),  the  inner  wake,  and  the 
longest  waves  near  the  Mach  line,  y*/x  =  1/F,  the  outer 
wake.  Using  cg  =  cg(c),  (12)  and  (11),  the  asymptotic 
shape  of  the  phase  lines  in  the  inner  and  outer  wakes  may 
be  calculated  ( upperbranch  ): 


Therefore  phase  lines  originate  at  intervals  of  2kcq/^ 
along  the  track. 

This  completes  the  general  theory.  It  remains  to 
specify  the  dispersion  relation. 

For  a  shallow  thermocline  of  moderate  thickness  in 
very  deep  water,  a  useful  approximation  for  the  dispersion 
relation  has  been  given  by  Phillips  (1977;  pg.  213) 


Outer  wake 

2d(y-y*)  _  (y-y*); 

dx  x  F 

dy _ 

dx  F 

where  K  is  a  constant  depending  on  the  phase. 


(15) 


co2  =  gk— {1  +  ke  +  coth(kh)}  1  (10) 

P 

see  Figure  2  for  definitions  of  h,  e,  and  A  p/p.  The 
corresponding  asymptotic  limits  are: 


Inner  wake 
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(16) 


Therefore  the  phase  lines  are  cusped  at  their  origin 
(xn),  with  a  curvature,  d2y/dx2  =  [co*e/c0]  /  [2XJ  ,  and 
are  straight  in  the  outer  field  with  a  slope,  dy/dx  -  1/F. 
According  to  these  relations,  it  is  only  necessary  to  know 
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cq,  xn,  y’(x  — »  oo);  yM(xn),  in  order  to  determine  the 
oceanographic  variables,  e,  h,  and  Ap/p.  Therefore,  in 
cases  where  ship  internal  wave  patterns  are  visible  from 
above,  oceanographic  surveys  of  shallow  thermocline 
characteristics  may  be  made  by  remote  observation. 

We  have  calculated  numerically  the  crest  lines  for  a 
range  of  F  and  e/h,  using  the  eqns.  (6),  (7)  and  (10),  see 
Figure  3.  These  in  general,  closely  resemble  the 
observations  in  Loch  Linnie.  We  also  show 
corresponding  values  of  (kh),  Figure  4. 

The  crest  lines  provide  a  good  kinematical  description 
of  the  wave  field.  For  example,  the  wave  lengths  are 
given  by  the  normal  distance  between  crest  lines. 

Hypersonic  Case:  Amplitude 

It  is  useful  to  express  the  amplitude,  (5),  in  terms  of 
the  amplitude  spectrum  in  wavenumber  space,  A*(k), 
where: 


a*(0)  =  A*  dk/dO  =  A*(k)  [kC(/(c  -  cg)]  (17) 


phase  line. 

In  the  outer  wake  (kh  — »  0),  the  amplitude  (18) 
simplifies,  (o"=  -1,  and  the  amplitude  on  a  cut  at  a  fixed 
value  of  x  =  x*  is: 


where  (x*,y*)  lie  on  the  limiting  ray,  y*/x*  =  1/F.  The 
wavenumber,  k,  in  A*(k)  is  given  by: 


(kh)- 


* 

y  -y 


* 

y 


(22) 


The  outer  wake  amplitude  for  a  cut  at  a  fixed  value  of 
y  =  y*  is,  correspondingly: 


Then  (5)  can  be  put  in  the  following  useful  form: 


Tl(x,y) 

h 


=  R< 


B(x/  h;e/  h;n) 


■  exP 


i(kx) 


'c-cg^ 


V  "0 


(18) 


(23) 


where, 


B(x/h;e/h;n) 


2tcF 


|l/2 


L  (x/h)|co'1  J 


w"=d2(coh/c*)/d(kh)2 


(19) 


and  where  we  have  used  the  following  results  in  (5): 

d2g/de2  =  k  Cq  -^4  +  0(1/F3)  (20) 

(cg-c)2  dk2 


(24) 


This  is  the  waveprofile  seen  by  a  wave  staff  as  the  ship 
passes  in  a  straight  line  alongside.  It  is  significant  that  the 
outer  wake  in  the  far  field  is  independent  of  the 
thermocline  thickness,  e/h,  although  it  is  necessary  to 
move  very  far  downstream  (beyond  x/h  =  0(103))  to  enter 
the  far  wake  (kh  — >  0),  see  Figure  4.  In  a  very  significant 
region,  100  <  x/h  <  500,  the  waves  are  only  moderately 
long,  kh  =  0(1),  on  the  leading  crest. 


The  amplitude  at  each  point  in  the  field  is  seen  to  be 
given  by  the  product  of  two  factors,  one  involving  A* 
depends  on  the  ship  and  must  be  separately  calculated, 
while  the  other,  B/VF,  depending  on  the  thermocline  and 
position  in  the  wake,  is  independent  of  the  ship.  The 
amplitude  factor  B  may  therefore  be  computed  along  each 


The  Waveform  Amplitude  Factor,  B(x/h;  e/h:  n) 

This  factor  has  been  computed  along  the  first  and 
second  crest  lines  for  values  x/h  out  to  600,  Figure  5.  At 
the  origin  of  the  phase  lines  (cusps),  B  becomes 
unbounded  since: 
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lim  (i^lco'1)1/2: 

x— >x  n 


hmlfl'lnrr  <25> 


2F(2rcn  -  tc/2) 


However,  B  decreases  rapidly  along  the  crest  line  leaving 
the  cusp,  and  for  F  =  0(10),  e/h  =  0(1),  then  B  ~  0(1) 
when  ((x-xn)/h)  becomes  larger  than  about  3.  It  then 
decreases  slowly  with  distance  downstream,  remaining 
0(1)  out  to  x/h  =  600.  In  the  outer  wake,  far  downstream, 
it  decreases  as  (x/h)"1^,  see  (21). 

The  Shipform  Amplitude  Factor.  A*(kh;F) 

The  shipform  amplitude  factor  will  determine  the  order 
of  magnitude  of  the  interfacial  wave  in  a  large  part  of  the 
wake.  It  can  be  related  to  the  narrow  interfacial  wave 
disturbance  in  the  region  near,  but  behind  the  ship,  r|n, 
before  dispersion  has  created  the  kinematical  patterns 
previously  discussed. 

If  we  take  x'  as  the  origin  of  the  wave  wake,  then  it 
follows  from  (1)  and  (17): 

H^jy>  -  »+r  A*W „-i(kh)(y/h) ... . . 


The  Fourier  Integral  Theorem  then  allows  determination  of 
A*(k)  in  terms  of  r|(x';y): 


A00  =  rmy)  cKkhXy/h)d(y  ,  h)  (27) 
h  27C_co  h 


where  on  account  of  symmetry  the  exponential  function 
can  be  replaced  by  the  cosine. 


The  Nearfield  Wave  Disturbance.  Tin(x\y) 

As  the  ship  passes  over  the  thermocline,  it  deforms 
into  a  surface  having  the  impression  of  the  ship's  form. 
The  thermoclinal  water  closest  to  the  ship’s  track  is 
pressed  largely  downward  under  the  ship  at  the  bow  and 
back  up  again  at  the  stem.  Water  sufficiently  far  from  the 
ship's  track  will  be  pressed  largely  to  the  side  around  the 
ship  as  it  slides  forward.  The  relative  effect  of  the 
thermocline  on  the  fluid  displacement  near  the  hull  is 
0[(Ap/p)(gL/c?)],  where  Lis  the  ship  length.  When  this 
quantity  is  much  smaller  than  unity,  then  the  flow  field 
about  the  ship  may  be  represented  to  first  order,  neglecting 

the  presence  of  the  thermocline,  by  a  potential  <j)0  +  c0x, 


which  can  be  approximated  by  the  double  hull  potential 
flow. 

One  of  the  consequences  of  the  ship's  motion  is  to 
cause  a  pressure  field  in  the  thermocline,  generated  partly 
by  dynamic  and  mostly  by  hydrostatic  effects  due  to 
inclination  of  the  isopycnics  from  the  horizontal.  The 
component  of  pressure  gradient,  VpQ,  normal  to  the 
density  gradient,  Vp,  in  the  thermocline,  generates 
vorticity  there  with  its  direction  normal  to  both  VpQ  and 
Vp;  Bjerknes  law  prevails.  This  vorticity  generates  a  flow 
field  on  either  side  of  the  thermocline  (the  Biot-Savart  Law 
prevails),  which  can  be  described  by  <j>^,  where  i  is  an 
index  locating  the  flow  above  or  below  the  thermocline. 
The  total  potential  in  the  flow  field  outside  the  thermocline 
is  therefore:  +  cQx  +  <j) .  When  <j>0  is  the  double  model 

disturbance,  it  is  localized  near  the  ship.  Upstream  <j) 
vanishes  as  the  thermocline  has  not  seen  the  effect  of  the 
ship.  Around  the  bow,  at  hypersonic  speeds,  outgoing 
waves  of  depression  propagate  sidewards,  and  under  the 
stem,  these  are  joined  by  outgoing  waves  of  elevation. 
These  tend  to  cancel  each  other,  except  that  they  are 
separated  due  to  the  time  interval  involved  in  their 
generation.  A  residual  signature  results  centered  on  the 
track  not  far  behind  the  ship,  which  has  an  upward  lobe  in 
the  center,  and  two  lobes  of  depression  on  either  side.  The 
entire  wave  wake  downstream  will  find  its  origin  in  this 
residual  nearfield  wake.  Examples  of  the  near  field  wave 
patterns  just  described,  are  shown  in  Figures  6  and  7. 

The  most  rigorous  way  to  carry  out  the  calculation  of  <j> 
is  through  strictly  numerical  means,  without  further 
approximation;  this  is  not  simple  and  involves  its  own 
problems. 

As  a  simpler,  and  for  us,  more  feasible  alternative,  we 
have  derived  an  asymptotic,  non-linear  theory  (long  waves 
and  sharp  thermoclines)  and  we  have  solved  the  resulting 
second  order  PDE  numerically  in  the  dispersion-free  limit. 
The  justification  for  these  approximations  in  the  near  field 
is  that  our  interest  settles  on  long  waves  near  the  leading 
characteristic  (which  are  most  visible  in  the  experiments). 
As  these  become  dispersion  free  in  the  long  wave  limit,  it 
seems  justifiable  to  neglect  dispersion  for  their  calculation 
in  the  near  field.  They  then  propagate  away  from  the  ship 
track  as  acoustic  waves  would. 

In  the  hypersonic  case,  our  PDE  is  normally 
hyperbolic  and  may  therefore  be  both  accurately  and 
quickly  solved  numerically  using  the  method  of 
characteristics  (a  particular  forward  marching  procedure). 
The  equation  is  [here,  c*2  =  (Ap/p)g(h-r|)]: 


[e*  Cq  2c04>0  2cq^x]^xx  [2c0(4>0  +  ^  y)]4>xy 
x  y 

+  [c*2-^y$0y-(^y)2]^yy 

-[c0?oxx^x  '  [co\y]*y  - 
=  —  COT'(pO/P) 

P  u3x  u  (2i 

where  the  underlined  term, 


requires  a  separate  calculation  of  A*(kh)  for  large 
wavenumbers;  we  have  not  given  it  here. 

The  resulting  wave  amplitude,  (T|/h),  along  the  crest 
lines  are  exactly  the  product  (A*/h2)  *B.  The  variation  of 
(rj/h)  along  these  lines  is  shown  as  Figure  9.  The  peak 
values  are  shown  to  vary  only  slowly  from  one  crest  line 
to  another;  typical  peak  values  are  5  x  10"2  The  declines 
for  the  smallest  values  of  x/h  are  due  to  the  corresponding 
decline  in  A*.  The  region  in  the  immediate  vicinity  of  the 
Mach  line  requires  further  study,  as  the  method  of 
stationary  phase  used  in  the  integration  fails  there. 


H(2)[  Vh  $, 


1  +oo 

I-*" 


[Vh  j„(x',y')] 
•\Z(x-x')2+(  y-y') 


=dxdy'(29) 


represents  the  effects  of  dispersion,  and  where  the  RHS  is 
the  forcing  term  due  to  the  ship’s  pressure  field.  The 
disturbance  field  due  to  the  ship  without  the  thermocline, 
<J>0  =  <J>0  —  CqX  ,  appears  in  the  coefficients  of  the  PDE  and 
represents  convective  effects  of  the  ship's  field,  which 
may  not  necessarily  be  neglected  for  small  c*.  In  the  field 
near  the  ship,  we  assume  that  we  may  neglect  dispersive 
effects  (the  underlined  term,  [29]),  as  they  are  weak  for 
long  waves  and  will  require  some  time  (distance  aft)  to  be 
effective.  The  potential,  0,  in  (28)  represents  the  flow 
field  in  the  upper  mixed  layer,  and,  from  it,  the  elevation 
of  the  top  of  the  thermocline  may  be  calculated.  Some 
examples  of  the  calculated  thermocline  deflections  due  to 
the  passage  of  a  semi- submerged  spheroid  (representing  a 
ship)  are  shown  as  Figure  6.  Transverse  cuts  through  the 
wake  reveal  the  emergence  of  the  triple-lobe  pattern  at  a 
certain  distance,  x',  behind  the  middle  of  the  ship.  This 
pattern,  ^(x^y)  from  which  the  amplitude  function,  A*(k), 
may  be  calculated  is  shown  as  Figure  7  in  a  particular  case. 

Amplitude  Results 

The  shipform  amplitude  function,  A*(k),  has  been 
calculated  from  Equation  (27),  using  the  triple-lobed  wake 
pattern  r|(x’,y).  Results  for  three  Froude  numbers  are 
shown,  Figure  8,  all  for  a  semi-submerged  spheroid, 
whose  draft  is  90%  of  the  mixed  layer  thickness,  and  9% 
of  its  own  length. 

The  peaks  of  this  spectral  function  are  seen  to  vary 
inversely  with  Froude  number,  and  shift  to  higher  values 
of  (kh)  with  increasing  Froude  number.  The  spectral 
content  is  seen  to  become  small  for  (kh)  >  2-3.  Since 
B(kh)  becomes  very  large  for  large  values  of  kh  (the  inner 
wake),  the  calculation  of  the  wake  wave  amplitudes  there 


DISCUSSION  AND  SUMMARY 

The  linear  theory  presented  here  is  comprehensive  in 
that  it  provides  for  both  the  calculation  of  the  kinematical 
field  and  the  wave  elevations  starting  from  a  single 
relation,  eq.  (1).  It  then  provides  separate  algorithms  for 
the  calculation  of  the  phase  lines  in  space  and  for  the  wave 
amplitudes  on  these  lines.  A  necessary  input  is  the 
dispersion  relation,  co  (k),  which  depends  on  the 
thermocline  shape.  The  determination  of  co(k)  is  a  separate 
problem,  for  which  theory  has  long  existed.  In  this  paper 
we  took  a  simple  model  of  the  thermocline  and  an 
appropriate  approximate  to  its  dispersion  relation,  due  to 
Phillips. 

The  amplitude  is  represented  in  this  theory  by  the 
product  of  two  factors.  One,  B(kh),  represents 
kinematical  effects  and  depends  on  0)(k),  but  not  on  the 
ship.  The  other,  A*(kh),  depends  on  both  the 
thermocline,  and  the  ship;  it  may  be  determined  from  the 
near  field  wave  wake  behind  the  ship.  The  latter  requires  a 
separate  theory  and  calculation,  an  example  of  which  we 
have  provided. 

The  specific  calculations  shown  here  reveal  that  the 
spectral  content  due  to  the  ships  disturbance  (for  the 
thermocline  depth  h  about  equal  to  the  ship  draft,  D),  is 
concentrated  in  wavenumbers,  kh,  between  0  and  (2-3), 
with  a  peak  at  about  (kh)  =  1,  Figure  8.  At  the  same  time, 
the  wavenumbers  on  the  first  few  phase  lines  in  the  outer 
wake  are  also  in  this  range,  Figure  4.  It  is  this  particular 
"coincidence"  which  result  in  measurable  internal  wave 
patterns  for  large  distances  downstream  under 
circumstances  which  prevail  at  Loch  Linnie,  for  example. 
We  do  not  believe  that  this  "coincidence"  depends  critically 
on  the  shape  of  the  ship,  or  the  shape  of  the  thermocline, 
or  the  hypersonic  Froude  number,  although  the  non- 
dimensional  magnitude  of  the  wave  elevation  will  clearly 
decay  as  the  thermocline  depth,  h,  increases  beyond  the 
draft  of  the  ship. 
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Peak  wave  amplitudes,  T|/h,  of  the  order  5  x  10"2  are 
typical  for  the  cases  considered,  and  these  values  are 
reached  at  substantial  distances  behind  the  ship,  see  Figure 
9.  The  peak  values  do  not  vary  much  from  crest  to  crest. 

This  theory  does  not  take  any  account  of  non-linear 
effects.  We  have  studied  these  separately  and  derived  an 
evolution  equation  for  the  outer  wake,  allowing  for  soliton 
generation.  Although  solitons  of  depression  traveling 
ahead  of  the  leading  Mach  line  are,  in  principal,  possible, 
they  require  a  significantly  large  initial  disturbance;  their 
generation  is  enhanced  by  very  shallow  thermoclines  (h  « 
D).  It  is  unlikely  that  they  can  be  generated  under 
conditions  which  prevail  at  Loch  Linnie. 

It  would  be  highly  desirable  to  have  available 
systematic  model  scale  measurements  of  internal  wave 
wakes  for  validation  of  theory  such  as  we  have  presented 
here. 
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Figure  3.  Internal  Wave  Crest  Lines  (  solid  )  &  Trough  Lines  (  dashed  ), 
and  Mach  Line  ( dashdot ) 
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Waveform  Amplitude  Factor 


INTERNAL  WAVE  (  F-5,  D/h=0.4S,  L/h=5,  (  MIN. )  /h  —  .  0778,  fj  (  MAX. )  /h  =  .  03B3  ) 


Figure  6(a).  Thermocline  Displacement  Patterns  (  Near  Field  ) 
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Figure  6(b).  Thermocline  Displacement  Patterns  (  Near  Field  ) 
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Figure  8.  Shipform  Amplitude  Factor 
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ABSTRACT 

For  ship  screw  propellers  an  optimization  theory 
is  discussed,  that  can  be  applied  to  propellers  with 
and  without  end  plates.  The  method  differs  from  the 
classical  optimization  in  that  for  the  derivation  of 
the  optimum  circulation  distributions  the  sum  of 
kinetic  and  viscous  energy  loss  of  the  propeller  is 
minimized  instead  of  kinetic  energy  loss  only.  A 
criterion  for  the  risk  of  cavitation,  a  simple  strength 
model  and  an  optional  nonlinear  correction  are 
incorporated  in  the  optimization  method.  Hydrodynami- 
cally  favourable  planform  shapes  of  screw  blades  and 
end  plates  are  discussed.  Numerical  results  of  optimum 
screws  are  given,  including  a  comparison  between  the 
application  of  different  types  of  end  plates.  It  is 
shown  under  what  circumstances  and  to  what  extent  the 
theory  predicts  a  higher  optimum  efficiency  for 
propellers  with  certain  types  of  end  plates  than  for 
propellers  that  have  no  end  plates. 

This  paper  is  a  summary  of  [1],  in  which  some 
topics  are  treated  at  greater  length  and  in  which  more 
numerical  results  are  given. 

1.  INTRODUCTION 

In  [2]  the  design  of  a  model  screw  propeller  with 
end  plates  is  discussed,  and  results  of  experiments  are 
given.  These  results  are  promising  for  the  end  plate 
concept.  In  this  paper  we  want  to  obtain  a  better 
insight  into  the  circumstances  under  which  optimum 
propellers  with  end  plates  can  have  a  higher  efficiency 
than  optimum  propellers  without  end  plates.  In  the 
classical  optimization  theory  for  ship  screw 
propellers,  as  used  for  instance  in  [2],  [3],  [4]  and 
[5],  when  the  propeller  reference  surfaces  are  given 
the  optimum  circulation  distributions  are  determined  by 
solving  a  variational  problem  such  that  the  kinetic 
energy  loss  of  the  propeller  is  a  minimum.  A  major 
subject  in  this  paper  will  be  an  optimization  theory  in 
which  in  the  variational  problem  the  sum  of  kinetic  and 
viscous  energy  loss  is  minimized.  In  this  paper  we  will 
speak  of  the  latter  optimization  theory  as 
” optimization  including  viscosity ”. 

Bearing  in  mind  the  results  of  [3]  we  confine 
ourselves  to  propellers  with  zero  rake  and  with  end 
plate  planforms  lying  in  a  circular  cylinder. 
Furthermore,  for  reasons  of  simplicity,  we  restrict 
ourselves  to  propellers  with  homogeneous  inflow. 


Viscous  energy  loss  depends  mainly  on  the 
distributions  of  chord  length  and  of  maximum  profile 
thickness  along  the  spans  of  screw  blades  and,  if  it 
does  apply,  of  the  end  plates.  When  we  want  the  risk  of 
cavitation  to  be  approximately  equal  along  all  spanwise 
stages  of  blades  and  end  plates  of  a  screw  propeller, 
the  distributions  of  chord  length  and  maximum  profile 
thickness  can  not  be  chosen  arbitrarily.  Therefore  in 
section  3  we  will  introduce  a  criterion  for  the  risk  of 
cavitation,  being  a  relation  between  circulation,  chord 
length  and  maximum  profile  thickness,  depending  on  some 
parameters.  That  the  cavitation  criterion  can  be 
satisfied  for  a  ’’two-sided”  end  plate,  is  discussed  in 
section  4  by  explaining  the  concept  of  an  end  plate 
consisting  of  two  ’’shifted”  parts.  The  required 
strength  of  the  propeller  also  puts  constraints  upon 
the  distributions  of  chord  length  and  maximum  profile 
thickness.  Therefore  an  approximative  strength 
calculation  is  embedded  in  the  optimization  method,  as 
is  explained  in  [1]. 

The  relation  associated  with  our  cavitation 
criterion,  makes  the  viscous  energy  loss  of  a  screw 

propeller  depend  in  essence  only  on  the  circulation 
distributions  of  the  screw,  see  section  5.  Because  it 
is  evident  that  also  the  kinetic  energy  loss  depends  on 
the  circulation  distributions,  we  are  able  to  formulate 
in  section  6  a  variational  problem  for  the  minimization 
of  the  sum  of  kinetic  and  viscous  energy  loss,  which 
both  can  now  be  considered  as  functionals  of  the 
circulation  distributions.  The  optimization  including 
viscosity  seems  to  be  important  especially  when 

propellers  with  end  plates  are  optimized.  This  we 

expect  because  end  plates  have  the  effect  of  relatively 
increasing  the  circulation  and  chord  length  at  large 
radii  with  respect  to  a  propeller  without  end  plates, 
while  at  large  radii  the  viscous  energy  loss  becomes 
important.  Also  for  lightly  loaded  propellers  which 

have  a  relatively  large  viscous  energy  loss  the 
optimization  including  viscosity  seems  useful. 

For  more  heavily  loaded  propellers  the  kinetic 
loss  becomes  predominant,  while  the  prediction  of  the 
kinetic  loss  for  higher  loadings  is  more  uncertain 
because  of  the  nonlinear  character  of  the  problem. 
Therefore  we  made  a  rough  attempt  to  correct  the  linear 
theory  by  iteratively  adapting  the  advance  ratio  of  our 
vortex  wake. 

Some  design  requirements,  hydrodynamical  aspects, 
strength  aspects,  aspects  of  the  viscous  energy  loss, 
our  cavitation  criterion  and  our  nonlinear  correction 
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are  combined  in  an  iterative  numerical  optimization 
method  which  is  outlined  in  section  7.  The  iterative 
numerical  method  delivers,  when  some  design  choices  are 
put  into  it,  optimum  distributions  of  circulation, 
chord  length  and  maximum  profile  thickness  along  the 
spans  of  blades  and  end  plates.  Moreover  it  delivers 
the  chordwise  pressure  jump  distributions.  Some  aspects 
of  the  influence  of  the  shape  of  the  leading  and 
trailing  edges  of  the  screw  blades  and  end  plates,  on 
the  design  of  screw  propellers  by  lifting  surface 
theory  are  discussed  in  section  4.  Hence  the  obtained 
results  from  the  theory  and  numerical  method,  can  be 
used  as  input  for  a  lifting  surface  computer  program, 
by  which  the  full  geometry  of  the  considered  propellers 
can  be  calculated. 

Some  conclusions  from  the  numerical  results  given 
in  sections  8  and  9  are  as  follows.  Combination  of  the 
iterative  numerical  method  with  the  optimization 
including  viscosity  gives  somewhat  different  optimum 
distributions  of  circulation,  chord  length  and  maximum 
profile  thickness  along  blades  and  end  plates  than 
combination  with  the  classical  optimization  gives. 
However  the  predicted  optimum  propeller  efficiency  by 
the  two  methods  is  much  the  same  for  most  propellers. 

Our  nonlinear  correction  changes  the  optimum 
propellers  to  a  rather  large  extent,  but  the  same 
trends  are  visible  as  in  the  linearized  case.  For 
instance  the  gain  in  efficiency  caused  by  application 
of  end  plates  to  a  propeller  does  not  differ  so  much 
when  instead  of  the  linear  theory  the  nonlinear  theory 
is  used. 

In  large  areas  of  application,  the  methods  predict 
a  gain  in  efficiency  caused  by  application  of  end 
plates.  However  there  are  areas  for  which  the  allowance 
of  end  plates  can  not  increase  the  propeller 
efficiency,  for  instance  when  the  diameter  or  the 
rotational  velocity  of  the  screw  are  prescribed  to  be 
sufficiently  large. 

As  another  conclusion  we  mention  here  that  our 
"two-sided  shifted”  end  plate  has  a  noticeably  higher 
efficiency  than  the  two-sided  symmetrical  end  plate 
which  is  used  in  [2]. 

2.  PRELIMINARIES 

In  Figure  1  the  planforms  of  a  screw  blade  with  an 
end  plate,  consisting  of  two  shifted  parts,  are 
depicted  in  a  cartesian  frame  (x,y,z).  The  cylindrical 


Fig.  1  Planforms  of  a  screw  blade  with  a  "two-sided” 
end  plate. 


coordinates  (x,r,d)  are  such  that  in  the  yz  plane  the 
angle  6  vanishes  at  the  positive  y-axis  and  increases 
towards  the  positive  z-axis.  The  screw  has  a  rotational 
velocity  u>>0  (rad/ sec)  around  the  x-axis  in  the 
negative  ^-direction.  There  is  an  incoming  homogeneous 
flow  U  in  the  positive  x-direction. 

In  our  model  we  neglect  the  influence  of  the  ship 
and  of  the  hub,  hence  we  consider  freely  moving  screw 
blades.  The  reason  for  the  neglect  of  the  hub  is  that 
then  in  the  optimum  case  the  circulation  vanishes  at 
the  root  of  the  blade,  and  it  seems  reasonable  that 
when  such  a  blade  is  mounted  to  a  hub  of  finite  length, 
no  strong  hub  vortex  will  occur.  A  more  fundamental 
approach  for  the  hub  of  finite  length  is  given  in  [6], 
The  blade  and  end  plate  are  situated  in  a  close 
neighbourhood  of  their  planforms,  which  are  parts  of 
the  corresponding  reference  surfaces.  The  reference 
surface  H b  of  the  blade  is 

Hh  :  9  =  ux/(U+vx)  ,  rh<r<rp  ,  -oo<x<oo  ,  (1) 

where  rh  is  the  hub  radius,  rp  the  blade  tip  radius  and 

vx  is  a  corrective  velocity  which  is  used  for 
approximating  nonlinear  effects  and  which  will  be 
discussed  later  on.  In  case  we  take  vx  =  0  we  have  the 
linearized  theory.  From  (1)  it  follows  that  the  screws 
we  will  consider  have  no  rake.  The  reason  is  that  we 
can  not  expect  a  worthwile  gain  in  the  optimum 
efficiency  by  the  application  of  a  nonzero  rake  angle, 
as  is  shown  in  [3]  by  symmetry  considerations  and  also 
by  numerical  calculations. 

The  end  plate  is  mounted  to  the  tip  of  the  blade. 
If  it  is  a  two-sided  end  plate,  one  part  of  the  end 
plate  is  at  the  pressure  side  (p)  of  the  blade,  the 
other  one  is  at  the  suction  side  (5).  The  reference 
surfaces  Hp  and  Hs  of  these  two  end  plate  parts  are 

Hp  :  0  =  ux/(U+vx)  +  $  ,  r  =  rp  ,  9p<6<0  ,  -oo<x<oo,  (2) 

H3  :  0  =  ux/(U+vx)+e  ,  r  —  rp  ,  0 <0<03  ,  -oo<x<oo  ,  (3) 

respectively.  The  angles  0p  and  03  determine  the  span 
of  the  two  end  plate  parts.  We  take  Hp  and  Hs  as  parts 
of  the  cylinder  r  =  rp,  because  in  [3]  it  is  shown 
numerically  that  reference  surfaces  which  do  not 
coincide  with  this  cylinder,  yield  lower  quality 
numbers  than  those  which  are  part  of  it,  when  the 
propeller  radius,  which  is  the  greatest  distance  of 
points  of  the  reference  surfaces  to  the  x-axis,  is 
preserved.  Hence  the  propeller  radius  in  the  following 
equals  the  already  introduced  rp . 

Figure  2  gives  the  expanded  planform  Pb  of  a  blade 
and  the  developed  planforms  Pp  and  P3  of  two  end  plate 
parts  at  pressure  and  suction  side.  To  identify 
spanwise  positions  at  the  end  plate  the  length 
parameters  ap  and  a3  are  used.  They  are  in  the 
reference  surfaces  Hp  and  Hs  and  perpendicular  to  the 
family  of  helices  (2)  and  (3).  At  the  helix  passing 
through  the  point  R,  (x,r,0)  =  (0,rp,0),  the  parameters 
<7  and  <j3  vanish  and  they  increase  towards  the  end 
plate  tips  up  to  the  end  values  ape  and  crSjC, 
respectively.  For  the  sake  of  a  consistent  notation  we 
use,  in  addition  to  the  radius  parameter  r,  the  length 
parameter  ob  to  identify  spanwise  positions  at  the 
blade  planform.  We  take  cr&  =  0  for  r-rh  and 
=  *b,e  =  rp-rh  for  r  =  rp. 

In  chordwise  directions  we  introduce  the  length 
parameters  Xi,  increasing  from  the  leading  edge  LE  to 
the  trailing  edge  TE,  along  the  helices,  of  the 
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(b) 

Fig.  2  Impression  of  planforms 

(a)  Expanded  planform  Pb  of  blade 

(b)  Developed  planforms  Pp  and  Ps  of  end  plate  at  radius  r  =  rp 


reference  surfaces  Hiy  (i  =  b,p>s).  In  Hb  the  parameter 
Xb  vanishes  at  the  y-axis.  In  H (z  =  p,s),  we  reckon  \i 
zero  at  the  line  which  is  orthogonal  to  the  helices  of 
Hi  and  which  passes  through  the  point  R  at  the  y-axis. 

Chord  lengths  at  blade  and  end  plate  are  denoted 
by  while  the  maximum  thickness  distributions  of 

the  profiles  are  denoted  by  £*(<7*),  (z  =  6,p,s).  The 
quotient  is  called  the  thickness  ratio. 

Each  reference  surface  (2  —  6,p,s),  has  two  sides,  a 
”  +  ”  side  and  side,  which  are  defined  as  follows.  At 
Hb  the  ”  +  ”  side  corresponds  to  the  pressure  side  of  the 
screw  blade.  At  Hp  the  side  is  the  side  facing 

smaller  radii,  while  at  Hs  the  ”  +  ”  side  is  the  side 
facing  larger  radii.  The  sides  are  the  opposite 

ones.  See  Figure  1. 

Although  in  Figure  1  for  simplicity  a  one-bladed 
screw  is  drawn,  we  will  consider  in  the  following 
Z-bladed  screws  with  Z>  1.  The  blades  and  end  plates  of 
a  Z-bladed  screw  all  have  the  same  geometry  and  are 
equally  spaced.  This  means  we  have  Z  sets  of  planforms 
Pb ,  Pp  and  each  set  rotated  with  respect  to  a 
neighbouring  set  over  an  angle  2n/Z  radians  around  the 
x-axis.  The  use  of  a  second  subindex  j,  (j  =  l,...,Z), 
refers  to  the  specific  number  of  a  blade.  For  instance 
for  the  Z-bladed  propeller  the  reference  surfaces  are 
denoted  by  (z  =  6,p,s; 

We  shall  make  use  of  the  expanded  blade  area  ratio 
AJA o  given  by 


Z  p  Z 

Ae/A0  = - -  Jc6(r)dr  = - -  Jc*(<rfc)  dcr*  .  (4) 

nrp  Th  nrP  o 


The  outer  circular  cylinder  (r  =  rp)  is  partly  covered  by 
the  reference  surfaces  Hpj  ana  Ha^  (j  =  l,...,Z),  of 
the  end  plate  parts.  The  ratio  of  covering  k  is  defined 

by 

k=z(es-ep)/(  2tt)  .  (5) 

We  only  consider  screws  with  k  in  the  range  0<fc<l, 
because  from  the  potential  theoretic  point  of  view  k>  1 
yields  the  same  efficiency  as  k  =  1  while  the  viscous 
resistance  of  the  end  plate  only  increases.  Splitting  k 
in  the  contributions  of  the  pressure  sides  and  of  the 
suction  sides,  we  define 

kp=-Zep/(2ir)  ,  ks  =  Zej(2n)  ,  kp  +  k3  =  k  .(6) 

3.  RELATION  BETWEEN  CIRCULATION,  CHORD  LENGTH 
AND  MAXIMUM  PROFILE  THICKNESS 

In  this  section  we  assume  the  chordwise  pressure 
jump  distribution  along  a  profile  of  a  blade  or  end 
plate  to  be  prescribed.  In  design  methods  often 
pressure  jump  distributions  are  encountered  of  the  type 
given  in  Figure  3. 

The  parameter  Xi  is  the  length  parameter  in 
chordwise  direction  and  c,-  =  c^(^)  is  the  chord  length 
of  the  wing  section  at  the  spanwise  position  cri  of  the 
planform  P{.  Furthermore  we  denote  by 

»  («  =  *>P>5)  >  (7> 
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the  pressure  jump  between  the  ”+”  and  side  of  a 
wing  section  per  unit  of  length  in  the  chordwise  x« 
direction.  The  parameters  a^oqfcr,-)  and 
determine  the  shape  of  [pj*,  they  are  taken  in  the 
range  0<  a,- </?*<!. 


Fig.  3  Prescribed  chordwise  pressure  jump  distribution 
of  a  wing  section,  0<oq  </?,<!. 


A  wing  section  (profile)  at  the  radial  position  r 
has  the  velocity  Vi  —  V^t 7{)  with  respect  to  the  water 

Vi(<’i)  =  ((ur)2+(U+vx)2)V2  ,  (8) 

where  the  corrective  velocity  vx  will  be  discussed 
later  on.  At  the  end  plate  we  have  r  =  rpy  hence 
Vi{oi)=Vb(<7be)  for  all  values  of  ah  (i-p^s j. 

To  create  the  pressure  difference  over  a  planform 
we  assume  that  the  planforms  and  the  reference  surfaces 
downstream  of  the  trailing  edges  of  the  planforms  are 
covered  with  vorticity.  To  represent  the  thickness  of 
the  blades  and  end  plates  we  assume  an  appropriate 
distribution  of  sources  and  sinks  over  the  planforms. 
The  vorticity  Ti(cr^Xi)  has  two  components.  The  free 
vorticity,  denoted  by  TfVijXi)?  is  the  component  in 
the  helicoidal  Xfdirection,  hence  it  does  not  deliver 
a  lift.  It  is  reckoned  positive  with  a  ’’right  hand 
screw”  in  the  positive  direction  of  the  length 
parameter  Xi-  The  bound  vorticity,  denoted  by 
is  the  component  perpendicular  to  the 
helices  in  a  planform  P,-,  hence  it  isft  the  pressure  jump 
generating  component.  The  sign  of  y,-  is  taken  ecjual  to 
the  sign  of  the  corresponding  pressure  jump  [pj_.  Both 
components  y{  and  yf  are  taken  per  unit  of  length  in 
their  perpendicular  directions  in  the  reference 
surfaces.  Note  that  these  perpendicular  directions  at 
Hb  are  not  the  coordinate  directions  of  the  (crbyXb) 
system,  which  is  not  orthogonal.  At  the  reference 
surfaces  Hp  and  H3  belonging  to  the  end  plate  however 
the  perpendicular  directions  are  the  same  as  the 
coordinate  directions  (o^x*),  (i  =  p,s).  We  remark  that 
we  call  free  vorticity  that  component  of  the  vorticity 
which  does  not  give  rise  to  a  pressure  jump,  even  when 
it  is  situated  at  the  planform  of  blade  or  end  plate. 

In  our  theory  the  picture  of  the  chordwise 
pressure  jump  along  a  wing  section  (Figure  3)  is 
proportional  to  the  picture  of  the  bound  vorticity 
TiC^X*)-  Hence  the  prescribed  pressure  jump 
distribution  determines  how  the  circulation  /1i  =  ri(aI) 
around  a  profile  is  distributed  as  bound  vorticity 
ybi(crhXi)  along  the  chord.  This  means  that  when  /^(cr,) 
and  a,(af)  and  /^(cq)  are  fixed  for  a  specific  wing 
section  (that  is  i  and  <7*  are  specified),  the  pressure 
jump  is  inversely  proportional  to  the  chord  length 
c£(crt),  hence 

max  |[^]!(^,X*)I  = 

0-X  i~ci  T 

pA^aJVMi)  IAK)I  /c,^)  ,  (9) 


where  p  is  the  fluid  density  and  where  the  constant 
A^Oj)  equals 

4(^)  =  2/(l+^(<T,)-ai(crj))  .  (10) 


In  agreement  with  the  sign  definition  of  y{  and  y*,  the 
circulation  P^)  is  taken  positive  with  a  ’’right-hand 
screw”  in  the  positive  direction  of  the  length 
parameter 

The  actual  pressure  at  pressure  and  suction  side 
of  a  wing  (in  our  case  a  wing  can  be  a  screw  blade  as 
well  as  an  end  plate  part)  also  depends  on  the 
thickness  distribution  of  the  wing.  For  instance, 
consider  a  two  dimensional  flow  around  a  symmetrical 
profile  with  zero  angle  of  attack.  The  fluid  flow  at 
infinity  is  the  uniform  parallel  flow  When  the 

thickness  ratio  is  sufficiently  small, 

the  greatest  drop  of  pressure  is  quadratic  in  F^cq) 
and  about  proportional  to  the  thickness  ratio. 
Therefore,  omitting  terms  which  are  of  quadratic  or 
higher  order  in  the  thickness  ratio,  we  can  write 


p7‘V.)-?c.=  -p4V,)^(<7<) 


tjWi) 

c.(<M 


(ii) 


where  pw  is  the  ambient  pressure  (pressure  at 
infinity),  the  minimum  pressure  at  the 

profile,  and  AI{(ai)  a  section  constant  depending  on 
the  type  of  thickness  distribution  of  the  profile.  For 
simplicity  we  have  neglected  the  influence  of  the 
variable  static  pressure,  and  therefore  we  consider  a 
constant  ambient  pressure  pm. 

For  our  propeller  optimization  method  we  want  to 
have  at  our  disposal  an  easy  to  handle  criterion  which 
yields  an  estimate  of  the  greatest  drop  of  pressure  at 
the  suction  side  of  a  wing.  Therefore  we  simply 
superimpose  half  the  pressure  jump  which  was 
prescribed,  and  the  greatest  pressure  fall  due  to 
thickness  derived  from  the  two  dimensional 
consideration.  We  obtain 

K4(a,) 

- 


min.  . 

Pi  (°i)-v*=p 


Kfo)  tt(at K 

+4‘ V.) -  -  (i2) 


where  A*(c 7{)  is  given  in  (10).  In  (12)  we  have  assumed 
that  at  the  spanwise  stage  o{  the  ^ghiimum  press^e  due 
to  thickness  occurs  in  the  range  x*  +aici<x<<X<  +&c«- 

We  want  to  consider  screw  propellers  which  concur 
to  the  desire  to  spread  evenly  the  cavitation  danger 
over  all  values  of  <7.-,  (i  =  &,p,s),  at  the  propeller. 
This  means  we  want  Pi(<7i)  for  all^values  of  i  and  of 
to  be  a  constant,  denoted  by  pmtn.  Then  we  find  by 
solving  (12)  with  respect  to  the  chord  length  a 
relation  between  the  chord  length  c^cr,)  and  the 
circulation  /^cq),  depending  on  the  minimum  pressure 
level  pmtn ,  on  the  relative  velocity  of  the  wing 

section  and  on  the  maximum  thickness  £*(<7*). 

Because  a  real  screw  blade  at  its  root  is  mounted 
to  a  hub,  this  relation  can  not  be  satisfied  everywhere 
along  the  blade.  Strength  requirements  of  the  propeller 
are  such  that  for  small  radii  r  the  chord  length  has  to 
be  larger  than  the  one  following  from  (12).  Otherwise, 
the  thickness  ratio  tjci  in  the  neighbourhood  of  the 
hub,  where  in  this  theory  rb  tends  to  zero,  would 
become  too  large.  Therefore  for  the  screw  blade  we  make 
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use  of  an  adequate  weight  function  wb~wb(ah)  and  we 
suggest  the  following  relation  between  circulation  and 
chord  length 

ci[<7i)  =  Bwi{iAIiV,\ri\+A\lV2iti}  , 

(i  =  b,p,s)  ,  w{>  1  ,  (13) 
where  we  introduced  the  constant  B  defined  by 

B=:p/(pmin-v»)  .  (14) 

If  we  had  considered  a  variable  static  pressure  and 
hence  a  variable  ambient  pressure  p w  then  from  the  for 
cavitation  most  dangerous  vertical  upward  position  of  a 
screw  blade,  we  could  derive  that  it  is  better  to  use 
functions  Bi  =  Bi(ai)  instead  of  the  constant  B.  However, 
as  remarked,  for  simplicity  this  is  not  considered. 

The  way  in  which  we  choose  the  weight  function 
wb  =  wb{ab)  is  a  subject  which  is  discussed  in  [1].  It  is 
taken  into  account  in  the  optimization  method,  which 
determines  among  others  the  functions  ri  =  ri(ai)  and 
ti  =  ti(ai)y  (*  =  &,JM)»  occurring  in  relation  (13),  and 
its  choice  has  an  influence  on  the  determination  of 
these  functions.  In  relation  (13)  we  also  introduced 
for  the  end  plate  the  weight  functions  wp~wp(crp)  and 
w3  =  ws((ts).  We  introduced  the  weight  functions  w{  as  a 
tool  which  can  be  of  use  in  the  optimization  method,  to 
give  weight  not  only  to  the  constraint  related  to  the 
cavitation  danger,  but  also  to  constraints  concerning 
hydrodynamics,  strength  and  other  aspects,  see  [1]. 

4.  DISTRIBUTION  OF  VORTICITY  AT  THE  REFERENCE 
SURFACES 

We  assumed  already  that  the  vorticity  belonging  to 
the  lifting  surfaces  of  blades  and  end  plates,  is  lying 
at  the  planforms  P{,  (Figure  2).  Because  the  vorticity 
field  is  free  of  divergence,  we  can  define  at  each 
planform  P{  and  its  corresponding  reference  surface  Hi 
a  ’’vorticity  stream  function”  &i  =  &i(<ri,Xi))  (*  =  *,?,*)• 
The  meaning  of  such  a  stream  function  is  the  following. 
For  two  points  (o^x*)  and  (£{,&)>  both  situated  at 
we  have 

(^i ,x») 

nZi,Xi)-9Mi,Xi)=  J  rnds  ,  {i  =  b,p,s)  ,  (15) 

(  °i,Xi) 

where  y„  is  the  component  of  the  vorticity  y* 
perpendicular  to  the  line  element  d s  of  an  arbitrary 
line  connecting  the  two  points. 

The  leading  edges,  Xi  =  Xi  (**)»  of  the  planforms  P{ 
are  ’’stream  lines”  of  the  vorticity  field.  Upstream  of 
the  planforms,  (X*  <  X<  )>  there  is  n0  vorticity.  Hence 
we  can  choose 

*i{Vi,Xi)=0  »  Xi^XlVi)  ,  (i  =  b,P,s)  ■  (16) 

The  circulation  ri  =  ri(ai)  at^  spanwise  stage  is 
distributed  as  bound  vorticity  y*  along  the  chord 

r^i)  =  J  Yi(<?i,Xi)  dXi  .  0<<?i<°i,e  ,  (17) 

where  the  bound  vorticity  distribution  y*  is 


proportional  to  the  chordwise  pressure  jump 
distribution  [pt]!,  see  Figure  3. 

When  at  the  blades  and  end  plates  the  distribution 
of  circulation  /\(cq)  and  of  chord  length  c^cq)  and 
the  chordwise  pressure  jump  distributions  are  given, 
then  the  shape  of  the  leading  edge  determines  how  the 
vorticity  is  spread  over  the  planforms.  Namely  at  all 
spanwise  stages  cq  of  the  reference  surfaces  we  can 
calculate,  from  the  now  known  bound  vorticity 
y*(cq,Xj),  the  vorticity  stream  function  ^(cr^X*)  for 
the  values  Xi>XiE  the  special  case  of  (15) 

x* 

^(<7„X.)=  J  Ti(o-i.Xi)  dXi  ,  Xi>Xi%i)  ,  (18) 

where  we  used  that  is  taken  zero  at  the  leading 
edge,  see  (16).  By  (15)— (18)  the  stream  functions  tfq 
are  uniquely  determined  at  the  two-sided  infinitely 
long  reference  surfaces.  Because  of  the  preservation  of 
the  vorticity  stream  we  obtain  a  picture  of  the 
vorticity  lines  by  plotting  the  level  lines  of  the 
functions  tfq. 

In  the  case  when  an  end  plate  is  mounted  to  the 
tip  of  the  screw  blade  we  discuss  the  important  issue 
of  how  to  convey  adequately  the  vorticity  of  the  screw 
blade  to  the  end  plate.  It  is  desirable  that  the 
vorticity  at  the  lifting  surfaces  and  the  trailing 
vorticity  do  not  induce  too  large  (or  theoretically 
infinite)  velocities  at  the  lifting  surfaces 
themselves.  Otherwise,  from  the  view  point  of  the 
vortex  theory,  the  desired  propeller  could  not  or  only 
unrealistically  be  constructed  using  a  lifting  surface 
theory. 

A  first  consequence  of  the  above  is  that  in  the 
vortex  model  of  the  screw,  it  is  desirable  that  no 
concentrated  vortex  line  segment  occurs  at  the 
propeller,  because,  following  the  law  of  Biot  and 
Savart,  such  segment  would  induce  at  the  propeller 
velocities  which  are  inversely  proportional  to  the 
distance  from  the  segment.  The  possible  occurrence  and 
the  avoidance  of  such  a  singularity  will  be  discussed 
later  on. 

A  second  consequence  is  that  discontinuities  in 
the  strength  of  the  vortex  sheets,  inducing  infinite 
velocities  at  the  planforms,  have  to  be  avoided  as  much 
as  possible.  We  illustrate  this  point  as  follows. 
Consider,  (Figure  4),  in  the  half  planes  I  and  II,  two 
vortex  sheets  of  constant  finite  strength  yj  and  yn 
respectively,  with  The  vorticity  is  parallel  to 

the  straight  line  l,  at  which  the  two  sheets  are 
connected. 


K 


Fig.  4  Discontinuity  at  the  connection  line  l  of  two 
vortex  sheets  with  constant  strengths  yj  and  yn 
respectively,  when  y/#yj/. 

The  induced  velocity  at  the  sheets  is  infinite  at  the 
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line  l  according  to  a  singularity  which  is  logarithmic 
in  the  distance  to  the  line  l.  This  second  consequence 
implies  for  instance  that  at  leading  and  trailing  edges 
of  a  planform  P,  the  induced  velocity  would  be 
infinite,  when  we  had  chosen  oq  =  0  and  ft  =  l  in  the 
chordwise  bound  vorticity  distribution  given  in 
Figure  3.  Hence  from  this  point  of  view  values  of  oq 
and  ft  with  cq>0  and  ft<l  are  to  be  preferred. 

To  illustrate  some  basic  ideas  we  direct  our 
attention  in  the  remainder  of  this  section  to  a  screw 
with  a  two-sided  end  plate  of  which  both  end  plate 
parts  have  equal  span  cr„e  =  <7s>e  or  kp  =  ks.  When  the 
functions  P6,  cb,  ab  and’  ft  are  given  as  in  Figure 
5(a),  (b)  and  (c)  respectively,  we  can  draw  pictures  of 
the  vorticity  field  in  the  expanded  screw  blade 
planform  by  using  (15)— (18).  In  Figure  5(d),  (e)  and 
(f)  for  different  choices  of  leading  edges  of  the  screw 
blade,  results  are  drawn. 

We  remark  that  the  motivation  for  the  choice  of 
the  shape  of  the  functions  ft,  cb ,  ctb  and  ft  is  given 


in  later  sections.  By  (i  =  ftp,s),  we  denote  the 

difference  in  the  stream  function  between  the 
leading  edge  and  the  nearest  depicted  vorticity  line 
and  between  each  two  depicted  neighbouring  vorticity 
lines.  We  must  realize  that  the  density  of  the 
vorticity  lines  in  Figure  5(d),  .  (e)  and  (f)  is  not  an 
exact  picture  of  the  density  of  the  vorticity  lines  in 
space,  because  the  surface  ft  is  not  flat  and  even  not 
developable.  However  a  good  insight  can  be  obtained  in 
this  way. 

For  the  three  types  of  considered  screw  blade 
planforms  it  is  seen  that  at  the  blade  tip  there  are 
ranges  of  \b  *n  which  the  free  vorticity  strength 
does  not  vanish 

rb(Vb,e,Xb)  *  o  ,  XbE <Xb<xlE  (is) 

Because  for  oh>(7h^  hence  at  the  radially  lengthened 
blade  planform  ft,  we  know  that  there  is  no  vorticity, 
and  hence  =  0  for  we  conclude  that  a 
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Fig.  5  Vorticity  distributions  at  three  different,  expanded  screw  blade  planforms  ft  of 
a  propeller  with  end  plates;  AWb  =  0.7  m2/sec. 
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discontinuity  arises  of  the  type  given  in  Figure  4.  It 
is  observed  that  this  type  of  discontinuity  is  less 
strongly  in  the  case  of  Figure  5(d)  than  in  the  case  of 
Figures  5(e)  and  (f). 

Now  we  come  to  the  question  as  to  what  kind  of 
two-sided  end  plates  have  to  be  mounted  to  screw  blades 
whose  planforms  are  for  instance  as  depicted  in 
Figure  5.  In  order  to  avoid  the  creation  of  a 
concentrated  vortex  line  segment  at  the  junction  of 
blade  and  end  plate  planforms,  it  is  necessary  to 
choose  the  bound  vorticity  of  the  end  plate  parts  such 
that  at  the  line  <7p  =  cra  =  0,  hence  at  the  roots  of  these 
parts,  their  sum  equals  the  bound  vorticity  at  the  tip 
of  the  screw  blade 

Tp(0>Xj>)  +T»(0,Xa)  =  Ti(^,e,Xt)  , 

XbB{°b,c)£Xb  =  Xp  =  XsZXbE(ab,e)  ■  (20) 

A  first  idea  would  be  to  choose  an  end  plate  which 
is  symmetric  with  respect  to  the  blade  tip,  and  which 


satisfies 

ap(0)  =  as(0)  =  a6(afce)  ,  Pp(0)  =  PsW  =  Pb(ab,e)  •  (21) 

An  end  plate  of  this  kind  was  used  for  a  model  screw 
propeller  as  discussed  in  [2].  An  example  of  such  an 
end  plate  is  given  in  Figure  17.  For  this  type  of  end 
plate  we  have  no  concentrated  vortex  line  segment  at 
the  junction  of  blade  and  end  plate  and  because  the 
free  vorticity  at  the  two  symmetric  end  plate  parts  is 
of  equal  strength  at  their  connection,  also  there 
exists  no  discontinuity  in  the  vorticity  field  of  the 
type  of  Figure  4.  Aside  we  remark  that  experiments  in  a 
cavitation  tunnel  showed  that  the  more  or  less 
concentrated  blade  tip  vortex,  which  normally  arises 
for  propellers  without  end  plates  that  have  a  square 
root  singularity  in  the  circulation  distribution  at  the 
blade  tip  (see  for  instance  Figure  14)  could  not  be 
made  visible  for  the  model  screw  propeller  with  this 
type  of  end  plates.  The  reason  is  that  the  trailing 
vorticity  is  spread  over  the  trailing  edge  of  the  end 


(g) 

LE 


Fig.  6  Vorticity  distribution  belonging  to  a  two-sided  end  plate  with  planforms  which 
are  relatively  shifted  with  respect  to  each  other;  A&p  —  A\PS  =  0.7  m2/ sec. 
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plate,  compare  Figures  14  and  17. 

However  a  disadvantage  of  the  above  end  plate  is 
that  its  chord  lengths  are  relatively  too  large 
compared  with  the  chord  length  of  the  screw  blade. 
Since  only  half  of  the  circulation  of  the  blade  tip  is 
conveyed  to  each  end  plate  part,  in  relation  with  the 
avoidance  of  cavitation  only  about  half  of  the  chord 
length  of  the  blade  tip  would  suffice  for  the  chord 
lengths  at  the  roots  of  the  end  plate  halves,  see 
relation  (13).  Obviously,  shorter  chord  lengths  will 
cause  smaller  viscous  losses,  and  minimization  of  the 
viscous  loss  especially  is  important  for  the  end 
plates,  because  they  have  a  relatively  large  velocity 
with  respect  to  the  water.  This  will  be  discussed  now. 

For  simplicity  we  choose  in  first  instance  chord 
lengths  based  on  relation  (13)  without  taking  into 
account  the  thickness.  Furthermore  at  the  end  plate 
near  the  blade  tip  (0<cq<e),  we  take  the  weight 
functions  (i-p,s),  identically  equal  to  one. 

Hence  near  the  blade  tip  we  take  chord  lengths  of  the 
end  plate  which  are  proportional  to  the  circulation 

c,K)  =  '/2  b  vb{<jb>e)  4k)  r  iK)  , 

0<<T,<e  ,  (i  =  p,s)  .  (22) 

This  means  that  the  chordwise  maximum  value  of  y\  at 
the  end  plate  («  =  p,$)  for  not  too  large  values  of  ai 
equals  2  /  (BVb(ab)<i)). 

In  order  to  avoid  concentrated  vortices  at  the 
roots  of  the  end  plate  parts  we  choose  pressure  jump 
distributions,  satisfying  relation  (20)  and  we  choose 
planforms  of  the  end  plate  which  are  relatively  shifted 
with  respect  to  each  other,  see  Figure  6. 

In  this  figure  for  the  ’’two-sided  shifted”  end 
plate  the  leading  edge  of  the  anterior  planform  and  the 
trailing  edge  of  the  posterior  planform  are  taken 
locally  perpendicular  to  the  tip  of  the  blade  planform 
(Figure  6(g)).  Furthermore  the  functions  oq  =  oq(cq)  and 
Pi  =  Pi(ai) ?  (i  =  p,s),  at  the  end  plate  are  such  that  the 
line  segments  along  the  chords  where  the  bound 
vorticity  is  increasing  JXi  <Xi±Xi  ■ +«<«<)  and 
decreasing  +Pici^Xi^Xi  )  are>  f°r  sufficiently 

small  values  of  cq,  line  segments  of  constant  length. 

With  the  foregoing  choices  and  assumptions  it  is 
not  difficult  to  show  (see  [1])  that  the  free  vorticity 
at  the  end  plate  planforms  is  of  equal  strength  at  the 
connection  line  AF  (Figure  6(g))  of  the  end  plate  parts 

yi(o,xP)  =  r{(o,xa)  ,  Xb%b,c)=xEE(o)<xP=Xs  ■  (23) 

The  bound  vorticity  components  yj,  (i-p,s),  do  not 
induce  infinite  velocities  at  AF  as  can  be  checked 
easily  by  the  law  of  Biot  and  Savart.  Hence  in  total 
the  induced  velocity  field  at  the  end  plate  planforms 
has  no  singularity. 

With  respect  to  the  above  mentioned  aspects  of  the 
vorticity  field,  it  does  not  matter  whether  the 
anterior  and  posterior  end  plate  planforms  are  taken  at 
the  suction  and  pressure  side  of  a  screw  blade 
respectively,  as  is  done  in  Figure  6(g),  or  vice  versa. 
However,  from  the  view  point  of  the  strength  of  the 
propeller,  it  is  slightly  favourable  that  the  anterior 
planform  is  situated  at  the  suction  side  of  the  blade 
and  the  posterior  planform  at  the  pressure  side,  as  is 
shown  in  [1]. 

When  the  thickness  effect  is  included  in 
relation  (13),  there  will  arise  different  chord 
lengths,  and  the  vorticity  field  of  Figure  6(g)  can  be 
disturbed  somewhat.  However  it  is  always  possible  to 


adjust  the  free  vorticity  strength  y{,  (i  =  p,s),  of  the 
anterior  and  posterior  end  plate  planforms  at  the 
line  AF  by  altering  the  angle  under  which  the  leading 
edge  of  the  anterior  planform  cuts  AF,  and  the  trailing 
edge  of  the  posterior  planform  cuts  AF.  In  this  way  the 
differences  in  the  free  vorticity  strength  between  both 
sides  of  the  lin el  can  be  made  zero  or  sufficiently 
small,  such  that  at  AF  no  or  only  weak  singularities  of 
the  induced  velocity  field  are  left. 

It  is  seen  from  Figures  17  and  6  that  we  made  the 
two  end  plate  parts  cooperate  in  trying  to  avoid 
possible  singularities.  For  a  one-sided  end  plate, 
(kp  =  0,  k3  &  0  or  kv  *  0,  ks  =  0),  this  cooperation  can  not  be 
achieved.  There  always  the  nonzero  free  vorticity  at 
the  end  plate  root  adjoins  a  region  without  free 
vorticity. 

5.  ENERGY  LOSS  AND  THRUST 

In  this  section  energy  losses  axe  considered.  For 
the  approximation  of  the  kinetic  energy  loss,  caused  by 
the  induced  drag,  we  use  the  theory  of  a  propeller  in 
an  ideal  frictionless  fluid.  To  find  an  approximation 
of  the  viscous  drag  of  the  propeller  we  apply  a 
correction  to  the  theory  by  using  a  resistance  formula 
that  includes  the  influence  of  the  thickness  of  the 
profiles.  In  this  way  we  have  assumed  that  kinetic  and 
viscous  losses  can  be  treated  separately. 

From  the  trailing  edges  of  blades  and  end  plates 
free  vortex  sheets  are  formed,  which  in  our  theory 

consist  of  helicoidal  vorticity  lines.  At  the  points  of 
the  trailing  edges  the  velocity  of  such  a  vorticity 

line  consists  in  first  instance  of  the  velocity  V  in 
the  positive  x— direction.  Furthermore  it  consists  of 
velocity  induced  by  the  free  vortex  sheets  themselves 
and  by  the  presence  of  screw  blades  and  end  plates.  The 
latter  action  can  be  represented  by  appropriate 

vorticity  distributions  and  source-sink  distributions. 
Especially  when  the  screw  is  delivering  higher  thrusts 
the  induced  velocities  relatively  gain  importance, 

because  of  the  stronger  vorticity  in  that  case. 

For  the  calculation  of  the  lost  kinetic  energy  it 
is  necessary  to  know  the  shape  of  the  free  vortex 
sheets.  In  order  to  calculate  the  lost  kinetic  energy 
per  unit  of  time,  we  continue  the  vortex  lines  until 
infinity  downstream  with  the  velocity  they  have  when 
they  are  created.  Using  for  this  velocity  only  the 
axial  component  U ,  the  approximation  of  the  kinetic 
energy  is  appropriate  only  for  lightly  or  moderately 
loaded  propellers.  In  our  approximation  of  the  kinetic 
energy  loss  we  shall  add  to  the  axial  velocity 
component  U  an  extra  axial  term  vx  which  is  assumed  to 
be  constant  all  over  the  trailing  edges.  This  velocity 
vx  will  be  chosen  to  increase  in  one  way  or  another 
with  increasing  thrust  T ,  as  we  will  discuss  in  section 
7.  It  reflects  to  some  extent  non-linear  effects  of  the 
flow. 

We  consider  infinitely  far  downstream  of  the 
propeller,  vortex  sheets  which  axe  located  at  the 
reference  surfaces  //jj,  (i  =  b,p,s]  j  —  1,...,Z),  defined 
in  section  2,  with  a  suitable  value  of  vx  ^  0.  This 
helicoidal  continuation  is  not  the  actual  wake  of  a 
screw  propeller,  however  we  hope  that  the  kinetic 
energy  loss  per  unit  of  time  can  be  approximated 
in  this  way  better  than  by  taking  vx  =  0,  which  yields 
the  strictly  linear  theory.  We  find 
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x=cons t . 

+U+vx 

Ekin  =  *P  SB  |  grad#  ( x,  y ,  z )  1 2dxd  ydz 

x—cons t . 


(24) 


denote  by  E^.  Denoting  the  contribution  of  the  wing 
strip  to  this  energy  by  d£^,ac(<7i)J  we  have 

d*?'e(«-i)-*r<{ff|)df7"Vi)  ,  (i=b,p,s)  .  (30) 


where  $  =  $(x,y,z)  is  the  velocity  potential  of  the 
trailing  vorticity  lying  in  the  two-sided  infinitely 
long  reference  surfaces  (i  =  &,p,s;  j  =  l,...,Z).  It 
is  a  straightforward  task  to  reduce  equation  (24)  to 


Ekin(^i)=  -vty>Z 


7b,e 


J  ^rMVb(ab)dab+ 

o 

CTi,e 


i—p,s  0 


(25) 


Using  (26)  and  (27),  choosing  the  chord  length 
Cj  =  Cj(crj)  according  to  relation  (13),  and  taking  the 
sum  of  the  contributions  of  all  Z  blades  and  end 
plates,  we  can  write  E ^  as  a  function  of  the 
circulation  distributions  71,,  (i  =  Z>,p,s), 


t  =b ,  p,s 


E viscid)  =  pz  l  2  j  d- A*11  V*  t,  d(7j  + 


Bjtfv*  v,  IAI +41  V,  «<}  da, 


(31) 


where  nt-  (i  =  Z>,p,s)  is  the  unit  normal  at  the  reference 
surfaces  ^  directed  from  the  to  the  side. 

When  the  screw  blades  and  the  end  plates  move 
through  the  water,  frictional  forces  arise.  Consider 
across  a  wing  from  leading  to  trailing  edge  an 
elementary  wing  strip  of  width  dcq.  The  strip  has  the 
chord  length  cf*(at)  and  maximum  thickness  and  is 

moving  with  relative  velocity  through  the  water. 

For  the  resultant  viscous  force  6F]tsc(ai)  on  the  strip 
we  use  the  formula 

<tf7"  Vi)  =  4  P  cV«)  I V.)  Ci(Oi)  da{  ,  (26) 

where  the  section  drag  coefficient  is  defined  by 

C%(*i)  =  2CFi(ai)(l+A?I(ai)ti(c7i)/ci{ai))  .  (27) 


In  expression  (27)  there  occurs  the  skin  friction  drag 
coefficient  C^(<jj),  for  which  we  take 


The  dependence  of  E ^  on  the  circulation 
distributions  is  a  complicated  one,  when  we  realize 
that  the  skin  friction  drag  coefficient  depends  via 
the  Reynolds  number  Rey{  and  the  chord  length  c{  on  the 
circulation  /\,  see  formulae  (28),  (29)  and  (13). 

The  component  of  the  frictional  forces  in  the 
direction  of  the  screw  axis  counteracts  the  propeller 
thrust.  Using  (26)  and  again  relation  (13)  we  find  the 
resultant  thrust  deduction  due  to  viscosity 


a"1  Vi  t,  d<Tj  + 


B  Jc? |rj  +A?  Vi *,}  da, 


(32) 


For  the  potential  theoretical  thrust  T ^  we  take 


C^(a,)  =  0.075(10logBeyI(<T<)-2r2  .  (28) 

The  constant  aY 1{0i)  in  a  section  depends  on  the 
location  of  maximum  thickness  of  the  wing  section.  For 
instance  for  sections  with  maximum  thickness  located  at 
or  near  30%  of  the  chord,  Ay  can  approximately  be 
taken  as  2.0,  however  for  sections  where  this  location 
is  at  40  or  50%  of  the  chord,  the  value  1.2  will  be 
more  appropriate,  see  [7].  The  local  Reynolds  number 
Rey^ffi)  is  taken  as 

Reyi(<7i)  =  VMi)  CtK)  /  V  ,  (29) 

with  in  the  denominator  the  kinematic  viscosity  of 
water  i/  =  1.2  10~6  m^/sec.  The  approximative  formula  (26) 
should  not  be  used  for  Reyi  below  5*10  .  Further  we 
remark  that  the  drag  coefficient  C7,  (27),  depends  on 
the  lift  coefficient  C7  of  the  wing  section,  in  that  at 
higher  lift  coefficients,  a  greater  part  of  the  drag  is 
contributed  by  pressure  or  form  drag  resulting  from 
separation  of  the  flow  from  the  profile.  See  for 
instance  [8].  One  can  think  for  example,  for  some  types 
of  profiles,  of  the  "bucket-shaped”  drag  minimum  of  the 
function  C?  =  C^(C^).  For  simplicity  we  did  not  include 
this  effect  in  (27),  however  in  the  iteration  method 
that  we  discuss  in  section  7,  one  can  account  for  this 
influence  on  in  step  5  of  the  iteration  scheme  of 
Figure  7. 

The  work  done  by  the  frictional  forces  causes 
energy  loss.  This  energy  loss  per  unit  of  time  we 


"b,e 

Tjx>t  =  puZ  J  T(ab)rb(ab)da„  ,  (33) 

0 

whereby  the  thrust  T  becomes 

T^T^-T^  .  (34) 

Finally  we  remark  that  in  the  approximation  of  the 
viscous  energy  loss  E^c  and  of  the  thrust  deduction 
due  to  viscosity  we  have  neglected  the  positive 

or  negative  interference  drag  produced  in  the  corners 
of  the  blade-end  plate  junctions.  The  interference  drag 
is  caused  by  the  interaction  of  the  boundary  layers  of 
blades  and  end  plates  and  it  depends  among  others  on 
the  thickness  ratios  tjci  and  on  the  lift  coefficient 
CL  of  the  wing  sections  near  the  junction. 

6.  FORMULATION  AND  SOLUTION  OF  A  VARIATIONAL 
PROBLEM 

In  our  screw  propeller  model  the  energy-balance 
equation  reads 

Q(Fi)  w*  {TpotM-T^ry)  (Z+WAJ+^A),  (35) 

where  (2(7^)  is  the  torque  about  the  propeller  axis  and 
Tpou  TVisCi  Ekin  and  Evisc,  as  functions  of  the 
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circulation  distributions  I*,  are  given  in  (33),  (32), 
(25)  and  (31)  respectively.  Evidently  it  is  demanded 
that  Tpot(ri)>Tvisc[ri).  For  the  propeller  efficiency  rj 
we  have 

useful  work  (Tpot(r i)-Tvi3C(ri))  U 

v  =  -  =  -  .  (36) 

total  work  Q(  r  )o> 

In  this  section  we  assume  rh/rp ,  U,  vx,  Z,  rp,  a;, 
and  k3  to  be  given,  that  is  the  geometry  of  the 
reference  surfaces  is  given.  We  minimize  the  sum  of  the 
kinetic  and  viscous  losses ,  (£*m +£*«<:)  7  under  a 

number  of  constraints.  One  constraint  is  that  a 
prescribed  thrust  T  has  to  be  delivered 

Tpot(ri)-Tvisc(ri)=T  .  (37) 

Notice  that  when  we  place  a  bar  on  top  of  a  symbol,  we 
want  to  stress  the  fact  that  the  variable  in  question 
is  prescribed. 

Another  constraint  is  that  the  distribution  of 
circulation  and  of  the  chord  length  along  the  span  of 
blades  and  end  plates  has  to  be  such  that  the  danger  of 
cavitation  is  about  the  same  for  blades  and  end  plates. 
It  can  be  demanded  that  along  the  spans  of  blades  and 
end  plates  the  chordwise  minimum  pressure  at  the 
suction  side  of  blade  or.  end  glate  equals  a  prescribed 
minimum  pressure  level  p  —  p  ,  or  equivalently  Z?  =  5 , 
see  (14).  Instead  of  this  last  condition,  another  one 
can  be  required,  namely  that  the  screw  has  a  specific 
blade  area  ratio  Ae/A0,  (4).  Thus  we  formulate  two 
problems.  _  _ 

Problem  I :  We  assume  T=  T  and  B=B  to  be  prescribed. 
Then  we  want  to  find  the  optimum  circulation 
distributions  F°pt  (i  =  b,pJs),  belonging  to  the  given 
quantities,  from  which  follow  automatically  the  optimum 
chord  length  distributions  copt  by  relation  (13).  Hence 
for  r^pt  we  require  the  efficiency  77,  (36^,  to  be 
maximum  and  therefore  (E^n(I^pt )pEr^c(r>p  ))  to  be 
minimum,  under  the  constraint  that  I ±  satisfies  (37). 
Then  the  blade  area  ratio  AJA0  follows  from  the 
optimum  chord  length  distributions  c°bpt  by  formula  (4). 

Problem  II :  We  assume  the  thrust  T  —T  and  the  blade 
area  ratio  AJAq=AJA0  to  be  prescribed.  Then  it  is 
possible  to  calculate  the  corresponding  minimum 
pressure  level  pmin  in  the  optimum  case.  We  remark  that 
problem  II  can  be  important  for  the  purpose  of  tuning 
the  constant  B  in  our  cavitation  criterion  on  the  basis 
of  existing  screw  propeller  designs,  for  which  the 
blade  areas  are  known. 

For  both  problems  we  consider  the  functional 
J  =  Jr(/,i)  given  by 

j(ri)=Ekin(ri)+Evi3C{ri)-\{Tpat(ri)-Tvi!lc(ri)-T)  , 

(i  =  b,p,s)  ,  (38) 


where  A  is  a  Lagrange  multiplier. 

For  a  functional  J  =  J(I'i)1  (i  =  b,p,s),  we  denote  the 
Gateaux-variation  at  I\  with  respect  to  a  set  of 
perturbational  functions  (i  =  £,p,s),  by  SJ(ri]  h{). 
The  Gateaux-variation,  also  called  the  first  variation, 
is  given  by 

&/(/’<  ;/i,)  =  lim  (./(/■I-+e/ii)~J(/'i))/e  ,  (39) 


the  screw  propeller  has  no  end  plates  (ratio  of 
covering  k  =  0).  Otherwise  a  concentrated  hub  vortex  or 
tip  vortex  would  arise  which  theoretically  gives  an 
infinite  energy  loss.  For  the  same  reason,  when  the 
screw  propeller  does  have  end  plates,  xpt  has  to 
vanish  at  the  end  plate  tips  when  0<A:<1.  For  fc=l  we 
could  add  a  constant  circulation  to  the  end  plates, 
whereby  concentrated  free  vortex  line  segments  of 
finite  length  are  allowed  to  arise  which  connect  the 
neighbouring  end  plate  tips. 

A  necessary  condition  for  the  optimum  is  that  at 
r°pt  the  first  variation  of  /,  (38),  vanishes  for  all 
admissible  A,-,  that  is 

6J{r?t-,hi)  = o  ,  (40) 

for  all  sets  of  functions  A,-,  (i  =  b,p1s),  satisfying 
hb( 0)  =  hb(obe)  -  0  (screw  without  end  plates),  hb(0) 
=  h{(aie)  -  o’ (i  =  p,s;  screw  with  end  plates,  fc<l). 

We  derive  from  the  demand  (40)  the  following 
conditions 


,  (4i) 

H,  :  gf  =  (U+vx)CFiVx-wlA  + 

(*=p,s)  *  '  *  ’ 

.  (42) 


In  deriving  (41)  and  (42)  for  the  determination  of  the 
first  variations  of  E^ c  and  T^sr  we  have  considered 
in  first  instance  the  skin  friction  drag  coefficient  C\ 
to  be  independent  of  I\.  Remember  that  Cx-  depends  on 
r see  the  remark  below  formula  (31).  The  influence  of 
Pi  on  Cf  is  not  included  in  the  first  variation. 
Because  in  this  way  we  do  not  derive  the  exact  first 
variations  of  E^c  and  T^c,  the  exact  first 
variation  of  the  functional  J  will  not  become  precisely 
zero.  This  neglect  does  not  have  much  effect  on  the 
results  of  our  optimization  method.  Calculations  by  the 
optimization  method  with  the  use  of  a  constant  Reynolds 
number  instead  of  with  variable  Reynolds  numbers 
Reyi  =  Reyl[oi),  (i  =  b,p,s),  showed  that  the  optimum 
circulation  distributions  l"°pt  remained  practically 
unchanged. 

To  obtain  the  optimum  potential  satisfying  (41) 
and  (42)  we  make  a  further  assumption.  We  assume  that 
the  optimum  circulation  distributions  /\(eq)  are 

positive,  except  possibly  in  the  start  and  end  values 
Oi  =  0  and  o,-  =  aie  where  they  are  allowed  to  vanish.  Then 
we  can  replace  in  (41)  and  (42)  the  factor  J^/I-Til, 
(i~b,p,s),  by  the  value  one.  Anyway,  when  we  have 
obtained  a  solution,  it  can  be  checked  whether  indeed 
the  optimum  circulation  distributions  satisfy  our 

assumption. 

The  vorticity  of  the  screw  propeller  is  free  of 
divergence.  Therefore,  for  the  optimum  potential  we 
have  the  extra  condition  that  the  total  circulation 
around  the  free  vortex  sheets  has  to  vanish.  We 
introduce  three  potentials  #2  ar|d  ^3  satisfying 


provided  that  the  limit  exists. 

Here  we  remark  that  in  our  model  P°p  vanishes 
automatically  at  the  root  and  the  tip  of  the  blade  when 


(*  =  1,2,3) 


(43) 
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£  =  A 

(44) 

To  satisfy  the  condition  of  vanishing  total  circulation 
around  the  free  vortex  sheets,  we  require  each  of  the 
three  potentials  to  be  uniquely  valued  in  the  whole 
space,  their  boundary  conditions  are 

W  T(Ob)  „  .  d4>  1_  „ 

V,  •  "-a,, 

5 

(45) 

a,  ■■  , 

( i=biPis )  9  * 

(46) 

H{  :  ^ =V,(fiViiwiAIi  , 

(47) 

(i=b,Pis) 


here,  but  axe  given  in  [1]. 

7.  ITERATIVE  DETERMINATION  OF  SOME  DESIGN 
REQUIREMENTS 

In  this  section  we  discuss  how  some  design 
parameters  and  functions,  occurring  in  the  solution  of 
the  variational  problem  discussed  in  section  6,  are 
iteratively  determined.  _  _ 

When  Th/Tp,  V,  Z,  rp,  w,  k  k3,  T=  T  and  (B=  B  or 
AJA0  =  AJA0)  are  given,  an  iteration  method  can  be 
carried  out  according  to  the  scheme  given  in 
Figure  7. 

Prescribed  quantities: 


where  the  potential  is  the  optimum  potential 
belonging  to  the  optimization  in  which  only  kinetic 
energy  loss  is  minimized. 

For  the  boundary  value  problems  (45),  (46)  and 
(47)  some  properties  of  the  corresponding  free 
vorticity  strength  in  the  reference  surfaces  Hi: 
(i  =  &,p,s),  infinitely  far  behind  the  propeller  axe 
discussed  in  [1].  These  properties  are  necessary  to 
formulate  wellposed  systems  of  singular  integral 
equations  which  are  equivalent  to  the  boundary  value 
problems  and  which  can  be  solved  numerically  by  a 
collocation  method  analogous  to  [3]. 

In  the  beginning  of  this  section  we  formulated  two 
problems,  problem  I  and  problem  //,  to  be  solved. 
Assuming  we  have  solved  numerically  the  circulation 
distributions  [  $2\-(ai)  and  [^3]*(at)i 

(i  —  6,p,s),  we  now  explain  how  the  resulting  optimum 
circulation  distributions 


/TV,)  =  A  {  [#d!(<r,)  +B  [*2]V.)  }+B  [*]>,)  ,  (48) 

are  obtained  for  each  of  the  two  problems. 

In  the  case  of  problem  I  where  we  have  a 
prescribed  minimum  pressure  level  p—p  we  know  by 
formula  (14)  the  value  of  B—B  in  (44).  Then  the 
Lagrange  multiplier  A  can  be  solved  from  the  prescribed 
thrust  T=  T  by  substituting  (44)  in  (34)  with  the  use  of 
(32),  (33)  and  relation  (13).  We  find 

T/(pZ)  +K  -  B  J(#3> 

A  = - - -  ,  (49) 

Jl* i  +  B  *2) 

where  K  and  J(<p)  axe  given  by 

ai  e 

K  =  (U+vx)  £  j  <%VM4U  +  BV^wiA{I)dai  ,  (50) 

irb,’»  0 

ah,e 

J(4>)=  j{ur~v2B(U+vx)QV\wiAi}[<p]+_dab 
o 

*i  e 

-V2B(U+vx)Y,  JcliV2iwiAIi[<t>£  da(  .  (51) 

i=p,s  o 

For  Problem  II  we  have  to  solve  A  and  B  from  the 
prescribed  thrust  T  —  T  and  the  prescribed  blade  area 
ratio  AJA0  =  AefAQ.  This  gives  us  two  equations  for  the 
unknowns  A  and  5,  one  by  substituting  (44)  in  (34),  the 
other  by  substituting  (44)  in  (4),  using  for  the  chord 
length  relation  (13).  The  more  complicated  formulae 
that  arise  for  the  solution  of  A  and  B  are  skipped 


rhl“^pt  7  — T  , 

Problem  I :  B-B  , 

Problem  II:  AJAQ  =  AJA0  . 


Iteration  scheme: 


if  vx  still  changes  to  some  extent,  then 


Fig.  7  Iteration  scheme  for  the  optimization  including 
viscosity  when  the  given  quantities  are  prescribed. 


In  the  initialization  step  1  of  the  iteration  we 
introduced  lower  bounds  for  the  maximum  thickness 
distributions  =  U{ai)-  As  the  lower  bound  at  the 
screw  blade  we  take  2  rp  fthl  where  we  introduced  the 
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thickness  factor  fth.  At  an  end  plate  part  we  choose  as 
lower  bound  for  the  maximum  profile  thickness 
distribution,  a  tapered  distribution  from  ^(0)  — 

2  rp  fth  at  the  end  plate  root  to  ti(eie)  =  rpfth  at 
the  end  plate  tip,  (i  =  p,s).  Thus  the  use  of  the  lower 
bound  in  particular  results  in  a  nonzero  thickness  at 
the  free  ending  tips  of  blades  and  end  plates  and 
according  to  relation  (13)  also  in  a  nonzero  chord 
length  there.  In  the  calculations  used  in  this  paper  we 
have  used  the  value  fth~  0.0035,  see  (52). 

For  the  calculations  in  step  2  and  step  3  of  the 
iteration  we  use  the  collocation  method  described  in 
[3].  When  we  want  to  apply  only  the  linearized  theory, 
then  in  the  iteration  we  keep  vx  equal  to  zero,  and 
hence  leave  the  outer  loop  undone. 

Step  4  is  the  determination  of  the  Lagrange 

multiplier  A  from  (49)  ( Problem  /),  or  of  A  and  the 
constant  B  belonging  to  our  cavitation  criterion  from 
more  complicated  algebraic  formulas  (Problem  II),  see 
[11- 

In  step  5  the  occurring  functions  axe  adapted 
according  to  some  design  aspects,  which  are  discussed 
more  closely  in  [1].  For  instance  a  strength 
calculation  based  upon  simple  beam  theory  is 

incorporated  in  this  step.  In  the  strength  calculation 
the  considered  force  fields  acting  on  the  beams 
representing  the  screw  blades  and  end  plates,  are  the 
potential  theoretically  induced  lift  forces,  the 
centrifugal  forces  and  the  viscous  forces.  Another 
adaptation  concerns  appropriate  choices  from  a 

hydrodynamical  point  of  view  of  the  functions  a,-  =  0^(0^) 
and  Pi  =  Pi(&i)-  For  some  different  types  of  screw 
propellers  values  of  the  occurring  functions  which  axe 
eventually  found  using  our  iteration  method,  axe  given 
in  Figures  14-17. 

Finally  in  step  6  we  want  the  velocity  vx  to  be 
such  that  it  equals  the  Lagrange  multiplier  A, 
multiplied  by  a  factor  6  with  The  reason  that  we 

take  vx  =  6\,  is  that  in  the  linearized  lifting  line 
theory  where  only  kinetic  energy  loss  is  minimized,  the 
induced  backwards  translational  velocity  of  the  vortex 
sheets  infinitely  far  behind  a  propeller,  equals  the 
Lagrange  multiplier  A.  Then  in  the  neighbourhood  of  the 
blades  and  end  plates  of  the  propeller  the  induced 
velocity  is  about  V2X  in  the  positive  x-direction.  For 
higher  thrusts  the  optimization  including  viscosity, 
resembles  the  kinetic  optimization  more,  because  in 
that  case  the  kinetic  loss  becomes  relatively  more 
important  than  the  viscous  loss.  Therefore  we  expect 
that  the  corrective  velocity  vx  —  <5A,  which  has  a  greater 
influence  for  higher  thrusts,  will  be  useful  of  the 
optimization  including  viscosity  also. 

Here  we  emphasize  that  it  is  not  claimed  that  the 
use  of  the  corrective  velocity  vx  gives  an  exact  result 
for  the  kinetic  energy  loss  for  higher  thrusts.  We  did 
not  take  into  account  the  vortex  sheet  deformation,  and 
the  induced  velocity  by  the  vorticity  and  the 
source-sink  distributions  representing  blades  and  end 
plates.  However  the  influence  of  the  trailing 
vorticity,  which  delivers  a  substantial  part  of  the 
induced  velocities,  is  possibly  treated  more  realistic 
than  in  the  pure  linearized  theory. 

8.  SOME  ASPECTS  OF  THE  OPTIMIZATION  METHOD 

Preliminary  choices 

In  this  section  we  first  make  choices  of  some 
design  parameters  and  functions  that  axe  kept  the  same 
for  the  calculations  in  this  paper.  Of  course  these 


particular  choices  are '  not  essential  for  our 
optimization  method.  We  take 


P  ~  Paemvatei —  1023  kgjm  ,  P screw  ~  7650  kgflR  , 

rh/rp  =  0-2  ?  U  =  6  m/sec  ,  (t/c)h  =  0.2  , 


a*(f**,c)  =  0.05  ,  0a(|<7*)C)  =  O.8  , 

fth  =  0.0035  ,  Sper  *s  5.6*107  N/m2  , 

for  Problem  I  :  B  =  0.024  sec  jm  ,  (52) 

where  Spcr  is  the  prescribed  permissible  stress  level 
for  use  in  the  strength  calculation.  The  density  of  the 
material  of  the  screw _ p5crew  and  the  prescribed 

permissible  stress  level  Sper  axe  chosen  corresponding 

to  the  material  cunial  bronze.  Sper  is  based  on  load 
variations  of  50  %. 

We  choose  for  blades  and  end  plates  chordwise 
thickness  distributions  belonging  to  the  NACA  16-series 
sections  (see  for  instance  [8]),  which  for  ship  screw 
blades  axe  commonly  used. 

The  location  of  maximum  thickness  of  the  section 
is  at  50%  of  the  chord  length  from  the  leading  edge,  so 
that  for  the  constant  A x  ( crx- ) ,  introduced  in  the 
section  drag  coefficient  CTfcrJ,  (27),  we  will  choose 
the  value  1.2.  The  symmetrical  section  at  zero  lift  has 
its  minimum  pressure  located  at  60%  of  the  chord  from 
the  leading  edge,  and  from  the  "basic  thickness  forms” 
tables  given  in  [8]  it  can  be  derived  that  the  constant 
Ai  (<7j),  introduced  in  relation  (13)  can  approximately 
be  taken  as  1.25. 

When,  in  our  calculations,  propellers  with  end 
plates  axe  considered,  we  assume  the  two-sided  shifted 
end  plate  with  the  anterior  end  plate  part  located  at 
the  suction  side  of  the  screw  blade,  unless  we 
explicitly  state  that  another  type  of  end  plate  is 
considered. 

Comparison  with  the  classical  optimization 

In  the  classical  screw  propeller  optimization,  as 
used  for  instance  in  [2],  [3],  [4]  and  [5],  circulation 
distributions  axe  derived  from  a  minimization  of  only 
the  kinetic  energy  loss  Ekin  of  a  screw  propeller  under 
the  constraint  that  the  potential  ^theoretical  thrust 
Tpot  equals  a  prescribed  thrust  T.  Hence  in  the 
classical  theory  instead  of  our  functional  J  — 

(38),  the  functional  Jdas  —  ^dasi^i)  given  by 


^(A)  =  £jW«(A)-M(V(A)-7')  ,  (i  =  b,p,s)  ,  (53) 


is  considered,  where  fi  is  the  Lagrange  multiplier.  By 
demanding  the  first  variation  of  Jdasi^i )  to  vanish  we 
obtain  the  conditions 


Hb: 


d $  _  ur(£h) 

dnb~  *  V„ 


dn 


(i  =  p,s)  ,  (54) 


in  analogy  with  the  derivation  of  (41)  and  (42).  We  put 


*  =  i  , 


(55) 


so  that  is  the  potential  already  introduced  in 
relation  (44),  and  which  was  solved  from  condition 
(45). 

We  want  to  obtain  a  comparison  between  the 
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optimization  including  viscosity  and  the  classical 
optimization.  Therefore  we  use  for  the  classical  theory 
the  relation  between  circulation  and  chord  length  which 
is  explained  in  section  3  and  we  derive  our  design 
requirements  by  using  the  iteration  scheme  discussed  in 
section  7.  For  the  classical  optimization  as  well  as 
for  our  optimization  including  viscosity  we  solve 
problem  /,  hence  with  a  prescribed  thrust  T  =  T  and  a 
prescribed  value  B  —  B.  Then  we  derive  the  value  of  the 
Lagrange  multiplier  /i  from  the  condition 

T^-T^T  ,  (56) 

which,  for  a  fair  comparison,  contains  the  thrust 
deduction  T ,viac  due  to  viscosity.  Analogous  to  the 
derivation  in  section  6  we  find  from  (56)  that  (i  can  be 
solved  from 

ttJTl(pZ)+n  ;  (57) 

J(*l) 

with  K  and  J(<p)  given  in  (50)  and  (51)  respectively. 

Now  we  give  some  numerical  results  of  the 
comparison  between  the  optimization  including  viscosity 
and  the  classical  optimization  theory.  Note  that, 
strictly  speaking,  we  do  not  make  a  comparison  with  the 
exact  classical  theory,  because  we  make  the  comparison 
with  the  classical  theory  embedded  in  our  numerical 
iteration  method,  in  which  we  incorporated  various 
nonclassical  aspects.  In  both  theories  we  use  the 

linearized  versions  (vx  —  0),  and  we  solve  Problem  I 
introduced  in  section  6.  We  consider  propellers 

satisfying 

Z=3  ,  rp  =  4m  ,  w  =  6  rad/sec  ,  (58) 

for  a  case  without  end  plates  (k  —  0)  and  a  case  with  end 
plates  (k  —  2kp-2ks  =  0.5).  Results  are  given  in  Table J. 
for  three  different  values  of  the  prescribed  thrust  T  =  T 
for  which  the  dimensionless  thrust  coefficient  CT 
defined  by 

Ct=T  /(V2PU2nT2p)  ,  (59) 


attains  the  values  1,  2  and  3.  We  remark  that,  for  the 
optimization  including  viscosity  as  well  as  for  the 
classical  optimization,  for  the  efficiency  rf  we  used 
relation  (36). 


Table  1  Comparison  between  optimization  including 
viscosity  and  classical  optimization  for 
propellers  without  end  plates  (k-  0)  and  propellers 
with  end  plates  (k  =  2kp  —  2k$  —  0.5)]  linear  theory 
(vx  =  0). 


k 

Ekin  (10 6  Nm/sec) 

Eyisc  (10 5Nm/$ec) 

V  (*) 

optimization 

0 

2.369 

9.445 

21.23 

2.871 

4.552 

6.114 

67.65 

52.87 

43.27 

incl.  vise. 

2.368 

9.444 

21.23 

2.895 

4.569 

6.129 

67.64 

52.87 

43.27 

classical 

n  ^ 

1.932 

7.644 

17.16 

4.640 

7.447 

10.02 

69.86 

56.97 

47.85 

incl.  vise. 

u.  o 

1.915 

7.631 

17.14 

4.888 

7.630 

10.17 

69.79 

56.95 

47.84 

classical 

1 

2 

3 

1 

2 

3 

1 

2 

3 

Cj> 


From  Table  1  it  is  seen  that  in  the  classical 
theory  the  kinetic  energy  loss  is  slightly  smaller  than 
in  our  theory,  however  the  sum  of  kinetic  and  viscous 
loss  is  larger,  resulting  in  a  lower  efficiency. 

To  obtain  some  insight  into  how  the  difference 
between  optimization  including  viscosity  and  classical 
optimization  affects  in  our  theory  the  corresponding 
screw  propellers,  we  give  in  Figure  8  for  the 
propellers  of  Tablet  with  fc  =  0.5  the  corresponding 
circulation  distributions. 

It  is  seen  from  these  figures  that  in  the 
linearized  theory  for  the  optimization  including 
viscosity  there  occur  somewhat  smaller  values  of 
circulation  at  large  radii  than  for  the  classical 
optimization.  Smaller  values  of  circulation  in  our 
theory  imply  smaller  values  of  chord  length,  see 
relation  (13).  Obviously  the  cause  of  the  occurrence  at 
large  radii  of  smaller  chord  length  for  the 
optimization  including  viscosity,  is  that  at  large 
radii  the  relative  velocity  of  the  wing  sections  is 
large  and  therefore  the  viscous  energy  loss  is 


Fig.  8  Distributions  of  circulation  (i  =  b,p,s)  of  screw  propellers  with  end  plates 
(k  -  2kp  =  2ks  =  0.S)]  linearized  theory  (vx  =  0) 

- classical  optimization 

- optimization  including  viscosity 
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relatively  important  there,  while  the  classical 
optimization  does  not  worry  about  large  chord  lengths. 
This  also  explains  why  the  difference  between  classical 
optimization  and  optimization  including  viscosity  is 
greater  for  propellers  with  end  plates  than  for 
propellers  without  end  plates,  see  Table  1. 

Since  kinetic  energy  loss  becomes  relatively  more 
important  for  propellers  with  higher  loadings,  the 
difference  in  the  results  obtained  from  the  two 
optimization  methods  is  relatively  smaller  for  larger 
values  of  the  thrust  coefficient  Cj'  than  for  smaller 
values  of  CT,  as  can  be  seen  from  Table  1  and  Figure  8. 
Summarizing  we  can  state  that  the  results  of  both 
optimization  theories  differ  only  slightly. 

When  no  solution  is  found 

In  section  6  in  the  paragraph  following  relation 
(42)  we  have  assumed  that  our  circulation  distributions 
are  positive  along  all  spans  and  therefore  we  replaced 
the  quotients  (i  =  *,JM)  by  the  value 

one.  When  the  circulation  distributions  axe  numerically 
calculated  we  can  verify  whether  this  assumption  is 
correct. 

For  problem  I  and  problem  II  there  exists  a  region 
in  the  (co,rp,k)- space,  for  which  our  formulation  of  the 
variational  problem  does  not  lead  to  a  solution  of  the 
optimization  including  viscosity.  This  appears  for 
large  values  of  w,  rp  and  k.  For  these  cases  we 
numerically  find  only  circulation  distributions  which 
change  sign  along  the  span  of  a  screw  blade  or  end 
plate,  and  which  therefore  are  not  solutions  of  our 
problem.  For  instance  for  a  screw  propeller  without  end 
plates  (k  —  0)  the  numerically  calculated  circulation 
distributions  along  the  screw  blade  can  be  as  in 
Figure  9.  It  is  understandable  that  this  type  of 
circulation  distribution  is  found,  because  since  the 
quotient  ri(cq)/|/1i(<ri)|  has  unjustly  been  taken  equal 
to  one,  at  the  spanwise  stages  of  negative  circulation 
rb  there  can  occur  viscous  energy  gain  and  thrust 

production  due  to  viscosity,  instead  of  viscous 

energy  loss  and  thrust  deduction  due  to  viscosity. 


Fig.  9  Example  of  circulation  distribution  of  a  screw 
propeller  without  end  plates,  that  is  found  when 
the  assumption  fi(cri)/|rt-(cr1)|  =  1  is  incorrect. 


It  seems  that,  to  solve  this  problem,  another 
variational  approach  for  the  optimization,  including 
viscosity  effects,  has  to  be  undertaken.  In  this  paper 
this  will  not  be  carried  out  and  in  section  9  we  will 
designate  the  regions  in  which  our  optimization  method 
does  not  give  a  solution.  Fortunately  it  seems  that  the 
relevant  optima  are  found  in  those  regions  where  our 
method  does  give  a  solution. 


9.  SOME  RESULTS  OF  OPTIMIZATION 

Efficiency  t]  as  a  function  of  T,  id,  rp  and  k  in  some 
theories 

To  obtain  some  feeling  for  the  dependency  of  the 
efficiency  77  on  the  various  parameters  we  have  drawn  in 
this  section  for  some  cases  pictures  with  level  lines 
of  the  optimum  efficiency  77.  As  for  all  calculations  in 
this  paper,  we  made  choices  from  (52). 

The  equiefficiency  lines  axe  constructed  by 
calculating  on  equidistant  21*21  grids  of  (07,rp),  (a;,fc) 
or  (rp7k)  values,  propellers  which  all  are  optimized  by 
one  of  the  methods  discussed  in  this  paper.  Although  in 
reality  the  level  lines  of  the  propeller  efficiency  axe 
smooth  lines,  they  are  sometimes  drawn  less  smoothly. 
This  is  due  to  the  discretization  on  the  equidistant 
grids.  The  efficiency  77  as  a  function  of  two  considered 
variables  in  each  picture  has  not  more  than  one  local 
extreme.  The  location  at  which  the  absolute  maximum  of 
the  efficiency  is  attained  is  designated  by  an  asterisk 
*  in  the  corresponding  pictures.  In  the  pictures  on  the 
(iOjk)  and  (rp,k)  grids  we  have  designated  by  the  little 
ball  •  the  location  of  the  maximum  efficiency  77  of  an 
optimum  screw  propeller  without  end  plates  (fc  =  0). 
Notice  that  the  propellers  *  and  •  axe  in  a  sense 
optima  of  optimum  propellers,  because  all  the 
propellers  for  which  the  equiefficiency  lines  axe  drawn 
have  optimum  distributions  of  circulation,  chord  length 
and  the  other  relevant  functions  occurring  in  our 
model.  By  Arj  we  denote  the  difference  in  the  efficiency 
77  between  propeller  #  and  its  nearest  level  line  and 
between  each  two  neighbouring  level  lines,  so  that  from 
the  value  of  77  at  the  point  *  the  efficiency  77  at  each 
depicted  level  line  can  be  derived. 

In  the  pictures  the  ratio  of  covering  k  is  chosen 
in  the  range  0<A:<1  and  the  ranges  of  u>  and  rp  are 
chosen  such  that  the  pictures  contain  the  optima  for 
the  screws  without  end  plates  and,  if  it  does  apply, 
for  the  screws  with  end  plates.  Some  data  about  the 
optima  axe  given  in  the  tables  included  in  the  figures. 
For  the  pictures  belonging  to  the  optimization 
including  viscosity,  the  cross  hatched  regions  in  the 
upper  right  parts  of  the  pictures  are  the  regions  in 
which  our  formulation  of  the  variational  problem  does 
not  lead  to  a  solution  of  the  optimization,  a  problem 
which  we  mentioned  at  the  end  of  section  8. 

Figure  10  contains  the  optimum  efficiency  of  screw 
propellers  without  end  plates  (fc  =  0)  as  a  function  of 
the  rotational  velocity  u  and  of  the  propeller  radius 
r  In  Figure  11  the  optimum  efficiency  as  a  function 
of  a;  and  the  ratio  of  covering  k  is  given,  when  the 
propeller  radius  rp  is  fixed.  Figure  12  contains  for  a 
fixed  value  of  w  the  level  lines  of  the  optimum 
efficiency  as  a  function  of  rp  and  k. 

In  the  Figures  10-12,  pictures  (a)  axe  the  results 
of  the  optimization  including  viscosity  in  the 
linearized  case  (i7x  =  0),  pictures  (b)  of  the  classical 
linearized  optimization  adapted  to  our  situation  (see 
section  8),  and  pictures  (c)  of  the  optimization 
including  viscosity  in  the  nonlinear  case  (i/x  =  VfeA).  For 
the  screws  that  have  end  plates  in  Figures  11  and  12, 
we  have  chosen  two-sided  shifted  end  plates  with  the 
same  ratio  of  covering  at  pressure  and  suction  sides  of 
the  screw  blades,  that  is  with  kF  =  ka=v>k.  The  planform 
of  the  anterior  end  plate  part  is  taken  at  the  suction 
side  of  the  screw  blade  and  the  posterior  part  at  the 
pressure  side,  as  is  drawn  for  instance  in  Figure  6(g). 
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Fig.  11  Level  lines  of  efficiency  77  as  a  function  of  the  rotational  velocity  co  and  the 
ratio  of  covering  k  -  2 kp  —  2 ks,  when  the  propeller  radius  is  fixed,  rp  =  4  m;  Z  =  3, 
T  =  2*10eN-,  Atj  =  0.2%. 


From  Figures  10-12  we  conclude  that,  in  the 
regions  where  the  optimization  including  viscosity 
gives  an  answer,  the  efficiency  obtained  by  the 
optimization  including  viscosity  is  quite  the  same  as 
the  efficiency  obtained  by  the  classical  optimization. 
The  nonlinear  ^-correction  of  Figure  10(c)  gives 
values  which  differ  not  much  from  the  values  of  the 
linear  theories  of  Figures  10(a)  and  (b).  The  reason  is 
that  the  propellers  have  very  large  propeller  radii  rp 
(25 m<rp<  100 m).  Then  the  considered  propellers  are 
lightly  loaded  (0.0035  <CT<  0.055),  so  that  the 
^-correction  becomes  very  small,  for  instance  in 
Figure  10(c)  we  have  vx(*)  =  0.152  m/sec.  In  the  heavier 
loaded  cases  of  Figures  11  and  12  the  nonlinear 
^-correction  does  change  the  efficiency.  However  the 
same  tendencies  are  found  in  the  linear  and  nonlinear 
case,  and  the  values  of  w,  rp  and  k  belonging  to  the 
optima  *  and  •  do  not  differ  that  much  in  the  linear 
and  nonlinear  case. 

Figure  10  shows  that  for  the  propellers  without 
end  plates  (k  =  kp  =  k3  =  0)  the  absolute  maximum  in  the 
optimum  efficiency  occurs  for  a  very  large  propeller 
radius  rp  together  with  a  very  small  rotational 
velocity  u>.  It  goes  without  saying  that  the  propellers 
in  Figure  10  are  unrealistic  for  a  practical 
application.  In  fact  the  figure  demonstrates  that  in 
practice  propellers  are  far  from  the  theoretically 
ideal  situation  and  there  will  always  exist  certain 
constraints  on  the  propeller  diameter  and  rotational 
velocity. 

In  Figure  11  we  examine  the  more  realistic 

situation  of  propellers  with  a  fixed  propeller  radius, 
rp  —  4  771.  In  this  figure  it  is  seen  that  in  a  large  range 
of  the  rotational  velocity  optimum  propellers  with  end 
plates  are  better  than  optimum  propellers  without  end 
plates.  The  best  propeller  with  end  plates  (*)  has  a 
smaller  rotational  velocity  than  the  best  propeller 

without  end  plates  (•).  Evidently  this  is  because  the 

end  plate  propeller  can  have  at  a  smaller  rotational 

velocity  the  same  kinetic  energy  loss  as  a  propeller 

without  end  plates  at  a  larger  rotational  velocity, 
while  because  of  the  increased  viscous  resistance  the 
end  plate  propeller  feels  more  content  with  a  smaller 
rotational  velocity.  From  the  table  in  Figure  11  it  is 

seen  that  the  nonlinear  correction  predicts  a  gain  in 
efficiency  between  the  two  optima  *  and  •  of  the  same 
order  as  in  the  linear  cases. 

In  practice  it  can  be  important  to  optimize 

propellers  with  a  fixed  value  of  the  rotational 
velocity,  because  of  the  given  characteristics  of  a 
ship’s  motor.  Therefore  in  Figure  12  we  have  drawn  the 
equiefficiency  lines  for  a  fixed  value  of  the 

rotational  velocity,  u >  =  6  rad /sec.  The  best  propellers 
in  Figure  12,  designated  by  the  asterisk  *,  do  not  have 
an  end  plate,  that  is  fc(*)  =  0.  When  the  propeller  radius 
rp  is  smaller  than  the  optimum  propeller  radius  r*p(*), 
optimum  end  plate  propellers  have  a  higher  efficiency 
than  optimum  propellers  without  end  plates,  while  the 
opposite  is  true  when  the  propeller  radius  rp  is  larger 
than  rJ*). 

The  results  we  have  given  depend _on  some  choices 
we  made.  For  instance  the  choice  of  £,  see  (52),  has 
influence  on  the  cavitational  danger,  on  the  blade  area 
ratio  AJA0  and  on  the  viscous  energy  loss  Evisc  of  the 
propeller.  Furthermore  the  number  of  screw  blades  Z  and 
the  thrust  T  have  influence  on  the  efficiency.  To 
illustrate  the  effect  of  the  two  last  mentioned 
variables  we  have  given  in  Tables  2  and  3,  related  to 
the  case  of  Figure  11(a),  results  for  some  different 
values  of  the  thrust  T  and  of  the  number  of  screw 


, blades  Z.  From  now  on  we  only  show  the  results  of  the 
linear  theory  because  the  calculations  are  less  time 
consuming  and  because  we  have  seen  that  the  gain  in 
efficiency  rj(m)  -??(•)  caused  by  the  application  of  end 
plates  does  not  differ  so  much  between  the  linear  and 
nonlinear  case.  However  for  an  actual  screw  propeller 
design  the  use  of  the  -  correction  may  be  helpful. 


Table  2  Influence  of  the  demanded  thrust  T\  rp  =  4m , 
Z  =  3,  k-2kp  =  2k3]  optimization  including  viscosity, 
linear  theory  (vx  =  0). 
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Table  3  Influence  of  the  number  of  screw  blades  Z; 
rp-Am,  T  =  2*106/V,  k  =  2kp  =  2k3,  optimization 
including  viscosity,  linear  theory  (vx  =  Q). 
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Table  2  shows  for  Z  =  3  the  influence  of  the  thrust 
r,  and  Table  3  shows  for  T  =  2*106  N  the  influence  of  the 
number  of  screw  blades  Z.  It  is  concluded  that  the 
relative  gain  in  efficiency  (r?(*) -??(•))/??(•)  increases 
when  the  number  of  screw  blades  Z  decreases,  or  when 
the  thrust  T  increases.  This  is  a  logical  conclusion 
because  end  plates  can  help  to  decrease  the  relatively 
large  kinetic  energy  loss  which  occurs  for  screw 
propellers  which  are  heavily  loaded  or  have  a  small 
number  of  screw  blades. 

On  the  influence  of  the  type  of  end  plate  planform 

Here  we  compare  the  application  of  some  different 
types  of  end  plate  planforms.  We  will  consider  optimum 
situations  corresponding  to  the  situation  of 
Figure  11(a),  that  is  with 

rp  =  4m  ,  T  =  2*106  N  ,  Z  =  3  ,  (60) 

and  with  the  "optimization  including  viscosity”  in  the 
linear  theory  (r;x  =  0).  In  Figure  11(a)  we  had  chosen 
two-sided  shifted  end  plates  with  kp  =  ks~  V2 k  and  with  the 
anterior  end  plate  part  at  the  suction  side  of  the 
screw  blade.  In  addition  we  will  now  investigate  a 
one-sided  end  plate  and  a  two-sided  symmetrical  end 
plate,  see  Table  4. 

For  leading  and  trailing  edges  and  the  chord 
lengths  of  the  two-sided  symmetrical  end  plate  we  make 
the  choice  as  in  Figure  13,  hence  with  a  circular 
shaped  leading  edge  and  a  straight  trailing  edge. 

These  choices  are  rather  arbitrary,  because  we 
only  want  to  realize  chord  lengths  which  are  roughly 
twice  as  large  as  those  of  the  two-sided  shifted  end 
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Fig.  13  Leading  and  trailing  edge  and  corresponding 
chord  lengths  of  our  two-sided  symmetrical  end 
plate  planform;  kp  =  k3~  V2k;  i  =  p,s. 

plate.  Assuming  the  span  of  an  end  plate  part  to  be 
smaller  than  the  chord  length  of  the  screw  blade  tip, 
the  chord  lengths  of  the  two-sided  symmetrical  end 
plate  are 

Ci{<yi)  =  cb{abie)^{a2i)e-a2i)/2-ai>e  ,  0<(7j<<7i|C  , 

(°i,z<Cb(°b,e)\  *  =  ;m)  ■  (61) 

To  account  for  the  difference  in  chord  length 

distribution  we  make  use  of  our  weight  functions 
belonging  to  the  end  plate,  (i  —  p^s).  In  our 
optimization  method  each  time  we  iteratively  correct 
these  weight  functions  such  that  the  desired  chord 
lengths  (61)  result. 

Table  4  Influence  of  the  type  of  end  plate  planform  for 
screws  satisfying  (60);  screw  *  of  Figure  11(a) 
with  two-sided  shifted  end  plates;  screw  with 
one-sided  end  plates  at  suction  sides  of  screw 
blades  (k  =  k3;  kp  =  0);  screw  with  two-sided 
symmetrical  end  plates  of  Figure  13  (k  =  2k p  -  2k3). 
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The  results  of  Figure  11(a)  and  Table  4  show  some 
clear  and  understandable  tendencies.  Under  the 
considered  circumstances  the  best  optimum  propellers 
ordered  with  respect  to  decreasing  efficiency  r\  are  as 
follows.  First  the  propeller  with  the  two-sided  shifted 
end  plate,  *  of  Figure  11(a),  second  the  propeller  with 
the  one-sided  end  plate  *  of  Table  4,  third  the  ' 
propeller  with  the  two-sided  symmetrical  end  plate  *  of 
Table  4,  and  finally  the  propeller  without  end  plates, 

•  of  Figure  11(a).  That  the  application  of  a  one-sided 
end  plate  appears  to  be  somewhat  less  favourable  than 
the  application  of  a  two-sided  shifted  end  plate,  was 
already  predicted  from  some  approximate  considerations 
given  in  [3]. 

To  obtain  some  insight  into  the  underlying 
propellers  we  have  drawn  in  Figures  14-17  some  results 
of  the  optimum  propellers  occurring  in  the  Figure  11(a) 
and  Table  4,  at  the  optimum  values  of  u  and  k.  In  these 
figures  we  have  chosen  the  leading  and  trailing  edges 
of  the  screw  blades  symmetrically  with  respect  to  the 


blade  generator  line,  which  is  the  line  segment  rh<r<rp 
at  the  y-axis. 

About  the  Figures  14-17  we  mention  some  points. 
First  one  can  clearly  observe  the  more  or  less 
concentrated  vorticity  strength  near  the  tip  of  the 
screw  blade  without  end  plates  (Figure  14),  while  for 
the  screw  propellers  with  end  plates  (Figures  15-17) 
the  trailing  vorticity  of  the  propeller  tip  is  coming 
off  more  spread  along  the  trailing  edges  of  the  end 
plate  parts. 

Second  the  considered  propellers  with  end  plates 
have  relatively  more  circulation  along  the  screw  blades 
than  the  considered  propeller  without  end  plates  has. 
This  is  because  the  propellers  with  end  plates  have  a 
smaller  rotational  velocity  u  than  the  propeller 
without  end  plates  has,  while  the  demanded  thrust  is 
the  same  for  all  propellers. 

Finally  we  remark  that  it  is  seen  from  Figure  15 
that  the  end  plate  part  at  the  pressure  side  is 
somewhat  thicker  than  the  end  plate  part  at  the  suction 
side.  The  cause  is  the  counteraction  and  reinforcement 
respectively  of  the  centrifugal  and  potential 
theoretical  forces  at  the  end  plate  parts  at  the 
suction  and  pressure  side  of  the  screw  blade,  so  that 
by  the  use  of  the  strength  calculation  different 
maximum  thickness  distributions  ti  =  ti(ai)  are  required 
for  the  two  end  plate  parts,  see  [1]. 
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DISCUSSION 

William  B.  Coney 

Bolt,  Beranek  and  Newman,  Inc.,  USA 

I  wish  to  commend  the  author  on  his  extension  of  classical 
optimization  theory  to  include  viscous  losses.  Several  comments 
regarding  the  linearized  approach  are  in  order.  End  plates  can  effect 
propeller  efficiency  in  two  ways.  The  first,  well  described  here,  can 
be  readily  obtained  under  linear  theory.  The  second  effect  a  propeller 
forces  comes  from  the  axisymmetric,  or  near,  loading  on  the  end 
plates.  It  perhaps  can  be  more  easily  seen  in  the  aductor  disk  model 
for  a  ducted  propeller  in  which  efficiency  gains  arise  which  are 
associated  with  the  percentage  of  the  total  thrust  which  is  carried  on 
the  duct.  Since  the  examples  presented  seem  to  be  for  fairly  heavily 
loaded  propellers,  could  the  author  comment  on  this?  Also,  can  the 
theory  presented  here  be  extended  to  the  wave  adapted  case  in  which 
the  inflow  is  not  uniform? 

AUTHORS’  REPLY 

The  first  question  concerns  the  fact  that  in  the  paper  some  results  are 
presented  for  fairly  heavily  loaded  screw  propellers  while  the  theory 
in  the  first  instance  is  only  a  linearized  one.  As  described  in  the 
paper  there  is  included  in  the  optimization  model  a  more  or  less 
nonlinear  effect,  the  so-called  vx-correction.  However,  this  correction 
is  only  an  approximate  way  to  account  for  the  complicated  nonlinear 
character  of  the  problem.  From  Figures  1 1  and  12  it  is  seen  that 
although  the  nonlinear  vx-correction  gives  results  which  differ  from 
the  results  of  the  linear  theory;  the  same  tendencies  arise  in  the  linear 
and  nonlinear  theories.  Thus,  it  is  hoped  that  the  linearized 
optimization  theory  also  for  more  heavily  loaded  propellers  gives 
some  information  about  the  influence  of  end  plates. 

The  author  agrees  that  thorough  future  research  on  nonlinear  effects 
is  important  for  the  understanding  of  propellers  with  end  plates  of  the 
type  discussed,  but  he  also  believes  that  understanding  of  the 
phenomena  observed  by  application  of  linearized  theory  is  an  essential 
first  step. 

Regarding  the  second  question  as  to  whether  the  theory  can  be 
extended  to  the  wake  adapted  case,  I  would  like  to  refer  to  [9].  In 
that  paper  Klaren  and  Sparenberg  incorporated  in  the  linearized 
classical  optimization  theory  for  propellers  with  end  plates,  a  method 
to  deal  with  inhomogeneous  inflow.  It  is  possible  to  extend  also  the 
"optimization  including  viscosity"  discussed  in  the  present  paper  to 
the  case  of  inhomogeneous  inflow  by  using  their  method.  This  can 
be  done  for  the  cases  with  and  without  the  nonlinear  vx-correction. 

[9]  Karen,  L.  and  Sparenberg,  J.A.  "On  Optimum  Screw  Propellers 
with  End  Plates,  Inhomogeneous  Inflow".  Journal  of  Ship  Research. 
Vol.  25,  No.  4.,  Dec.  1981,  pp.  252-263. 


DISCUSSION 

Philippe  Genoux 

Bassin  d’Essais  des  Carenes,  France 

How  do  your  computations  compare  to  experiments  if  there  were 
any? 

AUTHORS’  REPLY 

Some  information  about  experimental  work  connected  to  the 
theoretical  and  numerical  work  carried  out  at  the  Department  of 
Mathematics  of  the  University  of  Groningen  is  given  now.  So  far, 
experiments  have  been  performed  only  on  one  propeller  with  end 
plates,  namely  the  one  designed  by  Sparenberg  and  de  Vries,  see  [2]. 
It  concerns  a  model  screw  propeller  with  end  plates  of  the  "two-sided 
symmetrical"  type,  an  example  of  which  is  given  in  Figure  17.  A 
disadvantage  of  that  propeller  model  is  that  the  theories  used  for 
optimization  and  for  lifting  surface  design  were  linearized  theories. 
This  might  be  a  reason  that  in  the  experiments  the  propeller  model  in 
the  design  conditions  turned  out  not  to  deliver  the  thrust  which  was 
prescribed  for  the  design.  Another  disadvantage  is  that  the 
optimization  theory  used  in  the  design  was  not  as  detailed  as  the 
optimization  method  described  in  the  present  paper.  Furthermore, 
Table  4  illustrates  that  the  used  type  of  end  plate  planforms  is  not  the 
most  ideal  for  obtaining  high  efficiency.  As  explained  in  the  present 
paper,  application  of  "two-sided  shifted"  end  plate  planforms  is 
expected  to  give  higher  efficiency. 

Despite  these  drawbacks,  the  experiments  with  the  model  screw 
propeller  revealed  some  promising  features.  It  turned  out  that  tip 
vortices  could  not  be  made  visible,  which  is  an  indication  that  the 
basic  principle  of  minimizing  kinetic  energy  loss  seems  to  work. 
Indeed,  open  water  tests  showed  that  the  efficiency  of  the  propeller 
with  end  plates  for  larger  thrusts  was  significantly  better  than  the 
efficiency  of  a  corresponding  B-screw  propeller,  even  though  it 
concerned  model  scale  experiments,  see  [2].  Moreover  the  absence 
of  tip  vortices  means  that  carefully  designing  propellers  with  end 
plates  can  probably  help  to  reduce  propeller  noise.  Application  of 
types  of  end  plate  planforms  that  have  relatively  larger  surface  areas 
will  presumably  yield  relatively  higher  noise  reduction  at  the  price  of 
lower  efficiency. 

To  fulfill  the  need  for  further  experiments  with  improved  propeller 
designs  with  end  plates,  at  the  time  of  this  writing  this  reply  the 
geometry  is  calculated  for  a  propeller  model  meant  to  be  tested  at 
MARIN  in  The  Netherlands.  In  this  new  design  we  hope  to  diminish 
the  shortcomings  of  the  linearized  theory  by  making  use  of  the 
nonlinear  vx-correction  in  the  optimization  process  as  well  as  in  the 
lifting  surface  design  theory.  Moreover,  the  end  plates  will  be  of  the 
two-sided  shifted  type  and  the  optimization  process  will  be  based 
upon  the  one  described  in  the  present  paper. 

The  author  wishes  to  thank  the  discussers  for  their  contributions. 
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Steady  and  Unsteady  Characteristics  of  a  Propeller 
Operating  in  a  Non-Uniform  Wake: 
Comparisons  Between  Theory  and  Experiments 

F.  Genoux,  R.  Baubeau  (Bassin  d’Essais  des  Canines,  France) 

A.  Bruere,  M.  DuPont 

(Office  National  des  Etudes  et  Recherches  A6rospatiales,  France) 


ABSTRACT 

The  predictions  of  the  steady  and  unsteady  cha¬ 
racteristics  of  a  propeller  operating  in  a  non-uni¬ 
form  wake  has  been  a  task  of  R&D  for  the  past  de¬ 
cades,  seeking  to  meet  the  increasingly  demanding 
requirements  of  acoustical  discretion  in  the  design 
of  propellers  for  ships. 

The  present  paper  exposes  the  latest  work 
conducted  at  the  Bassin  d’Essais  des  Carenes  in 
the  theoretical  and  numerical  fields  to  produce  a 
numerical  code  able  to  answer  this  need,  as  well 
as  the  results  issued  from  an  original  technology 
developed  at  ONERA  to  give  access  to  the  fluctua¬ 
ting  pressure  field  on  a  blade.  The  code  issued 
from  these  efforts  is  based  on  a  linearized  lifting 
surface  theory  and  is  fitted  for  low  and  moderate 
loadings.  Its  originality  lies  in  its  ability  to  solve 
either  the  inverse  problem  or  the  analysis  one 
with  the  same  numerical  schemes.  Its  formulation 
is  adequate  for  the  computation  of  both  steady  and 
unsteady  characteristics  of  a  propeller  operating 
in  a  non-uniform  incoming  flow. 

The  convergence  tests  are  commented  to  give 
an  idea  of  the  robustness  of  the  code.  The  numeri¬ 
cal  results  are  compared  to  experimental  data 
available  in  the  open  litterature  and  to  measure¬ 
ments  derived  from  experiments  conducted  with 
the  technology  of  thin  film  pressure  transducers. 

INTRODUCTDN 

The  prediction  of  the  steady  and  unsteady  cha¬ 
racteristics  of  a  propeller  operating  in  a  non-uni¬ 
form  wake  aims  to  meet  the  increasingly  deman¬ 


ding  requirements  of  acoustical  discretion  in  the 
design  of  propellers  for  ships.  These  predictions 
rely  on  both  theoretical  and  numerical  develop¬ 
ments  able  to  match  the  designer’s  need  for  a  re¬ 
liable  and  accurate  tool.  The  validation  of  the  ap¬ 
proach  requires  extensive  and  accurate  experi¬ 
mental  data,  thus  motivating  highly  complex  and 
heavy  tests.  From  a  designer  stand-point,  the 
knowledge  of  steady  and  unsteady  loadings  is  nee¬ 
ded  to  compute  the  levels  of  fluctuating  forces 
transmitted  to  ship  through  the  shafts  and  the  hull, 
and  thus  to  optimize  the  dimensioning  of  shaft  sup¬ 
ports  and  bearings  for  fatigue.  A  good  prediction 
of  radiated  noise  induced  by  the  propeller  as  well 
as  the  evaluation  of  unsteady  cavitation  are  also 
conditionned  by  an  accurate  computation  of  fluc¬ 
tuating  pressure  fields  on  propeller  blades.  Despite 
the  clear  need  for  predictive  tools,  the  progress 
have  been  slowed  for  a  long  time  due  to  the  lack  of 
computational  power  and  the  release  of  new  gene¬ 
ration  computers  during  the  two  last  decades  have 
certainly  contributed  to  the  improvments  in  the 
area  of  propeller  computing. 

Although  an  extensive  review  of  all  the  theore¬ 
tical  and  experimental  works  conducted  on  the 
prediction  of  steady  and  unsteady  characteristics 
of  propellers  is  out  of  the  scope  of  the  present 
paper,  it  is  interesting  to  underline  the  main  steps 
in  both  theories  and  documented  experiments  in 
the  development  of  tools  for  the  computation  of 
unsteady  loadings.  The  first  consistent  and  perti¬ 
nent  tools  from  an  engineering  point  of  view  were 
based  on  lifting  line  method,  ranging  from  quasi¬ 
steady  approach  (1,  2,  3)  to  two-dimensional  uns¬ 
teady  method  (4,  5,  6).  Some  refinements  were 
brought  by  combining  quasi-steady  approach  and 
two-dimensional  unsteady  method  (7).  The  limita- 
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tions  of  these  methods  are  precisely  identified  -  a 
good  review  of  their  failures  can  be  found  in  the 
reference  (8).  Theoretical  attempts  (9),  using 
matched  asymptotic  method,  have  been  made  to 
solve  the  most  obvious  and  severe  restrictions, 
such  as  neglecting  three-dimensional  effects  - 
span,  skew. 

Despite  the  save  of  computational  time  in  com¬ 
parison  to  heavier  methods,  the  remaining  inaccu¬ 
racies  -  specially  for  low  Expanded  Area  Ratio 
propellers  -  as  well  as  the  increasing  computatio¬ 
nal  power  of  computers  have  motivated  the  deve¬ 
lopment  of  new  codes  based  on  linearized  lifting 
surface  theory.  The  reference  (10)  summarizes 
the  different  steps  taken  in  that  direction  for  the 
last  twenty  years.  The  codes  developed  within  this 
theory  lead  to  a  clear  improvement  of  the  accura¬ 
cy  and  reliability  of  the  numerical  results  (11). 
From  a  designer's  stand-point,  the  use  of  the  li¬ 
nearized  lifting  surface  theory  to  solve  the  inver¬ 
se  problem  -  computing  a  propeller  geometry  mee¬ 
ting  propulsive  requirements  -  is  proposed  in 
(12),  where  the  presence  of  an  axisymetric  body 
is  taken  in  account. 

As  opposed  to  the  important  number  of  theore¬ 
tical  efforts,  there  are  very  few  well  documented 
experiments  in  the  open  litterature.  Therefore, 
the  possibilities  of  validation  are  limited  and  nu¬ 
merous  numerical  results  are  compared  to  the 
measurements  referenced  in  (8)  and  (13)  publi¬ 
shed  in  1968  ,  more  than  twenty  years  ago.  This 
is  partly  due  to  the  difficulties  of  gathering  all  the 
data  needed  for  a  reliable  validation.  Besides  the 
access  to  the  fluctuating  forces  transmitted  to  the 
shaft,  one  has  to  accurately  measure  the  flow 
field  feeding  the  propeller  in  its  presence,  and  de¬ 
termine  a  proper  procedure  to  deduce  the  effects 
of  the  suction  from  the  wake  inhomogeneities. 
Furthermore,  there  is  no  experimental  data  in  the 
open  litterature  that  is  known  delivering  informa¬ 
tion  on  fluctuating  pressures  at  the  blade  surface 
of  a  propeller.  The  lack  of  adequate  sensors  ful¬ 
filling  the  requirements  for  such  measurements 
has  clearly  limited  the  knowledge  of  pressure 
fluctuations  related  to  a  propeller  to  measure¬ 
ments  on  adjacent  walls. 

Unfortunately,  no  unified  tool  based  on  the  li¬ 
nearized  lifting  surface  theory  was  available  to 
allow  the  computation  of  both  steady  and  unsteady 


characteristics  of  a  propeller  operating  in  a  non- 
uniform  flow,  within  the  solving  of  the  inverse 
problem  or  of  the  direct  one.  The  present  paper 
exposes  the  latest  work  conducted  at  Bassin 
d'Essais  des  Cannes  de  Paris  in  the  theoretical 
and  numerical  fields  to  develop  a  numerical  code 
able  to  eliminate  some  of  the  previously  mentioned 
restrictions,  as  well  as  the  experimental  results 
obtained  in  its  facilities  from  an  original  technolo¬ 
gy  developed  at  the  Office  National  d'Etudes  et  de 
Recherches  Aerospatiales  aimed  at  giving  access 
to  the  fluctuating  pressure  field  on  a  blade.  The 
numerical  results  are  compared  to  experimental 
data  found  in  the  open  litterature  and  to  the  ones 
obtained  at  Bassin  d'Essais  des  Cannes.  The  expe¬ 
riments  are  documented  as  carefully  as  possible  to 
allow  comparison. 

MODEL  AND  SOLUTION  PROCEDURE 

The  numerical  code  is  based  on  a  linearized  lif¬ 
ting  surface  theory  and  is  fitted  for  low  and  mode¬ 
rate  loadings.  The  starting  core  was  developed  in 
the  late  seventies  and  limited  to  the  solving  of  the 
inverse  problem  (12).  Implemented  at  Bassin 
d'Essais  des  Cardnes,  the  code  has  gone  through 
many  evolutions  and  is  now  stabilized  in  its  matu¬ 
re  form. 

Its  originality  lies  in  its  ability  to  solve  the  in¬ 
verse  problem  -  determination  of  pitch  and  camber 
laws  for  a  given  shaft  power  -  as  well  as  the  di¬ 
rect  analysis  -  computation  of  thrust  and  torque 
for  a  given  geometry  -  within  the  same  formula¬ 
tion.  Such  a  feature  allows  the  validation  of  the 
code  used  in  its  inverse  mode  -  the  important 
mode  for  the  designer  -  by  checking  the  accuracy 
of  the  results  computed  in  its  direct  mode  on  geo¬ 
metries  of  reference  propellers. 

The  code  has  been  extended  to  permit  the  calcu¬ 
lation  of  unsteady  forces  due  to  the  interactions  of 
a  propeller  with  a  non-uniform  steady  incoming 
flow.  This  calculation  remains  possible  in  both  in¬ 
verse  and  direct  modes,  thus  allowing  skew  opti¬ 
misation  in  the  design  process. 

The  Figure  1  shows  the  geometry  of  the  pro¬ 
blem.  The  propeller,  which  is  represented  by  its 
geometry  H,  operates  behind  an  axisymetric  body 
C  whose  geometry  is  given  by  the  equation  of  its 
meridian.  The  body's  advance  speed, 
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Vs,  is  supposed  constant  and  the  single  screw  pro¬ 
peller  rotates  at  a  constant  rotation  speed  n.  The 
plane  of  reference  used  to  describe  the  propeller 
geometry  is  named  II.  The  helicoids  emitted  by  the 
blades  are  noted  L. 

In  both  inverse  and  direct  modes,  the  diameter, 
D,  of  the  propeller,  its  number  of  blades,  Z,  the 
spanwise  laws  of  skew,  rake,  maximum  thickness 
and  chord  length,  as  well  as  the  chordwise  law  of 
thickness  are  given.  The  spanwise  pitch  and  cam¬ 
ber  laws  and  the  chordwise  camber  laws  are 
known  in  the  direct  mode  and  are  unknown  in  the 
inverse  mode.  The  effective  wake  is  supposed  to 
be  known  in  the  propeller  plane. 


/  oo  \ 

Vi- Vs  2  Aj,  k(r)cos[k  0  +<pir  k]/ 

tk-o  '  (i) 

The  fluid  is  assumed  to  be  incompressible  and 
the  flow  irrotational.  No  presence  of  cavitation  is 
considered  within  this  work.  Therefore,  the  abso¬ 
lute  velocity  field  derives  from  a  potential  <£>, 
which  satisfies  the  Laplace  equation: 

A<D  =  0  (2) 

Steady  case 

In  the  steady  case,  the  only  amplitudes  of  ve¬ 
locity  components  that  are  not  equal  to  zero  are 
Af  0  and  Ax  Q.  The  phases  <pj  0,  are  equal  to  zero. 

The  absolute  potential  <t>  can  be  split  in  two 
terms: 

o(r,  9,  x)  =  Vs  x  +  (Hr’,  0',  x)  (3) 


Fig.  1  Geometry  of  the  problem 

(1)  Propeller  H 

(2)  Helicoids  Z 

(3)  propeller  plane  n 

(4)  Body  C 

The  geometry  of  the  propeller  H  is  described  in 
the  system  of  polar  coordinates  of  axis  the  body 
axis.  Following  ITTC  standards,  one  defines  a  right 
hand  orthogonal  system  of  cartesian  coordinates 
with  the  origin  O  coinciding  with  the  centre  of  the 
propeller.  The  longitudinal  axis  x  coincides  with 
the  body  axis,  positive  downstream;  the  trans¬ 
verse  axis,  positive  part;  the  third  axis  z  positive 
upward.  One  uses  a  cylindrical  system  with  origin 
O  and  longitudinal  axis  x. 


where  the  first  term  takes  in  account  the  body 
advance  velocity  and  the  second  term  is  the  rela¬ 
tive  velocity  potential  written  in  the  polar  coordi¬ 
nate  system,  (O,  r\  0’,  x),  rotating  with  the  pro¬ 
peller. 

The  boundary  conditions  are  written  on  the  body 
C  and  on  the  propeller,  H,  including  its  hub.  If  n 
is  the  normal  to  the  boundary,  these  conditions  can 
be  written  as: 

-  on  the  body  C  : 


V  <j)  .  n 
2n  n  R 


(4) 


where  is  the  advance  ratio  of  the  propeller, 


-  on  the  propeller  H: 


The  effective  wake  field  is  described  by  the 
three  components,  Vr,  V0,  Vx,  of  the  velocity 

vector,  V(r,  0),  in  the  propeller  plane,  written  in 
cylindrical  coordinates.  The  three  components  are 
known  by  their  harmonical  amplitudes,  Aj  ^  and 

phases  (pj  ^  for  k  varying  from  0  to  infinity: 


3t£ 


where  rj  and  rj+  are  the  positions  of  back  and 
face  of  the  blade  sections  at  the  reduced  radius,  4, 


609 


Vgl  is  supposed  constant  and  the  single  screw  pro¬ 
peller  rotates  at  a  constant  rotation  speed  n.  The 
plane  of  reference  used  to  describe  the  propeller 
geometry  is  named  IT.  The  helicoids  emitted  by  the 
blades  are  noted  £. 

In  both  inverse  and  direct  modes,  the  diameter, 
D,  of  the  propeller,  its  number  of  blades,  Z,  the 
spanwise  laws  of  skew,  rake,  maximum  thickness 
and  chord  length,  as  well  as  the  chordwise  law  of 
thickness  are  given.  The  spanwise  pitch  and  cam¬ 
ber  laws  and  the  chordwise  camber  laws  are 
known  in  the  direct  mode  and  are  unknown  in  the 
inverse  mode.  The  effective  wake  is  supposed  to 
be  known  in  the  propeller  plane. 


Fig.  1  Geometry  of  the  problem 

(t)  Propeller  H 

(2)  Helicoids  I 

(3)  propeller  plane  n 

(4)  Body  c 

The  geometry  of  the  propeller  H  is  described  in 
the  system  of  polar  coordinates  of  axis  the  body 
axis.  Following  ITTC  standards,  one  defines  a  right 
hand  orthogonal  system  of  cartesian  coordinates 
with  the  origin  O  coinciding  with  the  centre  of  the 
propeller.  The  longitudinal  axis  x  coincides  with 
the  body  axis,  positive  downstream;  the  trans¬ 
verse  axis,  positive  part;  the  third  axis  z  positive 
upward.  One  uses  a  cylindrical  system  with  origin 
O  and  longitudinal  axis  x. 

The  effective  wake  field  is  described  by  the 
three  components,  Vr,  V0,  Vx,  of  the  velocity 

vector,  V(r,  0),  in  the  propeller  plane,  written  in 
cylindrical  coordinates.  The  three  components  are 
known  by  their  harmonical  amplitudes,  Aj  ^  and 

phases  cpj  for  k  varying  from  0  to  infinity: 


(  ° o  \ 

V|-v8  X  Ai,  k(r )  cos  [k  9  +cpj  k]r 

lk=0  /  (1) 

The  fluid  is  assumed  to  be  incompressible  and 
the  flow  irrotational.  No  presence  of  cavitation  is 
considered  within  this  work.  Therefore,  the  abso¬ 
lute  velocity  field  derives  from  a  potential  <f>, 
which  satisfies  the  Laplace  equation: 

A  <D  =  0  (2) 

Steady  case 

In  the  steady  case,  the  only  amplitudes  of  ve¬ 
locity  components  that  are  not  equal  to  zero  are 
Ar  0  and  Ax  Q.  The  phases  cpj>0,  are  equal  to  zero. 

The  absolute  potential  O  can  be  split  in  two 
terms: 

0(r,  0,  x)  =  Vs  x  +  <j>(r\  0',  x)  (3) 

where  the  first  term  takes  in  account  the  body 
advance  velocity  and  the  second  term  is  the  rela¬ 
tive  velocity  potential  written  in  the  polar  coordi¬ 
nate  system,  (O,  r\  0',  x),  rotating  with  the  pro¬ 
peller. 

The  boundary  conditions  are  written  on  the  body 
C  and  on  the  propeller,  H,  including  its  hub.  If  n 
is  the  normal  to  the  boundary,  these  conditions  can 
be  written  as: 

-  on  the  body  C  : 

SiJUxsl.a 

2it  n  R  (  4  ) 

where  /.s  is  the  advance  ratio  of  the  propeller, 

-  on  the  propeller  H: 

0T|± 

=  JL  +  (P - B)  V k2+  A2x>  o(r)X|[ 

271  n  R  R  (5) 

where  r\~  and  r\+  are  the  positions  of  back  and 
face  of  the  blade  sections  at  the  reduced  radius,  4, 
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duced  by  the  interactions  between  the  propeller 
and  the  hull.  It  can  be  split  into  two  terms: 

-  q1  strength  of  the  source  due  to  the  sources 

distributed  on  the  projected  propeller  H', 

-  q2  strength  of  the  source  due  to  the  doublets 

distributed  on  the  projected  propeller  H'  and  the 
helicoids  Z. 

The  intensity  of  sources  located  on  the  projec¬ 
ted  propeller  H'  is  directly  related  to  the  thick¬ 
ness  law  of  the  blade  profile  at  the  considered  ra¬ 
dius,  according  to  the  relation: 


[fell 

L_g_\  A  ae  Jm 

\2n  n  R/m  R  (10) 

It  should  be  underlined  that  it  is  not  necessary 
to  compute  the  strength  of  the  source  induced  by 
the  flow  arond  the  body  without  the  propeller. 


The  use  of  equation  (8)  and  the  Kutta-Joukowski 
condition  allow  to  derive  the  equation  relating 
camber,  pitch  and  source  strength: 
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In  the  direct  problem,  the  unknowns  5<f)  and 
54>Tr  Ed  can  de  directty  computed  from  the  known 
values  of  pitch  and  camber. 

In  the  inverse  problem,  the  designer  chooses 
the  normalized  circulation  law  and  the  perfor¬ 
mances  -  either  thrust  or  torque  to  be  by  the  pro¬ 
peller.  Thus,  the  circulation  law  is  defined  with  an 
unknown  multiplicative  constant  rmax. 

In  both  modes,  the  discretization  of  the  equation 
(11)  produces  a  linear  system  with  a  predomi¬ 
nantly  diagonal  matrix.  The  resolution  of  the  sys¬ 
tem  does  not  raise  any  particular  difficulty.  The 
forces  are  computed  using  the  Joukowski  theorem. 

In  the  inverse  mode,  the  shock-free  entrance 
condition  supresses  the  suction  force  at  the  lea¬ 
ding  edge  of  profiles.  The  integration  of  forces  and 
moments  produces  a  second  degree  equation  with 
the  unknown  rmax.  Reference  (12)  details  the  ap¬ 
proach. 

In  the  direct  mode,  the  leading  edge  suction 
force  has  to  be  taken  in  account  and  is  calculated 
with  the  method  described  in  (14)  and  (15). 

The  suction  effects  due  to  the  potential  effects 
of  the  propeller  on  the  body  can  be  computed  by 
integrating  the  efforts  on  its  surface.  These  ef¬ 
forts  are  directly  calculated  using  Lagally  theo¬ 
rem. 

At  last,  the  linearization  of  the  equations  with 
respect  to  Xs  allows  to  compute  the  performances 

at  off-design  conditions  close  to  the  design  point. 
Unsteady  case 

In  the  presence  of  non-uniformities  in  the  flow 
feeding  the  propeller,  the  wake  field  velocity  vec¬ 
tor  can  be  split  into  two  parts: 

V i(rf  0)  =  Vs  Ajf  o(r )  +  V  j(r,  0)  2) 


with: 


Vj(r,  9)  =  Vs  X  Ai,  k(r)cos[k  9  +<pi(  k] 

k=1  (13) 
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where  Vj  are  the  three  components  of  the  ve¬ 
locity  fluctuations  encountered  by  the  propeller 
blades  during  the  rotation. 

Besides,  it  is  assumed  that  the  geometry  of  the 
helicoids,  X,  is  not  affected  by  the  inhomogeneities 
of  the  incoming  flow.  Therefore,  the  solution  of 
the  potential  is  split  into  three  terms: 


ek  =  27c 


nt 


(17) 


The  Kutta-Joukowski  is  implicitly  satisfied  at 
the  trailing  edge  of  the  blades  but,  in  the_jjnsteady 

case,  the  value  of  the  potential  jump,  8(t>,  is  not 
uniform  on  the  helicoids  X  and  is  not  constant  in 
time  at  the  trailing  edges  of  the  blades. 


d>  =  Vs  x  +  §(r',  e\  x)+  <j>(r',  0',  x)  (14) 

With  the  mentioned  assumption,  the  lineariza¬ 
tion  of  the  problem  eases  considerably  its  solving, 
for  the  two  first  terms  are  solution  of  the  steady 
problem.  As  a  further  simplification,  the  unsteady 
interactions  between  the  propeller  and  the  body 
are  neglected  and  the  indetermination  between 
sources  and  doublets  is  solved  by  assuming  that 
the  fluctuations  of  potential  are  only  related  to  the 
doublets. 

Thus,  the  only  boundary  condition  remaining  ap¬ 
plies  to  the  projected  propeller  surface,  H': 

a  _  o 

2ji  n  R  (1  5) 


To  solve  the  problem  raised  by  the  time-depen¬ 
dency  of  the  potential,  the  following  procedure  has 
been  implemented: 

-  the  value  of  the  doublet  associated  to  the  jump 

of  potential  8<|>  at  the  trailing  edge  at  a  given  time 
is  obtained  from  the  integral  equation  (16), 

-  the  doublet  element  associated  to  the  potential 
jump  is  convected  downstream  on  the  helicoid  at  a 
speed  equal  to  the  steady  component  of  the  local 
at-infinity  velocity, 

-  the  computation  is  actually  conducted  on  the 
first  blade  only,  due  to  the  blade-to-blade  periodi¬ 
city  of  the  solution.  Nevertheless,  the  other  blades 
are  taken  in  account  in  the  calculation, 

-  the  computation,  which  can  be  seen  as  a  tran¬ 
sient  approach,  is  stopped  when  the  periodicity  of 
the  unsteady  circulation  is  achieved. 


The  integral  equation  associated  to  the  problem 
is: 
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The  angle  0k  is  the  sum  of  the  angle  due  to  the 

propeller  rotation  and  the  phase  shift  from  blade 
to  blade.  Thus,  it  is  time  dependent: 


Numerical  procedure 

The  mesh  used  to  solve  the  problems  is  based  on 
a  collocation  method  described  in  (14)  and  (15). 
This  method  allows  to  use  non-planar  surface  ele¬ 
ments  which  are  required  to  get  accurate  results 
in  the  case  of  highly  skewed  propellers. 

In  the  unsteady  case,  the  calculation  of  the  uns¬ 
teady  pressures  is  required.  Thus,  the  time  deri¬ 
vative  of  the  potential  is  deduced  from  the  analy¬ 
tical  computation  of  the  potential.  Special  care  is 
to  be  taken  for  the  doublet  locations  in  the  vicinity 
of  the  trailing  edge.  Therefore,  second  degree  dou¬ 
blets  have  been  used  to  insure  the  continuity  of 
doublet  intensity  and  of  its  first  derivative  at  the 
borders  of  the  panels  adjacent  to  the  trailing  edge. 
Moreover,  the  time-step  is  choosen  according  to 
the  Shannon  rule  to  allow  consistent  harmonical 
analysis.  The  numerical  tests  show  that  high  en¬ 
ough  discretizations  in  space  and  time  give  good 
stability  of  the  results. 
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COMPARISON  TO  BOSWELL  EXPERIMENTS 

This  section  presents  and  comments  the  nume¬ 
rical  results  when  simulating  the  experiments  re¬ 
ferenced  in  (8)  and  (13).  These  experiments 
consisted  in  measuring  the  characteristics  of  a  se¬ 
ries  of  three-blade  propellers  in  open  water  condi¬ 
tions  and  behind  two  wake  screens  -  a  three-cycle 
wake  screen  and  a  four-cycle  screen.  Four  propel¬ 
lers  were  designed  with  the  same  diameter, 
thrust,  speed  of  advance  and  rotational  speed.  The 
first  three  propellers  have  different  Expanded 
Aspect  Ratio:  0.3  for  the  Propeller  NRSDC  N° 
4132,  0.6  for  Propeller  NRSDC  N°  4118  and  1.2 
for  Propeller  NRSDC  N°  4133.  The  fourth  propel¬ 
ler,  Propeller  NRSDC  N°  4143  has  a  highly  skew 
of  120°  and  an  Expanded  Aspect  Ratio  of  0.6.  In 
the  trials  behind  the  wake  screens,  besides  the 
monitoring  of  fluctuating  resulting  forces  and  mo¬ 
ments,  the  measurements  included  averaged 
thrust  and  torque  measurements  and  the  wake 
surveys. 

The  computations  were  made  on  an  ALLIANT  FX- 
80  machine  equiped  with  8  processors  and  256 
Mbytes  of  RAM.  Both  open  water  and  behind  wake 
generators  conditions  were  numerically  tested.  In 
the  open  water  tests,  the  design  point  plus  two 
off-design  points  were  computed.  The  mesh  used  in 
all  cases  was  11  points  spanwise  and  15  points 
chordwise.  The  durations  of  each  case  were  in  the 
order  of  5  mn  CPU  for  the  steady  cases  and  3  mn 
CPU  for  the  unsteady  cases. 

Figures  2,  3,  4  and  5  show  the  comparison  bet¬ 
ween  computational  and  experimental  results  in 
the  open  water  case.  The  thrust  and  torque  coeffi¬ 
cients  are  plotted  versus  the  advance  coefficient. 
These  variables  are  defined  as: 

KT0  =  — I — 
pn2  D4 
KQ0  =  — 5 — 
pn2  D5 
J0=  VQ. 

nD  (18) 

The  analysis  of  the  curves  shows  a  satisfactory 
agreement  between  computation  and  measurement 
for  the  four  tested  propellers.  The  worst  results 
are  found  with  the  smallest  EAR  propeller  while 


the  highly  skewed  propeller's  performances  are 
well  predicted.  For  all  propellers,  the  computed 
slopes  of  thrust  and  torque  coefficients  curves 
versus  advance  coefficient  are  very  close  to  the 
experimental  ones  on  a  reasonably  wide  range  of 
advance  coefficient. 

Figures  6  and  7  show  the  comparisons  between 
computations  and  experiments  in  the  unsteady 
cases.  As  in  reference  (13),  only  the  non-skewed 
propellers  have  been  represented.  The  fluctuating 
force  and  torque  coefficients  are  defined  as: 


KTi  = 

l  i,  Z 

for  i  =  x,  y,  z 

p  n2  D4 

KQi  = 

Qi,  z 

for  i  =  x,  y,  z 

P  n2  D5  (19) 

where  Tj  ^  and  Qj  z,  i  =  x,  y,  z  are  respecti¬ 
vely  the  axial,  horizontal  and  vertical  components 
of  the  force  and  moment  fluctuating  at  the  blade 
rate  frequency  of  the  propeller. 

The  results  obtained  in  the  two  experimental 
configurations  -  three-cycle  and  four-cycle  wake 
screens  are  gathered  on  these  two  figures.  The 
three-cycle  screen  generates  the  axial  fluctuating 
force  and  torque,  while  the  four-cycle  screen  ge¬ 
nerates  the  fluctuating  transverse  forces  and  ben¬ 
ding  moments. 

With  figure  6,  one  can  see  that  the  axial  forces 
are  well  predicted.  On  the  other  hand,  the  trans¬ 
verse  forces  seem  to  be  overestimated  by  the 
computation  although  the  trend  of  the  coefficients 
with  EAR  is  respected.  Figure  7  shows  that  the 
predictions  of  fluctuating  moments  are  good  in  am¬ 
plitude  as  well  as  in  trend  versus  EAR. 

BASSIN  D'ESSAIS  DES  CARENES  EXPERIMENTS 

In  the  prediction  of  unsteady  efforts,  one  of  the 
expected  advantage  of  the  linearized  lifting  surfa¬ 
ce  methods  over  lifting  line  theories  is  to  give  ac¬ 
cess  to  the  fluctuating  force  amplitudes  as  well  to 
the  fluctuating  pressure  field  with  a  better  accu¬ 
racy.  This  last  hope  is  a  requirement  for  a  better 
computation  of  sheet  cavitation  in  non-uniform 
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flow  conditions.  The  lack  of  experimental  data  al¬ 
lowing  the  validation  motivated  new  experiments 
consisting  in  equiping  a  propeller  with  pressure 
thin  film  transducers. 

Thin  film  pressure  transducer  technology 

The  objective  of  the  thin  film  pressure  transdu¬ 
cers  is  to  give  accurate  measurements  of  the  fluc¬ 
tuating  pressures  at  specified  points  located  on  the 
surface  of  a  propeller  blade  with  the  smallest  al¬ 
terations  of  the  flow  around  the  profiles.  Besides, 
the  sensitive  part  of  the  captor  has  to  be  as  small 
as  possible.  To  meet  these  requirements,  a  new 
kind  of  transducers  -thin  film  pressure  transdu¬ 
cers  -  have  been  developed  (16). 

Principle 

The  pressure  gauge  uses  capacitive  variations. 
The  sensitive  element  is  made  of  a  flexible  dielec¬ 
tric  foil  metallised  on  both  sides,  thus  forming  a 
capacitor  (see  figure  8). 


Pressure  Fluctuations 


Fig.  8  View  of  pressure  thin  film  transducer 

(1)  Sensitive  electrodes 

(2)  Glue  layers 

(3)  Profile 

(4)  Dielectric  sheets 

(5)  Guard  ring  electrodes 

(6)  Preamplifier 

(7)  Polarisation  source 

The  thickness  of  the  dielectric  foil  varies  under 
the  action  of  a  pressure  fluctuation.  That  produces 
a  relative  variation  of  the  capacitance  which  is  li¬ 
nearly  proportional  to  the  pressure  fluctuation. 


The  coefficient  relating  the  pressure  fluctuations 
to  the  capacitance  variations  is  directly  related  to 
the  mechanic  characteritics  of  the  foil  -  Elastic 
modulus  and  Poisson  coefficient.  The  variation  of 
capacitance  is  transformed  into  a  voltage  varia¬ 
tion  using  a  polarisation  source  V  connected  to  the 
first  electrode  of  the  sensitive  element  and  to  the 
preamplifier  connected  to  the  second  electrode. 
Thus,  the  output  voltage  Vs  is  proportional  to  the 
pressure  fluctuation. 

In  order  to  reduce  the  leakage  effects  on  the 
sensor  sensitivity,  guard  rings  are  mounted  on 
both  sides  of  the  sensitive  connection,  which  links 
the  sensitive  electrode  to  the  input  of  the  pream¬ 
plifier.  The  guard  rings  are  driven  by  the  output 
voltage  of  the  preamplifier  whose  gain  is  one. 
Therefore,  no  current  flows  through  the  sensitive 
electrode  into  guard  electrode  capacitor  and  the 
leakage  capacitors  are  completely  cancelled. 

The  basic  transducer  is  composed  of  three  12.5 
pm  thick  dielectric  sheets  made  of  Kapton: 

-  the  first  sheet  contains  the  connections,  the 
upper  and  lower  sensitive  electrodes,  the  upper 
guard  ring, 

-  the  second  sheet  isolates  electrically  the 
lower  sensitive  electrode  and  the  lower  guard, 

-  the  third  sheet  contains  the  lower  part  of  the 
guard  ring. 

The  electrodes  and  the  connections  are  manu¬ 
factured  by  metal  vacuum  deposit  which  is  0.2  ^im 
thick.  The  three  sheets  are  bonded  together  and  at 
the  profile  surface  with  3  to  5  p.m  glue  layers. 

On  0  0.30  m  propellers,  3  to  6  transducers  can 
be  mounted  on  the  same  blade  in  the  vicinity  of 
high  curvature  area  such  as  leading  edge.  The  inte¬ 
gration  on  the  blade  itself  is  done  using  bonding 
technique  and  does  not  require  special  equipment. 
The  preamplifiers  are  located  as  close  as  possible 
to  the  transducer,  in  the  blade  root.  From  the 
preamplifier  exit,  the  signal  is  sent  through  co¬ 
axial  cables  to  a  rotating  electronics  feeding  a  slip 
ring.  The  same  ring  is  used  to  bring  the  DC  power 
to  the  preamplifier(s)  and  the  probes.  Underwater 
experiments  require  special  water  leakproof  cau¬ 
tion.  A  fourth  50  jim  dielectric  sheet  made  of 
Kapton  metalled  on  one  side  is  bonded  on  the  three 
other  ones.  A  special  epoxy  paint  is  coated  all 
over  the  blade  surface.  Experience  shows  that  the 
life  time  of  the  transducers  is  more  than  a  month, 
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even  in  deep  water. 
Performances 


coordinates  are  given  in  the  usual  frame  in  per¬ 
centage  of  the  projected  chord  length  on  the  blade 
mean  line. 


The  main  specifications  of  thin  film  pressure 
transducers,  given  under  a  100  V  polarisation 
level,  are: 


-  sensitivity: 

-  frenquency  range: 

-  detectivity  at  1  kHz: 

-  sensitive  standard  area: 

-  thickness1: 

-  temperature  range  accepted: 


2.5  10" 8  V/Pa 

1  to  1 05  Hz 

2  Pa/Hz1  /2 

4  mm  x  6  mm 
170  |im 
0°C  to  60°C 


The  microelectronics  volume  required  to  mount 
the  microelectronics  associated  to  three  preampli¬ 
fiers  is  less  than  10  mm  x  7  mm  x  1.7  mm 


Experimental  program 

The  experimental  program  focused  on  the  mea¬ 
surement  of  fluctuating  pressures  on  the  blades  of 
a  skewed  seven-blade  propeller  operating  in  the 
wake  of  a  submarine  model,  it  also  included  the 
wake  survey  by  Laser  Doppler  Velocimeter.  The 
LDV  used  at  Bassin  d’Essais  des  Carenes  gives  ac¬ 
cess  to  the  three  components  of  the  velocity  field 
in  the  propeller  plane. 

The  propeller  was  equiped  with  six  thin  film 
pressure  transducers,  three  on  the  back  and  three 
on  the  face.  They  were  located  mid-chord  at  three 
different  radii,  respectively  0.5R,  0.7R  and  0.9R. 
The  model  was  mounted  under  the  plateform  of  the 
towing  tank  Bassin  III  (length  220  m)  and  driven  at 
constant  speeds.  All  the  presented  tests  were  done 
at  the  same  advance  coefficient,  Js,  equal  to  0.63. 

Pressure  signals  were  monitored,  processed  and 
stored.  A  fast  Fourier  analysis  was  applied  after 
several  successive  acquisitions  to  improve  the  si¬ 
gnal  to  noise  ratio  and  to  check  the  stationnarity 
of  the  signal.  With  a  power  spectal-type  analysis, 
the  pressure  levels  for  the  harmonics  at  the  Shaft 
Rate  frequency  were  extracted. 

Tables  I,  If  and  III  give  all  the  informations  rela¬ 
tive  to  the  geometries  of  both  the  propeller  BA  N° 
2515  and  the  model.  The  symbols  used  are  the 
ones  recommended  by  the  ITTC.  The  back  and  face 

1  including  the  waterproof  protection 


The  harmonical  content  measured  by  LDV  is 
given  in  Tables  IV,  V  and  VI,  which  contain  the  ele¬ 
ven  first  harmonical  half  amplitudes  and  phases 
for  ten  dimensionalized  radii  ranging  from  0.0265 
m  to  0.1165  m  and  for  the  axial,  orthoradial  and 
radial  components  of  the  velocity  vector.  The 
coefficients  Aj  k  introduced  in  formula  (13)  are 

obtained  for  k  ranging  from  1  to  11  by  multiplying 
by  0.002  the  values  read  in  the  tables.  The  coeffi¬ 
cients  Ax  q  are  given  in  Table  I. 

The  experimental  measurements  are  presented 
in  Table  VII.  The  eight  first  harmonics  at  the  Shaft 
Rate  frequency  are  given  for  three  model  speeds 
that  were  selected  during  the  tests.  The  reference 
is  1  pPa  at  0  dB. 

Numerical  results 

The  computations  were  conducted  with  the  code 
tested  on  the  Boswell  experiments.  Figure  9  shows 
the  results  obtained  in  the  steady  case  (harmonic 
0  of  the  wake  only)  and  the  unsteady  case  (com¬ 
plete  wake)  when  the  propeller  operates  in  the 
model  wake.  The  reference  advance  coefficient  is 
taken  at  the  design  point,  i.e.  Js  equal  to  0.63. 
There  is  a  good  agreement  between  calculations 
and  measurements. 

Figures  10  and  11  give  the  amplitudes  of  the 
harmonics  of  fluctuating  forces  and  moments  ac¬ 
ting  on  one  blade.  No  dynamical  balance  allowed  a 
comparison  to  experiments. 

The  pressure  calculated  versus  time  on  the 
mesh  points,  analysed  with  a  fast  Fourier  algo¬ 
rithm  at  the  Shaft  Rate  frequency,  and  finally  in¬ 
terpolated  at  the  locations  of  the  transducers. 
Table  VIII  gives  the  power  pressure  levels  in  dB 
computed  at  the  model  speed  of  1  m/s. 

Discussion 

The  fluctuating  pressure  induced  by  the  flow  in¬ 
homogeneities  can  be  written  as: 
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P-  I  pkeJ2^knt 

k  =  1  (20) 

where  the  coefficients  Pk  are  complex  numbers 

containing  amplitude  and  phase  informations  for 
the  harmonica!  order  k.  The  power  spectrum  ana¬ 
lysis  gives  the  coefficients  7tk  versus  k,  realated 


and  experiment.  The  only  problems  encountered 
are  mainly  for  the  harmonic  1  and,  on  figure  17, 
for  the  harmonic  5.  The  discrepancies  for  harmo¬ 
nic  1  can  be  associated  to  the  absence  of  correc¬ 
tion  for  the  immersion  variations  in  the  averaging 
of  pressure  coefficients  measured  at  different  ve¬ 
locities.  For  the  second  problem,  there  is  no  clear 
explanation:  the  experiment  as  well  as  the  compu¬ 
tation  can  be  suspected  at  this  stage. 


to  the  complex  Pk  according  to: 


'  *\1  / 

PkPk 

,  2  /  (21) 


where  Pk*  is  the  conjugate  of  Pk. 

One  introduces  a  pressure  coefficient  at  the 
harmonical  order  k  defined  as: 


Nevertheless,  it  should  be  underlined  that  these 
results  are  quite  encouraging.  The  differences  bet¬ 
ween  calculations  and  experiments  are  in  most 
cases  less  than  3  dB.  Such  results  are  accurate 
enough  to  allow  noise  radiation  prevision  and  give 
credit  to  the  results  obtained  for  the  amplitude  of 
fluctuating  forces  and  moments. 

INCLUSIONS 


Kp,k  =  20  log  7q<  -  40  log  Vs  (22) 

where  the  coefficients  7tk  are  the  values  co¬ 
ming  from  either  the  experiment  -Table  VII  -  or 
the  computation  -  Table  VIII. 

Assuming  that  the  wake  harmonical  content  is 
not  affected  by  Reynolds  effects,  one  finds  that 
the  pressure  coefficients  should  remain  constant 
except  the  harmonic  1  which  is  affected  by  Froude 
effects.  Unfortunately,  the  analysis  of  the  experi¬ 
mental  data  shows  that  the  coefficients  Kp  j  are 

far  from  being  constant.  These  discrepancies  can 
be  attributed  to  the  weak  signal-to-noise  ratio  ob¬ 
tained  at  the  velocity  of  1  m/s  besides  the 
Reynolds  and  Froude  effects  affecting  the  wake 
content.  Nevertheless,  it  should  be  underlined  that 
experiments  conducted  on  that  model  geometry  in 
various  test  facilities  -  wind  tunnel  and  towing 
tank  -  did  not  show  a  strong  influence  of  the 
Reynolds  number  on  the  wake  harmonical  content. 

For  these  reasons,  only  values  of  pressure 
coefficients  obtained  at  the  two  highest  mode! 
speeds  have  been  averaged.  This  operation  was 
also  applied  to  the  harmonic  SRI  despite  the  pro¬ 
ceeding  remark.  Figures  12  to  17  show  the  compa¬ 
risons  between  the  calculated  and  averaged  pres¬ 
sure  coefficients.  The  analysis  of  the  results 
underlines  a  good  agreement  between  computation 


The  code  that  was  developed  at  Bassin  d’Essais 
des  Carenes  offers  a  good  reliability,  partly  due  to 
the  use  of  new  collocation  techniques  insuring  the 
consistency  of  the  method.  The  comparisons  to  ex¬ 
periments  found  in  the  open  litterature  and  to 
measurements  realized  at  Bassin  are  quite  rewar¬ 
ding,  both  in  steady  and  unsteady  operating  condi¬ 
tions. 

Nevertheless,  as  a  dampening  to  this  optimism, 
it  should  be  remembered  that  a  difference  of  6  dB 
on  levels  is  associated  to  a  ratio  of  100%  on  the 
linear  values.  Further  experimental  tests  are  un¬ 
derway  to  increase  the  base  of  experimental  data. 
Specifically,  measurements  will  be  carried  out  in 
the  vicinity  of  the  leading  edge  and  LDV  acquisi¬ 
tions  have  already  been  realized  in  a  plane  adjan- 
cent  to  a  propeller  operating  in  a  non-uniform 
flow.  Such  measurements  are  required  to  confirm 
the  absence  of  propeller  influence  on  the  wake 
harmonical  content. 

As  future  possible  developements,  the  method 
has  the  potential  to  take  in  account  the  unsteadi¬ 
ness  of  the  flow  due  to  the  presence  of  low 
frequency  turbulent  structures  in  the  wake. 
Besides,  prediction  of  fluctuating  sheet  cavitation 
seems  to  be  feasible  because  of  the  confidence  in 
the  accuracy  of  computed  pressure  field. 
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Thrust  coefficient  KTO  Thrust  coefficient  KTO  Thrust  coefficient  KTO 

Torque  coefficient  10*KQ0  Torque  coefficient  10*KQ0  Torque  coefficient  10*KQ0 


Fig.  2  Propeller  NSRDC  N°  4118 
Open  water  results 


M  KTO  computation 
A  KQO  computation 

□  KTO  experiment 
A  KQO  experiment 


Fig.  3  Propeller  NSRDC  N°  4132 
Open  water  results 


M  KTO  computation 
A  KQO  computation 

□  KTO  experiment 
A  KQO  experiment 


Fig.  4  Propeller  NSRDC  N°  4133 
Open  water  results 
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Fluctuating  moment  coefficients  Fluctuating  force  coefficients  Thrust  coefficient  KTO 

100*KQX?  1 00*KQY,  100*KQZ  10*KTX,  100*KTY,  100*KTZ  Torque  coefficient  10*KQ0 


Fig.  5  Propeller  NSRDC  N°  4143 
Open  water  results 


KTO  computation 
KQO  computation 
KTO  experiment 


Fig.  6  Boswell  experiments 
Fluctuating  forces 
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Fig.  7  Boswell  experiments 
Fluctuating  moments 
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Fig.  9  Propeller  BA  N°  2515 
Behind  model  results 
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Fig.  10  Propeller  BA  N°  2515 
Fluctuating  forces  acting  on  one  blade 
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Fig.  11  Propeller  BA  N°  2515 
Fluctuating  moments  acting  on  one  blade 
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KQ  experiment 
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Fig.  12  Propeller  BA  N°  2515 
0.5R  -  Back  -  Midchord 
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Fig.  13  Propeller  BA  N°  2515 
0.5R  -  Face  -  Midchord 


Fig.  14  Propeller  BA  N°  2515 
0.7R  -  Back  -  Midchord 
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E3  Kp  computed 
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Coefficient  Kp  Coefficient  Kp  Coefficient  Kp 


Fig.  15  Propeller  BA  N°  2515 
0.7R  -  Face  -  Midchord 
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Harmonic  Order 


Fig.  16  Propeller  BA  N°  2515 
0.9R  -  Back  -  Midchord 
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Fig.  17  Propeller  BA  N°  2515 
0.9R  -  Face  -  Midchord 
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Table  I  -  Propeller  BA  N°  2515  and  model  geometries 

Propeller  BA  N°  2515  geometry 
Diameter  D  =  0.235  m 
Hub  diameter  d  =  0,047  m 
Number  of  blades  Z  =  7 
Right-handed 


* 

C/D 

H/D 

es 

jT 

1  00*Re/C 

ds/dx 

> 

X 

o 

0.200 

0.1603 

0.2960 

0.0000 

0.000 

4.7203 

0.0105 

0.4183 

0.250 

0.1702 

0.3801 

0.8673 

0.0019 

3.8411 

0.0334 

0.4289 

0.300 

0.1799 

0.4698 

2.7244 

0.0060 

3.1369 

0.0587 

0.4376 

0.350 

0.1900 

0.5515 

4.7791 

0.01  10 

2.5618 

0.0805 

0.4513 

0.400 

0.2007 

0.6158 

7.1098 

0.0172 

2.0907 

0.0950 

0.4714 

0.450 

0.2110 

0.6617 

9.7462 

0.0248 

1.7157 

0.1006 

0.4883 

0.500 

0.2195 

0.6924 

12.6561 

0.0333 

1  .4238 

0.0974 

0.5016 

0.550 

0.2257 

0.7108 

15.7396 

0.0423 

1.1871 

0.0891 

0.5220 

0.600 

0.2300 

0.7198 

18.8603 

0.0513 

0.9809 

0.0818 

0.5566 

0.650 

0.2323 

0.7209 

22.0084 

0.0603 

0.7993 

0.0772 

0.6033 

0.700 

0.2322 

0.7150 

25.2566 

0.0693 

0.6431 

0.0736 

0.6364 

0.750 

0.2284 

0.7019 

28.6280 

0.0781 

0.5086 

0.0691 

0.6513 

0.800 

0.2189 

0.6808 

32.0666 

0.0863 

0.3967 

0.0638 

0.6754 

0.850 

0.2009 

0.6490 

35.3733 

0.0931 

0.3188 

0.0629 

0.7074 

0.900 

0.1702 

0.6014 

38.7550 

0.0976 

0.2470 

0.0479 

0.7315 

0.950 

0.1274 

0.5306 

42.4303 

0.0993 

0.2136 

0.0082 

0.7535 

0.975 

0.0931 

0.4826 

44.0882 

0.0980 

0.2200 

0.0055 

0.7657 

1.000 

0.0429 

0.4270 

45.4417 

0.0946 

0.2466 

0.0299 

0.7774 

£  is  the  reduced  radius,  r/R 
C  is  the  chord  length 
H  is  the  geometrical  pitch, 

0g  is  the  skew  angle  expressed  in  °, 

i  j  is  the  total  axial  displacement.  Rake  is  considered  positive  downstream, 

Re  is  the  curvature  radius  of  the  blade  at  the  leading  edge, 

ds/dx  is  the  slope  of  the  mean  camber  line  versus  the  profile  mean  line  at  the  leading  edge 


Model  geometry 

Model  length  Lm  =  6.9  m 

Model  Midsection  diameter  =  0.625  m 

The  meridian  equation  is  given  as: 

if  0  <  x  <  0.045914  L(y|,  then  r  /  =  5.7532*x 

if  0.045914  <  x  <  0.40171,  then  r  /  RM  =  Yaft((x-0.005439)*0. 6/0. 39627) 

if  0.40171  <  x  <  0.73582,  then  r  /  RM=  1. 

if  0.73582  <  x  <  1.,  then  r  /  RM  =  Yfore((x-0.33955)*0.6/0. 66045) 

where  x  is  the  longitudinal  axis  described  in  the  paper  and  Yaft  and  Yfore  are  functions  of  x  defined  by: 
Yaft  =  x*sqrt  (23. 9927-91 ,82582*X+1  61 .51 997*x2-1  40.3331  9*  x3+4  6. 64635*  x4) 

Yfore  =  x*sqrt(  6. 44272+1 2.57402*x-68.57971  *x2+81 ,66653*x3+32.1  0355*x4) 
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Table  II  -  PROPELLER  BA  N°  2515  -  Face  coordinates,  in  mm 
Nota:  all  the  cotations  given  in  Table  II  are  to  be  multiplied  by  - 
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Table  III  -  PROPELLER  BA  N°  2515  -  Back  coordinates,  in  mm 
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Table  IV  -  Half-amplitudes  and  phases  of  axial  velocity  harmonics  (values  of  half-amplitudes  to  be  multiplied  by  10' 
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Table  V  -  Half-Amplitudes  and  phases  of  orthoradial  velocity  harmonics  (values  of  half-amplitudes  to  be  multiplied  by  10' 
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0.1165  73.33  19.65  52.13  54.21  14.50  9.04  26.74  1.33  14.94  1.73  13.53 
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Table  VI  -  Half-Amplitudes  and  phases  of  radial  velocity  harmonics  (values  of  half-amplitudes  to  be  multiplied  by  10' 


°  co  °  r^ 

i —  O  CD  O  i — 

00 

CO  _  CM  O 


°  h- 
CO 

LO  h- 

CM 


o 

o  to  o 

LO 

O  O 

o 

CD 

CO 

o  co  o 

CM 

O  CD 

180 

CM 

00 

’M- 

o 

d 

CM 

T— 

i — 

T— 

CM 

O) 

0 

CM 

o 

CD 

o 

CM 

o 

00 

0 

1^ 

o 

o 

o 

00 

0 

CM  o 

CD 

O 

O 

'M' 

O 

"M- 

O 

CM 

O 

o 

o 

o 

h- 

O 

CO  o 

CD 

00 

oo 

00 

CO 

00 

00 

00 

CD 

00 

CM 

CM 

in 

00 

CD 

CD 

LO 

io 

00 

CM 

CM 

CM 

CM 

T— 

CM 

CM 

CO 

CO 

o 

"M" 

o 

CO 

o 

CM 

o 

■cfr 

o 

o 

o 

CM 

0 

CD 

o 

in 

o 

T— 

o 

CD 

O 

CO 

o 

co 

O 

CM 

O 

CO 

O 

o 

O 

CM 

O 

i — 

O 

CM 

O 

N- 

O 

00 

00 

00 

in 

CM 

00 

■M" 

00 

t— 

CM 

00 

■»— 

r- 

'M' 

T - 

T— 

i — 

CM 

o 

o 

0 

o 

o 

CD 

o 

CD 

o 

IO 

o 

1 — 

o 

0 

LO 

o 

LO 

O 

O 

o 

o 

oo 

o 

CM 

O 

CM 

O 

'M; 

O 

O 

O 

CD 

O 

o 

O 

y-L 

d 

d 

T— 

CO 

CD 

1— 

CO 

co 

■»— 

CM 

CM 

CM 

CO 

i — 

CM 

o 

°  CO 

o 

CD 

o 

LO 

o 

•M- 

o 

to 

o 

o 

CD 

o 

in  o 

o 

CO 

o 

O 

r^ 

O 

Tt 

O 

CD 

O 

O 

O 

O 

CD  o 

co 

00 

00 

CO 

CD 

CM 

00 

00 

00 

cb 

CO 

00 

cb 

cb 

CO 

co 

CM 

T— 

1 — 

h*. 

1 — 

CM 

CM  ©  CO 
CO  °  CO 

l 6*6 

in  co 


O  °  CD 

co  o  o 

00 

o  Tf 
in  ^  co 


o  o 

00  *  00 

-  o  - 


CO 

o 

o 

o 

0 

00 

o 

CD 

o 

o 

o 

CO 

o 

CD 

0 

CO 

o 

CD 

o 

CM 

in 

O 

T— 

O 

in 

o 

T- 

O 

CM 

O 

O 

o 

O 

o 

N. 

O 

O 

O 

o 

T-‘ 

00 

in 

cb 

T“ 

CD 

CM 

t - 

CM 

CM 

CM 

r^ 

o 

o 

00 

o 

N- 

o 

CO 

o 

co 

o 

00 

o 

h- 

o 

o 

00 

o 

T~ 

O 

r-~ 

O 

CD 

o 

CD 

O 

■*— 

O 

CD 

O 

o 

O 

CD 

o 

r- 

O 

O 

o 

00 

cb 

00 

cb 

■M- 

in 

cb 

i — 

■*“ 

CO 

CM 

'M- 

CO 

T- 

m 

in 

m 

LO 

in 

in 

m 

in 

m 

in 

CD 

CD 

CD 

CD 

co 

co 

CD 

CD 

CD 

CD 

P 

CM 

co 

■M- 

in 

CD 

r^ 

00 

CD 

o 

T— 

o 

o 

O 

o 

o 

o 

o 

o 

T~ 

T- 

uT 

d 

d 

d 

o 

d 

o 

o 

d 

o 

o 

628 


Table  VII  -  Experimental  measurements  of  pressure  fluctuation  levels,  in  dB  -  Propeller  BA  N°  2515 
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m/s  182  166  166  155  165  158  158  152 

m/s  180  177  178  170  175  159  158  168 

m/s  182  181  181  177  181  166  165  171 


Table  VIII  -  Computed  pressure  fluctuations  levels,  in  dB 
Propeller  BA  2515 
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DISCUSSION 


Hajime  Maruo 

University  of  California  at  Santa  Barbara,  USA 

The  most  important  feature  of  the  unsteady  propeller  characteristics 
is  the  change  of  efficiency  when  the  propeller  is  operating  in  the  non- 
uniform  wake.  It  is  expressed  by  the  relative  rotative  efficiency.  It 
is  widely  recognized  that  the  relative  rotative  efficiency  is  lightly 
higher  than  one.  Another  feature  of  unsteady  characteristics  is  the 
phase  shift  of  the  fluctuating  thrust  and  torque.  This  is  due  to  the 
term  associated  with  d(f>ld t  in  the  pressure  equation.  In  the  present 
paper,  data  concerning  the  above  quantity  are  not  given.  The 
computation  of  a  propeller  characteristics,  when  the  propeller  is 
operating  in  circumferentially  varying  wake,  has  been  carried  out  by 
us  several  years  ago  (15th  ONR  Symposium,  Hamburg,  1984). 
According  to  our  experience,  the  simple  linearized  lifting  surface 
theory  is  not  able  to  provide  results  which  show  satisfactory 
agreement  with  experiment,  and  the  nonlinear  deformation  of  the 
trailing  vortex  sheet  in  the  slip  stream  must  be  taken  into  account. 

AUTHORS’  REPLY 

The  following  Table  gives  the  values  of  the  steady  components  Ti  o 
and  Qio,  i  =  x,  y,  z  resulting  from  the  interactions  between  the 
propeller  N°  2525  and  the  non-uniform  wake  at  the  nominal  design 
point  J,  equal  to  0.63.  Fig.  9  shows  the  comparison  between  the 
axial  thrust  and  torque  Tx  0  and  Q*,,,  and  the  thrust  and  the  torque 
computed  in  the  uniform  wake  which  nevertheless  takes  in  account 
the  radial  gradient  of  axial  velocities. 

x  y  z 

Tio  0.142  0.0019  0.0021 

10*Q-o  0.170  0.0133  0.0257 

In  our  opinion,  the  relative  rotative  efficiency  is  not  affected  as  much 
by  the  circumferential  non-uniformities  as  by  the  radial  gradient  of 
axial  velocity  field.  In  the  ideal  case  of  a  purely  axisymmetric  body 
ending  with  a  large  aft  conicity  angle,  the  relative  rotative  efficiency 
would  be  substantial  while,  in  the  absence  of  fins,  rudders,  ...,  the 
unsteady  periodical  efforts  would  remain  null. 

In  regard  to  the  question  relative  to  phase  shift,  it  appeared  that 
phases  are  not  important  to  know  with  accuracy  in  terms  of  their 
practical  meaning.  Therefore,  the  results  are  not  given. 

At  last,  a  theory  mixing  linearized  lifting  surface  and  nonlinear 
deformation  of  vortex  sheddings,  as  suggested  by  the  discussion,  does 
not  seem  consistent.  Moreover,  the  theory  developed  in  the  present 
paper  gives  numerical  results  in  good  agreement  with  the 
experimental  measures  available  at  the  present  time,  thus,  no 
extension  in  the  suggested  direction  has  been  considered. 
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Navier-Stokes  Analysis  of  Turbulent  Boundary  Layer 
and  Wake  for  Two-Dimensional  Lifting  Bodies 

P.  Nguyen,  J.  Gorski  (David  Taylor  Research  Center,  USA) 


ABSTRACT 

Navier-Stokes  calculations  were  per¬ 
formed  on  two  2-D  lifting  foils  which  have 
been  tested  in  a  wind  tunnel.  In  the  experi¬ 
ment,  the  angles  of  attack  for  the  two  foils 
were  set  up  to  yield  approximately  the  same 
lift  at  a  Reynolds  number  of  2.25xl06  (based 
on  chord).  One  foil  has  a  thicker  trailing 
edge  than  the  other,  and  has  mild  flow 
separation  on  the  last  4%  chord  of  the  suc¬ 
tion  side.  The  flow  solver,  called  the  David 
Taylor  Navier-Stokes  (DTNS)  code,  is  for¬ 
mulated  with  artificial  compressibility  and 
upwind  differencing.  The  Launder-Spalding 
k-e  turbulence  model  is  used.  Predictions 
of  the  turbulent  flow  quantities  of  the 
boundary  layer  and  wake  are  compared 
with  the  experimental  data  for  both  foils. 
These  predictions,  including  flow  separation 
location,  agree  reasonably  well  with  the 
data.  After  these  validation  predictions,  the 
Navier-Stokes  analysis  method  and  a  design 
technique  based  on  conformal  mapping  are 
combined  to  develop  new  2-D  foil  sections. 
Since  the  turbulent  kinetic  energy  is  the 
dynamic  pressure,  and  the  Reynolds  shear 
stresses  are  related  to  the  turbulence  pro¬ 
duction,  these  quantities  are  used  to 
develop  new  2-D  sections  with  desirable 
turbulent  boundary  layer  characteristics. 
The  characteristics  of  one  new  section  are 
presented  as  results  of  the  new  foil  design 
process. 

INTRODUCTION 

In  this  paper,  with  the  aid  of  a 
Navier-Stokes  (N-S)  analysis  method  we 
explore  the  potential  of  tailored  blade 


sections  instead  of  standard  NACA  sections 
for  optimisation  of  propeller  performance. 
Propeller  designers  normally  use  sections 
with  NACA  16  or  NACA  66  thickness  dis¬ 
tributions  and  an  a=0.8  meanline.  Due  to 
recent  improvement  in  computational  capa¬ 
bility,  it  is  now  feasible  to  shape  the  section 
to  achieve  a  specific  design  goal,  whether  it 
be  maximizing  efficiency,  minimizing  cavi¬ 
tation,  or  boundary  layer  control.  Also,  for 
some  applications,  it  is  desirable  to  maxim¬ 
ize  the  section  thickness  without  degrading 
the  propeller  performance  by  massive  flow 
separation.  The  motivation  for  this  N-S 
analysis  is  due  to  the  experimental  results 
of  Gershfeld  et  al.  [1],  and  Huang  et  al. 
[2],  which  have  shown  that  the  pressure 
spectra  on  the  trailing  edge  are  related  to 
the  turbulent  flow  characteristics  in  the 
near-wake  region.  The  turbulent  flow  data 
in  Ref.  [2]  are  used  for  validation  of  the 
N-S  analysis.  This  paper  presents  the  vali¬ 
dation  results,  and  the  calculated  flow 
characteristics  for  a  new  section  developed 
with  the  aid  of  the  N-S  analysis. 

The  mean  momentum  balance  for 
viscous  flow  at  high  Reynolds  number 
yields  the  time-averaged  N-S  equations. 
The  full  N-S  formulation  is  used  here  as 
separated  flow  is  analyzed.  There  are  two 
fundamental  difficulties  in  using  the  N-S 
equations  to  predict  the  flows:  1)  numerical 
instability  due  to  the  convection  terms,  and 
2)  modelling  of  turbulence.  The  instability 
problem  has  been  attacked  by  various 
numerical  techniques  such  a s  1)  central 
differencing  with  artificial  damping  [3],  and 
2)  upwind  differencing  with  Total 
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Variational  Diminishing  (TVD)  schemes 
[4].  These  techniques,  however,  only 
address  the  mean  flow.  The  nonlinearity  of 
the  fluctuating  flow  yields  turbulence, 
which  is  a  more  challenging  problem. 

Little  progress  has  been  made  in  the 
development  of  a  general  theory  for  com¬ 
plex  turbulent  flows  [5] .  Most  of  the  funda¬ 
mental  understanding  of  turbulent  flow  has 
been  acquired  through  experimentation, 
and  just  recently  through  direct  numerical 
simulation.  In  practice,  turbulence  models 
have  evolved  from  the  simple  mixing- 
length  models,  to  the  more  physically  real¬ 
istic  models  such  as  Mean  Vorticity  and 
Covariance  [6].  Most  turbulence  models 
are  based  on  the  eddy-viscosity  concept 
which,  although  not  very  rigorous,  has 
been  widely  used  since  it  was  proposed. 
The  turbulence  models  used  in  this  paper 
are  based  on  this  approach. 

OUTLINE  OF  ANALYTICAL  METHOD 

The  objective  is  to  maximize  the 
thickness  of  a  2-D  lifting  foil  and  to  reduce 
trailing  edge  turbulent  kinetic  energy 
without  incurring  significant  flow  separa¬ 
tion.  This  is  achieved  by  control  of  the  tur¬ 
bulent  boundary  layer  and  wake  charac¬ 
teristics  through  careful  shaping  of  the  2-D 
section.  The  N-S  analysis  is  used  in  the  last 
stage  of  a  foil  design  process  to  calculate 
the  turbulent  flow  characteristics.  The 
design  parameters  are  the  turbulent  kinetic 
energy,  and  the  turbulent  shear  stress. 

There  are  two  steps  in  obtaining  a  N- 
S  solution:  1)  geometry  preparation,  includ¬ 
ing  grid  generation,  and  2)  flow  calculation. 
For  this  study,  the  grid  generation  is  based 
on  the  work  of  Coleman  [7],  which  uses 
partial  differential  equations  to  define  a 
body-fitted  grid.  Here,  a  multi-zone  grid  is 
used  for  better  control  of  the  grid  struc¬ 
ture,  which  is  especially  useful  when  com¬ 
bined  with  a  multi-zone  flow  code  such  as 
the  David  Taylor  Navier-Stokes  (DTNS) 
code  developed  by  Gorski  [8].  For  a  high 
Reynolds  number  flow  (greater  than  106) 
the  first  grid  point  should  be  as  close  as 
10" 5  chord  length  away  from  the  body, 
approximately  y+  of  5,  so  that  the  sub-layer 
can  be  resolved.  Fig.  1  shows  a  3-zone  grid 
used  for  computing  the  flow  over  a  foil 
with  Reynolds  number  of  5  x  106.  The  flow 


calculation  steps  are  described  in  the  fol¬ 
lowing  sections. 

Navier-Stokes  Equations 

Using  the  idea  of  artificial  compressi¬ 
bility  developed  by  Chorin  [9]  allows  the 
N-S  equations  for  an  incompressible  fluid, 
in  cartesian  coordinates,  to  be  written  in 
the  following  conservative  form: 

dq  ,  d(/i+?i)  ,  ^(/2+?2)  _n  m 

dx  0  UJ 

where  the  subset 


dfi 

dx 


+ 


(2) 


constitutes  the  corresponding  inviscid  flow 
equations.  For  2-D  flow,  the  dependent 
variable  q  and  the  inviscid  fluxes  /x  and  /2 
are  given  by: 
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where  p  is  pressure,  and  «  and  v  are  the 
cartesian  velocity  components  in  the  x  and 
y  directions,  respectively.  The  term  p//?  is 
the  pseudocompressibility  which  should 
approach  zero  as  the  solution  converges. 
controls  the  convergence  rate  of  the 
scheme  with  a  value  of  1  being  used  for  the 
present  calculations.  The  viscous  “fluxes” 
0X  and  g 2  are  given  by: 
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where  Re  is  the  Reynolds  number  and  p  is 
the  molecular  viscosity.  The  equations  (1) 
and  (2)  form  a  hyperbolic  system  which 
can  be  marched  in  time  using  implicit  tech¬ 
niques. 


k—  e  Equations 


The  k-e  model  used  here  is 
developed  by  Launder  and  Spalding  [10]. 
The  model  equations  already  have  a  time 
derivative  term  and  can  be  written  in  a 
form  similar  to  the  N-S  equations  (1). 
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and 


M*  ={fi  +  ,  Me  =(M  +  Mi/O 

where  &  is  turbulent  kinetic  energy,  €  is 
turbulent  dissipation,  and  nt  is  the  eddy 
viscosity.  P  represents  the  production  of 
kinetic  energy  and  the  following  form  of  it 
is  used  here: 


P  =Vt(uy‘2+vx2+2uyvx) 

Here  fkl  and  fk2  are  convective  terms  and 
gkl  and  gk2  are  viscous  diffusion  terms.  S  is 
a  source  term  added  to  the  equations  which 
models  the  production  and  dissipation  of 
turbulent  kinetic  energy. 

The  k-e  model  still  employs  the  eddy 
viscosity/diffusivity  concept  as  it  relates 
eddy  viscosity  to  the  kinetic  energy  and  dis¬ 
sipation  by 

Mt  =C^Re  (4) 

This  eddy  viscosity  is  then  used  to  create 
an  effective  viscosity  (n  +  nt)  which 
replaces  n  in  the  N-S  equations  (1).  To 
implement  the  above  turbulence  model  the 
following  constants  are  specified  as  given  in 
Ref.  [10]:  <74=1.0,  a  (  =1.3,  Cl  =1.44, 

C2  =1.92,  and  =0.09. 

Because  the  N-S  and  k-e  equations 
are  similar  the  same  numerical  technique 
has  been  used  for  both  sets  of  equations. 


Solution  Procedure 

The  N-S  and  the  k-e  equations  con¬ 
tain  both  first  derivative  convective  terms 
and  second  derivative  viscous  terms.  The 
viscous  terms  are  numerically  well-behaved 
terms  and  central  differencing  is  used.  An 
upwind  differenced  TVD  scheme  was  used 
for  differencing  the  convective  part  of  the 


equations.  This  upwind  differenced  scheme 
gives  third-order  accuracy  without  any 
artificial  dissipation  terms  being  added  to 
the  equations.  Details  of  how  this  discreti¬ 
zation  method  is  applied  to  the  N-S  equa¬ 
tions  for  incompressible  flows  can  be  found 
in  Gorski  [8] . 

The  equations  are  solved  in  an  impli¬ 
cit  coupled  manner  using  approximate  fac¬ 
torization.  The  implicit  sides  of  the  equa¬ 
tions  (the  sides  in  which  the  values  at  the 
grid  points  are  unknown)  are  discretized 
with  a  first-order  accurate  upwind  scheme 
for  the  convective  terms.  This  creates  a 
diagonally  dominant  system  which  requires 
the  inversion  of  block  tri-diagonal  matrices. 
The  implicit  sides  of  the  equations  are  only 
first-order  accurate  but  the  final  converged 
solution  has  the  higher  order  of  accuracy  of 
the  explicit  sides  of  the  equations  (the  sides 
in  which  the  values  at  the  grid  points  are 
known  already). 

An  important  quality  of  any  scheme  is 
its  convergence  rate.  The  diagonal  domi¬ 
nance  of  the  present  method  allows  large 
time  steps  to  be  used  for  fast  convergence. 
A  spatially  varying  time  step  was  also 
implemented  but  not  used  in  this  case. 

The  solution  starts  with  intial  esti¬ 
mates  for  the  kinetic  energy  and  dissipation 
fields.  Here,  a  calculation  with  the 
Baldwin-Lomax  [11]  turbulence  model  pro¬ 
vides  the  estimates.  The  N-S  equations  and 
the  k-e  model  equations  are  iterated  in 
pseudo-time  until  convergence  is  obtained. 
The  N-S  equations  are  solved  to  the  wall 
with  proper  no-slip  boundary  conditions  for 
all  cases.  With  the  Baldwin-Lomax  tur¬ 
bulence  model,  the  Van  Driest  mixing- 
length  model  takes  care  of  the  near-wall 
region.  The  k-e  model  however  needs 
approximation  as  the  flow  physics  in  the 
near-wall  sublayer  (  y+<  15)  is  not  well 
represented  by  the  standard  k-  e  equations. 
This  DTNS  code  has  a  novel  near-wall  cal¬ 
culation  technique  [12]  in  which  the  N-S 
equations  are  solved  to  the  wall,  but  near¬ 
wall  empirical  algebraic  equations  are  used 
to  calculate  the  kinetic  energy  and  dissipa¬ 
tion  in  this  region. 
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RESULTS  AND  DISCUSSION 

The  experimental  data  [2]  for  two  2- 
dimensional  lifting  foils  are  used  as  bench¬ 
marks  for  the  N-S  analysis.  Both  foils  have 
an  a— 0.8  meanline  and  NACA  16  Type  II 
thickness  distribution.  These  foils  are  plot¬ 
ted  in  Figs.  2. a  and  3.b.  The  thick  foil  (also 
referred  to  as  Tl)  has  additional  thickness 
from  the  midchord  to  the  trailing  edge  as 
compared  to  the  thin  foil  (also  referred  to 
as  TNO).  The  wedge  angle  at  the  trailing 
edge  of  the  TNO  foil  is  approximately  20 
deg.  That  angle  for  the  Tl  foil  is  about  45 
deg  which  results  in  a  bevel  shape  on  the 
suction  side.  The  geometrical  details  are 
carefully  documented  in  Ref.  [2]. 

Precision  of  Validation  Data  and  Accuracy  of 
Calculations 

The  data  from  Ref.  [2]  include:  sur¬ 
face  pressure  distribution,  wake  mean  velo¬ 
city  profiles,  and  turbulence  characteristics 
such  as  Reynolds  stresses,  and  power  spec¬ 
tral  density.  Surface  pressures  were  meas¬ 
ured  with  a  scanning  valve  system  and  a 
precision  pressure  transducer.  Repeated 
measurements  of  the  streamwise  and  nor¬ 
mal  velocity  components  yielded  precision 
within  1%  of  the  measured  free-stream 
velocity  at  any  position.  And,  the  precision 
of  the  measured  turbulence  intensities  and 
Reynolds  shear  stress  was  within  5%  of  the 
maximum  measured  values  of  a  given  wake 
profile.  Wall  shear  stress  measurement 
across  the  span,  and  hot-film  measurement 
across  the  wake  indicated  that  the  mean 
flow  approximates  a  2-dimensional  flow 
field  well.  Since  the  acoustic  measurements 
of  Ref.  [1]  were  also  performed  with 
exactly  the  same  foil  models  and  set-up, 
the  models  had  to  be  located  with  the  aft 
1/3  foil  sticking  outside  of  the  test  tunnel. 
Later  pressure  measurements  in  free  2-D 
jet  agreed  with  the  earlier  measurements  at 
most  positions.  The  geometrical  angle  of 
attack  for  both  foils  was  set  at  0.68  deg. 
Due  to  the  effect  of  the  2-D  jet 
configuration  on  the  foils,  the  correspond¬ 
ing  free-held  angles  of  attack  were  calcu¬ 
lated  in  Ref.  [2]  to  be  -1.01  deg  for  foil 
TNO,  and  -1.54  deg  for  Tl  foil.  To  calcu¬ 
late  these  angles,  iterations  were  performed 
on  the  free-held  lift  coefficient  using  the 
free  2-D  jet  correction  formula  of  Rae  and 


Pope  [13]  and  the  boundary  layer  program 
of  Cebeci  et  al.  [14].  All  experimental 
measurements  were  reported  without  any 
’’correction”.  The  above  free-held  angles  of 
attack  were  used  only  for  analytical  calcula¬ 
tions  to  compare  with  the  data. 

For  the  N-S  calculations,  several  grid 
sizes  were  used  to  establish  computational 
accuracy.  First  of  all,  the  boundaries  were 
established  by  preliminary  calculations  to  be 
at  least  9  to  10  chord  lengths  upstream  and 
normal  to  the  foil  so  that  free-stream  con¬ 
dition  applies.  And  the  downstream  boun¬ 
dary  was  set  at  10  chords  from  the  trailing 
edge  to  assume  negligible  streamwise  gra¬ 
dients  there.  With  the  wake  streamwise  grid 
hxed  at  40  points,  different  grid  sizes  were 
used:  121x40,  121x60,  181x60,  211x60,  and 
241x60.  Convergence  of  the  calculation 
with  respect  to  the  grid  was  established 
when  the  foil  surface  pressures  changes 
within  0.2%  of  the  free-stream  pressure. 

Validation  Results 

The  bench-mark  cases  were  simulated 
as  free-field  2-D  flows  with  the  following 
conditions: 

-  Reynolds  number  =  2.25x10® 

-  The  angles  of  attack  used  were  the  same 
as  the  “corrected  angles”  used  for  boun¬ 
dary  layer  calculations  in  Ref.  [2]  (-1.01  deg 
for  foil  TNO,  and  -1.54  deg  for  foil  Tl). 

-  A  3-zone  C-grid  was  used  with  241 
points  around  the  body  and  60  points  nor¬ 
mal  to  the  body.  The  upstream  boundary  is 
14  chord  lengths  from  the  leading  edge. 
Top  and  bottom  boundaries  are  10  chords 
from  the  body.  The  downstream  boundary 
is  10  chords  from  the  trailing  edge. 

-  The  first  grid  point  normal  to  body 
located  at  the  trailing  edge  region  is  about 
1.4x10" 5  chord  away  which  translates  to 
y+<5  . 

-  The  first  axial  grid  point  in  the  wake  is 
1.5x10" 4  chord  from  the  trailing  edge  which 
is  about  the  same  as  the  value  used  in  Ref. 
[15]  to  resolve  the  streamwise  gradient  of 
mean  velocity  near  the  trailing  edge. 

Figs.  2.a  and  2.b  show  the  computed 
and  measured  pressure  distributions  for  the 
TNO  foil,  and  the  Tl  foil,  respectively.  The 
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calculated  pressure  distributions  are  in  rea¬ 
sonable  agreement  with  the  experimental 
data  of  Ref.  [2],  more  so  for  the  thin 
trailing  edge  foil  than  for  the  thick  one. 
Note  that  the  predicted  loading  for  foil  T1 
is  higher  than  the  data  (see  Fig.  2.b),  espe¬ 
cially  in  the  aft  region.  Therefore,  the  2-D 
jet  correction  to  the  angles  of  attack  may 
not  be  adequate.  Several  different  angles  of 
attack  were  tried  for  both  foils  and  the 
resulting  pressure  distributions  were  not 
any  better.  One  of  the  reasons  for  the 
discrepancy  between  the  calculations  and 
the  data  may  be  due  to  the  wall  effect.  The 
foil  chord  length  is  0.9144  m  (3  ft),  and  the 
walls  are  about  2.667  chords  away  from  the 
foil.  And  according  to  Rae  and  Pope  [13], 
the  wall/chord  ratio  should  be  at  least  4  so 
that  the  measured  lift  coefficient  is  negligi¬ 
bly  different  from  the  free-field  value.  How 
the  2-D  jet  arrangement  affects  the  foil 
surface  pressure  distribution  is  unknown. 
Also,  recall  in  the  previous  section  that  the 
foils  were  set-up  to  be  2/3  in  the  tunnel 
test  section  and  1/3  outside.  It  is  probable 
that  this  arrangement  changes  the  pressure 
field  of  the  foils  more  than  the  usual  free 
2-D  jet  arrangement.  No  rigorous  reason 
can  be  found  at  this  time  to  explain  the 
above  discrepancy.  Other  than  the  calcu¬ 
lated  pressure,  the  calculated  flow  separa¬ 
tion  location  for  the  thick  foil  agrees  well 
with  the  experimental  value,  which  is 
around  96%  chord  on  the  suction  side. 

Figs.  3.a  and  3.b  show  good  match 
between  the  computed  and  measured  velo¬ 
city  vectors  for  foil  TNO,  and  foil  Tl, 
respectively.  This  match  is  relatively  better 
than  that  of  the  foil  surface  pressure  distri¬ 
bution.  A  possible  explanation  is  that  the 
surface  pressure  is  more  sensitive  than  the 
boundary  layer  flow,  and  the  presumed  wall 
effect  is  not  significant  for  the  boundary 
layer  development.  These  velocity  vectors 
are  in  the  near-wake  region,  from  2%  to 
10%  chord  length  downstream  of  the  trail¬ 
ing  edge.  The  wake  deficit  for  the  thick  foil 
is  larger  than  that  for  the  thin  foil.  The 
thick  foil  also  shows  larger  normal  velocity 
component  than  the  thin  foil,  which  is  due 
to  the  flow  separation  on  the  suction  side  of 
the  thick  foil.  This  flow  separation,  even 
though  very  mild,  results  in  a  recirculating 
region  which  the  N-S  code  does  not  calcu¬ 


late  very  well  as  seen  in  Fig.  3.b  for  the 
x/C— 1.02  station.  A  possible  reason  is  that 
in  the  turbulence  models  local  isotropy  is 
assumed,  i.e.  all  three  velocity  components 
contribute  equally  to  the  turbulent  kinetic 
energy.  This  assumption  is  not  met  when 
there  is  flow  separation.  Further  down¬ 
stream  in  the  wake,  however,  the  calcu¬ 
lated  velocity  vectors  agree  well  with  the 
data. 

The  N-S  calculations  of  the  turbulent 
kinetic  energy  k  also  match  the  data  rea¬ 
sonably  well.  Figs.  4.a  and  4.b  show  the 
calculated  and  measured  k  for  the  TNO  foil, 
and  the  Tl  foil,  respectively.  The  data  are 
actually  approximated  because  the  z- 
component  was  not  measured  and  only  the 
x-  and  y-  components  were  obtained  from 
Huang  et  al.  in  Ref.  [2].  According  to  the 
boundary  layer  data  of  Klebanoff  [16],  the 
z-component  can  be  assumed  to  be  approx¬ 
imately  equal  to  the  average  of  the  x- 
component  and  the  y-component.  For  the 
TNO  foil,  the  N-S  calculation  tends  to 
over- predict  k  on  the  suction  side  con¬ 
sistently  for  all  three  wake  stations.  The 
pressure  side,  which  looks  almost  flat,  has 
better  agreement.  Therefore,  this  observa¬ 
tion  could  signal  that  the  turbulence  models 
do  not  work  well  with  a  highly  curved  wall 
or  large  adverse  pressure  gradient.  For  the 
thick  Tl  foil,  the  mild  flow  separation  on 
the  suction  side  causes  large  over¬ 
prediction  of  the  data  for  the  wake  station 
closest  to  the  trailing  edge,  x/C=1.02. 
Further  downstream  in  the  wake,  however, 
the  calculated  k  agrees  relatively  better  with 
the  data.  As  discussed  earlier  in  the  previ¬ 
ous  paragraph  for  the  velocity  profiles,  this 
observation  could  mean  that  the  turbulence 
models  do  not  work  well  even  for  mild  flow 
separation.  Also,  this  observation  illustrates 
the  elliptic  nature  of  the  N-S  simulation, 
i.e.  errors  upstream  do  not  neccessarily  pro¬ 
pagate  downstream  and  increase  as  seen  in 
the  boundary  layer  simulation  in  Ref.  [2] . 

The  N-S  calculations  of  the  Reynolds 
shear  stress  uv  also  match  the  data  reason¬ 
ably  well.  Figs.  5. a  and  5.b  show  the  calcu¬ 
lated  and  measured  uv  for  foil  TNO,  and 
foil  Tl,  respectively.  The  magnitude  of  uv 
is  slightly  over-predicted  on  the  suction  side 
for  the  TNO  foil.  But  the  distribution  shape 
is  well  predicted  for  both  foils,  i.e.  the  cal- 
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culated  locations  of  the  two  extrema  of  uv 
agree  well  with  the  data.  This  could  be 
because  the  modelled  uv  term  is  propor¬ 
tional  to  the  local  velocity  gradient  which  is 
predicted  very  well.  Again,  we  observe 
that  the  pressure  side  is  predicted  better 
than  the  suction  side  because  it  is  almost 
flat.  Also,  the  data  for  foil  T1  in  the  closest 
wake  station  x/C=1.02  are  over-predicted 
due  to  the  mild  flow  separation  on  the  suc¬ 
tion  side.  Both  of  these  observations  corre¬ 
late  with  the  previous  ones  for  the  velocity 
vectors  and  the  turbulent  kinetic  energy. 

Application  of  N-S  Analysis  to  Section  Design 

With  this  successful  validation  of  the 
N-S  analysis,  we  can  have  confidence  in 
using  such  a  tool  to  develop  new  section 
shapes.  Here,  the  design  goal  is  to  maxim¬ 
ize  the  thickness  of  the  section  without  too 
much  flow  separation.  The  baseline  sec¬ 
tion,  from  an  existing  design,  has  an  a=0.8 
meanline  and  a  NACA  16  thickness  distri¬ 
bution  with  thickness  of  17.16  %  chord  and 
camber  of  4.79  %  chord.  The  design  lift 
coefficient  is  approximately  0.68.  For  this 
study,  the  chosen  Reynolds  number  is 
5xl06  to  match  the  conditions  for  1/4-scale 
tests  of  naval  propellers.  The  new  section, 
shown  in  Fig.  6,  is  initially  designed  with 
the  conformal  mapping  technique  of 
Eppler-Somers  [17].  The  design  approach 
is:  1)  move  the  minimum  pressure  on  the 
suction  side  further  upstream,  2)  start 
recovering  the  pressure  with  a  steep  gra¬ 
dient  because  the  boundary  layer  is  still 
strong  after  the  minimum  pressure  point, 
and  3)  decrease  the  adverse  pressure  gra¬ 
dient  as  the  trailing  edge  is  approached  to 
avoid  flow  separation.  After  the  initial 
design,  a  thin  section  is  produced  which  has 
the  three  features  stated  above.  As  the 
desired  pressure  distribution  is  not  input  to 
this  Eppler-Somers  code,  a  final  design  is 
not  easily  obtained  at  this  step.  Also,  the 
conformal  mapping  technique  is  based  on 
the  potential  flow  model  and  therefore  can 
not  account  for  the  thickness  effect  accu¬ 
rately.  The  N-S  analysis  is  used  iteratively 
to  obtain  the  final  design.  Two  parameters 
are  used  in  the  iteration  with  the  N-S 
analysis:  thickness,  and  angle  of  attack.  For 
simplicity,  thin  airfoil  theory  is  used  to  cal¬ 
culate  the  ‘ ‘camber-versus-lift^coefficient’ ’ 
behavior  of  the  new  section.  The  criterion 


for  the  final  design  is  4 ‘no-separation’ 5  in 
the  ±4  deg  around  the  design  angle  of 
attack  with  the  thickness  as  high  as  possi¬ 
ble.  The  ±4  deg  range  is  normally  the 
fluctuation  of  angle  of  attack  that  a  pro¬ 
peller  section  sees  in  straightr ahead  opera¬ 
tion. 

After  some  iterations  with  the  N-S 
analysis,  the  final  design  is  produced,  with 
the  pressure  distribution  at  design  angle  of 
attack  (2.5  deg)  shown  in  Fig.  6.  The  lift 
coefficient  from  this  pressure  distribution  is 
approximately  0.68,  the  same  as  the  base¬ 
line.  The  desirable  characteristics  for  the 
boundary  layer  development  are  presented 
in  this  pressure  distribution.  Maximum  suc¬ 
tion  peak  is  around  50%  chord  on  the  suc¬ 
tion  side;  steep  pressure  recovery  follows 
immediately,  then  the  gradient  becomes 
milder  to  minimize  flow  separation  as  the 
trailing  edge  is  approached.  Also,  the  pres¬ 
sure  side  distribution  is  rather  flat  over 
most  of  the  surface;  this  should  reduce  the 
turbulent  kinetic  energy.  The  velocity  vec¬ 
tor  plot  in  Fig.  7  shows  attached  flow  on 
both  the  pressure  side  and  suction  side  at 
design  angle  of  attack.  This  attached  flow 
field  of  the  new  section  produces  lower  tur¬ 
bulent  kinetic  energy  as  seen  in  Fig.  8. a, 
and  lower  Reynolds  shear  stress  as  seen  in 
Fig.  8.b  when  compared  to  the  baseline  sec¬ 
tion.  This  trend  is  more  pronounced  for 
the  suction  side  than  the  pressure  side.  At 
this  design  lift  for  the  baseline  foil,  the  N-S 
analysis  indicates  some  flow  separation  on 
the  suction  side  which  accounts  for  the  high 
turbulence  activity.  And  the  pressure  side 
of  the  new  section  has  low  turbulence 
activity  because  the  pressure  distribution 
there  is  almost  flat  over  the  entire  surface. 
An  undesirable  feature  of  this  new  section 
is  the  thin  trailing  edge.  This  could  prove 
harmful  when  structural  analysis  is  per¬ 
formed  even  though  care  is  taken  during 
the  designing  to  ensure  minimum  loading 
in  that  region.  More  details  of  the  design 
process,  and  the  comparison  between  the 
new  section  and  the  baseline  can  be  found 
in  Ref.  [18] . 

CONCLUSIONS 

In  this  paper,  a  N-S  analysis  is  per¬ 
formed  on  the  turbulent  boundary  layer 
and  wake  flows  over  lifting  surfaces.  This 
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analysis  is  performed  as  bench-mark  calcu¬ 
lations  for  2  airfoils  at  high  Reynolds 
number  for  which  turbulent  flow  data  are 
available.  Overall  agreement  between  data 
and  calculations  is  reasonably  good.  There 
is  a  better  match  of  the  mean  velocity  than 
the  turbulence  stresses.  A  possible  reason 
for  this  is  the  inability  of  the  turbulence 
model  to  simulate  accurately  flows  with 
strong  adverse  pressure  gradient  or  flow 
separation.  Since  the  normal  stress  data 
from  Refs.  [2,14]  show  that  the  stream  wise 
turbulence  intensity  uu  is  significantly  larger 
(up  to  a  factor  of  2)  than  the  transverse 
component  vv,  assumptions  of  local  iso¬ 
tropy  should  be  reconsidered. 

A  new  2-dimensional  airfoil  section  is 
developed  by  combining  a  conformal  map¬ 
ping  technique  with  an  iterative  N-S 
analysis.  Results  show  that  the  new  section 
has  better  boundary  layer  characteristics, 
for  the  same  lift  coefficient,  than  the  base¬ 
line.  Since  the  design  goal  is  to  maximize 
thickness  with  minimum  flow  separation, 
this  new  section  is  not  recommended  for 
other  applications  in  which  high  thickness  is 
not  needed.  This  particular  new  section 
will  certainly  have  poor  cavitation  perfor¬ 
mance.  Nevertheless,  this  paper  illustrates 
that  N-S  analysis  is  very  useful  in  guiding 
2-D  section  design.  The  N-S  analysis,  how¬ 
ever,  can  only  give  insight  about  the  mag¬ 
nitude  and  the  spatial  distribution  of  the 
mean  flow,  and  Reynolds  stresses.  The 
spectral  behavior  is  entirely  unknown.  Until 
better  turbulence  models,  numerical  tech¬ 
niques,  and  computers  become  more  easily 
accessible,  the  N-S  analysis  should  only  be 
used  for  final  design  fine-tuning  or  off- 
design  predictions  as  done  in  this  case. 
From  the  results,  further  work  is  recom¬ 
mended  to:  1)  simulate  the  wall  in  the  N-S 
calculation  of  the  same  2-dimensional  foils 
to  establish  the  significance  of  the  wall 
effect;  2)  develop  a  new  section  with 
thicker  trailing  edge;  3)  develop  a  series  of 
new  sections  with  different  locations  of  the 
minimum  pressure  point  on  the  suction 
side  and  experimentally  evaluate  them  in 
the  same  manner  as  in  Refs.  [1,2];  and  4) 
concentrate  on  the  development  of  tur¬ 
bulence  models  that  can  calculate  more 
accurately  turbulent  flows  with  strong 
adverse  pressure  gradient,  and  even  separa¬ 
tion. 
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x/C 

Figure  1.  C— type  grid  with  3— zone  structure  for  a  lifting  surface 


o  — Cp  data  (Re=2.25E6,  —1.01  deg) 
- -C  calculation  by  DTNS 


Figure  2.a)  Pressure  distribution  for  the  thin 
section  (data  from  Ref.  2) 


°  — Cp  data  (Re=2.25E6,  -1.54  deg) 


0.0  0.2  0.4  0.6  0.8  1.0 
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Figure  2.b)  Pressure  distribution  for  the  thick 
section  (data  from  Ref.  2) 
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data  from  Ref.  2 
calculation 


x/C 

Figure  3.a)  Velocity  vector  data  and  DTNS 
calculations  for  the  thin  section 


o  k  data  at  x/C=1.02 
a  x/C*  1.04 

a  x/C=  1.10 

-  calculation  by  DTNS 


Rgure  5.a)  Profiles  of  Reynolds  shear  stress  for 
the  thin  section  (legend  in  Fig.  4.a) 


data  from  Ref.  2 
calculation 


x/C 


Figure  3.b)  Velocity  vector  data  and  DTNS 

calculations  for  the  thick  section 


o  k  data  at  x/C=1.02 
□  x/C*  1.05 

a  x/C=1 .10 


Figure  4.b)  Profiles  of  turbulent  kinetic  energy 

for  the  thick  section  (data  from  Ret.  2) 


Rgure  5.b)  Profiles  of  Reynolds  shear  stress  for 
the  thick  section  (legend  in  Rg.  4.b) 
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y/C  or  — Cp/2 


DTNS  calc  (Re=5E6,2.5  deg) 
section  geometry 


x/C 


Figure  6.  Pressure  distribution  for  the  new 
section 


o -  new  section  calc,  x/C=1.02 

□ -  x/C=1.05 

a -  x/C=1.09 


baseline  section  calc 


x/C 


Figure  7.  Velocity  vector  calculations  for  the  new 
section 


o -  new  section  calc,  x/C=1.02 

a -  x/C=1.05 

a -  x/C=1.09 


baseline  section  calc 
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DISCUSSION 

Wolfgang  Faller 

Sulzer  Escher  Wyss,  Germany 

For  your  comparison  between  experiment  and  2-D  N-S  calculation, 
the  computational  domain  used  in  infinite.  Would  a  closer  modelling 
of  the  actual  experimental  configuration  improve  the  correlation,  e.g. , 
Cp  distribution  and  B.L.  development? 

AUTHORS’  REPLY 

Modelling  of  the  foil  and  wall  configuration  would  possibly  lead  to 
better  match  of  the  bench-mark  calculations  to  the  hydrodynamics 
data.  Plan  is  underway  to  implement  a  grid  structure  necessary  for 
this  study. 


DISCUSSION 

Ali  H.  Nayfeh 

Virginia  Polytechnic  Institute  and  State  University,  USA 

1 .  How  sensitive  is  the  pressure  distribution  of  the  new  section  to 
variation  in  the  angle  of  attack?  2.  How  sensitive  is  the  designed 
shape  to  the  turbulence  model?  3.  How  much  is  the  drag  reduced  by 
the  new  section? 

AUTHORS’  REPLY 

1.  The  new  section  does  not  have  flow  separation  in  the  ±  4  deg. 
range  around  the  design  angle  of  attack.  2.  Preliminary  study 
indicates  that  the  flow  solution  converges  to  approximately  the  same 
pressure  distribution  for  both  the  Baldwin-Lomax  and  the  k-e 
turbulence  models.  3.  Drag  is  not  computed  in  this  study  as  the 
current  project  focuses  on  the  turbulence  activity.  The  drag  of  the 
new  section  is  included  in  the  plan  for  future  investigation. 


DISCUSSION 

Hyoung-Tae  Kim 

The  University  of  Iowa,  USA  (Korea) 

First,  I  want  know  is  there  any  reason  not  to  show  the  distribution  of 
the  shear  stress  on  the  surface  of  the  foil  section?  Secondly,  I  want 
to  point  out  that  the  "low  turbulence  activity"  simulated  in  the 
computation  doesn’t  necessarily  mean  the  new  foil  section  has  a  lower 
drag  than  the  baseline  section. 

AUTHORS’  REPLY 

The  study  focuses  on  the  turbulence  activity  in  the  near-wake  region 
of  lifting  surfaces.  The  drag  itself  is,  however,  included  in  the  plan 
for  future  investigation.  The  authors  agree  with  the  discusser  on  his 
second  point.  No  claim  is  made  about  drag  reduction  in  the  paper. 
The  resistance  of  the  new  section  to  flow  separation  only  provides  for 
higher  lift  at  the  same  angle  of  attack  as  the  baseline  section.  And 
the  low  turbulence  activity  provides  for  lower  fluctuating  pressure  on 
the  trailing  edge  of  the  section. 


DISCUSSION 

Philippe  Genoux 

Bassin  d’Essais  des  Carenes,  France 

1.  Is  your  model  able  to  take  in  account  turbulent  levels  of  the 
incoming  flow?  2.  What  would  become  of  the  turbulent  energy 
levels  when  the  profile  is  placed  in  incoming  flow? 

AUTHORS’  REPLY 

1.  The  code  currently  does  not  have  a  model  for  the  free-stream 
turbulence.  2.  When  placed  in  flow  with  free-stream  turbulence,  the 
turbulent  kinetic  energy  level  of  the  new  section  would  likely  increase 
(as  compared  to  incoming  flow  without  turbulence).  The 
redistribution  and  the  magnitude  of  the  increase  in  turbulence  energy 
would  need  to  be  calculated  with  a  proper  turbulence  model. 
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A  Three-Dimensional  Theory  for  the  Design  Problem 
of  Propeller  Ducts  in  a  Shear  Flow 

J.  Falcao  de  Campos 

(Maritime  Research  Institute  Netherlands,  The  Netherlands) 


ABSTRACT 

A  linearised  theory  of  the  three-dimen¬ 
sional  steady  interaction  between  a  ducted 
propeller  system  and  a  radially  and  circum¬ 
ferentially  sheared  axial  onset  flow  is  pre¬ 
sented.  Following  duct  lifting  surface  theory 
the  duct  is  modelled  by  a  distribution  of 
pressure  dipoles  and  sources  on  a  reference 
cylinder  to  represent  the  effects  of  loading 
and  thickness.  An  actuator  disk  model  is  used 
to  represent  the  effects  of  propeller  loading. 
An  integral  equation  for  the  pressure  distur¬ 
bance  is  derived  which  may  be  applied  to  treat 
both  the  effects  of  loading  and  thickness.  The 
potential  and  shear  interaction  components  of 
the  disturbance  pressure  are  treated  separate¬ 
ly  and  a  computational  scheme  is  applied  to 
solve  the  integral  equation  for  the  interac¬ 
tion  pressure.  The  results  of  sample  calcu¬ 
lations  for  the  effects  of  duct  loading  in 
axisymmetric  and  non-axisymmetric  wakes  are 
presented  and  discussed. 


Functions  of  shear  param¬ 
eters 

Shear  parameters 
Duct  semichord 
Unit  vectors,  Cartesian 
coordinates 

Unit  vectors,  cylindrical 
coordinates 

Fourier  integral  in  the 
downwash  calculation 
External  force  field 
Duct  camber 
Kernel  function 

Matrix  elements 

Functions  in  degenerate 
kernel  function 
Heaviside  unit  step  function 
Functions  of  shear  param¬ 
eters  for  duct  loading  and 
thickness 
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-  Modified  Bessel  functions  of 
order  m 

-  >Pf,  index  of  radial  node 

-  Functions  of  shear  param¬ 
eters  for  propeller  loading 

-  index  of  radial  node 

-  Parameter  in  x-wise  Fourier 
transform 

-  Function  in  downwash  calcu¬ 
lation 

-  Downwash  kernel  function 

-  Pressure,  respectively  its 
x-wise  Fourier  transform 

-  Strength  of  pressure  dipole, 
respectively  its  x-wise 
Fourier  transform 

-  Legendre  function  of  second 
kind  and  half  order 

-  Strength  of  source  distribu¬ 
tion 

-  Radius,  distance  between  two 
joints 

-  Transformed  radius 

-  Right-hand  side  of  Poisson- 
type  equation 

-  Function  of  source  distribu¬ 
tion 

-  Duct  thickness 

-  Undisturbed  axial  velocity, 
respectively  its  modulus 

-  Reference  velocity 

-  Parameters  in  analytical 
defined  wake 

-  Disturbance  velocity 

-  Axial,  radial  and  circumfer¬ 
ential  components  of  distur¬ 
bance  velocity 

-  Fluid  velocity 

-  Influence  function  for  ra¬ 
dial  downwash  velocity  on 
the  duct 

-  Average  radial  velocity  in¬ 
duced  on  the  duct 

-  Radial  velocity  jump  on  the 
duct 

-  Cartesian  coordinates 

-  Cylindrical  coordinates 
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-  Conical  angle 

-  Expansion  rate 

-  Dirac  delta  function 

-  Small  parameter 

-  Normalised  axial  distance  on 
the  duct 

-  Parameter  of  x-wise  Fourier 
transform 

-  Fluid  density 

-  Integral  operator 

-  Integration  volumes 

-  Right-hand  side  of  integral 
equation 

-  Argument  of  Legendre  func¬ 
tions 


Subscripts 

d 

m,n 

P 

t 


-  Refers  to  duct 

-  Index  of  circumferential 
harmonics 

-  Refers  to  propeller 

-  transverse  component 


Superscripts 

(0)  -  Refers  to  potential,  induc¬ 

tion  part 

(1)  -  Refers  to  shear  interaction 

part 


1.  INTRODUCTION 

Ducted  propellers  are  a  well-established 
means  of  ship  propulsion.  It  is  well-known, 
[1]  that  the  use  of  a  ducted  propeller  with  an 
accelerating  type  of  duct  improves  the  effi¬ 
ciency  of  the  propulsor  in  case  of  heavy  load¬ 
ing.  Also  the  use  of  a  decelerating  type  of 
duct  may  be  beneficial  to  reduce  the  risk  of 
cavitation  of  the  propeller.  A  large  number  of 
conventional  duct  designs,  which  have  been 
most  successfully  applied  in  practice  [2]-[l], 
are  axisymmetric  but  the  application  of  non- 
axisymmetric  ducts  has  also  been  subject  to 
investigation  both  experimentally  [1]  and 
theoretically  [3]-[4].  These  ducts  have  been 
applied  to  reduce  the  non-uniformity  of  the 
inflow  to  the  propeller  in  the  the  ship's  wake 
leading  to  improved  performance  from  the  point 
of  view  of  efficiency,  cavitation  and  vibra¬ 
tions. 

For  the  design  of  ducted  propellers  a 
number  of  analytical  tools  have  become  avail¬ 
able  along  the  years.  Early  ducted  propeller 
theories  [ 5 ] — [ 6 ]  were  based  on  linearised 
annular  airfoil  theory  for  the  singularity 
representations  of  the  effects  of  duct  loading 
and  thickness,  in  combination  either  with  an 
infinite  blade  number  model  (actuator  disk)  or 
with  a  finite  bladed  lifting  line  model  of  the 
propeller.  An  extensive  review  of  these  the¬ 
ories  was  made  by  Veissinger  and  Maass  in  ref. 
[7].  It  is  interesting  to  notice  that  the 
truly  inverse  methods  published  to  date  for 
designing  axisymmetric  propeller  ducts  are 
based  on  these  theories.  The  methods  determine 
the  duct  geometry  (in  the  presence  of  a  time 
averaged  propeller  induced  velocity  field)  for 


specified  duct  pressure  distribution  [8]  or 
given  load  and  thickness  distributions  [9]. 
These  methods  suffer  from  the  drawback  that  it 
is  not  possible  to  guarantee  a  priori  that  the 
given  pressure  or  load  distribution  will  lead 
to  an  acceptable  duct  geometric  shape.  Never¬ 
theless,  those  inverse  methods  were  of  great 
assistance  in  designing  famous  ducted  pro¬ 
peller  systematic  series,  such  as  the  ones 
published  in  references  [1]  and  [10].  Often 
the  final  duct  shapes  needed  to  be  modified  to 
meet  practical  requirements. 

Following  the  developments  in  the  numeri¬ 
cal  methods  for  the  calculation  of  potential 
flow  on  lifting  bodies,  methods  for  the  hydro- 
dynamic  analysis  of  ducted  propellers  evolved 
to  a  greater  degree  of  sophistication.  More 
accurate  panel  representations  of  the  duct 
geometry  have  been  employed  for  axisymmetric 
flow  [11]  and,  more  recently,  for  three-dimen¬ 
sional  flow  [12]— [13] .  These  last  methods  for 
steady  three-dimensional  analysis  have  concen¬ 
trated  on  the  complex  interaction  between  pro¬ 
peller  and  duct  in  uniform  inflow  by  incorpo¬ 
rating  lifting  surface  or  panel  representa¬ 
tions  of  the  propeller  blades.  Also  complete 
unsteady  potential  flow  analysis  [14]  of  the 
ducted  propeller  system  has  been  attempted. 

The  methods  mentioned  previously  are 
restricted  to  potential  flows.  In  reality  the 
ducted  propeller  operates  in  the  highly  non- 
uniform  flow  endowed  with  vorticity  in  the 
ship's  wake  and  the  interaction  with  this  flow 
is  an  important  field  of  research  in  propulsor 
design.  In  dealing  with  this  problem  the  po¬ 
tential  flow  methods  have  retained  completely 
their  usefulness  through  the  introduction  of 
the  concept  of  the  effective  onset  velocity, 
which  is  defined  as  the  total  velocity  minus 
the  potential  velocity  induced  by  the  propul¬ 
sor.  The  effective  onset  velocity  has  to  be 
computed  by  some  (viscous  or  inviscid)  rota¬ 
tional  model  for  the  propulsor-hull  interac¬ 
tion.  Examples  of  the  inviscid  approach  to  the 
computation  of  the  effective  velocity  for  con¬ 
ventional  propellers  in  axisymmetric  flow  can 
be  found  in  [ 15 ] — [ 17 ] . 

There  is  a  considerable  amount  of  ref¬ 
erences  in  the  turbomachinery  literature  deal¬ 
ing  with  the  problem  of  solving  approximate 
forms  of  the  Euler  equations  for  determining 
the  inviscid  disturbance  flow  to  parallel 
shear  flows,  as  can  be  found  in  the  survey 
given  by  Hawthorne  [18].  In  particular , ^ the 
large  shear  -  small  disturbance  approximation, 
applied  along  the  lines  set  in  the  classical 
works  of  Karman  and  Tsien  [19]  for  a  lifting 
line  and  of  Lighthill  [20]  for  a  simple 
source,  have  been  used  to  fundamentally  study 
the  effects  of  shear  in  the  flow  around  aero¬ 
dynamic  shapes  [21]— [22] ,  including  the  an¬ 
nular  airfoil  [23]-[24].  For  an  infinitely 
bladed  propeller,  modelled  by  an  actuator 
disk,  the  same  approach  has  been  followed  to 
investigate  the  effects  of  shear  in  the  incom¬ 
ing  flow  in  the  axisymmetric  case  [25]— [26] , 
plane  flow  [27]  and  three-dimensional  flow 
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[28].  The  latter  reference  includes  the  ef¬ 
fects  of  shear  of  a  radially  and  circumfer¬ 
entially  varying  axial  inflow  to  the  actuator 
disk  and  incorporates  some  non-linear  terms  in 
the  equations  of  motion  adequate  for  extending 
the  method  for  heavier  loadings. 

For  ducted  propellers  the  effects  of 
shear  have  been  investigated  in  [11]  using  a 
numerical  vortex  panel  method  in  axisymmetric 
flow.  Recently,  Lee  [29]-[30]  presented  a  lin¬ 
earised  analysis  of  the  ducted  propeller  sys¬ 
tem  in  axisymmetric  shear  flow  suitable  for 
solving  the  duct  design  problem  in  the  pres¬ 
ence  of  the  propeller.  He  showed  that  the 
shear  significantly  affects  not  only  the  duct 
camber  and  ideal  angle  of  attack  but  also  the 
duct  induced  velocity  at  the  propeller. 

The  objective  of  the  present  paper  is  to 
present  a  three-dimensional  theoretical  anal¬ 
ysis  of  the  steady  interaction  between  a 
ducted  propeller  and  a  radially  and  circum¬ 
ferentially  sheared  axial  inflow.  Consistent 
with  the  steady  flow  assumption,  an  infinitely 
bladed  propeller  (actuator  disk)  is  consi¬ 
dered.  Although  not  strictly  necessary  to  the 
analysis,  an  axisymmetric  loading  over  the 
propeller  disk  will  be  assumed  in  this  paper 
for  simplicity.  The  duct  loading  and  thickness 
may  vary  in  the  circumferential  direction.  The 
theory  may  be  used  in  the  analysis  of  a  ducted 
propeller  with  a  given  duct  shape  but  it  will 
be  most  readily  applied  (non-iteratively)  in 
the  inverse  mode  i.e.  to  determine  the  duct 
section  camber  and  angle  of  attack  for  given 
thickness  and  loading  distributions. 

As  in  the  method  followed  by  Lee  [29]  in 
the  axisymmetric  case,  the  analysis  developed 
herein  approaches  the  solution  of  the  problem 
from  the  theory  of  the  Poisson  equation  to 
derive  a  system  of  coupled  integral  equations 
for  the  disturbance  pressure  harmonics.  How¬ 
ever,  some  essential  differences  with  the 
formulation  used  by  Lee  are  noteworthy:  First, 
a  single  type  of  integral  equation  in  the  dis¬ 
turbance  pressure  is  used  throughout,  encom¬ 
passing  both  the  effects  of  loading  and  thick¬ 
ness.  Second,  by  separating  shear  interaction 
effects  from  induction  effects,  the  method 
recovers  the  potential  formulation  of  the  duct 
lifting  surface  theory,  see  for  instance  [6], 
[31]-[33],  and  actuator  disk  theory  [34], 
while,  at  the  same  time,  the  presence  of  any 
singularities  of  the  pressure  field  are  re¬ 
moved  from  the  problem  for  the  interaction 
with  shear. 

The  paper  is  organised  as  follows:  In 
section  2  the  theoretical  analysis  is  pre¬ 
sented.  Section  3  deals  with  the  numerical 
procedures  employed  so  far  to  solve  the 
integral  equation  and  compute  the  velocity 
field.  In  section  4  the  results  of  sample 
calculations  illustrating  the  effects  of  shear 
in  the  velocity  field  due  to  a  non-symmetric 
duct  in  a  wake  field  are  presented  and  dis¬ 
cussed.  The  paper  closes  with  some  remarks 
regarding  the  basic  limitations  of  the  method 
and  its  further  development. 


2.  THEORETICAL  ANALYSIS 

2.1.  Equations  of  Motion  for  General  Steady 
Disturbances  to  a  Shear  Flow 

We  start  by  deriving  the  linearised  Euler 
equations  for  the  steady  flow  of  an  inviscid 
and  incompressible  fluid  in  the  presence  of  an 
external  force  field.  Anticipating  the  use  of 
sources  and  sinks  to  represent  thickness  ef¬ 
fects,  we  will  assume  the  rate  of  expansion  to 
be  zero  except  at  the  points  where  such  singu¬ 
larities  will  be  present. 

The  continuity  equation  for  an  incompres¬ 
sible  fluid  reads,  see  for  instance  ref.  [35]: 

7.\f  =  A  ,  (1) 

where  $  is  the  fluid  velocity  and  A  is  the  lo- 
cal  rate  of  expansion. 

The  Euler  equations  for  the  steady  flow 
of  an  incompressible  ideal  fluid  are 

(tf.7)^  +  7(^)  =  |  ,  (2) 

P  P 

where  p  is  the  pressure,  p  the  fluid  density 
and  F  the  external  force  field  per  unit  vol¬ 
ume. 

We  introduce  a  Cartesian  co^rdj^na^e  sys¬ 
tem  (x,y,z) ,  with  unit  vectors  (e  ,e  ,e  )  and 
a  cyli^dr^ca^  coordinate  system  with  unit  vec¬ 
tors  (e  , e  ,ee),  Fig.  1.  We  consider  a  radi¬ 
ally  an&  circumferentially  non-uniform  axial 
flow  U(r,0),  independent  of  the  axial  coordi¬ 
nate,  to  be  disturbed  _^by  the  presence  of  the 
ducted  propeller.  Let  u  denote  the  disturbance 
velocity  so  that  the  fluid  velocity  may  be 
written  as 

tf(x,r,e)  =  U(r,6)ex  +  u(x,r,6)  .  (3) 


Fig.  1.  Coordinate  system  and  axial  inflow. 


647 


The  equations  of  motion  (2)  may  be  lin¬ 
earised  by  assuming  the  disturbance  velocity 
to  be  small,  say  of  0(e),  in  comparison  with 
the  undisturbed  velocity  U=0(1).  Substituting 
eq.  (3)9  into  (2)  and  neglecting  squared  terms 
of  0(e)  in  the  disturbance  velocities  we  ob¬ 
tain 

u||+(u.V)(ulx)  +  V(£).f  ,  (4) 

since  (Ue  . V)(Ue  )  *  U  3(Ue  )/3x  =  0  . 
x  X  X 

We  further  decompose  the  disturbance  ve¬ 
locity  into  its  axial  and  transverse  compo¬ 
nents 


u  =  ue  +  u_ 
x  t 


(5) 


with  u  =  -e  x  (ex  u)  =  ve  +  weQ.  With  (5) 
we  find  thatX 

(u.V)(Uex)  -  u  —  (Ulx)  +  ( u t . V) ( Uex )  = 

=  eVufVb) 

and  (4)  may  be  written  in  the  form 


u  +  7(p>  - ! 


(6) 


Taking  the  divergence  of  (6)  and  using  (1)  we 
obtain 


>*<!>  * 2  h  <vw>  ■  ’•<;>  -  “  fe 


(7) 


2,2.  Ducted  Propeller  Model 

Let  us  consider  now  the  specific  form  of  the 
right-hand  side  of  eq.  (9)  for  the  external 
force  fields  F  representing  the  duct  and  pro¬ 
peller  loadings  and  for  the  rate  of  expansion 
field  A  representing  the  duct  thickness  in  the 
linearised  theory.  We  note  that,  since  U=0(1), 
from  eq.  (9)  we  will  require  F=0(e)  and  A=0(s). 
Denoting  by  S(x,r,0)  the  right-hand  side  of 
eq.  (9)  (multiplied  by  p) ,  we  obtain  in  cylin¬ 
drical  coordinates: 


S(x,r,6) 


!!x  1 8(rFr>  i!!e 

3x  +  r  3r  +  r  30 


3U 
r  3r 


+ 


F 

J3  3U. 
r  30; 


(10) 


Consistent  with  the  linearisation  applied 
to  the  Euler  equations,  we  will  place  the 
force  field  singularities  and  the  rate  of  ex¬ 
pansion  singularities  (sources)  producing  the 
disturbance  velocities,  on  a  reference  surface 
aligned  with  the  undisturbed  flow  U.  In  the 
present  ducted  propeller  application  we  choose 
the  reference  surface  to  be  a  cylinder  of  con¬ 
stant  radius  and  chord. 

We  represent  the  duct  loading  by  a  radi¬ 
ally  directed  force  field  F=(0,Fr,0)  distri¬ 
buted  on  a  cylinder  of  radius  R,  and  chord  2c, 
extending  from  x=-c  to  x=+c,  Fig.  2,  in  the 
form: 

Fr  =  Apd(x,0)[H(x+c)-H(x-c)]  S(r-Rd)  ,  (11) 

where  H(x)  is  the  Heaviside  unit  step  func¬ 
tion,  H(x)^0  if  x<0,  H(x)=l  if  x>0,  and  8(x) 
is  the  Dirac  delta  function.  Substituting  eq. 
(11)  into  eq.  (10)  we  obtain 


We  may  eliminate  the  transverse  velocity  com¬ 
ponent  u  between  (6)  and  (7)  to  obtain  a  sin¬ 
gle  equation  for  the  pressure.  To  do  so  we 
first  take  the  transverse  vector  component  of 
(6) 


3u 


U  3T  +  Vp> 


(8) 


where  V  ^  -e  x  (ex  x  V)  is  the  gradient  op¬ 
erator  in  theXtransverse  plane,  and  substitute 
(8)  into  (7)  to  obtain 

^  + 1  [V-Vp>]  - 

=  *•<;>  - §  <r- - u  i  •  (9) 

Equation  (9)  is  a  linear  partial  differ¬ 
ential  equation  for  the  pressure  disturbance 
which  needs  to  be  solved  for  given  U,  F  and  A 
distributions. 


S(x, r ,  0)  = 

=  Apd(x,0)[H(x+c)-H(x-c)] 

[<?  - 1  f)  5<r-v +  6,(r-v] 


(12) 


Fig.  2.  Duct  geometry  conventions 
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It  is  seen  from  equations  (9)  and  (12)  that 
the  duct  loading  is  represented  by  a  distribu¬ 
tion  of  pressure  dipoles  of  strength  Ap^(x,0) 
on  the  reference  cylinder. 

The  duct  thickness  is  represented  by  a 
source  distribution  q(x,0)  on  the  reference 
cylinder.  The  rate  of  expansion  becomes 

A(x,r,0)  = 

=  q(x, 0) [H(x+c)-H(x-c) ]  S(r-K^)  .  (13) 

Substitution  of  eq.  (13)  into  (10)  yields 

S(x,r,0)  =  -  pu  |q(x,e)[H(x+c) 

-  H(x-c)]}  8(r-Rd)  .  (14) 

The  propeller  loading  is  assumed  axisym- 
metric  over  the  propeller  disk.  Neglecting  the 
radial  and  circumferential  components,  the 
orce  field  is  assumed  to  be  of  the  form 
=(FX,0,0),  with 

Fx(x,r)  =  APp(r)  6(x-xp)  ,  r<Rp  ,  (15) 


and  dx  =  ad£d(jd<f>.  In  eq.  (17)  the  integrations 
are  to  be  carried  out  over  the  whole  region  of 
space  v  extending  to  infinity. 

The  integral  eq.  (17)  can  be  reduced  by 
the  use  of  Fourier  transforms  to  a  system  of 
coupled  one-dimensional  integral  equations  for 
the  pressure  disturbance  harmonics.  To  perform 
such  reduction  we  represent  the  pressure  field 
by  a  double  Fourier  expansion  in  the  axial  and 
circumferential  coordinates  as  follows: 

p(x,r,0)  = 

CO  CO 

1  „  in0  P  ~  ,  xv  iAx 

=  2i  z  e  J  Pn(r;A)e  dA  ,  (19) 

n  =  _03  _  CD 

1) 

with  inverse 

Pn(r;A)  = 

=  J  J  p(x,r,e)e_1^Xx+ne^  dxd0  .  (20) 

0  -°° 

The  "source"  potential  1/R  given  by  eq.  (18) 
admits  the  expansion 


where  Ap. (r)  is  the  radial  distribution  of 
propeller*3  loading,  x  the  axial  coordinate  of 
the  propeller  plane  End  R  the  propeller  ra¬ 
dius.  In  this  case  the  function  S  takes  the 
form 


1 

R 


1  £  eim(  0-<t>) 

Ji 

m=-°° 


;  ik 


(m) 


(r ,  cr;  k)e 


ik(x-0 


dk 


(21) 


S(x,r)  =  App(r)  «'(x-x  ) 


(16)  with 


The  expression  (16)  provides  the  usual  repre¬ 
sentation  of  the  force  field  associated  with 
the  actuator  disk  as  a  distribution  of  pres¬ 
sure  dipoles  on  the  disk. 

2.3.  Formulation  of  the  Integral  Equation 


Ik(m)(r ,  <r;k) 


T  (|k|r)  K  ( t k | ct)  ,  r<o 
Km(|k|r)  Xm(  |k(a)  ,  r>cr  ’  (22) 


where  I  and  K  are  the  modified  Bessel  func¬ 
tions  of  order  m. 

We  introduce  the  notation 


2.3.1.  Derivation  of  Kernel  Function 


By  application  of  Green's  third  identity 
we  may  transform  the  Poisson-type  eq.  (9)  into 
an  integral  equation  for  the  pressure  distur¬ 
bance.  We  first  note  that  the  function  S  is 
only  different  from  zero  in  a  bounded  region 
of  space.  Assuming  the  pressure  disturbance  to 
vanish  at  infinity  to  sufficient  order,  eq. 
(9)  can  be  recast  in  the  form  (using  cylindri¬ 
cal  coordinates): 


,  1  ri[3U9p  A  9UW1  9p.11  . 

p(x,r,e)  a*><5  aVk  dT  = 


4n  J  R 


(17) 


where  R  is  the  distance  of  the  field  point 
(x,r,0)  to  the  integration  point  (£,cr,$) 

R  =  [(x-£)2  +  r2  +  a2  -  2r a  cos(0-<|>) (18) 


a(r,9) 


1  3U 
U  3r 


b(r,6) 


1  1  3U 
U  r  30 


(23) 


1.  The  following  convention  was  adopted  in  de¬ 
fining  Fourier  transforms: 

-iXx 

f(X)  =  J  f(x)e  dx 

_CO 

00 

with  inverse  f(x)  =  ~  J  f^XJe1^  dX 

CO 

for  a  continuous  F.T.;  f(0)  =  l  f  ein^ 

n=-co 

-  2n 

with  inverse  f  =  J  f(0)e  in  d0 
n  2ji  Q 

for  a  discrete  Fourier  series. 
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and  we  expand  a(r,0)  and  b(r,0)  in  Fourier 
series 


✓  ^  /  \  in0 

a(r , 0)  =  l  an(r)e  , 

n^-00 

b(r , 0)  =  E  bn(r)eine  , 
n=-°° 

with 


(24) 


with 


pKm(|X|r)  [ABn(a)  1.(1  X|c)  + 

Bmn(a)|X|  ’  r>° 

2  yXlr>  tAmn(<J>  VIXlff>  - 
,  Bn,n(°>lXl  Km-l(lXlff)1  '  r<<1 


a  (r)  =  f  a(r,0)e  ln6  d0  , 
n  zn  0 

1  2rt  _-ir.fi 

bn(r>=k'b(r’0>e'  dG- 


(25) 


Amn(CT)  "  (1'|m|)  am-n(a)  + 


0  a;-n(cr)  -  in  bm-n(a)  ’ 


(31) 


B  ( a)  e  a  a  ( o)  . 
mnv  *  m-nv 


Substituting  eq.  (19)  and  eqs.  (21)-(23)  into 
the  first  integral  of  (17)  and  carrying  out 
the  integration  in  o  we  obtain 


J  <»  B  * ;  !♦>  ii dt 


1  I  «i-6  J  dk  .ikx  !  d.  d  Ik<-)(r,.|k) 
^  m=-°°  - 00  0 


In  eq.  (31)  the  prime  denotes  differentiation 
with  respect  to  the  function  argument.  We  note 
that  the  kernel  function  Gmn(r>d>^)  has  a  dis“ 
continuity  at  r=a  given  by 


-  2Vn<r>ixi  Mx'r>  Vi(ix|r)  + 
Wl^>  yiXlr>]  -  -  2am-n(r>  • 


03  00 

x  J  dX  l  [am_n(o)  P^(o;X)  + 

_ oo  n=-03  L 

f  bm_n(a)  p„(a)]  _/«  ei(X-kH 


2.3.2.  Duct  Loading 

The  right-hand  side  of  eq.  (17)  for  the 
effect  of  duct  loading  may  be  reduced  in  a 
similar  way.  We  assume  the  duct  loading  to  be 
represented  by  the  double  Fourier  expansion 


where  p^  =  dpn/d(x.  By  noting  that 

5(X-k)  =  J  el(X_k)J:  d£  , 


Ap  , (x,  0)  =  §-  Z  ein6  J  Ap  (X)eiXx  dX  ,  (33) 
d  n--00  n 

(27) 

with  inverse 


the  integration  in  X  can  be  carried  out  to 
give  the  integral,  the  value 

E  eim9  J  dk  eikx  2  E  J  da  Ik(ln)(r,  a;k) 
m=— 00  -00  n=-°°  0 

[c  Vn(CT)  P;(<J!k)  +  in  bm-n(<j)  Pn(<J;k)]-  (28) 


The  integral  involving  p'  can  be  further  re¬ 
duced  by  partial  integra¥ion.  Evaluating  the 
derivatives  of  the  terms  involving  the  Bessel 
functions  we  finally  obtain 


J  <*  B  * ;  B>  e  dk  - 

V 

CO  CO 

r  im0  T  A\ 

=  -  L  e  J  dX  e 
m=-°°  0 

CO  00 

x  E  I  Gmn(r ,a;X)  pn(a;X)  da  , 

n=-®  0 


(29) 


Apd  (X)  =  jVApd(x,e)e“l(ne+Xx)  dxd©  . 
n  0  -c  (34) 

Substituting  eqs.  (33),  (12)  and  (21)  in  (17) 
we  obtain,  after  carrying  out  the  integrations 
in  v,  $  and 

v 

CO  00 

-  -  2  E  eime  J  dX  elXx 
m=-°° 

x  [Rj  IK^m)(r,Rd;X)  Apd  (X)  + 

2R  IK(m)(r,R  ;X)  E  a  (R  )  Apd  (X)]  . 

n=-«  n 

(35) 
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In  eq.  (35)  we  have  used  IK^m^  (r ,  a;  X)  to  de¬ 
note 


IK^m)(r,  a;  X) 


I xi  V|X|r)  K(\xla) 
i  xi  Km(|X|r)  i;<ixiff) 


r<a 
r>a  . 

(36) 


2.3.3.  Duct  Thickness 

In  the  case  of  duct  thickness,  inserting 
(14)  and  (21)  into  the  right-hand  side  of  eq. 
(17),  we  obtain 


JSi^±ldT  = 

V 

00  00  00 
=  -  -  E  eim0  ;  dl  J  da  a 
11  m=-°°  -ro  0 

J  dk  IK(m)(r,a;k)elk(x"^  5(a-Rd) 


2it 


||([H(t+c)-H(^-c)]  S  U(a,«  q(5,*)e  lm'f’|d<)>  . 

°  (37) 


Introducing  the  function 

i  2n  _imd) 

TmU,a)  =  J  U(fff«  qa,4>)e~im  d<*>  ,  (38) 


and  carrying  out  the  integration  in  cr  we  have 
for  the  integral  (37) 


-2 p  Z  eim9  Rd  J  dX  IK(m)(r,Rd;X) 
m=-°°  -ro 

x  J  dt  eiX(x_5)  ||  {Tm(^Rd)[H(t+c)-H(^-c)]}  . 

(39) 

In  the  previous  expression  the  integration  in 
£,  may  be  performed  by  introducing  the  Fourier 
expansion 


VX>  -  J  ^ 

-c 


(40) 


to  yield 


j  dT  =  _2  J  ei">e  fax  j** 

v  m=-°° 

X  ipX  Rd  IK(m)(r,Rd;X)  TJX)  . 

(41) 


2.3.4.  Propeller  Loading 

With  the  propeller  loading  given  by  eq. 
(15),  the  right-hand  side  of  eq.  (17)  is  re¬ 
duced  in  the  same  way  as  the  previous  cases. 
The  integral  is 


dx  - 


1 

it 


°°  R  2  It 

J  d£  Jp  da  a  J  d* 


“  eim(  ©-<(•) 
m=-“ 


/  dk  IK(m)(r,a;k)elk(x  Apja)  8'(S-xp)  • 

(42) 


Since  the  load  distribution  is  assumed  inde¬ 
pendent  of  the  integration  in  ((>  gives 


jVlm*  d*  =  2„  S  ,  (43) 

0 

where  &  is  the  Kronecker  delta,  and,  hence, 
the  integral  becomes 


V 

=2  Z  eim0  J  dk  JP  da  IK(0)(r,a;k) 

m=— 00  -  00  0 

CD 

aApJa)  J  elk(x_5)  8'(5-xp)  d£ 

=  2  I  eim0  fdX  eiXx 

m  =  _00  _00 

X  iX  e  P  ;P  IK(0^(r,a;X)  Ap  (a)  a  da.  (44) 

0  p 

2.3.5.  Integral  equation 

Gathering  the  previous  results  expressed 
by  eqs .  (29),  (35),  (41)  and  (44),  by  equating 
the  corresponding  harmonics  of  the  left  and 
right-hand  sides  of  eq.  (17)  we  may  write 
(symbolically)  the  integral  equation  in  the 
form 


p  -  T  p  =  vj; 

*m  Fn  m 


(45) 


with  the  operator  T  defined  by 


CD  CD 


Tp  =  I  J  Gmn(r,<r;X)  pJa;X)  da 
n=-°°  0 


(46) 


The  function  vj;  takes  different  forms  for 
the  effects  of  duct  loading,  thickness  and 
propeller  loading.  In  the  case  of  duct  loading 
it  is  given  by 
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Vr;X>  - 

=  Rd  IK^m)(r,Rd;X)  Apd  (X)  + 
m 

CO 

2R  IK(m)(r,R  ;X)  E  am_n(Rd)  A?d  (X)  . 

n=-C0  n 

(47) 

It  is  easily  seen  from  the  properties  of 
the  modified  Bessel  functions  that  2m(r;X) 
is  discontinuous  at  the  duct  reference  cyl¬ 
inder  r=R, .  The  discontinuity  amounts  to  the 
(Fourier  transformed)  pressure  jump  on  the 
duct,  i.e.  the  strength  of  the  pressure  dipole 
Apd  (X). 
m 

In  the  case  of  duct  thickness,  eq.  (41), 
the  function  takes  the  form 

^m(r; X)  =  ipXRd  IK(m) (r ,Rd ; X)  TJX)  .  (48) 

It  is  also  seen  that  this  function  is 
continuous  at  r=R^  but  has  discontinuous  first 
derivatives  at  that  radius. 

Finally,  in  the  case  of  propeller  load¬ 
ing,  the  function  is 


Vr?X) 


-iXx  R 

=  -iX  e  P  JP  IK'  ^(r,cr;X)  Ap  (a)  a  da,  (49) 

0  p 

which  is  a  continuous  function  of  the  radius 
with  continuous  first  derivatives. 

The  eq.  (45)  constitutes  an  infinite  sys¬ 
tem  of  one-dimensional  integral  equations, 
with  a  discontinuous  kernel,  for  the  distur¬ 
bance  pressure  harmonics.  At  this  stage  it 
should  be  remarked  that,  as  shown  in  the 
classical  work  in  shear  flow  problems  [19], 
[20],  the  advantage  of  having  introduced  the 
x-wise  Fourier  Transform  is  to  reduce  the 
three-dimensional  problem  to  a  set  of  de¬ 
coupled  two-dimensional  problems,  each  one  for 
a  single  value  of  the  parameter  X  in  eq.  (45). 
However,  it  should  be  noted  that,  in  the  case 
of  a  circumferentially  sheared  inflow,  the 
circumferential  pressure  harmonics  do  not 
decouple.  In  fact,  they  are  coupled  through 
the  harmonics  of  the  shear  parameters,  as 
shown  by  the  form  of  the  integral  operator  in 
eq.  (46). 

We  would  like  also  to  stress  that  the 
integral  operator  T  is  a  function  of  the  shear 
parameters  a  and  b  only,  being  independent  of 
duct  loading,  thickness  or  propeller  loading, 
which  affect  only  the  right-hand  side  of  eq. 
(45). 


2.4.  Separation  of  Potential  and  Interaction 
Effects 

The  numerical  approach  to  the  solution  of 
the  integral  equation  (45)  has  to  be  done  with 


care.  First,  the  kernel  G  is  discontinuous 
at  r-ff,  as  given  in  (32).  ¥Ris  may  not  consti¬ 
tute  a  major  problem  since  a  number  of  numer¬ 
ical  techniques  are  available  to  handle  this 
type  of  kernel,  as  it  may  be  found,  for  in¬ 
stance,  in  ref.  [36].  Second,  the  right-hand 
side  of  eq.  (45)  is  either  discontinuous  at 
r=R, ,  as  in  the  case  of  duct  loading,  or  has 
thea  discontinuity  in  its  first  derivative,  as 
in  the  case  of  duct  thickness.  The  integral 
equation  (45)  is  of  the  second  kind  and  this 
means  that  the  solution  will  inherit  the  dis¬ 
continuous  behaviour  at  r-R^.  This  fact  has 
major  consequences  for  the  computation  of  the 
velocity  field  because,  as  shown  in  the  next 
section,  differentiation  of  the  pressure  in 
the  radial  direction  is  required  to  derive  the 
radial  velocity  component  from  the  radial  mo¬ 
mentum  equation. 

In  the  pursuit  of  an  accurate  numerical 
solution  of  the  integral  equation  (45)  and  of 
an  accurate  computation  of  the  associated  ve¬ 
locity  field,  it  is  quite  natural  to  distin¬ 
guish  two  contributions  to  the  pressure  field, 

respectively  the  potential  pressure  p^\ 
which  satisfies  the  Poisson  equation  (9)  in 
the  absence  of  shear,  V  U=0,  and  the  interac- 
(l)  1 

tion  pressure  pv  /  which  satisfies  the  remain¬ 
ing  part  of  the  equation  (9).  For  the  trans¬ 
formed  equation  (45)  in  Fourier  space  this 
means  that 


~(0) 


rm 

with 


+  P, 


(1) 


p<°) 

and 


*<°> 

m 


p<X>  -  T  p(1>  -  ♦<!>  +  T  5(0) 
Fm  Fm  m  Ym 


(50) 

(51) 

(52) 


In  eqs.  (51)  and  (52)  we  have  decomposed 
the  right-hand  side  into  a  shear-independent 

term  2^  and  a  shear-dependent  term  2^.  In 
,  m  ,  .  t  i ,  m 

the  case  of  duct  loading  we  have 


^0)  =  Rd  IK^m)(r,Rd;X)  Apd  (X)  (53) 

m 

and 

^  =  2Rd  IK(m)(r,Rd;X)  E  a^JR,)  Ap~d  (X). 

n=-°°  n 

(54) 

In  the  cases  of  duct  thickness  and  pro¬ 
peller  loading  the  shear-dependent  term  2^ 

-(0)  ra 
is  inexistent  and  '  is  given  by  eqs.  (48) 

and  (49),  respectively. 
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The  potential  flow  problem  eq.  (51)  for 
the  duct  loading  and  thickness  leads  to  the 
formulation  of  the  duct  lifting  surface  the¬ 
ory.  Solution  of  the  loading  (vortex  distri¬ 
bution)  and  thickness  (source  distribution) 
problems  has  been  given  in  refs.  [6],  [31], 
[32],  where  expressions  can  be  found  for  the 
evaluation  of  the  radial  velocity  (downwash) 
at  the  duct  reference  cylinder.  Expressions 
for  the  duct  induced  axial  and  tangential  ve¬ 
locities  are  also  given  in  ref.  [6].  We  will 
discuss  briefly  the  solution  of  this  problem 
in  the  section  devoted  to  the  computation  of 
the  velocity  field. 

The  solution  of  the  shear  interaction 
problem  eq.  (52)  requires  the  computation  in 
the  right-hand  side  of  eq.  (52)  of  the  term 

T  vj;  A  straightforward  computation  allows 
this  term  to  be  expressed  in  terms  of  func¬ 
tions  which  can  be  easily  evaluated  numeri¬ 
cally.  The  results  of  these  computations  for 
all  cases  are  given  in  the  Appendix  A.  It  may 
be  readily  verified  using  the  expressions  of 
the  Appendix  A  that  the  right-hand  side  of 
eq.  (52)  in  the  cases  of  duct  loading  and 
thickness  is  continuous  and  has  continuous 
first  derivatives  at  r=R, ,  a  property  which  is 

2,(1) 

shared  by  the  solution  pv  '  of  the  shear  in- 
teraction  problem. 

2.5.  Velocity  Field 

In  accordance  with  the  decomposition  of 
the  pressure  field  into  its  potential  and  in¬ 
teraction  parts,  we  write  for  the  disturbance 
velocity 


-> 

u 


->(0) 
uv  ' 


-KD 

uv 


(55) 


where  u^  is  the  velocity  associated  with  the 
potential  pressure  p^\  which  we  call  the  in¬ 
duction  velocity,  and  u^  is  the  shear  inter¬ 
action  velocity. 

By  definition  u'  '  satisfies  eq.  (1)  and 
the  momentum  equation 


U 


8g<°> 

3x  + 


(56) 


while  u(1) 


is  a  solenoidal  velocity  field 


y.u^1) 


=  o 


(57) 


(56)  and  (58).  We  note  that,  in  using  (58)  for 
the  determination  of  the  interaction  velocity, 
the  potential  part  of  the  solution  affects  the 
radial  and  tangential  components  of  the  inter¬ 
action  velocity  only  through  the  interaction 

pressure  p^\  For  the  axial  velocity  com¬ 


ponent,  however,  there  is  an  additional  term 

u^^.VU  coupling  the  two  problems  and  this 
requires  the  calculation  of  the  induction  ve¬ 
locity  uj0)  first. 

Integrating  eq.  (56)  from  x=-°°  to  x,  we 
obtain  for  the  induction  velocity  components 


(0)  1  rx  Fx  d? 

J  =  -  V~  +  a  !  ’ 


(59) 


,(0) 


1  *  ^ 


_  £  r  —  ( 

U  J  3r  v  p 

_  CD 


1  x  F 

)  d(  +  i  J  y  ,  (60) 


(0)  _  _  1  ;X  1  3_  (e22)  . 

*  ~  U  J  r  30  v  p  ’  ^ 


(61) 


In  writing  eq.  (59)  to  (61)  we  have  made 
use  of  the  fact  that  the  velocity  and  the 

disturbance  pressure  p^  vanish  at  infinity 
upstream,  x=-°°. 

In  the  cases  of  duct  loading  and  thick¬ 
ness,  F  =0  and  the  evaluation  of  the  axial  and 

X  (0)  (1) 
tangential  velocity  components  uv  7  and  ux 

do  not  pose  particular  problems.  They  can  be 
computed  from  the  inverse  Fourier  transform  of 

Jj^^,  attention  being  paid  to  the  calculation 
on  both  sides  of  the  duct  reference  cylinder 
r=R,±0.  However,  in  the  evaluation  of  the  ra¬ 
dial  velocity  component  from  eq.  (60)  special 
care  has  to  be  taken  in  carrying  out  the  re¬ 
quired  differentiation  and  integration  at 
r=R,.  Such  evaluation  constitutes  the  subject 
of  auct  lifting  surface  theory  dealing  with 
the  evaluation  of  the  Cauchy  singularity  in 
the  kernel  function  for  the  radial  downwash. 
The  solution  of  this  problem  can  be  found  in 
refs.  [6],  [ 31 ] — [ 33 ]  and  will  not  be  treated 
in  detail  here.  In  Appendix  B  the  relevant 
expressions  are  collected  for  the  case  of  duct 
loading,  together  with  an  outline  of  their 
derivation  from  the  present  formulation. 

In  the  case  of  propeller  loading  F  =0  and 
with  F  given  by  eq.  (15),  we  obtain  tor  the 
axial  component 


satisfying 


3u(1)  ♦ 

u  IT"  +  e 


'x[(u[0)  +  uj1}).vu]  +  V( 


,<1) 


-)  =  0  . 
(58) 


,(0) 


6Pp(r) 

pU 


H(x-Xp) 


r<R 

P 

r>R 

P 


(62) 


If  the  pressure  fields  p(0)  and  p(l)  are 
known,  respectively  from  eq.  (51)  and  the  so¬ 
lution  of  eq.  (52),  the  velocity  fields  u^ 
and  u(1)  can  be  evaluated  by  integrating  eqs. 


the  well-known  result  from  actuator  disk 
theory.  ^(1) 

For  the  interaction  velocity  u  ,  inte¬ 
gration  of  eq.  (58)  from  x=-»  to  x  yields 
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+  V 


(1)  P(1)  r*,  (0)  (IK  ,,r 

jv  7  =  -  —  -  a  j  (vv  7+vv  ')  dt, 

pu  m 


-  b  j  (,V))  <u . 


(i)  i  ,x  3  rp(1)'  HJ: 

'  -  -  D  ;  3?  (  p  >  d5  ’ 


-  fr'"  *  is  ^  ■ 


(63) 

(64) 

(65) 


with  the  definition  (23)  of  a  and  b.  Again,  in 
deriving  (63)  to  (65)  we  have  made  use  of  the 
fact  that  the  interaction  pressure  and  veloc¬ 
ities  vanish  at  infinity  upstream.  In  eqs. 
(63)— (65) 9  which  hold  for  the  cases  of  loading 

and  thickness  we  have  been  considering,  v^ 


and  w 
interaction 


^  have  to  be  evaluated 


pressure;  u 


(1) 


first  from  the 
is  then  computed 


from  eq.  (63)  with  known  values  of  v 


(0)  (1) 


(0)  ,  (1) 

wv  '  and  w'  ' . 


2.6.  Duct  Boundary  Conditions 

We  describe  the  duct  surface  by  speci¬ 
fying  the  deviations  of  the  outer  and  inner 
surfaces  from  the  reference  cylinder  due  to 
the  conical  angle,  camber  and  thickness  dis¬ 
tributions  of  the  duct  sections,  Fig.  2.  The 
outer  and  inner  surfaces  may  be  given  by  the 
expression 


r(x,e)  =  Rj  -  <*(0)(x-c)  +  f(x,0)  ±  \  t(x,0)  , 

-c<x<c  ,  (66) 

where  <x(0)  is  the  conical  angle,  f(x,0)  is  the 
camber  distribution,  satisfying 

f ( — c , 0)  -  f ( c , 0)  =  0  ,  (67) 

and  t(x,0)  is  the  thickness  distribution.  In 
eq.  (66)  the  plus  and  minus  signs  apply  to  the 
duct  outer  and  inner  surfaces,  respectively. 
The  conical  angle  a(0)is  defined  positive  as 
shown  in  Fig.  2.  The  duct  surface  may  be  de¬ 
scribed  by  the  equation 

Fd(x,r,0)  «  r  -  Rd  +  a(0)(x-c) 

-  f (x, 0)  +  J  t(x, 0)  =  0  .  (68) 

The  unit  vector  normal  to  the  surface  may  be 
expressed  as  VF^/lTF, |.  The  kinematic  boundary 
condition  on  the  duct  surface  reads 

(tf.VFd)/|  VFd  |  =  0  ,  (69) 

which  can  be  written,  using  eq.  (68), 


(U+u)  [a(0)  -  |f  ±  H£] 

+  \  [«'(6)(x-c)  -  ||  ±  |{§]  -  0  .  (70) 

The  first  order  approximation  to  (70)  is 
v(x,Rd±0,9)  = 

-  U(Rd,0)[-a(0)  +  |±  |ffl  ’  (71) 

Writing 


v(x,Rd±0, 8) 


v(x,Rd,0) 


± 


1 

2 


Av(x,Rd,0) 


(72) 


where  v(x,R, ,0)  is  the  average  radial  velocity 
at  r=R^  between  the  outer  and  the  inner  sur¬ 
faces  and  Av(x,Rd,0)  is  the  radial  velocity 
jump,  we  conclude  from  (71)  and  (72)  that 

Av(x,Rd,0)  -  U(Rd,0)  ,  (73) 

which  gives  to  the  first  order  the  strength  of 
the  source  distribution 

q(x,6)  =  U(Rd,0)  .  (74) 

From  eq.  (71)  we  derive  also  to  first  order 


9f 

9x 


-  a(0)  = 


v(x,Rd,0) 

U(Rd,6) 


(75) 


Integrating  (75)  and  using  (67),  we  obtain 


Q  — 

“(0)  ■  ■  I  jj  dx  (76) 

-C 

and 

x  - 

f  (x,  0)  =  a(x+c)  +  J  g  d£  .  (77) 

-c 

It  is  well-known  that  the  use  of  the  first 
order  boundary  condition  (71)  can  be  rather 
crude  for  design  purposes  at  increasing  load¬ 
ings,  since  the  perturbation  velocities  will 
no  longer  be  small  compared  with  the  undis¬ 
turbed  velocity  U(Rd,0).  A  simple  refinement 
to  eq.  (75)  can  be  used  if  we  neglect  the 
contribution  of  the  circumferential  velocity  v 
to  the  component  of  the  velocity  V  normal  to 
the  surface  in  eq.  (70).  If,  in  addition,  we 
retain  the  first  order  approximation  to  the 
source  distribution  (74),  we  obtain 


3f 

dx 


V 

U+u  ’ 


(78) 
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which  includes  the  axial  perturbation  velocity 
in  the  calculation  of  the  conical  angle  and 
camber  distributions. 


3.  NUMERICAL  SOLUTION  PROCEDURE 

For  the  purposes  of  numerical  analysis  a 
dimensionless  form  of  the  equations  is  used. 
The  duct  radius  R^  is  taken  as  reference 
length,  velocities  are  made  dimensionless  by  a 
reference  velocity  U  ,  taken  here  as  the  (fi¬ 
nite)  asymptotic  value  of  the  velocity  U  at 
large  radii,  and  pressures  are  made  dimension- 
2 

less  by  pU  . 

To  solve  numerically  the  integral  equa¬ 
tion  (52)  ve  first  apply  _a  transformation  to 
the  radial  coordinate  ?=r(r)  which  maps  the 
integration  interval  (0,®)  onto  the  interval 
(0,1).  Various  possibilities  exist  to  choose 
such  transformation,  but  we  have  applied  a 
simple  exponential  transformation  defined  by 


~(1)  ~(1)  N  m  ~ 

pKJ  -  (T  p^  ')  .  =  E  EG  .  .  p  .  ,  (83) 

rmi  rn  mi  n_  ^  mmj  *nj 

wi  th 


G  .  .  =  G  .  .  for  m*n  or  i*j 
mmj  mmj  J 


G  =  1  -  G 
mmii  mmii 


G  .  .  — 
mmj 


r2  G,,  .  G-  „  . 

Hi  12 j  ij  ,  3<i  , 

2(Glli  G12i  ¥ii>  + 

G2 1  i  G22i  WU}>  ’  j  =  i  ’ 


r  =  1  -  exp(-ar)  , 


(79) 


G21i  G22j 


(2) 
w; . 
ij 


j>i 


(84) 


with  the  constant  a=ln(l/2)  chosen  as  to  map 
the  duct  radius  r=l  to  r=0.5.  The  integral 
equation  is  solved  by  a  quadrature  method  us¬ 
ing  the  trapezoidal  rule.  Introducing  the 
equidistant  nodes 


r.  =  ( i-1)/ (NR-1)  ,  i=l , . . . ,NR  ,  (80) 

the  integral  in  eq.  (46)  evaluated  at  the  node 
i  is  approximated  by  (omitting  the  parameter  X 
for  simplicity) 


;  Gmn(f.,a)  P„(«)  da  = 

=  2  Glli  G12j  ?nj  + 


NR 


(2) 


2  G2 1  i  .=\Wij  G22 j  Pnj  ’ 


wi  th 

GUi  =  Km<|Xlri>  >  G21i  = 


(81) 


12 j  =  1  mn'  j '  m'  1  1  j '  T 

B»n<rj)|X|  I.-i<lxlrj)l<dr/dE)j 

G22 j  =  [Am„(rj>  VIXlrj>  - 

B„,„<V|X|  *Sn-l.(  I  Xl  rj  )  ]  (dr/dr )  j  , 

(82) 

and  w<2>  being  the  weights  of  trape¬ 
zoidal  rule.  For  the  first  N+l  harmonics  of 
the  disturbance  pressure,  the  discretized  form 
of  the  left-hand  side  of  equation  (52)  reads 


With  the  mapping  (79)  and  the  equidistant 
node  distribution  an  equal  number  of  nodes  are 
placed  inside  and  outside  the  duct.  The  map¬ 
ping  ensures  a  larger  concentration  of  nodes 
near  the  axis  r=0,  where  the  Bessel  functions 
K  are  rapidly  varying.  To  achieve  an  accept¬ 
able  accuracy  near  r=0  and  at  large  radii  ex¬ 
ponential  scaling  of  the  Bessel  functions  is 
applied.  The  integrals  appearing  on  the  right- 
hand  side  of  equation  (52)  (see  Appendix  A) 
are  evaluated  by  trapezoidal  integration  using 
the  same  set  of  nodes  (80). 

The  system  of  equations  is  solved  in 
sequence  for  the  set  of  values  of  the  param¬ 
eter  X  coinciding  with  the  nodes  of  Laguerre 
integration  in  the  interval  (0,®)  which  is 
used  for  inverting  the  pressure  x-wise  Fourier 
Transform.  A  LU  factorization  of  the  matrix  is 
carried  out  for  each  value  of  X,  and  then  used 
to  obtain  the  solution  vectors  for  the  differ¬ 
ent  right-hand  sides  (47),  (48)  and  (49). 

With  the  interaction  pressure  obtained 
from  the  inversion  of  the  double  Fourier 
Transform  (20)  at  a  specified  number  of  axial 
planes,  the  interaction  velocity  field  is  com¬ 
puted  with  the  eqs.  (63)-(65).  The  integrals 
are  computed  by  trapezoidal  integration.  Cen¬ 
tral  differencing  is  applied  to  evaluate  the 
radial  and  circumferential  derivatives. 

4.  RESULTS  OF  SAMPLE  CALCULATIONS 

To  illustrate  the  effects  of  shear  a  num¬ 
ber  of  sample  calculations  were  carried  out 
for  an  analytically  defined  wake  field.  Here 
we  will  only  discuss  the  results  concerning 
the  effects  of  duct  loading  on  the  velocity 
field. 

The  wake  field  chosen  is  a  sinusoidal 
perturbation  superposed  to  the  axisymmetric 
wake  field  used  by  Lee  in  ref.  [30].  It  is 
defined  by  the  expression 

~^2r  2  2 

U(r ,  0)  =  1  —  \31  e  z  (1  -  U3r  sinz  U^Q)  . 

(85) 
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With  U1=0.72,  U2=1.70  and  11^=0  we  recover  the 

ax i symmetric  wake  of  Lee.  For  the  wake  field 

(85)  the  functions  A  and  B  approach  zero 
v  /  mn  mn 

at  the  axis  sufficiently  fast  to  ensure  a  zero 

value  of  the  element  G22j  at  the  axis,  j=l. 

In  all  the  calculations  a  chord/diameter 
ratio  c/R,^0.5  has  been  chosen.  In  general  the 
duct  loading  and  thickness  distributions  are 
specified  by  a  sum  of  chordwise  modes  which 
are  used  in  the  solution  of  the  duct  lifting 
surface  problem.  In  the  present  application  we 
have  chosen  the  NACA  a=0.8  chordwise  loading, 
which  is  constant  from  the  leading  edge  to  0.8 
of  the  chord  and  decreases  linearly  to  zero 
from  0.8  of  the  chord  to  the  trailing  edge. 
The  Kutta  condition  of  zero  loading  at  the 
trailing  edge  is  automatically  satisfied  by 
this  load  distribution.  The  duct  loading  is 
expressed  in  terras  of  the  duct  section  lift 
coefficient  defined  by 


CL  “  T 


|pUo‘(2c) 


1 

J  4pd  dx 


(86) 


Since  the  theory  is  linear,  the  distur¬ 
bance  pressure  and  velocities  are  proportional 
to  the  loading  coefficient  C^,  and  the  results 
hold  for  an  arbitrary  loading.  The  results  are 
presented  for  a  considerably  high  duct  loading 
and  a  strongly  sheared  inflow  which  may  be 
considered  as  representatives  of  a  typical 
ducted  propeller  application.  In  such  cases 
the  disturbance  velocity  is  no  longer  small  in 
comparison  with  the  velocity  of  the  incoming 
flow.  Of  course  the  assumption  of  small 
disturbance  velocities  does  not  hold  in  such 
cases  and  non-linear  effects  will  certainly 
affect  (in  an  unknown  manner)  the  accuracy  of 
the  predictions.  In  any  event,  the  results  are 
easily  scaled  to  smaller  loadings. 

To  examine  the  convergence  of  the  numeri¬ 
cal  solution  of  the  integral  equation  a  compu¬ 
tation  for  axisymmetric  flow  was  carried  out 
first  for  a  section  lift  coefficient  Cj=0.9. 
Fig.  3  shows  the  convergence  of  the  interac¬ 
tion  pressure  at  the  duct  inlet  plane  x=-0.5 
with  the  number  of  radial  nodes.  The  conver¬ 
gence  of  the  Fourier  inversion  procedure  was 
checked  by  performing  the  calculations  with  7 
and  15  nodes  of  the  Laguerre  integration,  the 
results  remaining  unchanged.  It  can  be  seen 
that  with  a  number  of  65  nodes  the  solution 
coincides  with  the  solution  with  129  nodes 
except  near  the  axis  r=0.  It  must  be  remarked 
that  none  of  these  solutions  accurately  sat¬ 
isfy  the  condition  of  a  zero  radial  derivative 
at  the  axis,  as  shown  in  the  enlarged  view  of 
the  region  near  the  axis  in  Fig.  4,  although 
with  increasing  number  of  nodes  the  numerical 
error  decreases.  This  was  to  be  expected 
since,  with  the  present  quadrature  solution 
method,  the  condition  is  not  enforced  explic¬ 
itly  and,  therefore,  the  accuracy  of  the 
solution  will  depend  on  the  discretization 
error  of  the  integrals  appearing  both  on  the 


Fig.  3.  Convergence  of  interaction  pressure  at 
x=-0.5  with  the  number  of  radial 
nodes.  Axisymmetric  flow. 
c/Rd*0.5,  a=0.8,  CL=0.9. 


r/Rd 


Fig.  4.  Detail  of  computed  interaction  pres¬ 
sure  near  the  axis  at  x=-0.5  for  dif¬ 
ferent  number  of  radial  nodes. 
Axisymmetric  flow. 
c/Rd*0.5,  a=0.8,  CL=0.9. 
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left  and  right-hand  sides  of  the  integral 
equation.  It  should  also  be  noted  that  the 
numerical  solution  exhibits  the  expected  de¬ 
gree  of  smoothness  at  the  duct  radius  r=l.  We 
insist  in  the  importance  of  obtaining  a  smooth 
pressure  distribution  since  the  velocity  field 
is  derived  from  it  by  numerical  differentia¬ 
tion. 

The  radial  component  of  the  interaction 
velocity  on  different  planes  is  shown  in  Fig. 
5  for  the  solution  with  65  nodes.  The  inter¬ 
action  radial  velocity  is  rather  small.  In 
Fig.  6  the  axial  velocity  distribution  due  to 
the  effect  of  the  duct  loading  inside  and  out¬ 
side  the  duct  is  shown  for  this  case.  The  ve¬ 
locity  distribution  of  the  oncoming  flow  is 
also  shown  in  this  figure.  The  induction  ve¬ 
locity  is  simply  the  potential  flow  velocity 
in  uniform  flow  divided  by  the  local  inflow 
velocity.  This  of  course  produces  the  large 
velocities  close  to  the  symmetry  axis.  The 
interaction  velocity  is  negative  and  corrects 
to  a  certain  extent  this  extreme  behaviour. 
Nevertheless,  for  this  strongly  sheared  inflow 
and,  in  contrast  with  the  uniform  flow  case, 
the  present  method  predicts  in  shear  flow  an 
increase  to  the  axis  of  the  disturbance  veloc¬ 
ity  due  to  the  duct.  Again  near  the  axis  the 
interaction  velocity  and  thus,  the  disturbance 
velocity  due  to  the  duct  is  influenced  by  the 
local  error  in  the  pressure  distribution. 

As  a  second  application  we  considered  a 
non-axisymmetric  wake  field  defined  by  (85) 
with  U1=0.72,  U2=1.70,  U3=2.0  and  U4=0.5.  The 


Radius  r/Rd 

Fig.  5.  Interaction  radial  velocity  due  to 
duct  loading.  Axisymmetric  flow. 
c/Rd=0.5,  a=0.8,  C  =0.9. 


wake  field  is  shown  in  Fig.  7.  At  all  radii 
the  velocity  is  lowest  at  9=0.  (say  the  upper 
part  of  the  propeller  plane)  and  highest  at 
9=180  deg.  (the  lower  part  of  the  propeller 
plane).  To  examine  the  capability  of  the  duct 
to  change  this  incoming  velocity,  two  types  of 
duct  loading  were  considered:  an  axisymmetric 
loading  with  the  section  lift  coefficient 
CL=0.9,  as  in  the  previous  axisymmetric  case, 
and  an  asymmetric  loading  defined  by  C,  = 
CT  +  AC,  cos  9,  with  AC,  =  0.15C,  ;  this  cor- 

responds  to  a  30%  variation  of  duct  section 
loading  around  the  circumference,  the  highest 
loading  being  placed  where  the  incoming  veloc¬ 
ities  are  lowest  and  vice  versa.  The  same 
chord-diameter  ratio  c/Rd=0.5  and  the  same 
chordwise  load  distribution  are  assumed.  The 
integral  equation  was  solved  using  a  number  of 
65  radial  nodes,  for  7  nodes  of  the  Laguerre 
integration.  A  number  of  3  circumferential 
harmonics  was  sufficient  to  carry  out  the  so¬ 
lution  in  the  present  case.  The  induction, 
interaction  and  the  total  disturbance  axial 
velocities  at  x=0  inside  the  duct  are  shown, 
respectively  in  Figs.  8,  9  and  10  for  the  duct 
with  axisymmetric  loading.  Similar  results  are 
shown  in  Figs.  11,  12  and  13  for  the  case  of 
asymmetric  duct  loading. 

In  the  case  of  axisymmetric  loading  oppo¬ 
site  tendencies  are  found  for  the  inner  radii 
up  to  about  0.5  and  the  outer  radii.  For  the 
outer  radii  the  total  disturbance  velocities 
are  lower  at  9=180  deg. ,  where  the  incoming 


Radius  r/Rd 

Fig.  6.  Axial  velocity  due  to  duct  loading  at 
x=0.  Axisymmetric  flow. 
c/Rd=0.5,  a=0.8,  CL=0.9. 


657 


Axial  Velocity  u/UO 


velocity  is  large  while  for  the  inner  radii 
large  velocities  are  found  at  that  angular  po¬ 
sition.  This  is  caused  by  the  large  positive 
interaction  velocity  calculated  for  the  small¬ 
er  radii,  see  Fig.  9  for  r/R^=0.30.  The  domi¬ 
nant  term  in  eq.  (63)  is  the  second  term  which 
couples  the  negative  radial  velocities  with  a 
large  positive  value  of  the  shear  parameter  a 
(note  that  for  this  wake  field  this  parameter 
is  larger  than  on  the  base  axisymmetric  wake). 
For  the  outer  radii  the  interaction  velocities 
are  very  small,  and  the  total  disturbance  ve¬ 
locities  are  dominated  by  the  induction  part. 

In  the  case  of  asymmetric  loading  the 
induction  part  shows  a  more  pronounced  vari¬ 
ation,  Fig.  11,  as  expected  from  the  duct  load 
variation.  The  level  of  interaction  velocities 
decreases  considerably  at  the  inner  radii,  as 
shown  in  Fig.  12,  especially  at  the  angular 
position  8=180  deg,  where  the  local  duct  load¬ 
ing  is  lowest.  The  interaction  velocities  at 
the  outer  radii  remain  small.  Still  an  in¬ 
crease  of  the  total  disturbance  velocity  to 
the  axis  is  found  in  this  case,  Fig.  13. 
Clearly,  an  important  result  of  practical  in¬ 
terest  is  the  better  capability  of  the  second 
duct  with  asymmetric  loading  to  make  the  in¬ 
coming  flow  more  uniform. 


Angular  Position  (deg.) 


Fig.  7.  Axial  velocity  of  non-axisymmetric 
wake  field.  Eq.  (85)  with  IL=0.72, 
U2=1.7,  U3=2,  U4-0.5. 


Fig.  8.  Induction  part  of  the  axial  velocity  due  to  duct  loading  at  x=0. 

Non-axisymmetric  wake.  Axisymmetric  duct  loading.  c/R^=0.5,  a=0.8,  C^=0.9. 
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5.  SUMMARY  AND  CONCLUSION 

A  linearised  analysis  of  the  three-dimen¬ 
sional  steady  interaction  between  a  ducted 
propeller  system,  modelled  by  a  suitably  cho¬ 
sen  external  force  field  and  source  distribu¬ 
tion,  and  a  non-ax i symmetric  sheared  axial 
onset  flow  has  been  given.  The  basic  assump¬ 
tion  of  the  theory  is  that  the  disturbance 
velocities  should  remain  small  compared  with 
the  velocity  of  the  onset  flow.  Consistent 
with  this  assumption,  linearised  boundary  con¬ 
ditions  are  applied  on  the  duct  surface.  As  a 
consequence  of  the  linearisation  the  effects 
of  duct  loading  and  thickness  and  propeller 
loading  can  be  treated  separately  and  super¬ 
posed. 

For  the  three-dimensional  problem  a  for¬ 
mulation  in  terms  of  the  pressure  seems  an 
obvious  choice  and  a  linear  integral  equation 
has  been  derived  for  the  disturbance  pressure, 
which  can  be  applied  to  describe  both  loading 
and  thickness  effects.  By  separating  the  po¬ 
tential  pressure  from  the  interaction  pres¬ 
sure,  the  integral  equation  governing  the  in¬ 
teraction  part  may  be  in  principle  solved  with 
great  accuracy  using  suitable  numerical  proce¬ 
dures.  The  solution  of  the  potential  part  and, 
more  specifically,  the  computation  of  the  cor¬ 
responding  induced  velocity  field  can  be  ob¬ 
tained  from  the  results  of  duct  lifting  sur¬ 
face  theory. 

As  it  stands,  the  analysis  may  be  applied 
to  solve  the  design  problem  of  a  duct  in  the 
ship's  nominal  axial  wake  field  in  the  pres¬ 
ence  of  the  propeller.  This  requires  the  spec¬ 
ification  of  the  duct  loading  and  thickness 
distributions,  both  circumferentially  and 


chordwise,  and  the  propeller  radial  load  dis¬ 
tribution.  The  computation  of  the  disturbance 
velocities  on  the  duct  reference  cylinder  en¬ 
ables  the  determination  of  the  duct  camber  and 
conical  angle  distributions.  Due  to  the  non¬ 
linear  character  of  the  interaction  thrust 
forces  between  duct  and  propeller  some  itera¬ 
tion  will  be  required  to  meet  given  duct  and 
propeller  thrust  values. 

A  computational  scheme  has  been  developed 
to  solve  the  integral  equation  and  evaluate 
the  velocity  field.  The  scheme  has  been  ap¬ 
plied  to  investigate  the  influence  of  shear  on 
the  velocity  field  due  to  the  effects  of  duct 
loading  for  axisymmetric  and  non-axisymmetric 
wake  fields.  Relatively  low  computational 
costs  are  associated  with  the  utilisation  of 
the  scheme  when  compared  with  a  more  direct 
numerical  approach  to  the  solution  of  the 
problem. 

Although  the  present  results  have  not  yet 
been  validated  by  a  proper  comparison  with 
other  calculation  methods  or  experimental 
data,  the  following  conclusions  may  be  drawn 
from  the  results  of  the  sample  calculations 
presented  in  this  paper: 

-  The  effects  of  shear  on  the  disturbance  ve¬ 
locity  inside  the  duct  are  found  to  be 
rather  significant  for  the  strongly  sheared 
wake  fields  used  in  the  calculations.  Both 
for  the  axisymmetric  wake  and  the  non-axi¬ 
symmetric  wake  fields,  the  axial  disturbance 
velocity  distribution  considerably  differs 
from  the  distribution  in  uniform  flow. 

-  For  the  axisymmetric  case  a  disturbance  ve¬ 
locity  distribution  increasing  to  the  sym¬ 
metry  axis  is  found  as  a  result  of  the  ef¬ 
fect  of  shear.  Also  for  the  non-axisymmetric 


Angular  Position  (deg.) 


Fig.  9.  Shear  interaction  part  of  the  axial  velocity  due  to  duct  loading  at  x=0. 

Non-axisymmetric  wake.  Axisymmetric  duct  loading.  c/R^=0.5,  a=0.8,  CL=0.9. 
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wake  the  effects  of  shear  considerably  af¬ 
fect  the  disturbance  velocity  distribution 
both  radially  and  circumferentially  at  the 
inner  radii  up  to  r/R^=0.5.  For  the  outer 
radii  the  effects  of  shear  become  much 
smaller. 

-  A  large  effect  on  the  disturbance  velocities 
on  the  inner  radii  arising  from  the  effects 
of  shear,  is  found  if  the  duct  circumferen¬ 
tial  load  distribution  is  changed. 

The  foregoing  results  certainly  indicate 
the  need  for  pursuing  the  development  of  a 
model  for  the  interaction  between  the  propel¬ 
ler,  duct  and  wake  field,  if  the  design  of 
wake-adapted  ducts  using  design  criteria  for 
flow  rectification  is  aimed  at.  At  present, 
work  on  this  linearised  model  will  concentrate 
on  the  application  of  the  method  to  duct  de¬ 
sign  including  the  effect  of  duct  thickness 
and  propeller  loading.  In  addition,  steps  to 
validate  the  numerical  results  of  the  model 
will  be  undertaken. 
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Fig.  12.  Shear  interaction  part  of  the  axial  velocity  due  to  duct  loading  at  x=0. 

Non-axisymmetric  wake.  Asymmetric  duct  loading.  c/R^0.5,  a=0.8,  CLq=0.9. 


Fig.  13.  Total  disturbance  axial  velocity  due  to  duct  loading  at  x-0. 

Non-axisymmetric  wake.  Asymmetric  duct  loading.  c/R^=0.5,  a=0.8,  CLq=0.9 
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APPENDIX  A 


Shear-Dependent  Pressure  Disturbance 
Term  T 

Duct  Loading 
The  term  is 


T  $<0)  =  Rd  E  G<L)(r;X)  Apd  (X) 
1  n=-°°  mn  n 

with 


(87) 


GjL)(r;X)  =  2|X|K;(|X|Rd)  [Km<|X|r>  h^r)  + 
mn 

Im( |X|r)  h2(r)]  + 

2 1  X|  i;(|X|Rd)  Im(|X|r)  h4(Rd)  , 


r<Rd  ,  (88) 


~(L) 

Jdmn(r;X)  =  2 1  X|  K^(|X|Rd>  Kffl(  I  X|r)  h1(R<J)  + 
2 | X|  i;(|X|Rd)  [Km( | X| r)  h3(r)  + 


with 


I  < | X[r)  h,  (r) ]  ,  r>R,  ,  (89) 


hl<r)  =  J  G12(<t)  In(|X|<t)  da  , 


h2(r)  =  f  G22(ct)  In(|X|a)  da  , 
r 


h3(r)  =  J  G12(a)  Kn(|X|a)  da  , 
Rd 


(90) 

(91) 

(92) 


h4(r)  =  /  G22(a)  Kr(  |  X|  a)  da  . 

r 

and 

G12<r>  =  \„<r>  VlX'r>  + 

Bmn<r>  ■ 

G22<r>  -  Am„<r>  Km<lXlr>  - 

Bmn<r>  'X'  Kn,-l<lX'r>  ' 
Duct  Thickness 


(93) 


(94) 


(95) 


T  $<0)  =  ipXRd  E  Gj^) (r ; X)  T  (X) 
n=-ro  umn 

where 


(96) 


oJjT)(r;X)  =  2  Kn(|X|Rd)  [Km(|X|r)  h^r)  + 
mn 

Im(|X|r)  h2(r)]  + 

2  In(|X|Rd)  VIXlr>  W  ’ 

r<Rd  ,  (97) 

(T) 

Gdmn(r;x)  =  2  Kn(|X|Rd)  Km(|X|r)  h^)  + 

2  In(|X|Rd)  [Km( |X| r)  h3(r)  + 
Im(|X|r)  h4(r)]  ,  r>Rd  .  (98) 

Propeller  Loading 

_ i  \y 

T  ^0)  =  -  iX  e  P  G(L)(r;X)  (99) 

0  pm 

with 


(r ; X)  =  2  Km(|X|r)  i1(r)  + 

2  Im(|X|r)  i2(r)  ♦  2  Im(|X|r) 

03 

x  ip(Rp)  J  G22(a)  KQ(|X|a)  da  , 
R 

P 


r<Rp  ,  (100) 


GpL)(r;X)  =  2  K  (|X|r)  [i^R  )  + 

1  (Rp)  J  g12(ct)  K0(l^lff)  d<J]  + 

R 

P 

2  Im(|X|r) 

00 

x  i  (R  )  /  G22(a)  K  (|X|a)  da  , 

P  P  r 

r>R  ,  (101) 

where  P 

r 

i1(r)  =  J  g12(!J)  [Ko(|X|a>  ip(a)  + 

Iq(  I  X|  a)  kp(a)]  da  ,  r<Rp  ,  (102) 


i2(r)  =  JP  G22(a)  [KQ(|X|a)  i  (a)  + 

Y~  r 


I0(|X|a)  kp(a)]  da  ,  r«p  , 

(103) 

and 

ip(r) 

r 

=  f  Iq(  |X|  a)  App(a)  a  da  , 

(104) 

kp(r) 

R 

=  JP  K  (  |X|  a)  Ap  (a)  a  da  . 

r  ^ 

(105) 
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APPENDIX  B 


and 


Radial  Downvash  vv  '  Due  To  Duct  Loading 
The  radial  momentum  equation  is 


n  =  S-  (x-0  . 
Rd 


The  Fourier  integral  (113)  can  be  written  in 
the  form 


—  [H(x+c)-H(x-c>]  S(r-R.)  .  (106) 

P  a 

Taking  Fourier  transforms  we  obtain 

iXpU  v<°>  = 

-  .  fir  3*(0) 

=  E  e  -  +  Apdm<X)  5<r-Rd>  •  (107> 

m=-« 

Evaluating  the  derivative  in  eq.  (107)  with 
(53)  we  obtain 


Fm(n)  =  J  x  k£J>(X)  Sin  (Xn)  dX  (115) 

and  may  be  evaluated  in  terms  of  the  Legendre 
functions  of  second  kind  and  its  derivatives. 
Using  the  results  for  the  Fourier  transforms 
of  the  modified  Bessel  functions  [37]  it  may 
be  shown  that 


pm(hD 

Fm<*>  = 2  JLii—  +  mI1  - 


iXpU  v~<°> 


=  -  E  elm6  j  Rd  X2  Apd  (X) 
m=-ro  m 


X  [i;(|X|r)  K;(|X|Rd)  +  K;(|X|r)  i;(|X|Rd>]. 


pm(lnl)-^[(-i)Q;+1/2(«)- 


(m+l)Q^_3/2(«)  +  2mnzLm((o)]  ,  (117) 


where  ^(co)  is  given  by  the  recurrence  rela¬ 
tion 


At  the  duct  r=R^  we  obtain,  after  inverting 
the  Fourier  transforms  v^  and  Ap^  , 


v(0)(x,Rd,e)  = 


[I  Rd  <«  d* 


V>  “  Lm-1<“>  -  2  [Q;-1/2<w>  ■ 

%-3/2<“>l  ’ 

L0<»>  -  0  , 

4(»)  =  -  \  [q:1/2(»)  +  Qi/2(»)i 


m>2  ,  (118) 


xJXa-J  (|X|Kd)  e 


iX(x-£) 


dX  ,  (109) 


•- 1  +  r  • 


With  eq.  (116),  eq.  (112)  becomes 


IK^m+^  =  (I  .  +  I  .  )(K  +  K  - )  .  (110) 

(m-1)  m+1  m-l/v  m  m-1'  ' 

In  terms  of  non-dimensional  velocities  and 
pressures 


vi0>  ■  h  r  ' %  <«  V>  «  ■ 

d  -1  m 


u(°)/„  R  S  _  L_  £_ 

m  (  ’V  "  2n  R, 
d 


rr1 

K  — ir-  Apd (5)  d* + 

-i  m 


I  /  Apd  (O  dt]  . 


Since  ^+1/2^°°^  =  -X)  +  0(ln|h|)  for  small 

values  of  X),  Pm(0)  =  1  and  the  first  integral 
in  eqs.  (3-36)  has  a  Cauchy  singularity.  The 
result  (121)  agrees  with  the  result  given  by 
Weissinger  in  ref.  [31].  Further  reduction  of 
eq.  (121)  including  the  treatment  of  the 
Cauchy  singularity  can  be  found  in  the  orig¬ 
inal  reference. 


Fm(0)  =  -  |  J  X  IKj“+Jj(|X|)  eiMl  dX  (113) 


664 


DISCUSSION 


Ali  H.  Nayfeh 

Virginia  Polytechnic  Institute  and  State  University,  USA 

The  convergence  problem  near  the  axis  may  be  alleviated  if  one  uses 
an  analytical  rather  than  a  numerical  solution  there.  Such  a  procedure 
was  used  by  Nayfeh,  Kaiser,  and  co-workers  in  the  seventies  to  treat 
acoustic  waves  propagating  in  circular  ducts.  The  results  were 
published  in  the  AIAA  Journal.  Journal  of  Sound  and  Vibration,  and 
the  Journal  of  the  Acoustical  Society  of  America. 

AUTHORS’  REPLY 

The  author  thanks  Prof.  Nayfeh  for  pointing  out  the  possibility  of 
using  an  analytical  solution  in  the  vicinity  of  the  axis.  Indeed,  see 
for  instance  references  [1]  and  [2];  the  form  of  the  solution  near  the 
axis  is  determined  by  the  potential  part  of  the  solution,  even  in  the 
absence  of  a  uniform  flow  core  and  certainly  in  the  case  of  bounded 
shear  parameters  a  and  b  at  the  axis.  In  this  case,  the  analytical 
solution  for  each  circumferential  pressure  harmonic  behaves  like  the 
modified  Bessel  function  Im  multiplied  by  a  constant.  Its  asymptotic 
behavior  for  small  arguments  can  then  be  used  to  determine  the 
constant  by  collocation  of  the  integral  equation  (45)  at  a  point  off  the 
center  line  but  sufficiently  close  to  it. 


[1]  Eversman,  W.,  "Effect  of  Boundary  Layer  on  the  Transmission 
and  Attenuation  of  Sound  in  an  Acoustically  Treated  Circular  Duct," 
Journal  of  the  Acoustical  Society  of  America,  Vol.  49,  No.  5,  1971, 
pp.  1372-1380. 

[2]  Nayfeh,  A.  H.,  Kaiser,  J.  E.  and  Telionis,  D.  P.,  "Acoustics  of 
Aircraft  Engine-Duct  Systems,”  AIAA  Journal.  Bol.  13,  No.  2,  1975, 
pp.  130-153. 


DISCUSSION 

William  B.  Morgan 

David  Taylor  Research  Center,  USA 

This  is  a  very  interesting  paper  on  the  design  problem  of  ducted 
propellers.  I  have  a  question  concerning  the  optimum  ducted 
propeller  in  a  shear  flow.  Can  you  say  anything  about  how  to 
calculate  the  optimum  ducted  propeller  considering  both  the  optimum 
propeller  and  the  optimum  duct  shape  in  a  shear  flow? 

AUTHORS’  REPLY 

Dr.  Morgan  raises  the  question  of  how  to  optimize  both  the  propeller 
and  the  duct  in  a  shear  flow.  Although  the  interaction  with  shear 
covers  only  a  particular  aspect  of  the  propulsor-hull  interaction,  the 
question  may  be  addressed  without  considering  in  detail  the  shear 
producing  mechanism  which  is  the  presence  of  the  ship’s  hull  with  its 
boundary  layer  and  wake.  From  an  untheoretical  point  of  view,  it 
would  be  interesting  to  know  for  a  given  sheared  inflow  velocity  field 
what  are  the  load  distributions  on  the  duct  reference  cylinder  and  on 
the  propeller  disk  which  minimize  the  kinetic  energy  of  the  fluid  left 
far  behind  the  ducted  propeller  system  and  which  satisfy  a  given 
thrust  constrains!.  Such  optimization  would  lead  to  the  ducted 
propeller  loading  for  maximum  recover  of  the  kinetic  energy  of  the 
fluid  present  in  the  sheared  incoming  flow.  The  formulation  of  such 
optimization  problem  has  not  been  attempted.  From  a  more  practical 
point  of  view,  the  present  model  may  be  conceivably  used  to 
determine  the  duct  shape  for  maximum  attainable  rectification  of  the 
inflow  to  the  propeller,  for  given  propeller  radial  load  distribution  in 
a  given  wake  field.  This  is  a  desirable  feature  from  the  standpoint  of 
avoiding  cavitation  on  the  propeller  blades  which  may  also  lead  to 
efficiency  improvement. 
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A  Potential  Based  Panel  Method  for  the  Unsteady  Flow 
Around  Open  and  Ducted  Propellers 

S.  Kinnas,  C.-Y.  Hsin,  D.  Keenan 
(Massachusetts  Institute  of  Technology,  USA) 


Abstract 

The  unsteady  flow  around  an  open  marine  propeller 
subject  to  a  spatially  nonuniform  inflow  is  analyzed  by 
utilizing  a  time  marching  potential  based  panel  method. 
An  efficient  algorithm  is  implemented  in  order  to  ensure 
an  explicit  Kutta  condition  (i.e.  pressure  equality)  at 
the  blade  trailing  edge  at  each  time  step.  The  numeri¬ 
cal  method  is  shown  to  be  very  robust  for  a  broad  range 
of  reduced  frequencies  as  well  as  consistent  with  known 
analytic  solutions  and  with  an  existing  unsteady  lifting 
surface  method. 

A  hybrid  panel  method  is  developed  for  the  analy¬ 
sis  of  the  unsteady  flow  around  ducted  propellers.  It 
combines  an  unsteady  lifting  surface  method  for  the 
propeller  with  a  potential  based  panel  method  for  the 
duct.  The  propeller  is  essentially  treated  with  an  ex¬ 
isting  time  marching  vortex  lattice  scheme  which  has 
been  developed  for  open  propellers,  with  the  effects  of 
the  duct  being  accounted  for  via  the  generalized  images 
of  the  propeller  singularities  with  respect  to  the  duct. 
The  proposed  method  is  shown  to  be  appropriate  for 
treating  unsteady  ducted  propeller  flows  in  a  computa¬ 
tionally  efficient  and  robust  manner,  especially  when  a 
given  ducted  propeller  geometry  must  be  analyzed  for 
various  inflow  conditions. 

1  Introduction 

In  most  marine  applications  the  propeller  is  subject 
to  severe  non-axisymmetric  wakes  produced  from  the 
boundary  layer  of  the  vehicle.  Therefore  unsteady  ma¬ 
rine  propeller  flows  are  a  very  important  aspect  of  the 
overall  propeller  /  hull  hydrodynamic  analysis  problem. 

One  of  the  important  steps  in  determining  the  com¬ 
plete  propeller /wake  interaction,  is  the  analysis  of  the 
unsteady  flow  around  a  propeller  in  the  presence  of  a 
prescribed  spatially  nonuniform  inflow.  Accurate  pre¬ 
dictions  of  the  unsteady  pressure  distributions  on  the 
blade,  especially  at  the  blade  leading  edge  and  tip,  are 
crucial  in  determining  cavitation  inception,  unsteady 
boundary  layer  separation  as  well  as  leading-edge  vor¬ 


tex  separation. 

Numerical  lifting  surface  methods  have  been  exten¬ 
sively  applied  for  the  analysis  of  unsteady  propeller 
flows.  One  of  the  first  investigators  to  formulate  the  un¬ 
steady  propeller  lifting  surface  problem  in  terms  of  the 
acceleration  potential  was  Hanaoka  [7,8].  The  acceler¬ 
ation  potential  formulation  was  implemented,  in  terms 
of  finite  number  of  chordwise  modes,  by  Tsakonas  et 
al.  [32,31].  More  recently,  the  unsteady  vortex  lattice 
technique  was  employed  by  Kerwin  and  C.S.  Lee  [17]. 
The  unsteady  vortex  lattice  technique  was  extended  by 
Keenan  [14]  to  include  unsteady  vortex  wake  relaxation. 
A  review  of  the  different  steady  and  unsteady  lifting  sur¬ 
face  methods  as  applied  to  marine  propellers  has  been 
given  by  Kerwin  [16]. 

One  of  the  major  drawbacks  of  the  lifting  surface 
methods  though,  is  their  inherent  failure  at  the  blade 
leading  edge  and  tip  where  the  blade  thickness  effects 
are  substantial.  On  the  other  hand,  panel  methods  have 
been  applied  for  the  analysis  of  the  steady  flow  around 
marine  propellers,  including  the  hub  by,  among  oth¬ 
ers,  Hess  and  Valarezo  [10],  Kerwin,  Kinnas,  J.T.  Lee 
and  Shih  (who  also  included  the  duct)  [18]  and  Hoshino 
[12].  The  first  of  those  methods  employs  a  source  based 
formulation  [9],  and  the  other  two  employ  a  potential 
based  formulation  [27]. 

Panel  methods  were  first  extended  to  treat  unsteady 
flows  around  two  dimensional  hydrofoils  by  Giesing  [4], 
who  employed  a  source  based  formulation,  and  then  by 
Basu  and  Hancock  [1]  who  employed  a  surface  vorticity 
formulation  but  also  allowed  for  wake  relaxation.  More 
recently,  panel  methods  have  been  extended  to  treat 
the  unsteady  flow  around  helicopter  blades  by  Maskew 
[25]  and  by  Morino,  Kaprielian  and  Sipcic  [26],  with 
emphasis  given  to  the  evolution  of  the  rotor  free  wakes. 

In  the  present  work,  a  time  marching  potential  based 
panel  method  is  developed  for  the  analysis  of  the  un¬ 
steady  flow  around  marine  propellers,  with  emphasis 
on  the  accurate  predictions  of  unsteady  blade  pressures 
and  forces  for  a  large  range  of  blade  rate  harmonics.  A 
computationally  efficient  explicit  pressure  Kutta  condi¬ 
tion  is  implemented  in  the  panel  method  in  order  to 
ensure  pressure  equality  at  the  blade  trailing  edge  at 
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each  time  step.  The  numerics  of  the  panel  method  are 
shown  to  be  robust  with  respect  to  the  size  of  the  time 
step  and  the  number  of  panels  on  the  blade  for  a  broad 
range  of  reduced  frequencies.  The  numerical  method  is 
also  shown  to  be  consistent  with  existing  analytic  solu¬ 
tions  as  well  as  with  an  unsteady  lifting  surface  method. 

Finally,  a  hybrid  lifting  surface  /  potential  based 
panel  method  is  developed  for  the  analysis  of  unsteady 
flows  around  ducted  propellers.  The  propeller  is  treated 
with  a  time  marching  vortex  lattice  method,  with  the 
effects  of  the  duct  being  accounted  for  via  the  gener¬ 
alized  images  of  the  singularities  representing  the  pro¬ 
peller  and  its  trailing  wake  with  respect  to  the  duct. 

The  generalized  image  idea  was  first  applied  to  the 
analysis  of  the  flow  around  a  propeller  in  the  presence 
of  a  duct  by  Kinnas  and  Cone}7  [21].  The  propeller  was 
modelled  in  lifting  line  theory  by  using  a  finite  number 
of  semi-infinite  helical  vortex  horseshoes.  The  effect 
of  the  duct  on  the  propeller  was  accounted  for  via  the 
generalized  images  of  the  horseshoes  with  respect  to 
the  duct.  The  flow  field  of  the  generalized  image  of 
each  horseshoe  was  computed  by  solving  for  the  non- 
axisymmetric  potential  around  the  duct  in  the  presence 
of  the  horseshoe. 


y  ys 


Figure  1:  The  propeller  in  a  spatially  nonuniform  in¬ 
flow. 


2  The  Unsteady  Panel  Method 
for  Open  Propellers 

2.1  Formulation 

Consider  a  propeller  subject  to  a  spatially  nonuniform 
inflow  Us{xs,rs,0s),  as  shown  in  Figure  1.  The  in¬ 
flow  is  taken  with  respect  to  the  absolute  (ship  fixed) 
system  of  cylindrical  coordinates  xs,rs,0S'  The  flow 
around  the  propeller  will  be  analyzed  with  respect  to 
the  propeller  fixed  system  (x ,y,z),  also  shown  in  Fig¬ 
ure  1.  If  the  propeller  rotates  with  angular  velocity  — 
(i.e.  right-handed),  then  the  inflow  relative  to  the  pro¬ 
peller,  Uin,  will  be  time  dependent  and  given  as 


Uin{x,y,  z,t)  =  Us{x,r,0  -  Lot )  +  Co  x  a?,  (1) 

where  r  =  yjy2  +  z2,  9  =  arctan(c/v/)  and  x  —  (x,y,z). 

We  assume  at  this  point,  that  the  interaction  be¬ 
tween  the  propeller  and  the  inflow  is  inviscid  and  ir- 
rotational  1.  Then,  the  time  dependent  total  flow  ve¬ 
locity  relative  to  the  propeller  fixed  system,  q(x,  y ,  z,t), 
can  be  written  in  terms  of  the  perturbation  potential, 
<j)(x,  y,  2,  f),  as  follows: 


q(x,y,  z,t)  =  Uin{x,y,z,t)  +  V<j)(x,y,  z,t).  (2) 

By  applying  Green’s  formula  for  <j)(x,y,z,t)  at  any 
time  f,  we  will  get  the  following  integral  equation  for 
the  perturbation  potential  <f)p  at  every  point  p  on  the 
propeller  blade  surface  Sp: 


27 T(j>p  - 


dG(p;  q) 


JsP  [? 

f  .  ,,  a  4.OU[p:q)  ,c 

Js  M(rg,eq,t)  dS. 


-  G{p;  q) 
dG(p:  q) 


dS 


(3) 


with  the  subscript  q  corresponding  to  the  variable  point 
in  the  integrations;  n  is  the  unit  vector  normal  to  the 
propeller  surface  or  to  the  wake  surface,  is  the  po¬ 
tential  jump  across  the  wake  sheet,  and  G(p',  q)  is  the 
Green’s  function.  In  the  case  of  unbounded  three  di¬ 
mensional  fluid  domain,  G  is  given  as 


G(p\q) 


_ ]__ 

B.{p;q)' 


(4) 


with  R(p ;  q)  being  the  distance  between  points  p  and  q. 

Equation  (3)  expresses  the  potential  on  the  pro¬ 
peller  blade  as  the  superposition  of  the  potentials  in¬ 
duced  by  a  continuous  source  distribution,  G,  on  the 
propeller  surface,  5p,  and  a  continuous  dipole  distribu¬ 
tion,  dG/dn,  on  the  propeller  surface  Sp  and  its  wake 
Sw.  The  strength  of  the  source  distribution  is  given, 
via  the  kinematic  boundary  condition,  as 


^  yq,  Zg,  t)  ■  n„  (5) 

onq 

where  xq^yq^zq  are  the  coordinates  of  point  q  with  re¬ 
spect  to  the  propeller  fixed  system. 

The  strength  of  the  dipole  distribution  is  unknown 
and  equal  to  the  perturbation  potential  on  the  pro¬ 
peller  or  to  the  potential  jump  in  the  wake.  The  dipole 
strengths  will  be  determined  by  inverting  integral  equa¬ 
tion  (3). 

The  position  of  the  trailing  wake,  ifiv,  is  assumed 
to  be  invariant  with  time  and  taken  to  be  the  same 
as  that  corresponding  to  the  circumferentially  averaged 
inflow  [5].  The  dipole  strength  A <})(r,0j)  in  the  wake,  is 
convected  along  the  assumed  wake  model  with  angular 

1This  is  equivalent  to  assuming  that  Us  is  the  effective  wake. 
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speed  lj,  in  order  to  ensure  that  the  pressure  jump  in  edge  and  their  edges  are  located  on  the  prescribed  wake 
the  wake  is  equal  to  zero,  he.,  surface  at  equal  angular  spacing  A 0W,  which  is  related 

to  the  time  step  A t  as  follows: 


A  4>{r,6,t)  =  A  <j>[r,0T(r),t 


0  —  ^t(^) 


A4r  I  r,l  -  ;t>e~  <’r(r> 


A <f>(r,0,t)  =  A <j>s{r)\  t< 


u ) 

9  —  9j(r 

to 


(6) 


where  r,0  are  the  cylindrical  coordinates  of  the  wake 
surface,  Sw,  and  0j-(r)  is  the  9  coordinate  of  the  pro¬ 
peller  blade  trailing  edge  at  radius  r.  A <f>s(r)  is  the 
steady  flow  potential  jump  in  the  wake  when  the  pro¬ 
peller  is  subject  to  the  circumferentially  averaged  in¬ 
flow.  For  t  <  0  we  assume  that  the  propeller  is  subject 
to  the  circumferentially  averaged  inflow.  The  unsteady 
inflow  is  “turned  on”  at  t  =  0. 

The  value  of  the  dipole  strength,  A <£r(r,£),  at  the 
trailing  edge  of  the  blade  at  time  t,  will  be  given  by 


A <f>T(r,t)  =  <$(r,<)  -  <f>T(r,i)  =  T(r,e)  (7) 

where  <f>j(r,t)  and  <j>j(r,t)  are  the  values  of  the  poten- 
tial  at  the  upper  (suction  side)  and  lower  (pressure  side) 
blade  trailing  edge,  respectively,  at  time  t.  The  differ¬ 
ence  in  those  potentials  is  also  equal  to  the  circulation 
T  at  time  t  around  the  blade  section  at  radius  r.  The 
condition  (7)  is  equivalent  to  requiring  the  shed  vortic- 
ity  from  the  blade  trailing  edge  to  be  proportional  to 
the  time  rate  of  change  of  the  circulation  around  the 
blade. 


Figure  2:  Panel  arrangement  for  a  propeller  blade  and 
its  wake,  N  =  20,  M  =10,  A9w  =  6°. 


A0\y  =  u;A  t.  (S) 

On  each  of  the  quadrilateral  panels,  the  dipole  or 
source  distributions  are  approximated  by  constant 
strength  distributions.  The  discretized  version  of  the 
integral  equation  (3)  is  applied  at  the  centroids  of  each 
of  the  propeller  panels  and  at  each  time  step  n  =  tj At. 
This  renders  the  following  system  of  linear  equations: 

Nb  Np  Nb  M  Nw 

E  £«£#(«)  +  E  E  Ew&AM 

K= 1  3  =  1  K=1  m— 1  1=1 

Nb  NP 

=  EEW«);  * =  i>  Np  x  nb  (9) 

A'=l  3  =  1 

where  Nb  is  the  number  of  blades,  and  for  each  blade, 
Ar  is  the  number  of  chord  wise  panels,  M  is  the  number 
of  spanwise  panels,  Np  =  N  x  M  is  the  total  number 
of  panels  and  Nw  is  the  number  of  chord  wise  panels  in 
the  wake. 

The  influence  coefficients  and  are  defined  as 
the  potentials  induced  at  panel  i  by  unit  (constant) 
strength  dipole  and  source  distributions,  respectively, 
located  at  panel  j  on  blade  K.  The  wake  influence  co¬ 
efficients  W^m  l  are  defined  similarly.  The  shape  of  the 
surface  bounded  by  the  edges  of  each  panel  (nonplanar 
in  general),  is  approximated  by  a  hyperboloidal  surface 
and  the  corresponding  influence  coefficients  are  evalu¬ 
ated  by  using  analytical  expressions  [27],  [28],  [13].  The 
use  of  hyperboloidal  surface  panels  instead  of  planar 
panels,  has  been  found  crucial  for  the  consistency  and 
convergence  of  the  steady  flow  propeller  panel  method 
[24],  especially,  w^hen  applied  to  extreme  propeller  ge¬ 
ometries  (i.e.  high  skewT  and  twist)  [13].  A  similar  con¬ 
clusion  has  also  been  reached  by  Hoshino  [12]. 

The  source  strength  erf  (n)  is  defined  from  equation 
(5)  as 

of  («)  =  -Uin{xf ,  yf ,  sf ,  nAt)  ■  nf  (10) 

with  xf ,  yf  ,  zf  being  the  coordinates  of  the  centroid 
of  panel  j  on  blade  K  and  rif  being  the  unit  vector 
normal  to  that  panel. 

The  terms  in  equation  (9)  can  be  regrouped  as  (the 
superscript  1,  which  denotes  the  key  blade,  is  omitted): 


2.2  Numerical  Implementation 

Equation  (3)  is  a  Fredholm  integral  equation  of  the  sec¬ 
ond  kind  with  respect  to  4>v .  To  solve  this  equation  nu¬ 
merically,  we  discretize  the  propeller  and  wake  surface 
into  quadrilateral  panels.  A  typical  panel  arrangement 
for  a  propeller  and  its  wake  is  shown  in  Figure  2.  The 
propeller  blade  panel  arrangement  is  identical  to  that 
used  in  the  steady  propeller  panel  method  [24].  The 
time  domain  is  also  discretized  into  equal  time  intervals 
At.  The  panels  in  the  wake  start  from  the  blade  trailing 


Np  M 

X>M*i(")+E  W.m,iA*m,i(n)  =  RHS,(ny,  i  =  1,  Np 

j= 1  m=l 

(ii) 

where 

Nb  NP  Nb  Np 

RHS,(n)  =  £  (n)  -  £ 

K=lj=l  I\  =2  j=l 

Nb  M  Nw  A/  Nw 

-  E  EE'«»  -  EEiW^M")- 

A'=2  m=l  /=1  m  =  l  1=2 

(12) 
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The  system  of  equations  (11)  must  be  solved  at  each 
time  step  n  with  respect  to  the  potentials  on  the  key 
blade,  K  —  1.  The  potentials  on  the  other  blades 
(K  >  2)  and  their  wakes,  which  appear  on  the  right- 
hand  side  of  equation-  (11),  are  taken  equal  to  those  on 
the  key  blade  at  an  earlier  time  step,  when  the  blade  K 
was  at  the  place  of  the  key  blade.  This  scheme,  already 
used  in  an  unsteady  propeller  lifting  surface  vortex  lat¬ 
tice  method  [19],  is  essentially  an  iterative  method  of 
solving  the  system  of  equations  (9)  in  order  to  deter¬ 
mine  the  steady  state  oscillatory  solution  for  a  given 
inflow.  The  solution,  in  most  cases,  was  found  to  con¬ 
verge  after  three  propeller  revolutions.  Solving  equation 
(11)  instead  of  equation  9  requires  the  inversion  of  a 
much  smaller  matrix  and  thus  reduces  substantially  the 
computing  time.  It  also  requires  less  computer  storage, 
since  only  the  solution  for  the  key  blade,  rather  than 
for  all  blades,  needs  to  be  stored  at  each  time  step. 

The  values  of  A <j>mj(n)  for  l  >  2  (i.e.  for  all  panels 
in  the  wake,  except  those  next  to  the  trailing  edge)  are 
determined  from  the  discretized  form  of  equation  (6): 


dition  in  steady  flow  [27],  though  different  from  the  un¬ 
steady  Kutta  condition  employed  by  Morino  et.  al.  in 
[26]- 

The  right-hand  side  of  equation  (15)  approximates 
the  jump  in  the  potential  at  the  trailing  edge  with  the 
difference  of  the  potentials  at  the  trailing  edge  control 
points  on  the  blade,  as  shown  in  Figure  3.  An  improve¬ 
ment  on  this  approximation  will  be  presented  in  the 
next  section. 

By  substituting  equations  (15)  and  (14)  into  equa¬ 
tion  (11)  we  end  up  with  a  linear  system  of  equations 
with  respect  to  the  unknown  potentials  on  the 

key  blade.  This  system  of  equations  is  inverted  at  each 
time  n. 

A  modification  on  the  previously  presented  numeri¬ 
cal  scheme  has  been  implemented,  in  which  the  dipole 
sheet  on  the  first  wake  panel  is  approximated  by  a  linear 
instead  of  a  constant  distribution.  As  will  be  described 
in  section  2.5,  that  modification  is  necessary  to  make 
the  results  of  the  unsteady  panel  method  practically  in¬ 
sensitive  to  the  size  of  the  time  step.  In  that  case,  the 
system  of  equations  (11)  will  be  modified  to  be 


A =  A -  /  +  1)  ;  /  >  2  ,  n  >  /, 

A <t>m,i(n)  =  A 4>m  ;  f  >  2  ,  n  <  l  (13) 

On  the  other  hand,  the  value  of  the  potential  A^mji, 
at  the  first  wake  panel  may  be  given,  by  using  equation 
(7),  as 


A<^m>i 


rm(n)  +  r,n(n  -  1) 

9 


(14) 


with  Tm(n)  denoting  the  circulation  around  the  blade 
strip  m  at  time  step  n. 


Figure  3:  Expanded  view  of  the  dipole  distribution  in 
the  wake  of  blade  strip  m. 


Np  M 

X»i(n)  +  E  T<\rn rm(n)  =  RTlS.(n)  ,  i  =  1,  NP, 

3=  1  m= 1 

(16) 

with 


RHSi{n)  =  RHSi{n)-TRmYm{n-\)*  i  =  l,NP  (17) 

and  where  TL  (  TR)  are  the  influence  coefficients  of  a 
linear  dipole  distribution  (in  the  chordwise  direction) 
with  unit  value  at  the  left  -  i.e.  trailing  edge  -  (right) 
edge  and  zero  value  at  the  right  (left)  edge.  Substituting 
equation  (15)  in  equation  (16)  we  end  up,  at  each  time 
step,  with  a  system  of  Np  linear  equations  with  respect 
to  the  NP  unknown  potentials  on  the  panels  of  the  key 
blade. 

Equation  (16)  can  also  be  written  in  the  following 
matrix  form 


[AM  +  m  =  [RIIS]  (IS) 

with  [A],  [4>\  and  [T]  being  the  matrices  of  cqj’s,  ^(?z)’s 
and  Tfm’s,  respectively,  and 


In  deriving  equations  (13)  and  (14),  the  continu¬ 
ous  dipole  distribution  over  each  wake  panel  is  approx¬ 
imated  by  a  constant  distribution  with  strength  equal 
to  the  mean  value  of  the  potentials  at  the  edges  of  the 
panel,  as  shown  in  Figure  3. 

Numerically,  Tm(n)  is  approximated  by 

rm(n)  ==<£+(«) -<£-(?i)  (15) 

where  and  <£”  are  the  potentials  at  the  upper  and 
lower  trailing  edge  panel,  respectivel}',  at  blade  strip  m. 
Equation  (15)  is  an  extention  of  Morino’s  Kutta  con¬ 


[r]  =  [r,(n),...,rM(n)]T, 

[RHS]  =  [^775i(n),...,^773r/vP(n)]T.  (19) 

2.3  Unsteady  Pressures  and  Forces  on 
the  Blade 

The  pressure,  p ,  at  every  point  x  on  the  blade  and  for 
each  time  step  n  is  computed  from  the  potentials  on  the 

blade  by  applying  the  unsteady  flow  Bernoulli’s  equa¬ 
tion  with  respect  to  the  propeller  system: 
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(20) 


P  j_  j.  9<t>  _  p°°  _l 

-  +  o?  +  H7  —  + 

p  2  at  p 


2 

oo 


where  p  is  the  density  of  the  fluid,  q  is  the  magnitude  of 
the  total  surface  velocity  with  respect  to  the  propeller 
system  at  point  x  and  time  step  n,  p ^  and  q0 0  are  the 
pressure  and  the  magnitude  of  the  velocity  of  the  un¬ 
perturbed  flow,  with  respect  to  the  propeller  system, 
respectively. 

The  surface  velocity  q  is  computed  in  terms  of  the 
derivatives  of  the  perturbation  potentials  on  the  blade 
surface,  in  the  same  way  as  in  the  stead}'  flow  panel 
method  [18].  The  d<j)/dt  term  in  equation  (20)  is  com¬ 
puted  numerically,  by  implementing  a  backward  finite 
difference  -  second  order  accurate  -  scheme  with  respect 
to  time  [13]. 

The  inviscid  unsteady  forces  acting  on  each  propeller 
blade  are  computed  by  integrating  the  unsteady  pres¬ 
sure  distributions  on  the  surface  of  the  blade. 


2.4  The  Unsteady  Pressure  Kutta  Con¬ 
dition  and  the  Base  Problems 


Figure  4:  Pressure  distributions  vs.  chordwise  location 
at  different  propeller  radii,  r/i?,  for  the  iV411S  propeller 
at  blade  angle  Os  =  300°.  Jp  =  0.S33,  ug  =  0.2.  Before 
and  After  applying  an  iterative  pressure  Kutta  condi¬ 
tion. 


In  the  steady  flow  panel  method  for  propellers  and  ducts 
[18],  it  was  found  that  the  numerical  Kutta  condition 
(15)  [27]  was  not  sufficient  and  an  iterative  scheme  was 
developed  in  order  to  modify  the  solution  and  ensure 
pressure  equality  at  the  trailing  edge. 

An  explicit  pressure  Kutta  condition  was  also  found 
to  be  required  in  the  unsteady  panel  method.  For  ex¬ 
ample,  in  Figure  4  the  unsteady  pressure  distributions 
before  and  after  applying  the  iterative  pressure  condi¬ 
tion,  are  shown  for  the  Ar4118  propeller  in  the  wake  field 
described  in  section  2.5.2.  The  iterative  method  to  en¬ 
sure  pressure  equality  at  the  trailing  edge,  is  described 
next. 

The  pressure  difference,  A pm,  at  the  trailing  edge  of 
each  blade  strip  m,  is  defined  as 

Apm(n)  =  pt(n)  -  Pm(n)  (21) 

with  and  being  the  pressures  at  the  upper  and 
lower  trailing  edge,  respectively. 

We  call  (j>*  and  the  potentials  and  the  circula¬ 
tions,  respectively,  which  satisfy  equation  18  and  which, 
in  addition,  produce  a  zero  pressure  difference  (within 
a  desired  tolerance)  at  the  blade  trailing  edge.  That  is, 

[AM'}  +  [T][r*]  =  [RHS],  (22) 

and 

&Pm(n)  =  0  ;  m  =  l,Al.  (23) 

Because  of  the  nonlinear  dependence  of  A p*m  on  <j)*, 
an  iterative  method  is  used  in  solving  the  system  of 
equations  (22)  and  (23)  with  respect  to  the  unknown 
<j>y s  and  T*Js.  The  following  ^/-dimensional  Newton  - 
Raphson  scheme  is  employed  in  order  to  determine  the 
circulations  T* ’s  : 


[rp+1>  =  [r*p  -  [jWj-'fA/p)  (24) 

where  k  denotes  the  iteration  number  and  [Ap*p*  are 
the  pressure  differences  which  correspond  to  the  solu¬ 
tion  [4>*}(k)  of  the  system  of  linear  equations 

W](t)  =  [rhs]  -  [r][rp>.  (25) 

The  first  iteration  ( k  =  1)  is  taken  equal  to  the 
solution  when  the  Kutta  condition  (15)  is  applied  as 


P*](I)  = 

[r*](1)  =  [r],  (26) 

In  equation  (24)  the  elements  of  the  Jacobian  matrix 
[J^]  are  defined  as 

(fc)  _  dAp*(t) 

_  qy’W  ' 

The  derivatives  in  equation  (27)  are  determined  numer¬ 
ically  in  a  similar  way  as  described  in  [18]. 

The  present  iterative  scheme  has  been  found  to  con¬ 
verge  rapidly  (in  3  to  4  iterations).  This  would  require 
solving,  for  each  time  step,  the  system  of  equations  (25) 
as  many  times  as  the  number  of  iterations.  As  a  result 
the  already  considerable  computing  time  2  would  be 
increased  approximately  by  a  factor  equal  to  the  num¬ 
ber  of  iterations,  since  a  substantial  part  of  the  total 
computing  time  is  devoted  in  inverting  the  system  of 
equations  22.  Instead  of  inverting  the  system  of  equa¬ 
tions  25  at  each  time  step,  the  following  technique  of 
base  problems  is  developed  and  implemented: 

2 For  a  discretization  with  N  =  40  and  M  =  20  the  computing 
time  on  an  IRIS  40/25  TG  is  approximately  equal  to  four  hours. 
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First,  the  observation  is  made  that  for  each  time 
step  the  matrix  [RIIS]  is  identical  in  equations  (22) 
and  (25).  Thus,  substracting  equations  25  from  22  we 
get 

M  -  M]  =  -PI  [[r*](fr)  -  [r]] .  (28) 

By  defining 

M  =  [r\(k)-w, 

[<$r]  =  [r*p  -  [r]  (29) 

equation  (28)  can  then  be  written  as 

MW]  =  -{T}[6  r].  (30) 

At  this  point,  we  define  the  base  potentials,  [3>]m, 
which  correspond  to  the  system  of  equations  (30),  and 
which  are  the  solutions  to  the  base  problems 

[A]mm  =  ~[T][R]m  ,  m  =  1,  M,  (31) 

where 

[B]m  =  [ B \  =  0 ,B2  =  0, Bm  =  1, Bm  =  0]T. 

(32) 

Physically,  the  base  potentials  [$]m  correspond  to 
the  potentials  on  the  propeller  blade,  when  there  is  no 
inflow  and  the  potential  jumps  are  equal  to  zero  in  all 
the  wake  panels  except  the  first  panel  in  the  wake  at 
blade  strip  m,  in  which  there  is  a  linear  dipole  distri¬ 
bution  with  potential  equal  to  unity  at  the  left  (trailing 
edge)  end,  and  equal  to  zero  at  the  right  end.  The 
base  problem  is  also  shown  schematically  in  Figure  5. 
Notice  that  the  base  solutions  depend  only  on  the  pro¬ 
peller  discretization  and  that  they  are  independent  of 
the  propeller  inflow  and  the  time  step  n. 

Due  to  the  linear  character  of  the  system  of  equa¬ 
tions  (30),  the  solution,  [6<j>],  can  then  be  expressed  as 
a  linear  superposition  of  the  base  potentials 

M 

M  =  £  (33) 

m— 1 

and  by  using  the  definitions  (29),  the  solution  to  the 
system  of  equations  (25)  is  expressed  as: 

M 

m(k)  =  M  +  £  (Uf*  -  rm)  mm.  (34) 

m= 1 

In  conclusion,  by  employing  the  previously  described 
technique  of  the  base  problems ,  we  avoid  solving  the  sys¬ 
tem  of  equations  (25)  for  each  Kutta.  condition  iteration 
and  at  each  time  step.  Instead,  we  express  the  solution 
to  equations  (25)  in  terms  of  the  base  potentials.  The 
base  potentials  are  determined  before  the  unsteady  so¬ 
lution  process  starts,  by  solving  the  system  of  equations 
(31)  as  many  times  as  the  number  of  the  spanwise  blade 
sections  M,  which  is  far  less  than  the  number  of  times 
the  system  of  equations  (22)  is  solved.  As  a  result  the 


Figure  5:  Definition  of  the  base  problem  at  blade  strip 
m. 

increase  in  the  total  computing  time,  when  the  present 
iterative  pressure  Kutta  condition  is  applied,  is  insignif¬ 
icant. 

2.5  Numerical  Validation  of  the 
Unsteady  Panel  Method 

In  this  section,  the  convergence  of  the  results  from  dif¬ 
ferent  applications  of  the  present  unsteady  flow  panel 
method  is  investigated  by  vanTing  the  main  discretiza¬ 
tion  parameters.  In  addition,  the  consistency  of  the 
results  from  the  presented  panel  method  versus  ana¬ 
lytical  or  numerical  results  from  lifting  surface  theory 
is  investigated.  Due  to  the  facts  that  potential  based 
panel  methods  cannot  treat  zero  thickness  wings  (equa¬ 
tion  (3)  degenerates  to  an  identity  for  zero  thickness) 
and  that  lifting  surface  theory  is  exact  only  for  zero 
thickness,  a  direct  comparison  of  the  presented  method 
with  lifting  surface  theory  is  not  possible.  Instead,  the 
following  consistency  test  has  been  proposed  by  Kinnas 
[20]. 

The  unsteady  panel  method  is  applied  on  a  series 
of  wings  (or  propellers)  with  identical  mean  camber 
surfaces  but  with  thickness  distributions  scaled  from 
an  original  distribution  by  a  (non-zero)  uniform  factor. 
The  resulting  spanwise  circulation  distributions  are  ex¬ 
trapolated  to  zero  thickness  and  then  compared  with 
the  results  from  applying  an  unsteady  lifting  surface 
method  to  the  zero  thickness  wing  (or  propeller)  from 
the  above  series.  When  applying  the  consistency  test 
for  several  wings  and  propellers  in  steady  flow  it  has 
been  found  that  the  effect  of  thickness  on  the  spanwise 
circulation  distribution  is  almost  linear  with  thickness 
for  a  large  range  of  thicknesses  [20],  [13],  and  thus  lin¬ 
ear  extrapolation  with  thickness  of  the  results  from  the 
panel  method  is  employed. 

In  the  next  two  sections  the  convergence  and  consis¬ 
tency  of  the  unsteady  panel  method  is  investigated  first 
when  applied  to  two  dimensional  hydrofoils  and  then  to 
propellers. 
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Figure  6:  Two  dimensional  symmetric  foil  subject  to  a. 
sinusoidal  gust 


2.5.1  Sinusoidal  Gust  in  Two  Dimensions 


The  two  dimensional  version  of  the  presented  method  is 
applied  on  several  symmetric  modified  NACA66  forms 
[3]  with  chord  c  —  1  and  various  maximum  thicknesses 
Tmax ♦  The  foils  are  subject  to  a  sinusoidal  gust  normal 
to  their  chord,  of  amplitude  vg  =  0.2  and  of  frequency 
w.  The  gust  is  carried  downstream  by  a  uniform  flow 
U  —  1  and  reaches  the  leading  edge  of  the  foil  at  time 
t  —  0,  as  shown  in  Figure  6.  The  vorticity  shed  from 
the  foil  is  positioned  along  the  trailing  edge  bisector 
line.  The  reduced  frequency  of  the  gust  is  defined  as 
usual  as 
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First,  the  sensitivity  of  the  method  to  the  size  of  the 
time  step,  At,  is  investigated,  when  a  constant  strength 
dipole  distribution  is  utilized  in  the  first  wake  panel. 
The  results,  shown  in  Figure  7,  appear  to  be  very  de¬ 
pendent  on  the  ratio  of  the  length  of  the  first  wake  panel 
UAt  to  the  length  of  the  trailing  edge  panel  Axj.  De¬ 
pendency  on  the  time  step  is  a  very  undesirable  charac¬ 
teristic  of  any  unsteady  panel  method,  especially  if  the 
method  is  expected  to  be  able  to  handle  low  as  well  as 
high  frequency  components  of  the  incoming  flow. 

However,  when  the  first  panel  in  the  wake  is  treated 
with  a  linear  rather  than  constant  dipole  distribution, 
as  described  in  section  2.2,  the  results,  shown  in  Figure 
8,  become  independent  of  the  time  step.  Replacing  the 
rest  of  the  constant  strength  panels  in  the  wake  with 
linear  was  found  to  have  no  significant  effect  on  the 
results.  The  poor  performance  of  the  constant  wake 
dipole  panel  is  attributed  to  the  fact  that  the  poten¬ 
tials  induced  on  the  trailing  edge  panels  by  the  saw¬ 
tooth  dipole  distribution  on  the  first  wake  panel,  shown 
shaded  in  Figure  6,  are  not  negligible.  Those  saw-tooth 
induced  potentials  become  larger,  the  larger  the  ratio  of 
the  first  wake  panel  to  the  trailing  edge  panel,  and  the 

larger  the  slope  of  the  dipole  distribution  at  the  trailing 
edge  (i.e.  frequency)  are. 

Due  to  the  previous  investigation,  a  linear  dipole 
distribution  is  always  employed  in  the  first  wake  panel 
in  the  unsteady  panel  method  for  hydrofoils  as  well  as 
propellers. 


Figure  7:  Convergence  with  time  step  size.  Constant 
dipole  distribution  on  the  first  wake  panel.  Modified 
NACA66  form  with  10%  thickness  to  chord  ratio.  Si¬ 
nusoidal  transverse  gust  with  amplitude  vg  —  0.2  and 
reduced  frequency  k  =  0.5.  Number  of  panels  on  the 
foil  TV  —  40. 


Figure  8:  Convergence  with  time  step  size.  Linear 
dipole  distribution  on  the  first  wake  panel.  Modified 
NACA66  form  with  10%  thickness  to  chord  ratio.  Si¬ 
nusoidal  transverse  gust  with  amplitude  vg  =  0.2  and 
reduced  frequency  k  ~  0.5.  Number  of  panel  on  the  foil 
TV  =  40. 


Figure  9:  Convergence  with  number  of  panels  on  the 
hydrofoil.  Low  frequency  case.  Modified  N AC A66  form 
with  10%  thickness  to  chord  ratio.  Sinusoidal  transverse 
gust  with  amplitude  vg  =  0.2  and  reduced  frequency 
k  =  0.5. 
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Figure  10:  Convergence  with  number  of  panels  on  the 
hydrofoil.  High  frequency  case.  Modified  NACA  66 
form  with  10%  thickness  to  chord  ratio.  Sinusoidal 
transverse  gust  with  amplitude  vg  =  0.2  and  reduced 
frequency  k  =  5. 

The  convergence  with  number  of  panels  on  the  foil, 
TV,  is  then  shown  in  Figures  9  and  10  for  a  low  and  a 
high  reduced  frequency,  respectively.  The  convergence 
appears  to  be  very  good. 

Finally,  in  order  to  compare  the  results  from  the 
panel  method  with  the  analytic  results  for  a  flat  plate 
in  a  sinusoidal  gust  -  the  well  known  Sears  problem  [29] 
-  the  consistency  test,  as  described  in  the  beginning  of 
this  section,  is  applied.  The  unsteady  panel  method 
is  applied  to  three  foils  with  rmax  =  0.05,  0.1  and  0.2. 
The  results  (in  this  case  the  time  history  of  the  circu¬ 
lation  around  the  foil),  appear  to  be  linear  in  thickness 
and  thus,  are  linearly  extrapolated  to  zero  thickness 
and  compared  against  the  steady  state  analytic  circu¬ 
lation  of  a  flat  plate  in  a.  gust.  The  comparisons  are 
shown  in  Figures  11  and  12  for  a  low  and  a  high  re¬ 
duced  frequency.  In  both  those  cases,  the  consistency 
test  appears  to  be  valid,  within  acceptable  accuracy  3. 

The  analytic  complex  circulation,  f,  with  respect  to 
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Figure  11:  Consistency  test  of  unsteady  panel  method 
with  analytic  result  -  Low  frequency.  Sinusoidal  trans¬ 
verse  gust  with  amplitude  vg  =  0.2  and  reduced  fre¬ 
quency  k  =  0.5. 

3Only  the  steady  state  numerical  circulation  should  be  com¬ 
pared  to  the  analytical. 


Figure  12:  Consistency  test  of  unsteady  panel  method 
with  analytic  result  -  High  frequency.  Sinusoidal  trans¬ 
verse  gust  with  amplitude  vg  =  0.2  and  reduced  fre¬ 
quency  k  =  5. 

the  leading  edge,  for  the  flat  plate  in  a  sinusoidal  gust 
is 

f  J0(k)-iMk)  m) 

2ncvg  irk  H0(k)-iHi(k) 

where  Jo,  J\  and  Hq ,  H\  are  the  Bessel  and  Hankel  func¬ 
tions,  respectively,  and  i  =  \Z--T. 

2.5.2  The  Propeller  in  Nonuniform  Inflow 

The  unsteady  panel  method  is  applied  to  the  DTRC 
TV4118  propeller,  of  which  the  geometry  is  given  in  [2]. 
The  incoming  wake  is  assumed  to  be  axial,  with  a  once 
per  revolution  circumferential  variation: 

Usx  =  Up(  1  +  ug  cos  Os)  (3?) 

with  Up  being  the  circumferentially  averaged  inflow  and 
ug  the  amplitude  of  the  wake  variation,  taken  equal  to 
0.2. 

The  advance  coefficient,  defined  as  Jp  =  27rUp/(u>D), 
with  D  being  the  diameter  of  the  propeller,  is  taken 
equal  to  0.833. 
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Figure  13:  Convergence  of  the  unsteady  propeller  panel 
method  with  time  step  size.  Circulation  vs.  blade  an¬ 
gle  at  different  propeller  radii,  r/R ,  for  the  TV4118  pro¬ 
peller.  Jp  —  0.833,  ug  =  0.2. 


674 


r*ioo 

RUp 


Figure  14:  Convergence  of  the  unsteady  propeller  panel 
method  with  chordwise  number  of  panels.  Circulation 
vs.  blade  angle  at  different  propeller  radii,  r/R,  for  the 
7V4118  propeller.  Jp  =  0.833,  ug  =  0.2. 
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Figure  15:  Convergence  of  the  unsteady  propeller  panel 
method  with  spanwise  number  of  panels.  Circulation 
vs.  blade  angle  at  different  propeller  radii,  r/R,  for  the 
7V4118  propeller.  JP  =  0.833,  ug  =  0.2. 


Figure  16:  Consistency  test  of  the  unsteady  propeller 
panel  method  with  the  unsteady  lifting  surface  method. 
Circulation  vs.  blade  angle  at  different  propeller  radii, 
r/R ,  for  the  Ar4118  propeller.  JP  =  0.833,  ug  =  0.2. 


The  convergence  of  the  results  for  this  case  is  inves¬ 
tigated  by  varying  the  time  step  size,  the  chordwise  and 
the  spanwise  number  of  panels.  The  results  are  shown 
in  Figures  13,  14  and  15,  respectively.  The  convergence 
with  all  those  parameters  is  shown  to  be  very  good. 

Finally,  the  consistency  test  for  the  unsteady  panel 
method  versus  the  unsteady  lifting  surface  method  [14], 
is  applied  for  the  7V4118  propeller.  The  linearly  extrap¬ 
olated  results  from  the  panel  method  and  those  from 
the  lifting  surface  method  are  in  very  good  agreement, 
as  shown  in  Figure  16. 


Figure  17:  Ducted  propeller  in  spatially  nonuniform  in¬ 
flow. 

3  The  Unsteady  Panel  Method 
for  Ducted  Propellers 

3.1  Formulation 

Consider  now,  a  ducted  propeller,  shown  in  Figure  17, 
subject  to  the  spatially  nonuniform  inflow  Us(xs ,  rs,  $s) 
with  respect  to  the  ship  fixed  system  as  described  in 
Section  2.1.  The  duct  is  defined  by  its  chord  length, 
1&,  the  thickness  and  camber  distributions  of  its  merid¬ 
ional  section,  the  angle  of  attack,  aD,  and,  the  axial 
distance,  rp,  of  its  leading  edge  from  the  midpoint  of 
the  propeller  at  the  hub  section. 

The  formulation  of  the  unsteady  ducted  propeller 
flow  problem  is  identical  to  that  in  the  case  of  open 
propellers,  which  was  described  in  Section  2.1.  The 
perturbation  potential,  (j),  is  again  determined  by  us¬ 
ing  Green’s  formula,  equation  (3).  Both  the  propeller 
and  duct  surfaces  must  be  panelled  and  unsteady  wakes 
must  be  shed  from  the  trailing  edges  of  the  propeller 
blades  and  duct.  In  the  present  work,  we  model  the 
duct  with  a  potential  based  panel  method  and  the  pro¬ 
peller  with  a  lifting  surface  vortex  lattice  method  which 
will  be  described  in  Section  4.  A  typical  arrangement 
of  panels  on  the  duct,  the  propeller  and  their  trailing 
wakes  is  shown  in  Figure  18. 
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Figure  18:  Panel  arrangement  of  the  duct,  propeller  and 
their  trailing  wakes  in  unsteady  flow.  Only  half  of  the 
duct  panels  are  shown. 

One  way  of  analyzing  the  unsteady  flow  around  the 
ducted  propeller  is  by  treating  the  duct  and  propeller 
as  one  body  and  by  employing  a  time  marching  scheme 
similar  to  that  described  in  Section  2.2.  Instead,  in 
the  present  work,  we  only  treat  the  propeller  with  a 
time  marching  lifting  surface  scheme  with  the  effects  of 
the  duct  on  the  unsteady  propeller  flowfield  being  ac¬ 
counted  for  via  the  generalized  images  of  the  propeller 
singularities  with  respect  to  the  duct.  Some  of  the  ad¬ 
vantages  of  the  latter  versus  the  former  scheme  will  be 
outlined  later  in  this  section. 

It  is  well  known  that  the  potential  flow  around  a 
body  in  the  presence  of  an  infinite  wall,  can  be  modelled 
with  singularities  distributed  on  the  surface  of  the  body, 
as  if  the  flow  domain  were  unbounded,  with  the  effects 
of  the  wall  being  accounted  for  via  the  images  of  the 
singularities  with  respect  to  the  wall.  The  generalized 
image  idea,  as  introduced  by  Kinnas  and  Coney  [21],  is 
an  extension  of  the  classical  image  idea  for  the  case  that 

the  infinite  wall  is  a  generally  shaped  body,  for  example 
a  duct.  The  flow  field  of  the  generalized  image  of  a  sin¬ 
gularity  (i.e.  source,  vortex  or  dipole)  with  respect  to  a. 
generally  shaped  body  A,  is  defined  as  the  modification 
to  the  flow  field  of  the  singularity  due  to  the  presence 
of  body  A.  In  mathematical  terms,  as  described  in  the 
next  section,  the  combined  flow  field  due  to  the  singu¬ 
larity  and  its  generalized  image  with  respect  to  a  body 
A,  consists  the  modified  Green’s  function  which  satis¬ 
fies  the  boundary  conditions  on  A.  A  similar  idea  has 
been  applied  in  analyzing  the  flow  around  a  body  in  the 
presence  of  a  free  surface,  where  the  modified  Green’s 
function  is  required  to  satisfy  the  free  surface  condition 

[22]- 

The  implementation  of  the  generalized  image  idea 
in  the  analysis  of  the  unsteady  flow  around  ducted  pro- 


Figure  19:  Decomposition  of  the  flow  field  around  a 
duct  and  the  propeller  vortex  loops,  subject  to  a  spa¬ 
tially  nonuniform  inflow. 

pellers  consists  of  the  following  steps,  which  are  also 
shown  schematically  in  Figure  19: 


Step  1  Solve  for  the  flow  around  the  duct  (without 
the  propeller)  subject  to  the  nonuniform  inflow 
&s(xs,rSi  #5),  by  using  a  potential  based  panel 
method  [18].  The  resulting  flow  field  is  in  general 
non-axisymmetric,  but  steady  with  respect  to  the 
ship  fixed  system.  The  total  velocity,  qp,  is  com¬ 
puted  at  the  propeller  control  points. 

Step  2a  For  each  unit  strength  vortex  loop  on  the  pro¬ 
peller  key  blade  and  its  trailing  wake,  the  gen¬ 
eralized  image  flow  field  is  computed.  This  is 
achieved  by  solving  for  the  non-axisymmetric  po¬ 
tential  on  the  duct  in  the  presence  of  that  loop 
and  in  zero  inflow ,  by  applying  a  potential  based 
panel  method  [21].  The  same  panel  arrangement 
on  the  duct  is  used  as  in  Step  1,  thus  avoiding  re¬ 
computing  the  duct  to  duct  influence  coefficients 
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for  each  vortex  loop. 


Step  2b  The  velocities,  #,  induced  by  the  generalized 
image  of  each  of  the  unit  strength  vortex  loops 
at  the  propeller  control  points  are  computed  and 
stored. 

Step  3  The  unsteady  propeller  lifting  surface  method, 
described  in  Section  4,  is  then  applied  as  if  the 
propeller  was  open,  but  with  the  following  modi¬ 
fications  in  order  to  take  into  account  the  duct: 

•  The  propeller  inflow  is  taken  equal  to  qo,  as 
computed  in  Step  1. 

•  The  propeller  to  propeller  influence  coeffi¬ 
cients,  velocities  q\ ,  are  modified  by  adding 
to  them  the  corresponding  generalized  im¬ 
age  influence  coefficients,  $■>  which  were  com¬ 
puted  in  Step  2b. 

Steps  2a  and  2b  consume  the  largest  and  Step  3  the 
smallest  part  of  the  total  computing  time.  If  the  same 
ducted  propeller  must  be  analyzed  for  different  inflows, 
Steps  1  and  3  must  be  repeated,  but  Steps  2a  and  2b, 
which  depend  on  the  duct  and  propeller  geometry  but 
not  on  the  inflow,  must  not,  as  long  as  the  generalized 
image  influence  coefficients  have  been  stored.  Thus,  the 
same  configuration  can  be  analyzed  for  different  inflow 
conditions,  rather  quickly,  after  the  first  condition  has 
been  analyzed. 

The  matrices  that  have  to  be  inverted  for  each  vor¬ 
tex  loop  in  Step  2a  are  identical,  and  the  corresponding 
right-hand  sides  are  independent  from  each  other.  This 
makes  Steps  2a  and  2b  amenable  to  parallel  processing. 
This  would  not  be  feasible,  if  the  duct  and  propeller 
were  treated  with  a  time  marching  scheme,  since  the 
right-hand  sides  at  each  time  step  are  not  independent 
from  each  other. 
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Figure  20:  Potential  flow  around  bodies  A  and  B.  The 
flow  field  due  to  the  modified  source  G  =  G  +  G{  is 
shown  with  dashed  lines. 


3.2  The  Generalized  Image  Model 

A  mathematical  justification  behind  the  generalized  im¬ 
age  model  is  given  in  this  section.  We  consider  two  bod¬ 
ies  A  and  B  subject  to  a  general  inflow  Uin  as  shown 
in  Figure  20.  Assume  that  the  flow  around  A  and  B 
is  lifting  and  that  the  geometry  of  their  trailing  wakes 
W a  and  Wb ,  respectively,  is  known. 

The  flow  can  be  analyzed  by  considering  bodies  A 
and  B  as  one  and  proceed  in  the  usual  way  by  apply¬ 
ing  Green’s  formula,  equation  (3),  with  respect  to  the 
perturbation  potential  <j>  on  A  or  B: 


where  G  is  the  infinite  fluid  domain  Green’s  function, 
defined  by  equation  (4),  SA  and  Sq  are  the  surfaces  of 
bodies  A  and  B ,  nA  and  Ub  are  the  normals  on  the 
bodies  A  and  B,  respectively,  n.\yA  and  iiwB  are  the 
normals  on  the  wake  surfaces  WA  and  Wb,  respectively, 
(A 6)A  and  (A<£)s  are  the  jumps  in  the  potential  across 
the  wake  sheets  WA  and  IF#,  respectively. 

An  alternative  way  of  formulating  Green’s  formula 
on  B,  in  the  presence  of  A,  can  be  found  by  introducing 
the  Green’s  function  G  which  satisfies 


V2G(p;  q)  =  -4tt8(xp  -  xq)6(yp  -  yq)6(zp  -  z„) 

outside  A  (39) 

with  8  being  the  delta  function  and,  (.rp,  zp)  and 
(xq,yg,Zg)  being  the  cartesian  coordinates  of  points  p 
and  q ,  respectively.  Also 

dG 

^  =  0,  on  A,  (40) 

G{p\q)— >0  as  p  — >  oo,  (41) 

VG  =  finite  at  the  trailing  edge  of  A.  (42) 

Physically,  G(p;  q)  corresponds  to  the  potential  due 
to  a  point  source  of  strength  -47 r,  placed  at  q ,  in  the 
presence  of  body  A,  as  shown  in  Figure  20.  Notice  that 
G  must  satisfy  the  Kutta  condition  (42)  at  the  trailing 
edge  of  A. 

It  can  easily  be  shown  that  G  satisfies 
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2  *G{jr,q)-jsJ(r,q)-^dS  = 

f  (AG)A^-dS  +  4irG(p-,q)  (43) 
JwA  dnwA 

for  p  e  A.  G  is  the  infinite  domain  Green’s  function. 
The  jump  of  the  potential  (AG)"4  in  the  wake  of  A  is  set 
equal  to  the  difference  of  the  potentials  at  the  trailing 
edge  of  A  in  order  for  the  Kutta  condition  (42)  to  be 
satisfied. 

The  function  G  will  be  given  in  the  fluid  domain  as 


+ 


G(p;  q)  =  G(p\  q)  + 


(44) 


for  points  p  outside  body  A. 
By  defining 


C.(M)  =  j; 


Is 


cA—dS  + 

5,4  on  A 


[  (A GY 

J\VA 


dG 


dn 


dS 


wA 


(45) 


GT  can  then  be  expressed  as 


6'(p;  q)  =  G(p;  q)  +  G,(p;  q).  (46) 

G{  is  the  modification  to  the  infinite  fluid  domain 
Green’s  function  due  to  the  presence  of  body  A.  We  call 
G{  the  generalized  image  of  the  source  G  with  respect  to 
body  A.  In  the  case  the  body  A  is  an  infinite  wall  then 
Gi  is  identical  to  the  actual  image  of  G  with  respect  to 
the  wall. 

It  can  be  shown  that  the  perturbation  potential,  0, 
in  the  presence  of  both  A  and  B  can  then  be  expressed 
as 


0  =  <t>A  +  <f>B  (47) 

where  <f>A  is  the  perturbation  potential  outside  A  in  the 
presence  of  the  flow  field  U{n  but  in  the  absence  of  body 
B ,  and  <f>B  is  the  perturbation  potential  on  B  in  the 
presence  of  the  flow  field  U{n  +  V0^.  The  potentials  <f>A 
and  0#  satisfy  the  following  equations: 

2?r  (j)A  = 


2  7T0S  = 


The  physical  meaning  behind  equation  (47)  is  that 
the  flow  in  the  presence  of  bodies  A  and  B  can  be  de¬ 
composed  into  two  parts: 


[  (j)A~-dS  +  /  (A M^-dS- 
JsA  071  a  JwA  dn\yA 

[  G(-Uin  ■  iiA)dS  on  A;  (48) 

JsA 


f  <f>Bi^—dS  -1-  f  (A 4>b) 

Jsb  onB  JwB 


8G 
1  dnw c 


dS  ■ 


d<t>A , 


js  G(-Uin  ■  nB  -  j£f~)dS  onB.  (49) 


•  The  flow  around  body  A  in  the  presence  of  the 
incoming  flow 

•  The  flow  around  body  B  in  the  presence  of  the 
modified  flow  field  resulting  from  the  previous  step. 
The  potential  0#  can  be  expressed  as  the  superpo¬ 
sition  of  distributions  of  modified  sources  G  and 
modified  dipoles  on  body  B  and  its  wake. 

The  modified  dipole  can  easily  be  shown,  by 
using  equations  (40)  and  (42),  that  satisfies  the  kine¬ 
matic  boundary  condition  and  the  Kutta  condition  on 
A.  Physically,  the  modified  dipole  consists  of  the  infi¬ 
nite  fluid  domain  dipole  and  its  generalized  image  with 
respect  to  body  A. 

It  is  obvious  that  the  role  of  bodies  A  and  B  in  the 
decomposition,  equation  (47),  is  interchangeable. 

The  special  case  of  A  being  the  duct  and  B  being 
the  propeller ,  has  been  utilized  in  analyzing  a  ducted 
propeller  in  a  spatially  nonuniform  flow,  as  described  in 
Section  3.1. 

4  Unsteady  Lifting  Surface 
Theory  for  Ducted  Propellers 

The  panel  method  for  ducts  described  earlier  has  been 
combined  with  a  lifting  surface  representation  of  the  en¬ 
closed  propeller  to  permit  time-domain  solution  for  un¬ 
steady  blade  forces.  We  describe  here  the  formulation 
of  the  propeller  boundary  value  problem,  the  method 
by  which  forces  are  obtained  and  review  the  conver¬ 
gence  behavior  of  the  model.  Some  findings  based  on 
the  application  of  the  code  are  given  in  the  next  section. 


4.1  Formulation 


Keenan  [14]  has  shown  that  the  vortex  lattice  lifting 
surface  representation  of  the  propeller  blades  described 
here  follow’s  naturally  from  the  potential- based  method 
described  in  Section  2.  Differentiating  equation  (3)  to 
obtain  the  perturbation  velocity  at  the  field  point  x  and 
then  passing  to  the  limit  of  vanishing  blade  (and  wake 
sheet)  thickness  one  finds 


jSp  KOn(x)  •  [Vx(n(£)  •  V{j^)]d<7  = 


— 27rn(x)  *  Vi(x).  (50) 

This  is  an  expression  for  the  velocity  normal  to  the 
blade  at  point  x  due  to  a  distribution  of  dipoles  of  un¬ 
known  strength  p  on  the  blade  surfaces  Sp  and  known 
pw  on  the  wake  surfaces  Sw*  The  dipole  strength  in 
the  wake,  pw,  is  known  from  the  history  of  blade  cir¬ 
culation. 

We  require  that 
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vi  *  n  =  (U  —  v2)  •  n  -  on  SPy  (51) 
vi  — >  0  at  infinity  (52) 

where  Vi  is  the  perturbation  due  to  the  propeller  and 
wake  sheets,  v2  is  the  background  velocity  and  U  is  the 
velocity  of  the  body  itself.  The  total  fluid  velocity  is 
V  =  Vl  +  v2. 


There  are  two  integrals  in  equation  (50);  one,  /p, 
over  Sp  and  one,  7jy,  over  Sw*  The  discretization  is 
the  same  for  both  so  we  consider  only  IP)  namely 


IP=  f  M0n(x)-k(n(0-V{^-Ta.  (53) 

JSp  L  X  —  t  J 


The  surface  Sp  is  divided  into  quadrilateral  panels 
whose  vertices  are  placed  on  the  camber  surface  of  the 
blade  as  described  later.  Within  each  panel,  the  dipole 
strength  p  is  assumed  constant.  Thus  IP  is  approxi¬ 
mated  as 


jp n(x) 

i  JS' 


V,(n(0 


1 

Ix-«l 


)  \do.  (54) 


The  surface  Sp  is  replaced  by  the  collection  of  panels 
S{.  Two  problems  arise  at  this  point.  The  required 
integrals  are  hyper-singular  and  must  be  performed  on 
arbitrarily  curved  surfaces  St.  By  recalling  the  equiv¬ 
alence  between  a  constant  strength  dipole  patch  and 
a  vortex  loop  around  its  perimeter  (see,  e.#.,  [24])  one 
can  escape  these  difficulties.  One  then  can  write  the 
discrete  form  of  IP  as 


IP  =  X>,n (x)-[^  j  *_  *8  x  <fl].  (55) 

The  integral  on  Si  is  replaced  with  a  simple  application 
of  Biot-Savart’s  law  for  the  straight  vortex  segments 
bounding  each  panel. 

The  arrangement  of  the  panelling  on  the  blades  is 
shown  in  Figure  21.  The  spacing  follows  the  so-called 
quasi-continuous  method  (QCM)  described  by  Lan  [23] 
and  greatly  enhances  the  method’s  ability  to  capture 
the  square  root  like  behavior  near  the  blade  edges  as 
compared  to  classical  vortex  lattice  methods  (VLM). 
This  arrangement  of  panels  is  often  referred  to  as  “co¬ 
sine  spacing”.  QCM  has  the  added  benefit  over  VLM 
of  placing  panels  closer  to  the  edges  of  the  blade,  thus 
increasing  resolution.  For  a  ducted  propeller,  the  span- 
wise  panelling  is  modified.  The  typical  ducted  propeller 
will  not  exhibit  square-root-like  behavior  of  the  span- 
wise  loading  near  the  tip  (unless  there  is  a  large  tip 
gap)  so  QCM  spacing  is  inappropriate  in  the  spanwise 

direction.  Figure  21  shows  the  uniform  spacing  used  in 
the  spanwise  direction  for  duct-fitted  propellers.  The 
tangency  boundary  condition  on  the  blades  is  satisfied 
by  collocation  at  control  points  given  by  QCM. 

The  geometry  of  the  wake  sheets  is  prescribed.  The 
angular  extent  of  the  panels  is  equal  to  that  swept  out 
by  the  blade  in  one  time  step  except  that  the  wake  panel 
adjoining  the  trailing  edge  is  one  quarter  this  size. 


Figure  21:  Typical  blade  panellings.  On  the  left,  fol¬ 
lowing  Lan’s  Quasi-Continuous  Method.  On  the  right, 
using  uniform  spacing  spanwise  as  for  a  ducted  pro¬ 
peller.  On  the  right,  sections  near  the  root  have  been 
trimmed  to  fit  a  tapered  hub. 


The  discretization  of  equation  (50)  is  described  more 
fully  in  [14].  Eventually,  it  leads  to  the  linear  system 


K  M  N 

LEE 


k~  1  m— 1  n=l 


&  i  ,ix  ,m  ,k^-‘  fi  ,rr 


,  k  ~ 


K  M  Nw 

-E  E  E  n,m,k 

k~  1  m=l  n— 2 

-nt  •  Vi(xi). 


(56) 


Each  cii^m'k  is  the  influence  at  control  point  i  due  to  the 
(n,m)th  unit  strength  dipole  panel/vortex  loop  plus  its 
exact  image  in  the  duct.  Having  computed  these  matrix 
elements,  it  is  left  to  solve  for  the  T5’s  which  are  simply 
the  jumps  in  dipole  strength  going  from  one  panel  to  its 
neighbor  along  a  chordwise  strip. 

With 


K  M  Nw 

n,m,k  ~  ni  ‘  vl(x?).  (57) 

k=l  m— 1  n= 2 

one  can  recast  equation  (56)  into  the  form 


(An)  • 

•  (A,/,-)  'j 

1  (rf) 

(  (bi)  > 

V  (Aft-i)  . , 

'•  (A/ca  )  ) 

V  (it-) , 

/  V  (bx-)  ) 

(58) 

Each  block  in  the  matrix  corresponds  to  the  influence 
of  one  blade  on  another.  Suppose  that  the  matrix  is 
separated  so  that  only  the  diagonal  blocks  appear  on 
the  left  side.  Then  equation  (5S)  breaks  down  into  the 
following  series  of  K  sub-equations: 

(a**)  (rf)  =  (b*)  -  £  (A*)  (r? ) ,  k  =  1 , 2, . . . ,  K. 

(59) 

The  form  of  equation  (59)  hints  at  a  substantial  compu¬ 
tational  savings.  If  the  Ts,s  appearing  on  the  right  side 
were  known  the  matrix  solution  could  be  reduced  from 
an  ( N  x  M  X  A  )2  effort  to  K  x  ( N  x  M)2.  Fortunately, 
for  a  normal  propeller,  the  blade-to-blade  influence  rep- 
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resented  by  the  summation  on  the  right  is  small.  This 
circumstance  permits  use  of  a  block  Gauss- Seidel  itera¬ 
tive  solution,  thus: 

(Akk)  (r£)<"+1>  =  (b*)  -  £  (At,-)  (rf)<n+1> 

t=l 

-  £  (A t,)(-Tf)(n>,  k  =1,2,..., K.  (60) 

i=Jt+l 

The  superscripts  in  parentheses  indicate  the  iteration 
level.  The  iteration  continues  until  the  desired  tolerance 
for  rs  is  achieved. 

The  speed-up  over  direct  solution  of  the  full  matrix 
equation  is,  in  fact,  even  greater  than  suggested  above. 
Each  (A ij)  is  constant  in  time  (by  virtue  of  the  place¬ 
ment  of  the  Is*  shed  vortex,  cf. [14])  so  an  LU  decompo¬ 
sition  may  be  performed  once  at  the  beginning  of  the 
calculation.  Only  back-substitution  is  required  at  each 
time  step  thereafter.  For  normal  propellers,  a  further 
advantage  accrues  from  the  fact  that  each  blade  is  the 
same  shape.  That  means  that  each  ( A**)  is  the  same  — 
only  one  block  needs  to  be  decomposed.  The  resulting 
scheme  is  very  fast.  Computation  of  the  right-hand-side 
vector  b  takes  far  longer  than  does  extracting  rs  once 
b  is  known. 


4.2  Forces  on  the  propeller 

Once  the  discrete  vortex  strengths  are  known,  the  blade 
forces  may  be  calculated.  Previous  implementations 
of  vortex  lattice  lifting  surface  models  have  obtained 
blade  forces  from  the  “rotating  bedspring”  analog)'  (a 
term  coined  by  J.  E.  Kerwin)  [5,11,17].  In  that  ap¬ 
proach,  one  imagines  the  lifting  surface  to  be  replaced 
by  the  array  of  singularities.  The  forces  computed  are 
those  arising  from  the  application  of  Joukowski’s  rule 
to  each  vortex  segment  using  velocities  evaluated  at  the 
vortex  segment  (usually  on  its  midpoint).  Guermond 
[6]  has  correctly  criticized  this  approach.  Its  fault  lies 
in  the  fact  that  velocities  calculated  on  the  body  any¬ 
where  away  from  the  control  points  do  not  satisfy  the 
kinematic  boundary  condition  (51).  Kerwin  [15]  has 
observed  that  while  the  leading  edge  suction  acts  prin¬ 
cipally  at  the  first  vortex,  its  effect  is  distributed  over 
the  entire  chord.  Thus,  moments  will  be  incorrect  even 
if  total  forces  are  accurate. 

Two  alternative  methods  of  calculating  force  distri¬ 
butions  may  be  suggested  as  being  correct.  One  may  in¬ 
terpolate  the  velocities,  correctly  computed  at  the  con¬ 
trol  points,  to  the  vortex  elements  or  one  may  evalu¬ 
ate  vorticity  at  the  control  points.  The  latter  approach 
is  taken  here.  Also,  rather  than  apply  the  Joukowski 
rule,  local  pressures  will  be  evaluated.  This  is  seen  as 
a  convenience  since  one  often  requires  surface  pressures 
anyway  for  additional  studies. 

4.2.1  Blade  surface  pressures 

To  obtain  surface  pressures  we  employ  Bernoulli’s  equa¬ 
tion  in  the  form 


p-Pa=\p{Voo-Voo-V-V-2j{)  (61) 

where  pa  is  the  ambient  pressure  far  enough  upstream  so 
that  d<j>/dt  may  be  assumed  small,  is  the  total  fluid 
velocity  at  the  same  location  and  V  is  the  total  fluid 
velocity  at  the  point  of  interest.  This  differs  from  the 
normal  Bernoulli  equation  derived  for  unsteady,  purely 
potential  flow  in  that  the  velocities  involved  are  not 
merely  V<£  but  include  the  contribution  from  the  rota¬ 
tional  background  flow.  Equation  (61)  also  differs  from 
Bernoulli’s  equation  for  steady  rotational  flow  because 
of  the  d<f>/dt  term.  A  more  expansive  discussion  of  this 
point  can  be  found  in  [14]. 

Having  solved  equation  (50),  the  velocities  at  the 
control  points  on  the  blade  are  immediately  available 


as 


VM(xt) 


1  I<  M  r  N 

V2  -TEE  E  Vi,n,m 
w7r  k- 1  m- 1  Ln=l 
Nw 

+  ^  n,m}k 

n= 1 


Vs 

n,m,k 


(62) 


where  v?nmA.,  are  the  vector  influences  at  X; 

of  the  unit  strength  vortex  loops.  The  velocity  on  the 
left  is  written  as  VM  to  emphasize  that  it  is  the  mean 
velocity  at  the  control  point.  There  is  also  a  local  jump 
in  velocity  caused  by  the  local  vortex  density  m 
which  is 


2Avn?m)fc  —  7n,m,ji  *  nn,m,A 

=  ^  Spf^n,m,k  (63) 

so  that  V*1  —  VM  ±  Av  on  the  suction/pressure  sides. 

Equation  (61)  also  includes  the  term  d<j>/dt  which 
must  be  evaluated  for  unstead}7  flows.  Unsteady  in  this 
sense  refers  to  the  ship-fixed,  inertial  coordinates  so,  in 
this  model,  propellers  operating  in  axisymmetric  inflows 
are  unsteady.  This  term  can  be  written  as 


dt  ~  '  +  dr 


(64) 


The  quantity  ut  is  the  tangential  velocity  induced  by 
the  singularities  on  the  propeller  and  wake  sheets  and 
fl  is  the  shaft  angular  velocity.  The  second  term  on  the 
right  is  the  potential  change  at  the  blade-fixed  point  of 
interest. 

It  turns  out  that  this  last  term  can  be  related  sim¬ 
ply  to  the  circulation  around  that  portion  of  the  blade 
forward  of  the  control  point [14].  In  discretized  form,  it 


dt 


h  dt  ’ 


(65) 


the  sum  being  from  the  leading  edge  to  the  nth  panel 
along  the  chord.  Thus,  the  pressure  jump  across  the 
blade  Sp  is 


p+  -p 


(v*'-A  .+  !(*♦■ 


(66) 


assuming  —  p ^  and  that  the  vorticity  in  the  back- 
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ground  is  weak.  The  pressure  jumps  are  combined  with 
the  corresponding  directed  panel  area  to  obtain  an  in¬ 
cremental  force  AF  which  acts  at  the  control  point. 

4.2.2  Leading  Edge  Suction 

As  a  consequence  of  idealizing  the  propeller  blades  as 
zero  thickness  surfaces  we  introduce  a  singularity  in 
pressure  at  the  leading  edge.  This  gives  rise  to  the  well 
known  leading  edge  suction  force.  Derivations  of  this 
force  may  be  found  in  many  classical  references.  One 
such  is  by  Milne-Thomson  [30].  The  leading  edge  suc¬ 
tion  force  Fs  is 

Fs  =  — (67) 

where 

Cs  =  lim  v^7(s)T  (68) 

and  1  is  a  unit  vector  directed  towards  the  tip  along 
the  leading  edge,  i  is  directed  stream  wise  normal  to  the 
leading  edge  and  lying  in  the  surface  Sp.  The  quantity 
s  is  the  arc  length  from  the  leading  edge  measured  along 
a  curve  on  Sp  in  the  i  direction;  7  is  the  vortex  density 
on  Sp. 

Lan  showed  in  his  analysis  of  the  QCM  that  the 
value  of  C$  could  be  obtained  directly  by  computing  the 
downwash  at  the  leading  edge.  In  this  work,  a  direct  ap¬ 
plication  of  the  limit  process  expressed  in  equation  (68) 
is  employed  instead. 

To  evaluate  the  limit,  the  vorticity  7  is  calculated 
at  the  control  points  along  a  streamwise  strip.  At  each 
control  point,  we  set  7n  =  7n  •  1.  Now,  apart  from 
a  factor  related  to  the  leading  edge  sweep,  we  have  a 
sequence  in  n, 

Csn  =  y/s^f »,  (69) 

which  must  be  evaluated  for  n  — ►  0.  This  requires 
extrapolation  since  the  quantities  called  for  are  only 
known  inboard  of  the  leading  edge.  The  extrapolation 
can  be  made  reliable  if  it  is  assumed  that  7  may  be 
expressed  as 

7W  =  -7=^)  (70) 

V5 

where  P(s)  is  a  polynomial  to  any  degree  in  s.  If  this 
is  the  case,  the  slope  of  the  curve  y/s'y  vanishes  at  the 
leading  edge.  The  assumption  is  not  very  restrictive. 
It  is  true  for  a  flat  plate  and  for  parabolic  camber.  It 
strictly  fails  for  NACA  a-series  loadings  but  these  are 
mathematical  idealizations,  requiring  a  logarithmic  sin¬ 
gularity  in  camber  at  the  leading  edge.  The  loading 
actually  achieved  is  probably  closer  to  something  ex¬ 
pressible  by  (70).  This  approach  is  computationally  ef¬ 
fective  in  that  it  obtains  Cg  directly  from  already  known 
quantities:  no  additional  influence  coefficients  need  be 
calculated. 


duct  problem  is  solved  for  each  panel  on  the  propeller 
and  wake  sheets  in  turn.  This  gives  the  duct  contri¬ 
bution  to  the  propeller  panel  Green’s  functions.  The 
remainder  of  the  code  is  virtually  the  same  as  for  an 
open  propeller  except  that  the  influence  coefficients  in 
the  matrix  include  the  image  effects.  The  time-domain 
solver  then  proceeds  just  as  fast  for  the  ducted  problem 
as  for  an  open  propeller. 

Test  Propeller  R4-55 
meanline:  a  —  0.8 
thickness  form:  NACA66 


r/R  P/D  rake  skew  c/D  f/c _ t/D 


0.182 

1.423 

0.000 

0.000 

0.179 

0.018 

0.039 

0.300 

1.402 

0.000 

0.000 

0.208 

0.020 

0.031 

0.400 

1.389 

0.000 

0.000 

0.232 

0.022 

0.023 

0.500 

1.380 

0.000 

0.000 

0.254 

0.023 

0.016 

0.600 

1.379 

0.000 

0.000 

0.273 

0.023 

0.015 

0.700 

1.386 

0.000 

0.000 

0.288  , 

0.023 

0.015 

0.800 

1.408 

0.000 

0.000 

0.299 

0.020 

0.015 

0.900 

1.446 

0.000 

0.000 

0.306  ! 

0.014 

0.015 

0.950 

1.472 

0.000 

0.000 

0.308  I 

0.009 

0.015 

1.000 

1.502 

0.000 

0.000 

0.309  i 

0.005 

0.015 

Test  Duct 
b  =  R  aD  =  0° 

t/b  =  0.10  NACA66 
Table  1 

As  long  as  the  panelling  of  the  duct,  propeller  or 
wake  is  not  changed,  one  may  run  the  time-domain 
solver  repeatedly  for  various  inflow  configurations  with¬ 
out  returning  to  the  duct  presolver.  Thus  one  may  amor¬ 
tize  the  presolver  overhead  according  to  the  number  of 
inflow  cases  one  considers. 

We  have  tested  the  code  for  a  simple  propeller/duct 
combination  described  in  Table  1.  In  Figure  22  we  show 
the  spanwise  distribution  of  circulation  for  uniform  flow 
at  a  nominal  advance  coefficient  of  J  —  1.0.  Three 
curves  are  presented  for  various  panellings  of  the  duct 
and  propeller  combination.  The  6x5  curve  has  six  pan¬ 
els  over  the  span  of  the  propeller,  five  over  the  chord. 
The  duct  has  24  panels  circumferentially  and  40  around 
the  chord.  The  curves  labelled  10x5  and  10  x  10  have 


4.3  Results 

After  the  duct  and  propeller  panelling  is  specified  the 


Figure  22:  Convergence  of  spanwise  distribution  of  cir¬ 
culation  with  propeller  and  duct  panelling. 
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Figure  23:  Convergence  of  unsteady  circulation  for  the 
ducted  propeller. 

40  panels  circumferentially  on  the  duct.  For  compar¬ 
ison,  we  include  a  fourth  curve  which  is  foi  the  same 
propeller  but  without  a  duct.  All  have  twelve  stream- 
wise  along  the  propeller  wake  corresponding  to  30  time 
steps  per  revolution.  Predictions  of  steady  T  agree  well 
with  corresponding  results  from  the  code  based  on  the 
work  of  Kerwin  et.  al  [18]. 

To  study  the  unsteady  behavior  we  ran  the  same 
three  cases  in  the  artificial  inflow  given  by 


VM 


Vr  =  0 

vt  =  0  (71) 


where 

c  =  as  (1  4-  £) 

b  =  as-  aelf2  (1+  s)  arctan£"1/2.  (72) 


Figure  24:  Unsteady  torque  computed  directly  for  the 
ducted  propeller  and  inferred  from  an  open  propeller 
case. 


Figure  25:  Unsteady  circulation  for  ducted  and  open 
propeller. 

The  quantities  a  and  e  permit  adjustment  of  the  depth 
of  the  wake  defect  and  its  width,  respectively.  Here  they 
are  set  to  a  =  0.5  and  e  =  0.05.  The  result  is  a  wake 
with  a  50%  defect  at  zero  degrees  and  has  a  volumetric 
mean  velocity  of  unity. 

Figure  23  shows  unsteady  circulation  near  0.7 R  as 
a  function  of  shaft  rotation  angle  for  the  three  ducted 
cases  presented  above.  Notice  convergence  appears  to 
be  very  rapid.  The  lifting  surface  code  used  in  this 
model  generally  gives  very  good  convergence  behavior 
for  circulation  both  spatially  and  temporally.  We  find 
here  that  the  ducted  case  is  nearly  as  well  behaved  once 
the  duct  is  sufficiently  resolved  circumferentially. 

Finally,  to  examine  the  effect  the  duct  has  on  the  un¬ 
steady  forces  we  look  at  Figure  24  which  compares  the 
10  x  10  ducted  propeller  case  with  a  run  using  the  same 
propeller  without  the  duct.  For  the  unducted  propeller 
we  include  the  augment  to  the  steady  flow  which  the 
duct  produces;  only  the  panel  image  effects  are  turned 

off.  Given  only  an  open  propeller  code  one  might  imag¬ 
ine  taking  this  latter  approach  to  get  unsteady  forces 
on  a  ducted  propeller.  As  the  figure  shows,  one  would 
underpredict  unsteady  torque  by  a.  significant  fraction. 
Thrust  behaves  similarly.  Figure  25  compares  circula¬ 
tion  for  these  same  runs  at  two  radii.  Near  0.7J7,  the 
curves  for  the  open  and  ducted  cases  are,  apart  from 
the  expected  mean  offset,  essentially  the  same.  How¬ 
ever,  the  curves  near  0.96i2  show  significantly  different 
behavior.  Thus,  the  sectional  forces  can  be  expected  to 
show  even  greater  divergence  in  their  spectra  than  do 
the  global  forces  shown  above. 

5  Conclusions 

A  time  marching  potential  based  panel  method  was  pre¬ 
sented  for  the  analysis  of  the  unsteady  flow  around  open 
marine  propellers  subject  to  spatially  nonuniform  in¬ 
flows.  An  efficient  algorithm  is  implemented  in  order  to 
ensure  an  explicit  Kutta  condition  (i.e.  pressure  equal¬ 
ity)  at  the  blade  trailing  edge  at  each  time  step.  The 
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numerics  of  the  method  are  shown  to  be  very  robust  for 
a  broad  range  of  reduced  frequencies.  The  method  is 
also  shown  to  be  consistent  with  known  analytic  solu¬ 
tions  as  well  as  with  an  existing  unsteady  lifting  surface 
method.  The  method  provides  the  user  with  accurate 
unsteady  pressure  distributions  which  may  be  coupled 
with  a  viscous  /  inviscid  interaction  scheme  to  predict 
unsteady  boundary  layer  separation  and  /  or  leading 
edge  separation. 

A  hybrid  panel  method  is  also  developed  for  the 
analysis  of  the  unsteady  flow  around  ducted  propellers. 
The  method  combines  an  unsteady  lifting  surface  method 
for  the  propeller  with  a  potential  based  panel  method 
for  the  duct.  The  propeller  is  treated  with  a  time  march¬ 
ing  vortex  lattice  scheme  as  if  the  propeller  were  open. 
The  effects  of  the  duct  on  the  propeller  are  included 
via  the  modified  inflow  which  is  due  to  the  presence  of 
the  duct  (in  the  absence  of  the  propeller)  and  via  gen¬ 
eralized  images  for  the  propeller  and  its  trailing  wake. 
The  proposed  method  is  shown  to  be  appropriate  for 
treating  unsteady  ducted  propeller  flows  in  a  computa¬ 
tionally  efficient  and  robust  manner,  especially  when  a 
given  ducted  propeller  geometry  must  be  analyzed  for 
various  inflow  conditions. 
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DISCUSSION 
J inzhang  Feng 

Pennsylvania  State  University,  USA  (China) 

1.  Regarding  the  implementation  of  Kutta  C.D.,  an  analytical 
expression  of  Eq.  27  can  easily  be  formulated.  In  fact,  such  an 
expression  has  been  successfully  used  in  a  3-D  panel  code  developed 
at  Penn.  State.  Why  the  authors  chose  to  use  a  numerical  approach 
to  determine  the  Jacobin,  which  is  inevitably  more  expensive,  at  least 
in  terms  of  CPU  time? 

2.  Theoretically,  when  using  the  generalized  image  model,  the 
immense  numerical  effort  needed  to  evaluate  the  modified  Green 
function  ^  may  well  surpass^any  likely  advantage  in  solving  the 
potential  at  a  later  stage  after  G  is  known.  More  important,  I  think, 
any  simplified  model  derived  as  a  result  of  employ  such  G  can  be 
equivalently  established  with  the  original  Green  Function.  Would  the 
authors  explain  their  consideration  of  using  such  a  procedure? 

3.  A  non-uniform  inflow  for  propeller  is  usually  rotational.  The 
inflow  vortex  will  redistribute  when  propeller  disturbance  is 
introduced.  Further,  wake  vortex  shed  from  the  blade  trailing  edge 
might  deform,  including  rolling  up  as  one  often  sees  in  a  similar  two 
dimensional  lifting  flow.  Why  is  it  important  to  use  an  unsteady 
approach  to  tackle  the  problem  if  the  vortex  transportation  feature 
cannot  be  accounted  for  properly?  Would  it  not  be  easier,  for 
example,  just  to  use  a  quasi-steady  approach  to  attempt  the  problem? 

AUTHORS’  REPLY 

On  the  implementation  of  the  iterative  pressure  Kutta  condition:  to 
determine  the  elements  of  the  Jacobin  matrix  (Eq.  27),  we  evaluate 
the  derivatives  involved  numerically  by  perturbing  the  circulation 
distribution  at  each  strip  by  a  small  amount  and  then  computing  its 
effect  on  the  pressure  difference  at  the  trailing  edge  of  all  strips  (the 
details  are  described  in  [18]).  This  operation  involves  only 
differentiations  of  potentials  to  find  pressures,  and  thus  requires  very 
minimal  CPU  time,  especially  as  compared  to  the  CPU  time  required 
to  solve  for  the  propeller  potentials  at  each  time  step.  The  discusser 
mentions  an  alternative  method  to  determine  the  elements  of  the 
Jacobin  matrix,  but  he  does  not  give  a  reference  and  thus  we  cannot 
assess  the  validity  of  his  approach  for  our  problem. 

On  the  use  of  the  generalized  image  model:  as  described  in  Section 
3.1  of  the  paper,  the  generalized  image  of  each  unit  strength  vortex 
loop  on  the  propeller  or  on  its  wake  corresponds  to  the  solution  on 
the  duct  in  the  presence  of  that  vortex  loop  and  in  zero  inflow. 
Thus,  the  generalized  image  coefficients  depend  only  on  the  geometry 
of  the  duct  and  propeller  and  do  not  need  to  be  recomputed  for  each 
time  step  in  the  propeller  solution  or  for  a  different  inflow.  The 
primary  reasons  for  selecting  the  generalized  image  technique  as 
opposed  to  a  direct  duct  and  propeller  time  marching  solver  are 
mentioned  in  Section  3.1,  They  are  as  follows:  (1)  the  same 
geometry  can  be  run  with  considerably  less  CPU  time  for  different 
inflows  and,  (2)  the  computations  of  the  generalized  images  of  each 
propeller  vortex  loop  are  independent  of  each  other  and  can  be 
performed  very  quickly  on  a  parallel  processing  computer. 

On  his  suggestion  to  use  a  quasi-steady  technique  instead  of  our  fully 
unsteady  method:  it  is  well  established  in  the  hydrodynamic 
community  that  the  quasi-steady  theory  fails  in  predicting  unsteady 
forces  on  propellers,  especially  at  blade  rate  (for  example  look  at  Fig. 
15  of  [16]).  We  prefer  to  be  systematic  in  accounting  for  each  of 
the  effects  (e.g.,  potential  flow  effect,  effective  wake  effect).  At 
present,  we  have  developed  a  computationally  reliable  method  to 
account  for  the  potential  flow  effect.  We  plan  to  couple  our  method 
with  a  Euler  solver  in  determining  the  effective  wake  contribution 
resulting  from  the  vorticity  transport  Mr.  Feng  mentions. 


DISCUSSION 
Ali  H.  Nayfeh 

Virginia  Polytechnic  Institute  and  State  University,  USA 

It  would  be  very  useful  to  compare  your  results  with  the  detailed 
experimental  results  of  D.  Telionis  and  co-workers  and  the  panel 
results  D.T.  Mook  and  co-works  for  the  case  of  sinusoidal  gust  in 
two  dimensions.  D.T.  Mook,  A.H.  Nayfeh,  and  co-workers 
developed  steady  and  unsteady  discrete  and  continuous  vortex 
methods  for  lifting  surface  and  rotor  blades  at  high  angles  of  attack, 
including  interference  effects.  They  used  a  Kutta  condition  that  does 
not  require  iteration.  The  results  were  published  in  the  AIAA  Journal 
of  Aircraft. 

AUTHORS’  REPLY 

On  comparing  the  results  of  our  method  in  two  dimensions  against 
existing  experiments:  this  is  something  that  we  plan  to  do  in  the  near 
future,  though  not  before  we  include  the  tunnel  wall  effects  as  well 
as  the  unsteady  boundary  layer  effects.  The  primary  goal  of  the 
research  reported  in  the  paper  was  to  produce  a  boundary  element 
method  (BEM)  for  the  unsteady  potential  flow  around  hydrofoils  or 
propellers,  which  method  would  be  accurate,  robust,  and  consistent 
for  a  broad  range  of  reduced  frequencies.  We  will  perform  an 
experiment  at  the  MIT  water  tunnel  on  a  two  dimensional  hydrofoil 
subject  to  a  sinusoidal  gust  in  reduced  frequencies  (k— 10)  which  are 
closer  to  propeller  applications  than  those  used  in  previous 
experiments.  We  also  plan  to  compare  our  results  to  this  experiment. 

On  the  application  of  an  iterative  pressure  Kutta  condition:  it  has 
been  found  to  be  necessary  when  applying  velocity  based  BEM 
formulations  (Hess[9])  and  more  recently  when  applying  potential 
based  BEM  formulations  (Kerwin,  Kinnas,  Lee  &  Shih  [18]). 
However,  when  a  lifting  surface  (zero  thickness)  vortex  lattice 
technique,  such  as  that  of  Mook  &  Nayfeh,  is  applied,  then  the  Kutta 
condition  is  equivalent  to  requiring  the  bound  vorticity  at  the  trailing 
edge  to  be  equal  to  zero  (which  can  be  imposed  either  explicitly  or 
implicitly)  and  thus  an  iterative  condition  is  not  needed  (for  example 
look  in  Kerwin  &  Lee[18]). 
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A  Navier-Stokes  Solution 
of  Hull-Ring  Wing-Thruster  Interaction 

C.-I.  Yang  (David  Taylor  Research  Center,  USA) 

P.  Hartwich,  P.  Sundaram,  (NASA  Langley  Research  Center,  USA) 


ABSTRACT 

Navier-Stokes  simulations  of  high  Reynolds  num¬ 
ber  flow  around  an  axisymmetric  body  supported  in 
a  water  tunnel  were  made.  The  numerical  method  is 
based  on  a  finite- differencing  high  resolution  second- 
order  accurate  implicit  upwind  scheme.  Four  different 
configurations  were  investigated,  these  are,  1.  bare- 
body,  2.  body  with  an  operating  propeller,  3.  body 
with  a  ring  wing  and  4.  body  with  a  ring  wing  and 
an  operating  propeller.  Pressure  and  velocity  compo¬ 
nents  near  the  stern  region  were  obtained  computa¬ 
tionally  and  are  shown  to  compare  favorably  with  the 
experimental  data.  The  method  correctly  predicts  the 
existence  and  extent  of  stern  flow  separation  for  the 
barebody  and  the  absence  of  flow  separation  for  the 
three  other  configurations  with  ring  wing  and/or  pro¬ 
peller. 

I.  INTRODUCTION 

It  has  been  known  in  marine  propulsion  technol¬ 
ogy  that  certain  advantages  can  be  achieved  by  prop¬ 
erly  integrating  a  ring  wing  and  the  propeller.  With 
a  ring  wing  that  accelerates  the  flow  the  efficiency  of 
the  propeller  remains  more  or  less  at  a  constant  level 
over  a  wider  range  of  advance  ratios.  With  a  ring 
wing  that  decelerates  the  flow,  the  inception  of  cav¬ 
itation  on  the  propeller  can  be  delayed.  In  order  to 
take  advantage  of  the  ring  wing  to  obtain  the  desir¬ 
able  benefit,  a  clear  understanding  of  the  role  it  plays 
is  important.  Thorough  water  tunnel  experiments  and 
reliable  numerical  simulations  serve  as  complementary 
approaches  to  gain  understanding. 

By  combining  the  body,  ring  wing  and  propeller, 
appropriate  configurations  can  be  generated  for  water 
tunnel  experiments,  and  the  influence  of  each  individ¬ 
ual  component  can  be  isolated.  The  configurations 
studied  here  are  1.  barebody,  2.  body  with  an  oper¬ 
ating  propeller,  3.  body  with  a  ring  wing  and  4.  body 
with  a  ring  wing  and  an  operating  propeller.  Data 
collected  from  the  water  tunnel  tests  included  the  ve¬ 
locity  components  around  the  afterbody  and  the  pres¬ 
sure  on  the  stern.  The  data  show  the  degree  of  inter¬ 


action  at  the  given  operating  conditions  and  serve  as 
benchmarks  for  evaluating  the  present  numerical  sim¬ 
ulations. 

One  important  parameter  in  hull- prop ulsor  inter¬ 
action  is  the  thrust  deduction  coefficient  t ,  which  signi¬ 
fies  the  drag  augmentation  due  to  the  interaction.  In 
the  past,  inviscid  methods  [1,2]  have  been  successful 
in  computing  the  coefficient  t.  The  methods  become 
somewhat  inadequate  in  a  situation  where  the  propul- 
sor  unit  is  imbedded  in  the  stern  boundary  layer  where 
the  viscous  effect  plays  a  dominating  role.  Efforts 
have  been  made  to  address  the  problem;  in  particular, 
Falcao  de  Campos  [3]  presented  an  inviscid  approach 
to  calculate  the  flow  on  the  stern  with  and  without 
propulsor  based  on  the  Euler  equation  of  motion  and 
Huang  et  al  [4]  developed  a  numerical  technique  to 
study  the  interaction  between  a  propeller  and  unsep¬ 
arated  viscous  stern  boundary  layer.  To  further  en¬ 
hance  the  ability  to  predict  the  effect  of  hull-propulsor 
interaction,  a  Navier-Stokes  type  viscous  analysis  is 
needed.  This  is  particular  true  when  barebody  flow 
separation  may  occur.  Previously,  Haussling  et  al  [5] 
performed  extensive  numerical  simulations  of  viscous 
flow  about  bodies  with  appendages  using  a  Navier- 
Stokes  solver.  Here  a  three-dimensional  incompress¬ 
ible  Navier-Stokes  solver  is  used  to  simulate  the  flow 
around  a  compound  propulsor  unit  on  an  axisymmet¬ 
ric  body  supported  in  a  water  tunnel  with  a  square 
cross-section.  The  solver  is  based  on  a  high  resolution 
second-order  accurate  implicit  upwind  scheme  [6,7]. 
The  propeller  effect  is  simulated  by  imbedding  body 
forces  in  a  disk  located  at  the  propeller  plane  [8,9].  The 
experimental  data  were  used  to  validate  the  Navier- 
Stokes  solver. 

II.  DESCRIPTION  OF  EXPERIMENTS 

The  test  body  is  axisymmetric  with  a  length  of 
139.12  cm  and  a  maximum  diameter  of  24  cm;  Its 
radius  offsets,  y,  as  a  function  of  axial  length,  x,  are 
given  in  cm  units  by: 
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for 

0.00  <  x  <  24.00 

y  =  [12. 02  —  (12.0  —  x/2)2} 

11/2 

for 

24.00  <  x  <  97.81 

y  =  12 

for 

97.81  <  x  <  115.84 

y  =  [42. 672  —  (a;  —  97. 81)2 

]'/2  -  30.67 

for 

115.84  <  x  <  129.17 

y  =  (133.0  —  x )  tan25° 

for 

129.17  <  x  <  131.93 

y  =  —0.0214®  +  4.554 

for 

131.93  <  x  <  139.12 

y  =  — 0.0310®2  +  8.162®  - 

535.51 

The  ring  wing  has  a  NACA  4415  profile  section 
with  a  5°  angle  of  attack;  its  chord  length  is  5.3  cm. 
The  diameter  of  ring  wing  measured  at  its  trailing 
edge  is  16  cm;  its  trailing  edge  is  located  at  129.7  cm 
from  the  nose  of  the  body.  The  propeller  has  four 
blades  with  a  diameter  of  15.71  cm  and  was  driven 
from  behind  with  a  Z-drive  propelling  device.  The  de¬ 
vice  consists  of  a  tapered  forebody,  a  cylindrical  mid¬ 
body  and  an  elliptical  afterbody.  The  length  of  the 
device  is  about  85  cm  and  the  diameter  of  midbody 
is  about  10  cm.  The  propeller  plane  is  located  at  135 
cm  from  the  nose.  The  water  tunnel  in  which  the  ex¬ 
periments  were  conducted  has  a  square  cross-section 
with  round  corners  and  its  dimensions  are  90  cm  X  90 
cm.  The  model/tunnel  blockage  ratio  is  about  5.6  per¬ 
cent.  The  body  was  supported  from  the  ceiling  of  the 
water  tunnel  with  two  struts  located  at  x  —  14.0  cm 
and  x  =  64.0  cm  from  the  nose.  A  schematic  sketch  is 
shown  in  Fig.  1.;  the  propeller  drive  is  not  included. 
The  geometric  tolerances  are  less  than  0.5  mm.  The 
reference  length  is  chosen  to  be  133.0  cm. 

Experiments  were  conducted  at  a  Reynolds  num¬ 
ber  of  6  x  106  (based  on  reference  length  133.0  cm). 
The  flow  measurements  were  carried  out  on  lines  lying 
on  the  horizontal  plane  and  perpendicular  to  the  cen¬ 
ter  line.  The  pressures  on  the  body  surface  were  mea¬ 
sured  by  means  of  transducers  and  all  signals  could 
be  reproduced  satisfactorily  within  1.0  percent.  For 
the  flow  measurements,  the  standard  deviation  of  all 
signals  varied  between  0.1  and  2.0  percent. 

III.  DESCRIPTION  OF  NUMERICAL 
PROCEDURE 

Using  C horin’s  artificial  compressibility  formula¬ 
tion,  the  incompressible  Navier-Stokes  equations  are 
written  in  conservation  law  form  for  three-dimensional 
flow  as  [10] 

Q,  +  (E*  -  e;)x  +  (F*  -  f;)„  +  (g*  -  g;),  =  o  (i) 

where  the  dependent  variable  vector 
Q  =  (p,U,V,w)T 


represents  the  pressure  and  velocity  components  in  a 
Cartesian  coordinate  system  (® ,  y,  z).  The  inviscid  flux 
vectorsE*,  F*,  G*  and  the  viscous  shear  flux  vectors 
E*,F*,G*  are  given  by 

E*  =  (/3u,u2  +  p,  uv,  uw)T 
F*  =  (flv,uvyv2  +  p,vw)T 
G*  =  (/?u>,  uw,  vw,  w2  +  p)T  ^ 

E v  —  Re  ( 0 ,  T xx.1  Txyi  ^xz) 

F*  =  Re-1{Q,Tyx,Tyy,Tyz)T 
Gy  =  Re  (0  iTzx  ,TZy  ,tzz) 

The  coordinates  x,y,z  are  scaled  with  an  appropriate 
characteristic  length  scale  L.  The  velocity  components 
u,v,w  are  nondimensionalized  with  respect  to  the  free 
stream  velocity  while  the  normalized  pressure  is 
defined  as  p  =  (j P  —  P<x>)/pV£o‘  The  kinematic  vis¬ 
cosity  v  is  assumed  to  be  constant,  and  the  Reynolds 
number  is  defined  as  Re  =  The  artificial  com¬ 

pressibility  parameter  (3  monitors  the  error  associated 
with  the  addition  of  the  unsteady  pressure  term  -||  in 
the  continuity  equation  which  is  needed  for  coupling 
the  mass  and  momentum  equations  in  order  to  make 
the  system  hyperbolic. 

Equations  (1)  can  be  transferred  to  a  curvilinear, 
body-fitted  coordinates  system  ((  ,  £  and  r\  )  through 
a  coordinate  transformation  of  the  form 


C  =  ((x,y,z),  (  =  £(x,y,z)  and  17  =  t](x,  y,  z) 

Eq.  (1)  becomes 

(Q/J)t  +  (E  -  E,)c  +  (F  -  F„)4  +(G  -  G„),  =  0  (3) 


with 


and 


,  where 


(E,F,G)T=  [T]  (E*,F*,G*)t 

(e,  f,  g)t  =  [t]  (e*,f;,g;)t 


m  = 


Cx 

ex 

Px 


c, 

Vy 


(z 

tz 

Vz 


and  the  Jacobian  of  the  coordinate  transformation  is 
given  by 


J  1  =  det 


xc  yc  ^ 

xt  Vi  H 


$7}  l/r)  Zj] 


The  Cartesian  derivatives  of  the  shear  fluxes  are  ob¬ 
tained  by  expanding  them  using  chain  rule  expansions 
in  the  £,  £,  and  r\  directions. 


Defining  computational  cells  with  their  centroids 
at  /  =  (  0  is  £,  £,or  rj)  and  their  cell  interfaces 

at  /  ±  1/2,  the  backward  Euler  time  differencing  of  the 
three-dimensional  conservation  form  is 
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=  -  [A<(E"+1  -  E"+1)  +  A?(Fn+I  -  F"+1) 

+  A,(Gn+1  —  G"+1)] 

(3) 

where  A t  is  the  time  step,  AQn  =  Q”+1  —  Qn  and 
A/(  )  =  [(  )f+i/2  -  (  )/— 1/2] / A$  .  Superscript  denotes 
the  time  level  at  which  the  variables  are  evaluated. 


Linearizing  Eq.  (3)  about  time  level  n,  we  obtain 


4  ,?E1 

[A*J+(dQ  aQ)Ac  +  (5Q 
+  [  dQ  dQ  ’  1,1  ^ 


*S)A{ 

dQ  1  ( 


=  -  [AC(E"  -  FJ)  +  A4(F"  -  F")  +  A,(G"  -  G") 


(4) 


where  I  is  the  identity  matrix. 


The  left  hand  side  is  the  implicit  part  and  the 
right  hand  side  is  the  explicit  part  of  the  formulation. 
The  explicit  part  is  the  spatial  derivatives  in  Eq.  2 
evaluated  at  the  known  time  level  n  ;  its  value  di¬ 
minishes  as  the  steady  state  solution  is  approached. 
Hence  ,  it  is  also  called  the  residual.  The  L2  norm  of 
the  residual  is  often  used  as  a  measure  of  convergence 
of  a  solution.  Letting  the  flux  Jacobians  A,  B  and  C 
be  defined  as  follow 

dEn  _  9Fn  _  dGn 

A  =  0Q  ’  B  =  dQ  ’  "  3Q  ’ 


discretize  the  inviscid  and  viscous  fluxes  according  to 
upwind  differencing  scheme  and  central  differencing 
scheme  respectively  in  (,  £  and  rj  coordinate  direc¬ 
tion  independently  and  then  assemble  them  together. 
Equation  (4)  becomes 


-(A-  +  X)i+iA1+i  +  (A+  +  X)i_i  A;_i 
— (B-  +  Y),+iAm  +(B+  +¥),._!  AM 
-(C-  +  Z)k+k  Ak+,  +  (C+  +  Z)t_i  Aj._i]nAQ" 

=  —RES(Qn) 

(5) 

where  z, j,  and  k  are  spatial  indices  associated  with 
the  £,  77  and  £  coordinate  direction.  and 

are  flux  matrices  split  from  the  flux  Jacobians 
A,B  and  C  according  to  the  signs  of  their  eigenval¬ 
ues.  The  residual  RES( Qn)  is  evaluated  with  a  TVD 
technique  together  with  Roe’s  [11]  flux- difference  split¬ 
ting  scheme,  the  discretization  is  third-order  accurate. 
Conventional  second-order  central  differencing  is  ap¬ 
plied  to  obtain  the  viscous  flux  matrices  X,  Y  and 
Z.  Equation(5)  is  solved  by  an  implicit  hybrid  algo¬ 
rithm,  where  a  symmetric  planar  Gauss-Seidel  relax¬ 


ation  is  used  in  the  streamwise  direction  £  in  combina¬ 
tion  with  approximate  factorization  in  the  remaining 
two  coordinate  directions  £  and  rj.  It  is  used  to  avoid 
the  At 3  spatial  splitting  error  incurred  in  fully  three- 
dimensional  approximate  factorization  methods.  This 
scheme  is  unconditionally  stable  for  linear  systems  and 
offers  the  advantage  of  being  completely  vectorizable 
like  a  conventional  three-dimensional  approximate  fac¬ 
torization  algorithm.  As  a  result,  Eq.  (5)  becomes 

[M-(B-  +  Y)J+x  AJ+i  +  (B+  +  Y)m  Am]AQ 
=  —  RES(Qn ,  Qn+1) 

[M-(C-  +  Z)k+kAk+k  +  (C+  +  Z)fc_i  Afc_i]AQ" 
=MAQ 

(6) 

Q"+1  =  Q"  +  AQ" 

with 


M  =  [^7  +  (A"  +  X);+a  4-  (A+  +  X)M]. 

and  the  residual  on  the  RHS  indicates  the  nonlinear 
updating  of  the  residual  by  using  Qu+1  whenever  it  be¬ 
comes  availabe  while  sweeping  in  the  £  direction  back 
and  forth  through  the  computational  domain. 

For  laminar  flow  computations  the  coefficient  of 
molecular  viscosity  ji  =  ///  is  obtained  from  Suther¬ 
land’s  law.  Turbulence  is  simulated  using  the  Baldwin- 
Lomax  algebraic  turbulence  model[12].  For  turbulent 
flow  laminar  viscosity  coefficients  are  replaced  by 

/*  =  /*/  +  P t 

The  turbulent  viscosity  coefficient  fi.t  is  computed  by 
using  the  isotropic,  two-layer  Cebeci  type  algebraic 
eddy-viscosity  model  as  reported  by  Baldwin- Lomax. 
Modifications  proposed  by  Degani  and  Schiff  [13]  and 
Hartwich  and  Hull  [14]  were  implemented. 

IV.  DESCRIPTION  OF  BODY  FORCE 
PROPELLER  MODEL 

The  principle  of  the  body  force  model  is  to  in¬ 
troduce  the  body  force  terms  into  the  Navier-Stokes 
equation  to  include  the  effects  of  the  propeller.  The  es¬ 
sential  parameters  that  define  the  propeller  effects  are 
the  thrust  coefficient  Cr,  the  torque  coefficient  Cq,  the 
advance  coefficient  J  and  the  radial  circulation  distri¬ 
bution  G{r),  The  same  parameters  were  used  to  define 
the  body  force  for  the  propeller  model.  The  thrust  and 
torque  coefficients  are  defined  as  follow: 

T  ^  Q 

Ct  =  ^pV2jD2  ’  °Q  =  §pY2SD3 

where  T  and  Q  are  thrust  and  torque,  respectively.  D 
is  the  diameter  of  the  propeller.  The  axial  and  circum¬ 
ferential  body  force  per  unit  volume  are  obtained  from 
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the  following  equations: 

fb  Cr^Gjr) 

'  *  4AX  fg’  G(r)rdr 

_ 

2rAX  G(r)rdr 

where  fbx  and  fb q  are  the  body  forces  per  unit 
volume  in  the  axial  and  circumferential  directions,  re¬ 
spectively,  Rh  and  Rp  are  the  radii  of  propeller  hub 
and  blade  tip,  respectively,  and  AX  is  the  thickness 
of  the  disk.  The  computed  body  forces  are  then  incor¬ 
porated  into  the  right  hand  side  of  Eq.  5  and  form  a 
part  of  the  residual.  Only  a  slight  modification  to  the 
flow  solver  is  needed  to  accommodate  the  body  force 
type  propeller  model  and  there  is  no  need  for  special 
gridding. 

In  reality,  the  blade  circulation  distribution  G(r ) 
depends  upon  the  inflow  at  the  propeller  plane  which 
in  turn  is  influenced  by  the  blade  circulation.  This  mu¬ 
tual  dependency  implies  that  the  body  forces  fbx  and 
fbe  which  are  functions  of  G(r)  should  be  obtained 
by  an  iterative  procedure.  To  complete  this  procedure, 
knowledge  of  propeller-induced  axial  and  tangential 
velocities,  ua  and  ut  is  needed.  A  propeller  program 
based  on  the  vortex-lattice  lifting- surface  method  de¬ 
veloped  by  Greeley  and  Kerwin  [15]  can  be  used  for 
this  purpose.  The  iterative  procedure  can  be  described 
as  follow: 

1.  Calculate  the  nominal  inflow  with  the  Navier- 
Stokes  solver. 

2.  Obtain  the  circulation  distribution  G(r),  the 
induced-velocities  ua  and  ut,  the  thrust  and  torque 
coefficients  Ct  and  Cq  by  using  the  calculated  nominal 
inflow  as  input  to  the  propeller  program  [15]. 

3.  Compute  the  body  forces  fbx  and  fbe 
by  using  the  calculated  circulation  distribution  G(r), 
thrust  and  torque  coefficients  Ct  and  Cq. 

4.  Obtain  the  total  velocities  at  the  propeller 
plane  by  using  the  Navier-Stokes  solver  with  the  infor¬ 
mation  obtained  in  step  3. 

5.  Compute  the  effective  wake  by  subtracting 
the  propeller-induced  velocities  obtained  in  step  2  from 
the  total  velocities  obtained  in  step  4. 

6.  Obtain  an  updated  circulation  distribution, 
propeller-induced  velocities  ,  and  thrust  and  torque 
coefficients  by  using  the  newly  computed  effective  wake 
as  input  to  the  propeller  program. 

7.  Repeat  the  process  from  step  1  to  step  6  until 
the  total  velocities,  the  body  forces  and  the  propeller- 
induced  velocities  are  unchanged. 

It  has  been  shown  that  this  procedure  converged 
after  two  iterations  [8].  For  the  purpose  of  illustration, 
the  results  presented  in  following  are  obtained  by  using 
measured  thrust  and  torque  without  any  iteration.  In 
spite  of  its  simplicity,  it  was  able  to  predict  the  flow 


pattern  around  the  propeller  disk  and  the  stern  region 
rather  accurately  [8,9]. 

V.  GRID  GENERATION 

Based  on  the  configuration  shown  in  Fig.  1,  which 
models  the  experimental  setup  described  in  Section  II 
above,  a  180°  sector  of  the  tunnel  needs  to  be  mod¬ 
elled  in  order  to  resolve  the  effect  on  flow  due  to  the 
supporting  struts.  This  requires  a  large  amount  of 
grid  points  and  extensive  computational  resources.  Af¬ 
ter  one  computation  for  the  barebody  configuration, 
it  was  found  that  the  struts  produced  an  influence 
around  and  directly  behind  them  with  no  significant 
effect  on  the  horizontal  plane  on  which  measurements 
were  made.  Therefore,  the  struts  were  eliminated  al¬ 
lowing  the  numerical  simulations  to  be  performed  ac¬ 
curately  in  a  90°  sector  of  the  tunnel.  Also  included, 
due  to  its  proximity  to  the  stern,  is  the  propeller  di'ive. 

To  include  the  ring  wing  geometry,  two  block  C  — 
0  type  grids  were  generated.  The  grid  points  were 
matched  at  the  branch  cut  that  separated  the  two 
blocks.  Computations  were  performed  on  a  CRAY- 
YMP  machine  which  has  eight  processors.  Compu¬ 
tational  efforts  on  the  two  blocks  can  be  performed 
on  two  processors  simultaneously.  For  the  purpose  of 
synchronization  between  the  processors,  it  is  more  ef¬ 
ficient  if  the  number  of  computations  is  the  same  for 
each  block.  For  this  reason,  each  block  has  the  same 
number  of  grid  points.  The  grid  system  was  generated 
by  a  transfinite  interpolation  technique.  Several  grid 
systems  with  different  number  of  grid  and  distributions 
had  been  generated  and  were  used  for  computations  on 
barebody  configuration  in  order  to  investigate  the  re¬ 
lationship  between  the  convergence  and  grid  density 
and  distribution.  The  grid  systems  examined  include 
1.  a  two  block  25  x  49  x  110  (r,  0,  x)  grids,  2.  a 
two  block  25  x  25  x  90  grids  and  3.  a  two  block 
25  x  13  x  98  grids.  Grid  points  were  clustered  near 
the  boundaries  such  as  tunnel  wall  and  body  and  ring 
wing  surfaces  where  the  viscous  effect  dominates.  The 
minimum  spacing  normal  to  the  body  surface  for  the 
three  grid  systems  mentioned  above  is  5.0  xl0“4  .  The 
differences  between  the  solutions  based  on  the  grid  sys¬ 
tem  1  and  3  are  about  two  percent  which  is  within  the 
reported  experimental  accuracy.  The  results  presented 
below  are  based  on  a  two  block  25  x  13  x  98  (r,  0,x) 
coarse  grid  system.  Convergence  is  achieved  when  the 
L2  normal  of  all  residuals  is  reduced  by  three  order  of 
magnitude  with  CFL=10.  Computational  CPU  time 
is  40  fisec  per  node  per  iteration.  For  each  compu¬ 
tation,  over  500  iterations  were  carried  out  to  ensure 
convergence. 

VI.  BOUNDARY  CONDITIONS 

On  the  solid  boundaries  such  as  surfaces  of  tunnel 
wall,  ring  wing,  body  and  propeller  drive  the  no- slip 
condition  is  applied,  in  addition,  the  normal  gradient 
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of  the  pressure  is  assumed  to  be  zero.  Freest  ream  con¬ 
dition  is  applied  as  inflow  condition.  Zero-order  ex¬ 
trapolation  is  used  to  obtain  the  outflow  conditions. 

During  the  computation  process,  the  variables  on 
the  branch  cut  that  separates  the  two  blocks  are  not 
computated.  At  the  end  of  each  iteration,  these  vari¬ 
ables  are  updated  by  averaging  the  values  at  the  adja¬ 
cent  grid  points  from  each  block.  The  averaging  pro¬ 
cess  is  linear.  The  updated  values  are  then  used  as 
boundary  conditions  for  both  blocks  for  the  next  iter¬ 
ation. 

VII.  RESULTS  AND  DISCUSSION  S 

The  four  configurations  that  were  investigated  are 
1.  flow  over  the  barebody,  2.  flow  over  the  body  with 
an  operating  propeller,  3.  flow  over  the  body  with  a 
ring  wing  and  4.  flow  over  the  body  with  a  ring  wing 
and  an  operating  propeller.  Computational  results  are 
presented  in  the  form  of  velocity  profiles  and  pressure 
contours  in  the  stern  region;  they  are  compared  with 
available  experimental  data.  In  addition,  to  facilitate 
the  flow  visualization  and  discussion,  computed  par¬ 
ticle  trace  are  also  included.  The  length  scale  was 
normalized  with  reference  length  L  —  133 cm. 

Case  1.  Flow  over  the  Barebody 

In  this  test  case,  the  configuration  is  simple  but 
the  flow  is  rather  interesting.  At  a  Reynolds  num¬ 
ber  of  6.0  x  106,  flow  separation  was  observed  in  the 
stern  region.  Figure  2  shows  the  velocity  vectors  in  the 
stern  region  from  both  computation  and  experiment. 
The  correlation  is  good  except  at  the  axial  location 
X/L  —  0.89  where  the  experiment  shows  a  some¬ 

what  fuller  profile  near  the  body.  Figure  3  shows  the 
particle  traces  and  clearly  depicts  the  separation  bub¬ 
ble.  The  predicted  separation  location  is  about  1.5  cm 
(1.13  percent  of  body  length)  ahead  of  where  it  was 
observed  experimentally.  Figure  3  also  indicates  that 
the  size  of  the  bubble  is  predicted  correctly.  Figure  4 
shows  the  predicted  and  measured  pressure  distribu¬ 
tions  on  the  surface  of  the  stern.  The  surface  pressure 
begins  to  recover  as  the  flow  passes  the  shoulder  of  the 
afterbody  at  X/L  =  0.78  .  The  recovery  levels  off 
where  flow  separation  takes  place.  Figure  5  shows  the 
pressure  contours  in  the  stern  region. 

Case  2.  Flow  over  the  Body  with 
an  Operating  Propeller 

In  this  test  case,  the  propeller  was  operating  at 
J  =  0.47  and  V  =  4 m/s;  Ct  and  Cq  were  measured  as 
2.052  and  0.247,  respectively.  To  apply  the  body  force 
propeller  model,  the  circulation  G(r)  was  assumed  to 
be  distributed  over  the  disk  according  to: 

G(r)  =  r(l  —  r)1/2 


with  r  =  (y  -  yhub)/(RP  -  Vhub)-  The  propeller  was 
located  at  X/L  =  1.015. 

Figure  6  shows  the  comparison  of  predicted  and 
measured  velocity  vectors  in  the  stern  region.  The  pre¬ 
diction  confirms  that  the  separation  bubble  is  removed 
due  to  the  propeller  suction.  Experimental  data  in¬ 
dicate  stronger  downward  radial  velocities  at  all  four 
stations.  In  addition,  at  axial  locations  X/L  =  0.89 
and  X/L  =  0.93  the  predicted  velocity  profiles  are  less 
full  than  those  that  were  measured  near  the  body.  It  is 
found  from  computations  that  the  predictions  behind 
the  propeller  are  sensitive  to  the  circulation  distribu¬ 
tion  over  the  propeller  disk  and  the  axial  locations  at 
which  the  predictions  are  made.  Figure  7  shows  the 
particle  traces,  indicating  that  flow  contraction  takes 
place  immediately  in  front  of  and  behind  the  propeller 
disk.  Figure  8  shows  the  predicted  and  measured  pres¬ 
sure  distributions  on  the  surface  of  the  stern.  The  dif¬ 
ference  between  the  pressures  presented  in  Fig.  8  and 
Fig.  4  gives  the  amount  of  the  pressure  drag  on  the 
barebody  due  to  propeller  action.  The  added  drag  con¬ 
stitutes  the  major  part  of  the  thrust  deduction  fraction 
(t).  The  agreement  between  prediction  and  measure¬ 
ment  is  very  good.  This  is  an  indication  that  thrust 
deduction  (1  —  t)  can  be  predicted  correctly  with  this 
numerical  method.  Figure  9  shows  the  pressure  con¬ 
tours  in  the  stern  region;  the  pressure  jump  across  the 
propeller  plane  is  clear. 

Case  3.  Flow  over  the  Body  with  a  Ring  Wing 

An  intended  function  of  the  ring  wing  was  to  ac¬ 
celerate  the  flow  and  produce  thrust.  It  was  also  ex¬ 
pected  that  the  flow  separation  over  the  stern  would 
be  removed  once  the  ring  wing  was  in  place.  Figure  10 
shows  the  velocity  vectors  in  the  stern  region  from  both 
computation  and  experiment.  In  comparison  with  Fig. 
2,  it  can  be  seen  that  the  ring  wing  achieved  its  func¬ 
tion  in  accelerating  the  flow  and  removing  the  stern 
separation.  The  predicted  and  the  measured  velocity 
vectors  are  in  good  agreement.  Due  to  lack  of  details, 
the  experimental  data  failed  to  resolve  the  wake  struc¬ 
ture  behind  the  ring  wing.  Figure  11  shows  the  parti¬ 
cle  traces  and  there  is  no  detectable  flow  separation  on 
the  surface  of  either  the  body  or  the  ring  wing.  Figure 
12  shows  the  pressure  on  the  stern  surface.  Note  that 
the  predicted  surface  pressure  immediately  upstream 
of  the  ring  wing’s  leading  edge  at  X/L  =  0.93  is  some¬ 
what  higher  than  that  measured.  Figure  13  shows  the 
pressure  contours  in  the  stern  region.  Clearly  shown 
are  the  locations  of  the  pressure  and  suction  peaks  on 
the  ring  wing  surface. 
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Case  4.  Flow  over  the  Body  with  a  Ring  Wing 
and  an  Operating  Propeller 

In  this  test  case,  the  propeller  was  operating  at 
J  =  0.47  and  V  —  4m/s\  Cr  and  Cq  were  measured 
as  2.081  and  0.250,  respectively,  and  are  about  2  per¬ 
cent  higher  than  those  shown  in  Case  2.  Figure  14 
shows  the  comparison  of  predicted  and  measured  ve¬ 
locity  vectors  in  the  stern  region.  The  agreement  is 
quite  good.  Figure  15  shows  the  particle  traces.  It 
can  be  seen  that  flow  is  accelerated  as  it  passes  the 
ring  wing  and  is  contracted  as  it  passes  the  propeller 
disk.  Figure  16  shows  the  pressure  on  the  stern  sur¬ 
face.  The  discrepancy  between  the  predicted  and  mea¬ 
sured  pressure  immediately  upstream  of  the  ring  wing 
at  X/L  —  0.93  as  discussed  in  Case  3  is  present  here 
also.  The  difference  between  the  pressures  presented 
in  Fig.  16  and  Fig.  12  gives  the  amount  of  the  pres¬ 
sure  drag  on  the  body  due  to  the  propeller  action,  the 
agreement  between  the  prediction  and  measurement  is 
very  good,  despite  the  discrepancy  mentioned  above. 
Figure  17  shows  the  pressure  contours  in  the  stern  re¬ 
gion. 

VIII.  CONCLUSION 

A  numerical  method  based  on  a  finite-differencing 
high  resolution  second-order  accurate  implicit  upwind 
scheme  was  used  to  discretize  the  three-dimensional 
Navier-Stokes  equations.  Simulations  of  flow  over  an 
axisymmetric  body  with  a  compound  propulsor  sup¬ 
ported  in  a  square  water  tunnel  were  performed.  A 
body  force  type  propeller  model  was  used  to  simulate 
the  propeller  action.  Results  indicate  that  this  nu¬ 
merical  method  is  effective  and  accurate.  Observed 
flow  phenomena  such  as  separation,  acceleration  and 
contraction  were  realistically  predicted.  The  pressure 
drags  due  to  propeller  action  were  computed  correctly, 
A  ring  wing  may  affect  the  circulation  distribution  on 
the  propeller,  depending  on  its  proximity  to  the  pro¬ 
peller.  In  order  to  improve  the  predictions  further, 
an  iterative  procedure  described  in  section  IV  will  be 
explored  in  a  future  study. 
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Figure  1.  Schematic  Sketch  of  Test  Configuration 


Figure  2.  Velocity  Vectors  in  Stern  Region  for  Case  1 
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Figure  3.  Particle  Traces  for  Case  1 


Figure  4.  Pressure  Distribution  on  Stern  Surface 
for  Case  1 
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Figure  5.  Pressure  contours  in  Stern  Region 
for  Case  1 
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Figure  11.  Particle  Traces  for  Case  3 
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Figure  12.  Pressure  Distribution  on  Stern  Surface 
for  Case  3 
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Figure  15.  Particle  Traces  for  Case  4 
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Figure  13.  Pressure  contours  in  Stern  Region 
for  Case  3 
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Figure  16.  Pressure  Distribution  on  Stern  Surface 
for  Case  4 
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Figure  14.  Velocity  Vectors  at  Stem  Region 
for  Case  4 
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Figure  17.  Pressure  contours  in  Stern  Region 
for  Case  4 
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It  is  well  known  that  Navier  Stokes  solvers  may  have  difficulties  at 
high  Reynolds  numbers.  How  does  your  code  behave  at  full  scale 
Reynolds  numbers? 
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The  differencing  scheme  presented  in  this  paper  is  based  on 
hyperbolic  formulation,  assuming  that  at  high  Reynolds  numbers  the 
behavior  of  Navier-Stokes  equations  becomes  hyperbolic-like.  At 
present,  the  solver  has  been  used  to  simulate  flow  at  Reynolds 
number  15  X  106.  The  agreement  between  computation  and 
experiment  is  good.  No  convergence  problem  was  experienced. 
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The  results  presented  display  some  interesting  features  for  a  ducted 
propulsor;  however,  it  would  be  of  greater  interest  if  the  authors 
would  include  the  propulsor-hull  interaction,  i.e.,  make  full  use  of 
the  viscous-flow  approach  to  propulsor-hull  interaction  and 
demonstrated  in  Reference  [8]. 
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Session  VIII 
Viscous  Effects 


An  Interactive  Approach  for  Calculating  Ship  Boundary 
Layers  and  Wakes  for  Nonzero  Froude  Number 

Y.  Tahara,  F.  Stern 

(Iowa  Institute  of  Hydraulic  Research,  The  University  of  Iowa,  USA) 

B.  Rosen  (South  Bay  Simulations  Inc.,  USA) 


ABSTRACT 

An  interactive  approach  is  set  forth  for  calculating 
ship  boundary  layers  and  wakes  for  nonzero  Froude 
number.  The  Reynolds- averaged  Navier-Stokes  equa¬ 
tions  are  solved  using  a  small  domain  with  edge  condi¬ 
tions  matched  with  those  from  a  source-doublet-Dawson 
method  solved  using  the  displacement  body.  An 
overview  is  given  of  both  the  viscous-  and  inviscid-flow 
methods,  including  their  treatments  of  the  free- surface 
boundary  conditions  and  interaction  procedures.  Results 
are  presented  for  the  Wigley  hull,  including  comparisons 
for  zero  and  nonzero  Froude  number  and  with  available 
experimental  data  and  the  inviscid-flow  results,  which 
validate  the  overall  approach  and  enable  an  evaluation  of 
the  wave-boundary  layer  and  wake  interaction. 

NOMENCLATURE 


A(j),B(j),etc. 

Aij’Bij,aj,bjk 

CD,Cp,Cu,Cnb 


Cf 

Cp 

Cr 


Fr 

k 

L 

n 

R 

Re 

S 

SbjSg,etc. 

S(j),S 

t 

t 

u,v,w 


ux,vy,w 


z 


Uc 


coefficients  in  transport  equations 
influence  coefficients 

geometric  tensor 

finite-analytic  coefficients  (nb  =  NE, 
NW,  SE,  etc.) 

friction  coefficient  (=  2xw/pU^) 
pressure  coefficient 

residuary-resistance  coefficient  (= 

2R/pSU*) 

Froude  number  (=  Uo/VgL) 
conjugate  metric  tensor  in.general 
curvilinear  coordinates  Q 
turbulent  kinetic  energy 
characteristic  (ship)  length 
normal  unit  vector 
piezometric  pressure 
residuary  resistance 

Reynolds  number  (=  UoL/v) 
wetted  surface  area 
boundaries  of  the  solution  domain 

source  functions 

time;  arclength  in  tangential  direction 
tangent  unit  vector 
velocity  components  in  cylindrical 
polar  coordinates 
velocity  components  in  Cartesian 
coordinates 

wake  centerline  velocity 


U0 


UT 


uu,vv,etc. 

x,y,z 

x,r,0 

x+,y+,z'1' 


6* 


e 


T1 

v 


vt 

P 


a 

T  * 

%Tij 

Tw  J 


0 


Subscripts 


e 

o 

P 


characteristic  (freestream)  velocity 


wall- shear  velocity  (=  w/p) 


Reynolds  stresses 
Cartesian  coordinates 
cylindrical  polar  coordinates 
dimensionless  distances  (=  U^x/v, 
etc.) 

displacement  thickness 

rate  of  turbulent  energy  dissipation 

free-surface  elevation 

dipole  strength 

kinematic  viscosity 

eddy  viscosity 

body-fitted  coordinates 

density 

source  strength 
time  increment 

fluid-  and  external-stress  tensors 
wall-shear  stress 

transport  quantities  (U,  V,  W,  k,  e); 
velocity  potential 


edge  value 

freestream  or  zero  Fr  value 
inviscid-flow  value 


INTRODUCTION 

The  interaction  between  the  wavemaking  of  a 
ship  and  its  boundary  layer  and  wake  is  a  classic  and 
important  problem  in  ship  hydrodynamics.  Initially,  the 
interest  was  primarily  with  viscous  effects  on  wave 
resistance  and  propulsive  performance  due  to  the  lack  of 
Reynolds  number  (Re)  similarity  in  model  tests.  More 
recently,  also  of  interest  are  the  wave-boundary  layer  and 
wake  interaction  effects  on  the  details  of  ship  wakes  and 
wave  patterns  due  to  the  advent  of  satellite  remote  sens¬ 
ing.  The  present  study  is  central  to  the  aforementioned 
problems,  i.e.,  it  concerns  the  development  of  an  interac¬ 
tive  approach  for  calculating  ship  boundary  layers  and 
wakes  for  nonzero  Froude  number  (Fr).  Thus,  both  the 
effects  of  wavemaking  on  the  boundary  layer  and  wake 
and,  vice  versa,  the  effects  of  the  boundary  layer  and 
wake  on  wavemaking  are  included  in  the  theory, 
although  the  focus  here  is  somewhat  more  on  the  former. 
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Historically,  inviscid-flow  methods  have  been 
used  to  calculate  wavemaking  and  viscous-flow  methods 
the  boundary  layer  and  wake,  in  both  cases,  without 
accounting  for  the  interaction.  Recent  work  on  wave¬ 
making  has  focused  on  the  solution  of  the  so-called 
Neumann-Kelvin  problem  using  both  Rankine-  and 
Havelock- source  approaches.  Methods  implementing 
these  approaches  were  recently  competitively  evaluated 
and  ranked  by  comparing  their  results  with  towing-tank 
experimental  data  [1].  In  general,  the  methods  under- 
predicted  the  amplitude  of  the  divergent  bow  waves, 
were  lacking  in  high  wave-number  detail  in  the  vicinity 
of  the  bow- wave  cusp  line,  and  overpredicted  the  ampli¬ 
tudes  of  the  waves  close  to  the  stem.  These  difficulties 
were  primarily  attributed  to  nonlinear  and  viscous 
effects.  The  methods  using  the  Havelock- source 
approach  generally  outperformed  those  using  the 
Rankine-source  approach,  except  with  regard  to  the  near¬ 
field  results  (i.e.,  within  one  beam  length  of  the  model) 
for  which  one  of  the  the  latter  methods  [2]  was  found  to 
be  far  superior. 

Considerable  effort  has  been  put  forth  in  the 
development  of  viscous-flow  methods  for  ship  boundary 
layers  and  wakes.  Initially,  three-dimensional  integral 
and  differential  boundary-layer  equation  methods  were 
developed;  however,  these  were  found  to  be  inapplicable 
near  the  stem  and  in  the  wake.  More  recently,  efforts 
have  been  directed  towards  the  development  of  Navier- 
Stokes  (NS)  and  Reynolds-averaged  Navier-Stokes 
(RANS)  equation  methods;  hereafter  both  of  these  will 
simply  be  referred  to  as  RANS  equation  methods.  At 
present,  the  status  of  these  methods  is  such  that  practical 
ship  geometries  can  be  considered,  including  complexi¬ 
ties  such  as  appendages  and  propellers.  Comparisons 
with  experimental  data  indicate  that  many  features  of  the 
flow  are  adequately  simulated;  however,  turbulence 
modeling  and  grid  generation  appear  to  be  pacesetting 
issues  with  regard  to  future  developments  (see,  e.g.,  the 
review  by  Patel  [3]  and  the  Proceedings  of  the  5th 
International  Conference  on  Numerical  Ship 
Hydrodynamics  [4]). 

Relatively  little  work  has  been  done  on  the  inter¬ 
action  between  wavemaking  and  boundary  layer  and 
wake.  Most  studies  have  focused  separately  on  either 
the  effects  of  viscosity  on  wavemaking  or  the  effects  of 
wavemaking  (i.e.,  waves)  on  the  boundary  layer  and 
wake.  Professor  Landweber  and  his  students  have  both 
demonstrated  experimentally  the  dependence  of  wave 
resistance  on  viscosity  and  shown  computationally  that 
by  including  the  effects  of  viscosity  in  inviscid-flow  cal¬ 
culations  of  wave  resistance  better  agreement  with  exper¬ 
imental  data  is  obtained  (most  recently,  [5]).  Such 
effects  have  been  confirmed  by  others,  including  other 
more  detailed  aspects  of  the  flow  field  such  as  surface- 
pressure  distributions  and  wave  profiles  and  patterns  [6]. 

Most  studies  concerning  the  effects  of  waves  on 
boundary  layer  and  wake  have  been  of  an  approximate 
nature  utilizing  integral  methods  and  assuming  small- 
crossflow  conditions  (see  Stem  [7]  for  a  more  complete 
review,  including  references).  In  [7,8],  experiment  and 
theory  are  combined  to  study  the  fundamental  aspects  of 
the  problem  utilizing  a  unique,  simple  model  and 
computational  geometry,  which  enabled  the  isolation  and 
identification  of  certain  important  features  of  the  wave- 
induced  effects.  In  particular,  the  variations  of  the  wave- 
induced  piezometric-pressure  gradients  are  shown  to 
cause  acceleration  and  deceleration  phases  of  the 


streamwise  velocity  component  and  alternating  direction 
of  the  crossflow,  which  results  in  large  oscillations  of 
the  displacement  thickness  and  wall-shear  stress  as  com¬ 
pared  to  the  no- wave  condition.  For  the  relatively  simple 
geometry  studied,  first-order  boundary-layer  calculations 
with  a  symmetry-condition  approximation  for  the  free- 
surface  boundary  conditions  were  shown  to  be  satisfac¬ 
tory;  however,  extensions  of  the  computational  approach 
for  practical  geometries  were  not  successful  [9]. 

Miyata  et  al.  [10]  and  Hino  [11]  have  pursued  a 
comprehensive  approach  to  the  present  problem  in  which 
the  NS  equations  (sub-grid  scale  and  Reynolds  aver¬ 
aged,  respectively)  are  solved  using  a  large  domain  with 
approximate  free- surface  boundary  conditions.  In  both 
cases,  the  basic  algorithms  closely  follow  those  of  MAC 
[12]  and  SUMMAC  [13].  However,  [10]  uses  a  time- 
dependent  free-surface  conforming  grid,  whereas  [11] 
uses  a  fixed  grid  which  does  not  conform  to  the  free  sur¬ 
face.  The  results  from  both  approaches  are  promising, 
but,  thus  far,  have  had  difficulties  in  accurately  resolving 
the  boundary-layer  and  wake  regions  and  ,  in  the  case  of 
[10],  have  been  limited  to  low  Re. 

The  present  interactive  approach  is  also  compre¬ 
hensive.  Two  of  the  leading  inviscid-  [2]  and  viscous- 
flow  [14]  methods  are  modified  and  extended  for  inter¬ 
active  calculations  for  ship  boundary  layers  and  wakes 
for  nonzero  Fr.  The  interaction  procedures  are  based  on 
extensions  of  those  developed  by  one  of  the  authors  for 
zero  Fr  [15].  The  work  of  [7,8,15]  is  precursory  to  the 
present  study.  Also,  it  should  be  mentioned  that  the 
present  study  is  part  of  a  large  project  concerning  free- 
surface  effects  on  boundary  layers  and  wakes.  Some  of 
the  related  studies  under  this  project  will  be  referenced 
later. 

In  the  following,  an  overview  is  given  of  both 
the  viscous-  and  inviscid-flow  methods,  with  particular 
emphasis  on  their  treatments  of  the  free-surface 
boundary  conditions  and  the  interaction  procedures. 
Results  are  presented  for  the  Wigley  hull,  including 
comparisons  for  zero  and  nonzero  Fr  and  with  available 
experimental  data  and  inviscid-flow  results,  which 
validate  the  overall  approach  and  enable  an  evaluation  of 
the  wave-boundary  layer  and  wake  interaction.  In  the 
presentation  of  the  computational  methods  and  results 
and  discussions  to  follow,  variables  are  either  defined  in 
the  text  or  in  the  NOMENCLATURE  and  are 
nondimensionalized  using  the  ship  length  L,  freestream 
velocity  UQ,  and  fluid  density  p. 

COMPUTATIONAL  METHODS 

Consider  the  flow  past  a  ship-like  body,  moving 
steadily  at  velocity  UQ,  and  intersecting  the  free  surface 
of  an  incompressible  viscous  fluid.  As  depicted  in  figure 
1,  the  flow  field  can  be  divided  into  four  regions  in  each 
of  which  different  or  no  approximations  can  be  made  to 
the  governing  RANS  equations:  region  1  is  the  inviscid 
flow;  region  2  is  the  bow  flow;  region  3  is  the  thin 
boundary  layer;  and  region  4  is  the  thick  boundary  layer 
and  wake.  The  resulting  equations  for  regions  1  and  3 
and  their  interaction  (or  lack  of  one)  are  well  known. 
Relatively  little  is  known  about  region  2.  Recent  exper¬ 
iments  concerning  scale  effects  on  near-field  wave 
patterns  have  indicated  a  Re  dependency  for  the  bow 
wave  both  in  amplitude  and  divergence  angle  [16]; 
however,  this  aspect  of  the  problem  is  deferred  for  later 
study.  Herein,  we  are  primarily  concerned  with  the  flow 
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in  region  4  and  its  interaction  with  that  in  region  1 .  As 
discussed  earlier,  the  description  of  the  flow  in  region  4 
requires  the  solution  of  the  complete  RANS  equations 
(or,  in  the  absence  of  flow  reversal,  the  so-called 
partially-parabolic  RANS  equations,  however,  this 
simplification  will  not  be  considered  here). 

There  are  two  possible  approaches  to  the  solution 
of  the  RANS  equations:  a  global  approach,  in  which  one 
set  of  governing  equations  appropriate  for  both  the 
inviscid-  and  viscous-flow  regions  are  solved  using  a 
large  solution  domain  so  as  to  capture  the  viscous-invis- 
cid  interaction;  and  an  interactive  approach,  in  which  dif¬ 
ferent  sets  of  governing  equations  are  used  for  each 
region  and  the  complete  solution  obtained  through  the 
use  of  an  interaction  law,  i.e.,  patching  or  matching 
conditions.  Both  approaches  are  depicted  in  figure  1. 
The  former  approach  is  somewhat  more  rigorous 
because  it  does  not  rely  on  the  patching  conditions  that 
usually  involve  approximations.  Nonetheless,  for  a 
variety  of  reasons,  both  types  of  approaches  are  of  inter¬ 
est.  In  [15],  both  approaches  were  evaluated  for  zero  Fr 
by  comparing  interactive  and  large-domain  solutions  for 
axisymmetric  and  simple  three-dimensional  bodies  using 
the  same  numerical  techniques  and  algorithms  and  turbu¬ 
lence  model.  It  is  shown  that  both  approaches  yield  sat¬ 
isfactory  results,  although  the  interaction  solutions 
appear  to  be  computationally  more  efficient.  As  men¬ 
tioned  earlier,  the  present  study  utilizes  the  interactive 
approach.  This  takes  advantage  of  the  latest  develop¬ 
ments  in  both  the  inviscid-  and  viscous-flow  technolo¬ 
gies;  however,  a  large-domain  solution  for  the  present 
problem  is  also  of  interest  and  a  comparative  evaluation 
as  was  done  previously  for  zero  Fr  is  planned  for  study 
under  the  present  project  for  nonzero  Fr. 

Viscous-Inviscid  Interaction 


5 


d  Up 

for  the  keelplane  and  waterplane  at  each  station  are  con¬ 
nected  by  a  second  order  polynomial. 

In  summary,  the  inviscid-flow  solution  is 
obtained  for  the  displacement  body  5*.  This  solution 
then  provides  the  boundary  conditions  for  the  viscous- 
flow  solution,  i.e. 

U(S0)  =  Up(S0)  =  Ue  W(S0)=Wp(S0)=We 

P(So)  =  Pp(S0)  =  Pe  (2) 

Because  8*  and  Vp  (S0)  are  not  known  a  priori,  an  initial 
guess  must  be  provided  and  the  complete  solution 
obtained  by  iteratively  updating  the  viscous-  and 
inviscid-flow  solutions  until  the  patching  conditions  (1) 
and  (2)  are  satisfied. 

Viscous  Flow 

The  viscous  flow  is  calculated  using  the  large- 
domain  method  of  Patel  et  al.  [14],  modified  and 
extended  for  interactive  calculations  and  to  include  free- 
surface  boundary  conditions.  The  details  of  the  basic 
method  are  provided  by  [14].  Herein,  an  overview  is 
given  as  an  aid  in  understanding  the  present 
modifications  and  extensions. 

Equations  and  Coordinate  System 

The  RANS  equations  are  written  in  the  physical 
domain  using  cylindrical  coordinates  (x,r,0)  as  follows: 


Referring  to  figure  1,  there  are  two  primary  dif¬ 
ferences  between  the  interactive  and  large-domain 
approaches  with  regard  to  the  solution  of  the  RANS 
equations:  (1)  the  size  of  the  solution  domain,  i.e.,  the 
placement  of  the  outer  boundary  S0;  and  (2)  the  bound¬ 
ary  (i.e.,  edge)  conditions  specified  thereon.  For  the 
large-domain  solution,  uniform-flow  and  wave-radiation 
conditions  are  appropriate,  whereas  the  interaction  solu¬ 
tion  requires  the  specification  of  the  match  boundary 
(i.e.,  S0)  as  well  as  an  interaction  law,  and  also  a  method 
for  calculating  the  inviscid  flow. 

In  the  present  study,  solutions  were  obtained 
with  the  match  boundary  at  about  25,  where  8  is  the 
boundary-layer  and  wake  thickness.  The  interaction  law 
is  based  on  the  concept  of  displacement  thickness  8*.  A 
three-dimensional  5*  for  a  thick  boundary  layer  and 
wake  can  be  defined  unambiguously  by  the  two  require¬ 
ments  that  it  be  a  stream  surface  of  the  inviscid  flow 
continued  from  outside  the  boundary  layer  and  wake  and 
that  the  inviscid-flow  discharge  between  this  surface  and 
any  stream  surface  exterior  to  the  boundary  layer  and 
wake  be  equal  to  the  actual  discharge  between  the  body 
and  wake  centerplane  and  the  latter  stream  surface.  A 
method  for  implementing  this  definition  for  practical 
geometries  is  presently  under  development  [17];  how¬ 
ever,  in  lieu  of  this,  an  approximate  definition  is  used  in 
which  two-dimensional  definitions  for  5*,  i.e. 
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Closure  of  the  RANS  equations  is  attained 
through  the  use  of  the  standard  k-e  turbulence  model 
without  modifications  for  free-surface  effects.  The  lim¬ 
ited  experimental  data  available  for  surface-piercing 
bodies  [18]  indicate  that,  near  a  free  surface,  the  normal 
component  of  turbulence  is  damped  and  the  longitudinal 
and  transverse  components  are  increased.  This  effect 
has  also  been  observed  in  open-channel  flow  [19]  and  in 
recent  measurements  for  free-surface  effects  on  the  wake 
of  a  submerged  flat  plate  [20]  and  a  plane  jet  [21].  Such 
a  turbulence  structure  cannot,  in  fact,  be  simulated  with 
an  isotropic  eddy  viscosity  turbulence  model  like  the 
present  one;  however,  this  aspect  of  the  problem  is 
deferred  for  later  study. 


In  the  standard  k-e  turbulence  model,  each 
Reynolds  stress  is  related  to  the  corresponding  mean  rate 
of  strain  by  the  isotropic  eddy  viscosity  Vt  as  follows: 


.  iau  aw, 
ae  +  *) 


_  .  1  av  aw  w, 

1  r  ae  ar  r  > 


The  effective  Reynolds  number  R(f>  is  defined  as 


J_  =  J_+^L 

R<)>  Re  C(|) 


02) 


in  which  <J)  =  k  for  the  k-equation  (9)  and  <|)  =  £  for  the  e- 
equation  (10).  The  model  constants  are:  Cp  =  .09,  Cgi 
=  1.44,  Ce2  =  1.92,  au  =  <*V  =  aw  =  <*k  =  h  ae  = 
1.3. 


The  governing  equations  (3)  through  (12)  are 
transformed  into  nonorthogonal  curvilinear  coordinates 
such  that  the  computational  domain  forms  a  simple  rect¬ 
angular  parallelepiped  with  equal  grid  spacing.  The 
transformation  is  a  partial  one  since  it  involves  the  coor¬ 
dinates  only  and  not  the  velocity  components  (U,V,W). 
The  transformation  is  accomplished  through  the  use  of 
the  expression  for  the  divergence  and  "chain-rule"  defi¬ 
nitions  of  the  gradient  and  Laplacian  operators,  which 
relate  the  orthogonal  curvilinear  coordinates  x*  =  (x,r,0) 
to  the  nonorthogonal  curvilinear  coordinates  41  = 
(|,tj,Q.  In  this  manner,  the  governing  equations  (3) 
through  (12)  can  be  rewritten  in  the  following  form  of 
the  continuity  and  convective-transport  equations 
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Vt  is  defined  in  terms  of  the  turbulent  kinetic  energy  k 
and  its  rate  of  dissipation  e  by 
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where  Cp  is  a  model  constant  and  k  and  e  are  governed 
by  the  modeled  transport  equations 
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G  is  the  turbulence  generation  term 


(10) 


Discretization  and  Velocity-Pressure  Coupling 

The  convective- transport  equations  (14)  are 
reduced  to  algebraic  form  through  the  use  of  a  revised 
and  simplified  version  of  the  finite-analytic  method.  In 
this  method,  equations  (14)  are  linearized  in  each  local 
rectangular  numerical  element,  A£  =  Ar)  =  A£  =  1,  by 
evaluating  the  coefficients  and  source  functions  at  the 
interior  node  P  and  transformed  again  into  a  normalized 
form  by  a  simple  coordinate  stretching.  An  analytic 
solution  is  derived  by  decomposing  the  normalized 
equation  into  one-  and  two-dimensional  partial-differen¬ 
tial  equations.  The  solution  to  the  former  is  readily 
obtained.  The  solution  to  the  latter  is  obtained  by  the 
method  of  separation  of  variables  with  specified  bound¬ 
ary  functions.  As  a  result,  a  twelve-point  finite- analytic 
formula  for  unsteady,  three-dimensional,  elliptic  equa¬ 
tions  is  obtained  in  the  form 
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V-n  =  0 


(16) 


<t>P  = - (X  Qib  <l>nb 

1  +  Cp[Cu  +  CD  +  -]  1 

T 

+  Cp(Cu<t>U  +  Cd<I>D  +  —  <t>S' 1  -  S) }  (15) 

X  r 

It  is  seen  that  (f>p  depends  on  all  eight  neighboring  nodal 
values  in  the  crossplane  as  well  as  the  values  at  the 
upstream  and  downstream  nodes  0U  and  <f>o,  and  the 
values  at  the  previous  time  step  ^  .  For  large  values  of 
the  cell  Re,  equation  (15)  reduces  to  the  partially- 
parabolic  formulation  which  was  used  previously  in 
other  applications.  Since  equations  (15)  are  implicit, 
both  in  space  and  time,  at  the  current  crossplane  of 
calculation,  their  assembly  for  all  elements  results  in  a  set 
of  simultaneous  algebraic  equations.  If  the  pressure  field 
is  known,  these  equations  can  be  solved  by  the  method 
of  lines.  However,  since  the  pressure  field  is  unknown, 
it  must  be  determined  such  that  the  continuity  equation  is 
also  satisfied. 

The  coupling  of  the  velocity  and  pressure  fields 
is  accomplished  through  the  use  of  a  two-step  iterative 
procedure  involving  the  continuity  equation  based  on  the 
SIMPLER  algorithm.  In  the  first  step,  the  solution  to  the 
momentum  equations  for  a  guessed  pressure  field  is  cor¬ 
rected  at  each  crossplane  such  that  continuity  is  satisfied. 
However,  in  general,  the  corrected  velocities  are  no 
longer  a  consistent  solution  to  the  momentum  equations 
for  the  guessed  Thus,  the  pressure  field  must  also  be 
corrected.  In  the  second  step,  the  pressure  field  is 
updated  again  through  the  use  of  the  continuity  equation. 
This  is  done  after  a  complete  solution  to  the  velocity  field 
has  been  obtained  for  all  crossplanes.  Repeated  global 
iterations  are  thus  required  in  order  to  obtain  a  converged 
solution.  The  procedure  is  facilitated  through  the  use  of 
a  staggered  grid.  Both  the  pressure-correction  and  pres¬ 
sure  equations  are  derived  in  a  similar  manner  by  substi¬ 
tuting  equation  (15)  for  (U,V,W)  into  the  the  discretized 
form  of  the  continuity  equation  (13)  and  representing  the 
pressure- gradient  terms  by  finite  differences. 

Solution  Domain  and  Boundary  Conditions 

The  solution  domain  is  shown  in  figure  1.  In 
terms  of  the  notation  of  figure  1,  the  boundary  condi¬ 
tions  on  each  of  the  boundaries  are  as  follows.  On  the 
inlet  plane  Sj.  the  initial  conditions  for  <|>  are  specified 
from  simple  “Flat-plate  and  the  inviscid-flow  solutions. 
On  the  body  surface  Sfr,  a  two-point  wall-function 
approach  is  used.  On  the  symmetry  plane  S_k,  the 
conditions  imposed  are  0(U,V,£,k,e)/80  =  W  =  0.  On 
the  exit  plane  Se,  axial  diffusion  is  negligible  so  that  the 
exit  conditions  used  are  d2$/dx2  =  0,  and  a  zero-gradient 
condition  is  used  for  On  the  outer  boundary  the 
edge  conditions  are  specified  according  to  (2),  i.e., 
(U,W,£)  =  (Ue,We,£e)  and  3(k,e)/3r  =  0,  where 
(Ue,We,^e)  are  obtained  from  the  inviscid-flow  solution 
evaluated  at  the  match  boundary  S0. 

On  the  free-surface  Sa(or  simply  T|),  there  are 
two  boundary  conditions,  i.e. 


and 

* 

Xynj  =  T^jllj  (17) 

where  n  is  the  unit  normal  vector  to  the  free  surface  and 
Tij  and  T*j  are  the  fluid-  and  external-stress  tensors, 
respectively,  the  latter,  for  convenience,  including 
surface  tension.  The  kinematic  boundary  condition 
expresses  the  requirement  that  r|  is  a  stream  surface  and 
the  dynamic  boundary  condition  that  the  normal  and 
tangential  stresses  are  continuous  across  it.  Note  that  T] 
itself  is  unknown  and  must  be  determined  as  part  of  the 
solution.  In  addition,  boundary  conditions  are  required 
for  the  turbulence  parameters,  k  and  e;  however,  at 
present,  these  are  not  well  established. 

In  the  present  study,  the  following  approxima¬ 
tions  were  made  in  employing  (16)  and  (17):  (a)  the 
external  stress  and  surface  tension  were  neglected;  (b) 
the  normal  viscous  stress  and  both  the  normal  and  tan¬ 
gential  Reynolds  stresses  were  neglected;  (c)  the  curva¬ 
ture  of  the  free  surface  was  assumed  small  and  the  tan¬ 
gential  gradients  of  the  normal  velocity  components  were 
neglected  in  the  tangential  stresses;  and  (d)  the  wave  ele¬ 
vation  was  assumed  small  such  that  both  (16)  and  (17) 
were  represented  by  first-order  Taylor  series  expansions 
about  the  mean  wave-elevation  surface  (i.e.,  the  water- 
plane  Sw).  Subject  to  these  approximations,  (16)  and 
(17)  reduce  to  the  following: 


(Uxfix  +  VyTjy"  Wz) 


(18) 


(KSW)  =  T]/Fr2  -  tj 


dj_ 

dz 
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where  Cartesian  coordinates  (x,y,z)  have  been  used  in 
(18)  and  (19).  Conditions  (18)  through  (20)  were 
implemented  numerically  as  follows.  The  kinematic 
condition  (18)  was  used  to  solve  for  the  unknown  free- 
surface  elevation  r|  by  expressing  the  derivatives  in 
finite-difference  form  and  T]  in  terms  of  its  difference 
from  an  assumed  (or  previous)  value.  A  backward  dif¬ 
ference  was  used  for  the  x-derivative,  a  central  difference 
for  the  y-derivative,  and  the  inviscid-flow  rjp  was  used 
as  an  initial  guess.  The  dynamic  conditions,  (19)  and 
(20),  were  used  in  conjunction  with  the  solution  for  rj  in 
solving  the  pressure  and  momentum  and  turbulence 
model  equations,  respectively.  Backward  differences 
were  used  for  the  z-  and  9-derivatives. 

Inviscid  Flow 


The  inviscid  flow  is  calculated  using  the  method 
of  Rosen  [2],  i.e.,  the  SPLASH  computer  code.  The 
method  is  an  extended  version  of  the  basic  panel  method 
of  Maskew  [22,23]  originally  developed  for  the  predic¬ 
tion  of  subsonic  aerodynamic  flows  about  arbitrary  con¬ 
figurations,  modified  to  include  the  presence  of  a  free 
surface  and  gravity  waves  both  for  submerged  and 
surface-piercing  bodies.  As  is  the  case  with  the  basic 
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method,  lifting  surfaces  and  their  associated  wake 
treatments  as  well  as  wall  boundaries  are  included; 
however,  the  present  overview  and  calculations  are  for 
nonlifting  unbounded  flow  (see  [24]  for  SPLASH 
results  for  lifting  flow).  The  details  of  the  basic  method 
are  provided  by  [22,23].  Herein,  an  overview  is  given 
as  an  aid  in  understanding  the  extensions  for  the 
inclusion  of  the  free  surface  and  gravity  waves  and  the 
present  interaction  calculations. 

The  flow  is  assumed  irrotational  such  that  the 
governing  differential  equation  is  the  Laplace  equation 

V2<|>  =  0  (21) 

where  <|>  is  the  external  perturbation  velocity  potential, 
i.e. 

Vp  =  U0x  +  V<>  (22) 

A  solution  for  <j>  may  be  obtained  by  defining  also  an 
internal  perturbation  potential  ([)i  and  applying  Green’s 
theorem  to  both  the  inner  and  outer  regions  and 
combining  the  resulting  expressions  to  obtain 


where  RpQ  is  the  distance  from  the  surface  point  Q  to  the 
field  point  P  and  [i  =  (|>i  -  <J)  and  a  =  0(<[)  -  <l>i)/dnQ  are  the 
dipole  and  source  strengths,  respectively.  In  [22],  the 
nature  of  solutions  to  (23)  is  investigated  for  two  dif¬ 
ferent  specifications  for  <j>i,  i.e.,  <|)i  =  0  and  U0x.  In  both 
cases,  (23)  is  solved  for  the  surface  potential  (i.e., 
<t>(Sb))  by  representing  the  body  by  flat  quadrilateral 
panels  over  which  |i  and  a  are  assumed  constant  and  uti¬ 
lizing  the  far-field  <{>  — >  0  and  body  9<|>/0n  =  -  Uonx 
boundary  conditions.  The  zero  internal  perturbation 
potential  formulation  (4>i  =  0)  is  shown  to  produce 
"results  of  comparable  accuracy  to  those  from  higher- 
order  methods  for  the  same  density  of  control  points." 
In  this  case,  the  velocity  normal  to  the  external  surface 
Vn  is 

vn  =  U0nx  +  94>/an  =  UGnx  +  a  (24) 

and,  the  velocity  tangent  to  the  external  surface  Vt  is 

Vt  =  U0tx  +  dty/dt  =  U0tx  -  d\i/dt  (25) 

where  tx  is  the  x-component  of  a  tangent  vector  and  t  is 
arclength  in  a  tangential  direction.  For  solid  surfaces,  Vn 
is  usually  zero,  but  it  may  be  a  specified  nonzero  value  to 
simulate  body  motion,  boundary-layer  growth,  inflow 
and  outflow,  control- surface  deflection,  etc.  Hence,  in 
the  basic  method,  (24)  is  used  to  evaluate  the  source 
strengths  directly.  The  corresponding  doublet  strengths 
are  then  given  by  solution  of  the  discretized  form  of 
(23).  Values  of  Vt  are  subsequently  computed  using 
(25)  with  a  central  difference  for  the  t-derivative.  It 
should  be  recognized  that  the  so-called  zero  internal 
perturbation  formulation  is,  in  fact,  equivalent  to 
methods  based  on  Green’s  third  formula  applied  directly 
to  the  external  perturbation  potential  (e.g.,  [25]). 


In  the  SPLASH  code,  the  internal  zero-perturba¬ 
tion  boundary  condition  is  satisfied  not  only  inside  the 
submerged  portion  of  the  configuration,  but  also  on  the 
"other  side”  of  a  finite  portion  of  the  free  surface.  Both 
are  represented  by  source-doublet  singularity  panels  and 
flow  leakage  from  one  side  of  the  free-surface  to  the 
other,  at  the  free-surface  outer  boundary,  is  assumed  to 
be  negligible.  This  assumption  is  valid  if  the  outer 
boundary  of  the  free  surface  is  sufficiently  far  from  the 
configuration,  and  if  wave  disturbances  are  eliminated 
before  reaching  the  free-surface  outer  boundary.  In  this 
case,  the  discretized  form  of  (23)  is 

<t>i=  X  Aij  Jij  +  X  Bu  aj  = 0  <26) 

Sb  +  Sw  sb  4-  Sw 

The  free-surface  shape  is  determined  by 
representing  the  undisturbed  free  surface  by  panels, 
whereupon  free-surface  boundary  conditions  linearized 
with  respect  to  zero  Fr  are  imposed  [26],  The  zero  Fr 
velocities,  U0,  V0,  and  W0,  are  obtained  by  first 
considering  all  free-surface  panels  as  solid  and  fixed  (in 
contrast  to  a  traditional  approach  which  employs  the 
double  panel  or  image  model).  The  nonzero  Fr  velocities 
are  then  expressed  as  small  increments  to  those  for  zero 
Fr.  The  velocities  tangent  and  normal  to  a  free-surface 
panel  are,  respectively 

UX«U0  +  AU  Vy  ~  V0  +  AV  (27) 
and 

Vn  =  Wz  *  WD  +  AW  *  AW  (28) 

since  W0  =  0  for  a  free-surface  panel.  Through 
Bernoulli’s  equation,  the  pressure  on  free-surface  panels 
is  a  function  of  local  velocity,  and  is  approximated  by 
retaining  only  first-order  incremental  velocity  terms 

P  =2  j  1  "  (U*  +  Vy  +  W^)  | 

4jl  -(U2  +  V2)  j-{  U0  AU  +  V0  AV  } 

»±{l  -(U2  +  V2)}-{  U0  (Ux-U0) 

+  V0(Vy-V0)}  (29) 

Free-surface  boundary  conditions  are  linearized 
in  a  similar  manner,  retaining  only  first-order  incremental 
velocity  and  surface-elevation  terms.  The  kinematic  free- 
surface  boundary  condition  (18)  is  approximated  by 

wz  =  vn  =  U0  11x  +  VD  Tly  =  (U2  +  V2)1'2  Tlso  (30) 


where  the  subscript  s0  denotes  differentiation  along  a 
zero  Fr  streamline.  The  dynamic  free-surface  boundaiy 
condition  (19),  after  differentiation  along  s0,  and  substi¬ 
tuting  for  rjso  from  (30),  becomes 

^P_^J - Y* -  (31) 

ds0  Fr2  (U2  +  V2)l/2 
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A  five-point  backward  difference  is  used  in  the  £  and  T| 
directions,  and  the  free-surface  grid  metrics,  are  used  to 
compute  the  pressure  gradient 
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dy 
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')  +  V„  ( 
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(U02  +  V2)'/2 


(32) 


viscous  calculation.  For  this  purpose,  the  equivalent 
displacement  body  is  treated  as  a  solid  fixed  surface. 
The  inviscid  flow  velocities  required  for  the  next  viscous 
flow  calculation,  at  off-body  points  on  the  viscous  grid 
outer  boundary  SG,  are  obtained  using  the  computed 
source-doublet  solution  and  velocity  influence 
coefficients.  A  sub-panel  velocity  influence-coefficient 
algorithm  was  developed  which  utilizes  a  bilinear  varia¬ 
tion  of  source  and  doublet  strength  across  each  panel. 
The  continuous  variation  of  source  and  doublet  strength 
on  each  panel,  and  across  panel  edges,  enhances  the 
accuracy  of  off-body  velocity  calculations  at  points  close 
to  any  body  and/or  free-surface  panels. 

WIGLEY  HULL  GEOMETRY  AND 
EXPERIMENTAL  INFORMATION 


The  pressure-gradient  algorithm  is  structured  to  permit 
the  use  of  any  blocked  free-surface  grid  arrangement. 
Also,  using  less  than  a  five-point  backward  difference 
tends  to  dampen  wave  amplitudes.  This  wave-damping 
mechanism  is  employed  on  panels  near  the  outer 
boundary  of  the  finite  free-surface  model,  so  that  wave 
disturbances  are  eliminated  before  reaching  the  free- 
surface  outer  boundary. 

At  this  point,  a  sufficient  number  of  linear 
dependencies  have  been  established  to  permit  the  elimi¬ 
nation  of  the  unknown  free-surface  source  strengths  in 
(26),  i.e.,  (24)  relates  source  strength  to  panel  normal 
velocity,  (31)  relates  free-surface  panel  normal  velocity 
to  streamwise  pressure  gradient,  (32)  with  backward 
differences  relates  streamwise  pressure  gradient  to  free- 
surface  pressures,  (29)  relates  free-surface  pressure  to 
free-surface  panel  tangential  velocities,  (25)  relates  panel 
tangential  velocities  to  the  local  surface  gradient  of  dou¬ 
blet  strength,  and  central  differences  relate  the  local 
surface  gradient  of  doublet  strength  to  doublet  strengths. 
Hence,  free-surface  source  strengths  can  be  expressed  as 
a  linear  combination  of  free-surface  doublet  strengths, 
i.e. 

=  aj  ^jk  H'k  (33) 

S  w 

Substituting  for  Oj  from  (33)  into  (26)  yields 

4>i=  2>ij^  +  X  BijOj 

Sb  +  Sw  Sb 

Bij  (aj  +X  bjk  Hk)  (34) 

sw 

Sw 

With  free-surface  source  strengths  eliminated, 
and  source  strengths  on  the  solid  body  evaluated 
directly,  solution  of  (34)  yields  the  corresponding  dou¬ 
blet  strengths.  The  free-surface  source  strengths  are  then 
given  by  (33),  and  (24)  and  (25)  are  used  to  compute  the 
resulting  velocities  on  both  body  and  free-surface  panels. 
Pressures  on  free-surface  panels  are  given  by  (29).  A 
similar  linearized  formula  is  used  for  pressures  acting  on 
body  panels,  and  configuration  forces  and  moments  are 
obtained  by  panel  pressure  integration. 

For  interactive  calculations,  the  SPLASH  code 
calculates  the  inviscid  free-surface  flow  about  the 
equivalent  displacement  body  resulting  from  the  previous 


The  Wigley  parabolic  hull  was  selected  for  the 
initial  calculations  since  the  geometry  is  relatively  simple 
and  it  has  been  used  in  many  previous  computational  and 
experimental  studies.  In  particular,  it  is  one  of  the  two 
hulls,  the  other  being  the  Series  60  Cb  =  .6  ship  model, 
selected  by  the  Cooperative  Experimental  Program 
(CEP)  of  the  Resistance  and  Flow  Committee  of  the 
International  Towing  Tank  Conference  [27]  for  which 
extensive  global  (total,  wave  pattern,  and  viscous  resis¬ 
tance,  mean  sinkage  and  trim,  and  wave  profiles  on  the 
hull)  and  local  (hull  pressure  and  wall  shear-stress  distri¬ 
butions  and  velocity  and  turbulence  fields)  measurements 
were  reported.  It  was  for  these  same  reasons  that  the 
Wigley  hull  was  selected  as  the  first  test  case  of  the  basic 
viscous-flow  method  [14],  including  comparisons  with 
some  of  the  zero  Fr  data  of  the  CEP.  Herein,  compar¬ 
isons  are  made  for  zero  Fr  with  this  same  data  and  for 
nonzero  Fr  with  the  appropriate  data  of  the  CEP.  As  will 
be  shown  later,  the  nonzero  Fr  data  is  not  as  complete  or 
of  the  same  quality  as  that  for  zero  Fr,  which  was  the 
motivation  for  a  related  experimental  study  for  the  Series 
60  Cg  =  .6  ship  model  [28]  for  which  calculations  and 
comparisons  are  in  progress.  However,  the 
comparisons  are  still  useful  in  order  to  validate  the 
present  interactive  approach  and  display  the 
shortcomings  of  both  the  computations  and  experiments. 

The  coordinates  of  the  Wigley  hull  are  given  by 

y  =  |{4x(l-x)){l-(z/d)2}  (35) 

where  B  =  .1  and  d  =  .0625.  Waterplane  and  typical 
crossplane  views  are  shown  in  figure  2. 

RESULTS 

In  the  following,  first,  the  computational  grids 
(figures  2  and  3)  and  conditions  are  described.  Then, 
some  example  results  are  presented  and  discussed  for 
zero  Fr,  followed  by  those  for  nonzero  Fr,  including 
wherever  possible  comparisons  with  available  experi¬ 
mental  data,  and,  in  the  latter  case,  with  inviscid-flow 
results.  The  convergence  history  of  the  pressure  is 
shown  in  figure  4.  Figure  5  provides  a  comparison  of 
the  large-domain  and  interactive  solutions.  The  free-sur¬ 
face  perspective  view  and  contours,  wave  profile,  and 
surface-pressure  profiles  and  contours  are  shown  in  fig¬ 
ures  6  through  10,  respectively.  The  axial-velocity  con¬ 
tours,  crossplane- velocity  vectors,  and  pressure,  axial- 
vorticity,  and  turbulent  kinetic  energy  contours  for  sev¬ 
eral  representative  stations  are  shown  in  figures  11 
through  13.  Lastly,  the  velocity,  pressure,  and  turbulent 
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kinetic  energy  profiles  for  similar  stations  are  shown  in 
figures  14  through  16.  On  the  figures  and  in  the  discus¬ 
sions,  the  terminology  ’'interactive”  refers  to  results  from 
both  the  interactive  viscous  and  displacement-body 
inviscid  solutions.  When  the  distinction  is  not  obvious  it 
will  be  made.  The  terminology  "inviscid"  or  "bare- 
body”  refers  to  the  noninteractive  inviscid  solution. 

Computational  Grids  and  Conditions 

The  viscous-flow  computational  grid  was 
obtained  using  the  technique  of  generating  body-fitted 
coordinates  through  the  solution  of  elliptic  partial  differ¬ 
ential  equations.  Because  of  the  simplicity  of  the  present 
geometry,  it  is  possible  to  specify  the  axial  f1  and  cir¬ 
cumferential  f3  control  functions  as,  respectively,  only 
functions  of  \  and  however,  in  order  to  accurately 
satisfy  the  body-surface  boundary  condition  and  resolve 
the  viscous  flow,  f2  =  f2^,^).  Partial  views  of  the 
grids  used  in  the  calculations  are  shown  in  figures  2a, b 
for  a  longitudinal  plane  and  typical  body  and  wake  cross¬ 
planes,  respectively.  Initially,  a  large-domain  grid  was 
generated.  Subsequently,  a  small-domain  grid  was 
obtained  by  simply  deleting  that  portion  of  the  large- 
domain  grid  that  lay  beyond  about  r  >  .2.  The  outer 
boundary  for  the  small-domain  grid  is  shown  by  the 
dashed  line  in  figure  2.  For  the  large-domain  grid,  the 
inlet,  exit,  and  outer  boundaries  are  located  at  x  = 
(.296,4.524)  and  r  =  1,  respectively.  The  first  grid  point 
off  the  body  surface  is  located  in  the  range  90  <  y+  < 
250.  50  axial,  30  radial,  and  15  circumferential  grid 
points  were  used.  As  already  indicated,  the  small- 
domain  grid  was  similar,  except  21  radial  grid  points 
were  used.  In  summary,  the  total  number  of  grid  points 
for  the  large-  and  small-domain  calculations  are  22,500 
and  15,750,  respectively. 

The  inviscid-flow  displacement-body  and  free- 
surface  panelization  is  shown  in  figure  3.  423  panels  are 
distributed  over  the  displacement  body  and  546  over  the 
free  surface  for  a  total  number  of  969  panels.  The  panel¬ 
ization  covers  an  area  corresponding  to  1  ship  length 
upstream  of  the  bow,  1.5  ship  lengths  in  the  transverse 
direction,  and  3  ship  lengths  downstream  of  the  stem. 
This  panel  arrangement  was  judged  optimum  based  on 
panelization  dependency  tests  [16]. 

The  conditions  for  the  calculations  are  as  follows: 
L  =  1 ;  U0  -  1 ;  Re  =  4.5  x  106;  Fr  =  0  and  .316;  and  on 
the  inlet  plane  the  average  values  for  5  and  UT  are  .0033 
and  .0455,  respectively.  These  conditions  were  selected 
to  correspond  as  closely  as  possible  to  those  of  the 
experiments  of  the  CEP  with  which  comparisons  will  be 
made  [5,29,30]. 

Initially,  large-domain  calculations  were  per¬ 
formed  for  zero  Fr.  A  zero-pressure  initial  condition 
was  used  and  the  values  for  the  time  at,  pressure  ctp,  and 
transport  quantity  a<j>  (where  0  =  k  and  e) 
underrelaxation  factors  and  total  number  of  global 
iterations  were  .05  and  200,  respectively.  Next,  small- 
domain  calculations  were  performed,  first  for  zero  Fr, 
and  then  for  nonzero  Fr.  For  zero  Fr,  the  interaction 
calculations  were  started  with  a  zero-pressure  initial 
condition  and  freestream  edge  conditions  (Ue  =  1  ,We  = 
pe  =  0).  After  200  global  iterations,  the  edge  conditions 
were  updated  using  the  latest  values  of  displacement 
thickness.  Subsequently,  the  edge  conditions  were 
updated  every  200  global  iterations  until  convergence 
was  achieved,  which  took  three  updates.  For  nonzero 


Fr,  the  calculations  were  started  with  the  zero  Fr  solution 
as  the  initial  condition  and  with  nonzero  Fr  edge  condi¬ 
tions  obtained  utilizing  the  zero  Fr  displacement  body. 
This  solution  converged  in  200  global  iterations.  Most 
of  the  results  to  be  presented  are  for  this  case;  however, 
some  limited  results  will  be  shown  in  which  the  nonzero 
Fr  edge  conditions  were  obtained  using  an  updated 
nonzero  Fr  displacement  body.  The  values  for  oq,  ctp, 
and  ou  (where  <j)  =  k  and  e)  used  for  the  small-domain 
calculations  were  the  same  as  those  for  the  large-domain 
calculations;  however,  for  nonzero  Fr,  in  addition,  a 
value  of  .01  was  used  for  a<j,  (where  $  =  U)  for  grid 
nodes  near  the  outer  boundary.  The  dfy/dz  term  in  (19) 
was  found  to  have  a  small  influence  and  was  neglected  in 
many  of  the  calculations;  however,  this  may  be  due,  in 
part,  to  the  present  grid  resolution.  The  calculations 
were  performed  on  the  Naval  Research  Laboratory 
CRAY  XMP-24  supercomputer.  The  CPU  time  required 
for  the  calculations  was  about  17  minutes  for  200  global 
iterations  for  the  viscous-flow  code  and  1  minute  for  the 
inviscid-flow  code. 

Extensive  grid  dependency  and  convergence 
checks  were  not  carried  out  since  these  had  been  done 
previously  both  for  the  basic  viscous-flow  method  [14] 
and  for  other  applications.  However,  some  calculations 
were  performed  using  both  coarser  and  finer  grids. 
These  converged,  respectively,  more  rapidly  and  slower 
than  the  present  solution.  Qualitatively  the  solutions 
were  very  similar  to  the  present  one,  but  with  reduced 
and  somewhat  increased  resolution,  respectively.  The 
convergence  criterion  was  that  the  change  in  solution  be 
less  than  about  .05%  for  all  variables.  Usually  the  solu¬ 
tions  were  carried  out  at  least  50  global  iterations  beyond 
meeting  this  criterion.  Figure  4  provides  the  conver¬ 
gence  history  for  the  pressure  and  is  typical  of  the  results 
for  all  the  variables.  In  figure  4,  the  abscissa  is  the 
global  iteration  number  it  and  the  ordinate  is  the  residual 
R(it),  which  is  defined  as  follows: 

imax  imax 

R(it)  =  X  I  p(it-l)  -  p(it)  I  /  X  lp(ill)l  (36> 
i=l  i=l 

where  itl  and  imax  are  the  total  number  of  iterations  and 
grid  points,  respectively.  Referring  to  figure  4,  global 
iterations  1  -  200  correspond  to  the  final  iterations  of  the 
zero  Fr  solution  and  global  iterations  200  -  400  to  those 
for  the  nonzero  Fr  solution. 

Zero  Fr 

Figure  5  provides  a  comparison  of  the  zero  Fr 
large-domain  and  interactive  solutions  and  experimental 
data.  The  two  solutions  are  nearly  identical  and  show 
good  agreement  with  the  data,  which  validates  the  pre¬ 
sent  interactive  approach.  The  agreement  with  the  data 
for  the  large-domain  case  is,  of  course,  not  surprising 
since  this  was  already  established  in  [14]  for  a  similar 
grid  and  conditions,  i.e.,  the  present  zero  Fr  solution  is 
essentially  the  same  as  that  of  [14].  Some  additional 
aspects  of  the  zero  Fr  solution  are  displayed  in  figures  1 1 
through  15  for  later  comparison  with  the  nonzero  Fr 
solution.  Reference  [14]  provides  detailed  discussion  of 
the  zero  Fr  solution,  including  comparisons  with  the 
available  experimental  data.  In  summary,  there  is  a 
downward  flow  on  the  forebody  and  an  upward  flow  on 
the  afterbody  in  response  to  the  external-flow  pressure 
gradients.  The  boundary  layer  and  wake  remain  thin  and 
attached  and  the  viscous-inviscid  interaction  is  weak; 
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however,  on  the  forebody,  the  boundary  layer  is  rela¬ 
tively  thicker  near  the  keel  than  the  waterplane,  whereas 
the  reverse  holds  true  on  the  afterbody  and  in  the  near 
wake.  The  stem  vortex  is  very  weak.  In  the  intermedi¬ 
ate  and  far  wake,  the  flow  becomes  axi symmetric.  As 
indicated  in  figures  5  and  14  through  16,  the  agreement 
between  the  calculations  and  data  is  quite  good; 
however,  there  are  some  important  differences,  which 
are  primarily  attributed  to  the  deficiencies  of  the  standard 
k-e  turbulence  model  with  wall  functions.  In  particular, 
the  axial  velocity  and  turbulent  kinetic  energy  are 
overpredicted  near  the  stem  and  there  is  a  more  rapid 
recovery  in  the  wake. 

Nonzero  Fr 

Figure  5  also  includes  nonzero  Fr  results  for 
comparison.  On  the  waterplane,  the  surface  and  wake 
centerplane  pressure  displays  very  dramatic  differences, 
the  wall-shear  velocity  shows  similar  trends,  but  with 
reduced  magnitude,  and  the  wake  centerplane  velocity 
indicates  faster  recovery  in  the  intermediate  and  far 
wake.  As  will  be  shown  later,  the  first  closely  follows 
the  wave  profile,  the  second  is  due  to  an  increase  in 
boundary-layer  thickness  near  the  waterplane  for  the 
nonzero  Fr  case,  and  the  third  can  be  explained  by  the 
wave-induced  pressure  gradients.  On  the  keel,  all  three 
of  these  quantities  are  nearly  the  same  as  for  zero  Fr. 

The  free- surface  perspective  views  (figure  6)  and 
contours  (figure  7)  vividly  display  the  complex  wave 
pattern  consisting  of  both  diverging  and  transverse  wave 
systems.  The  bow  and  stem  wave  systems  are  seen  to 
initiate  with  crests  and  the  shoulder  systems  initiate  with 
troughs,  which  conforms  to  the  usual  pattern  described 
for  this  type  of  hull  form.  Very  apparent  is  the  reduced 
amplitude  of  the  stem  waves  for  the  interactive  as  com¬ 
pared  to  the  inviscid  solution.  Also,  the  diverging  wave 
system  is  more  pronounced  and  at  a  smaller  angle  with 
respect  to  the  centerplane.  Note  that  the  axial  and  trans¬ 
verse  wave-induced  pressure  gradients  can  be  discerned 
from  these  figures,  but  with  an  appropriate  phase  shift, 
i.e.,  increasing  and  decreasing  wave  elevations  imply, 
respectively,  adverse  and  favorable  gradients.  The  wave 
profile  along  the  hull  is  shown  in  figure  8,  which,  in  this 
case,  includes  experimental  data  for  comparison.  On  the 
forebody,  the  two  solutions  are  nearly  identical  and 
underpredict  the  amplitude  of  the  bow-wave  crest  and  the 
first  trough.  On  the  afterbody,  the  interactive  solution 
indicates  larger  values  than  the  inviscid  solution,  with  the 
data  in  between  the  two.  The  wave  profile  for  the 
nonzero  Fr  displacement  body  (figure  3b)  is  also  shown 
in  figure  8.  The  differences  are  minimal  on  the 
forebody,  whereas,  they  are  significant  on  the  afterbody 
and  depart  from  the  data.  It  appears  that  the  present 
simple  definition  (1)  is  insufficient  for  "wavy” 
displacement  bodies. 

The  surface-pressure  profiles  (figure  9)  show 
similar  tendencies  as  just  discussed  with  regard  to  the 
wave  profile.  On  the  forebody,  the  two  solutions  are 
nearly  identical,  but,  in  this  case,  in  very  close  agreement 
with  the  data.  The  pressure  on  the  forebody  shown  by 
the  dashed  line  is  that  obtained  from  the  inviscid  dis¬ 
placement-body  solution.  On  the  afterbody,  here  again, 
the  interactive  solution  indicates  larger  values  than  the 
inviscid  solution,  with  the  data  in  between  the  two.  The 
wave-induced  effects  are  seen  to  diminish  with 
increasing  depth  and  the  agreement  between  the  two 
solutions  and  the  data  on  the  afterbody  shows 


improvement.  The  surface-pressure  contours  (figure  10) 
graphically  display  the  differences  between  the  two 
solutions  and  the  data.  Note  that  the  axial  and  vertical 
surface-pressure  gradients  can  be  discerned  from  these 
figures,  i.e.,  increasing  and  decreasing  pressure  imply, 
respectively,  adverse  and  favorable  gradients.  The  larger 
wave  elevation  and  pressure  on  the  afterbody  for  the 
interactive  solution  results  in  the  closed  contours  near  the 
stem  displayed  in  figure  10b.  As  already  mentioned,  the 
viscous-inviscid  interaction  is  weak  for  the  Wigley  hull, 
which  is  the  reason  that  the  inviscid  and  viscous  pressure 
distributions  are  quite  similar.  However,  it  appears  that 
the  interaction  is  greater  for  nonzero  as  compared  to  zero 
Fr. 

Figures  11  through  13  show  the  detailed  results 
for  several  representative  stations,  i.e.,  x  =  .506,  .904, 
and  1.1 12,  although  the  discussion  to  follow  is  based  on 
the  complete  results  at  all  stations.  Note  that  for  zero  Fr 
the  upper  boundary  shown  is  the  waterplane,  whereas 
for  nonzero  Fr,  it  is  the  predicted  free  surface.  Also,  the 
axial-velocity,  -vorticity,  and  turbulent  kinetic  energy 
contours  are  not  shown  for  the  inviscid  solution  since,  in 
the  former  case,  their  values  are  all  very  close  to  1  and, 
in  the  latter  two  cases,  they  are,  of  course,  zero.  Solid 
curves  indicate  clockwise  vorticity. 

On  the  forebody  (figure  11),  the  boundary  layer 
is  thin  such  that  many  aspects  of  the  solutions  are  simi¬ 
lar;  however,  there  are  some  important  differences.  The 
nonzero  Fr  pressure  fields  show  local  and  global  effects 
of  the  free  surface,  i.e.,  near  the  free  surface,  regions  of 
high  and  low  pressure  coincide  with  wave  crests  and 
troughs,  respectively,  and  at  larger  depths,  the  contours 
are  parallel  to  the  free  surface.  Also,  for  nonzero  Fr,  the 
crossplane-velocity  vectors  are  considerably  larger, 
especially  for  the  interactive  solution.  The  inviscid  solu¬ 
tion  clearly  lacks  detail  near  the  hull  surface.  The  extent 
of  the  axial  vorticity  is  increased  for  nonzero  Fr  and  is 
locally  influenced  by  the  free  surface.  In  both  cases,  as 
expected,  the  direction  of  rotation  is  mostly  anticlock¬ 
wise. 

On  the  afterbody  (figure  12),  almost  all  aspects 
of  the  solutions  show  significant  differences.  The 
boundary  layer  is  thicker  near  the  waterplane  for  nonzero 
as  compared  to  zero  Fr.  This  behavior  begins  at  x  ~ 
.825,  which  coincides  with  a  region  of  adverse  axial 
wave-induced  pressure  gradient  (see  figure  7).  The 
differences  for  the  pressure  field  and  axial-vorticity 
contours  are  similar  as  described  for  the  forebody; 
however,  in  the  case  of  the  crossplane-velocity  vectors, 
there  is  an  additional  difference  that  near  the  free  surface 
the  interactive  solution  displays  downward  flow.  This  is 
consistent  with  the  fact  that  the  free-surface  elevation  is 
above  the  waterplane  and  the  pressure  is  generally  higher 
near  the  free  surface  than  it  is  a  larger  depths,  i.e.,  Tj  >  0 
and  dfydz  <  0.  Note  that,  as  expected,  in  both  cases,  the 
direction  of  rotation  for  the  axial-vorticity  is  mostly 
clockwise.  The  turbulent  kinetic  energy  contours  are 
nearly  the  same  for  both  Fr. 

In  the  wake  (figure  1 3),  the  solutions  continue  to 
show  significant  differences.  Initially,  the  low-velocity 
region  diffuses  somewhat  and  covers  a  larger  depthwise 
region;  then,  for  x  >  1.2,  recovers  quite  rapidly.  A 
similar  behavior  was  noted  earlier  for  the  wake  centerline 
velocity  for  x  >  1.2,  both  of  which,  as  already 
mentioned,  are  consistent  with  the  wave  pattern.  The 
zero  Fr  pressure  field  is  nearly  axisymmetric  and  fully 
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recovered  by  the  exit  plane.  The  nonzero  Fr  pressure 
field  continues  to  show  free-surface  effects,  i.e.,  the 
contours  are  parallel  to  the  free  surface,  but  also  fully 
recovered  by  the  exit  plane.  Note  the  considerably  larger 
wave  elevation  near  the  wake  centerplane  for  the  inviscid 
as  compared  to  the  interactive  solution,  which  was 
pointed  out  earlier  with  regard  to  figures  6  and  7.  Here 
again,  the  crossplane-velocity  vectors  are  larger  for 
nonzero  as  compared  to  zero  Fr,  especially  near  the  wake 
centerplane  for  the  interactive  solution.  The  interactive 
and  inviscid  solutions  display  differences  near  the  free 
surface,  which  appear  to  be  consistent  with  the 
differences  in  their  predicted  wave  patterns.  The  zero  Fr 
axial  vorticity  decays  fairly  rapidly,  whereas,  for 
nonzero  Fr,  the  decay  is  slow  with  a  layer  of  nonzero 
vorticity  persisting  near  the  free  surface  all  the  way  to  the 
exit  plane.  The  turbulent  kinetic  energy  contours  are 
similar  for  both  Fr,  but  recover  faster  for  the  nonzero 
case. 

Figures  14  through  16  show  the  velocity, 
pressure,  and  turbulent  kinetic  energy  profiles  for  similar 
stations  as  for  figures  11  through  13,  i.e.,  x  =  .5,  .9, 
and  1.1.  Also,  included  are  both  zero  and  nonzero  Fr 
experimental  data.  At  the  largest  two  depths,  z  =  .05  and 
.0625,  data  for  both  Fr  are  available,  whereas,  at  the 
waterplane,  z  =  0,  only  zero  Fr  data  are  available.  At  the 
intermediate  depths,  data  are  available  for  both  Fr,  but 
for  different  z  values.  Since  the  interest  here  is  primarily 
nonzero  Fr  and  the  zero  Fr  data  and  comparisons  were 
already  displayed  in  [14],  only  nonzero  Fr  data  are 
shown  for  z  =  .0125,  .025,  and  .0375.  For  zero  Fr,  a 
corrected  pressure  is  also  shown  which  includes  a 
constant  (=  -.03)  reference-pressure  correction  as 
described  in  [14].  Turbulent  kinetic  energy  data  are  only 
available  for  zero  Fr. 

At  x  =  .5,  consistent  with  previous  discussions 
the  differences  between  the  two  solutions  are  quite  small 
and  the  agreement  with  the  zero  Fr  data  is  good. 
However,  the  nonzero  Fr  data  show  some  unexpected 
differences.  In  particular,  the  axial- velocity  profile  has  a 
laminar  appearance  and  the  boundary-layer  thickness  is 
relatively  large,  the  vertical  velocity  is  upward,  and  the 
pressure  shows  considerable  scatter.  It  is  pointed  out  in 
[5]  that  the  pressure-measurement  error  was  appreciable. 

At  x  =  .9  and  1.1,  here  again,  consistent  with 
previous  discussions  the  differences  between  the  two 
solutions  are  significant  and  the  agreement  between  the 
zero  Fr  solution  and  data  is  good,  except  for  the 
aforementioned  discrepancies.  The  nonzero  Fr  solution 
shows  larger  axial  velocities  than  the  measurements  for 
the  inner  part  of  the  profiles.  Here  again,  the  measured 
profiles  have  a  laminar  appearance  and  the  boundary 
layer  is  thick.  However,  no  doubt,  a  part  of  the 
difference  is  due  to  the  calculations,  i.e.,  as  is  the  case 
for  zero  Fr,  due  to  deficiencies  of  the  k-e  turbulence 
model  an  overprediction  of  the  velocity  near  the  wall  and 
wake  centerplane  is  expected.  The  transverse  velocity  is 
small  and  with  similar  trends  for  both  calculations  and 
measurements.  The  calculations  indicate  downward 
vertical  velocities  near  the  free  surface  and  upward 
values  for  the  midgirth  region  and  near  the  keel.  The 
agreement  with  the  data  near  the  keel  is  satisfactory,  but 
in  the  midgirth  region  and  near  the  free  surface  the  data 
display  greater  upward  flow  than  the  calculations.  In  the 
wake,  the  nonzero  Fr  data  show  surprisingly  small 
vertical  velocities  near  the  wake  centerplane.  Here  again, 
the  nonzero  Fr  pressure  data  shows  considerable  scatter 


and  is  difficult  to  compare  with  the  calculations. 
Consistent  with  earlier  discussions  the  turbulent  kinetic 
energy  profiles  are  nearly  the  same  for  both  Fr. 

Lastly,  Table  1  provides  a  comparison  of  the  cal¬ 
culated  pressure-resistance  coefficient  and  experimental 
values  of  the  residuary-resistance  (i.e.,  total  -  frictional) 
coefficient.  The  experimental  values  cover  a  range  of 
Re,  including  the  present  value,  and  clearly  show  a 
dependency  on  Re.  Interestingly,  the  inviscid  result 
compares  well  with  the  data  at  the  highest  Re,  whereas 
the  interactive  result  is  close  to  that  that  the  data  implies 
at  the  present  Re. 

WAVE-BOUNDARY  LAYER  AND  WAKE 
INTERACTION 

The  comparisons  of  the  zero  and  nonzero  Fr 
interactive  and  inviscid-flow  results  with  experimental 
data  enables  an  evaluation  of  the  wave-boundary  layer 
and  wake  interaction.  Very  significant  differences  are 
observed  between  the  zero  and  nonzero  Fr  interactive 
results  due  to  the  presence  of  the  free  surface  and  gravity 
waves.  In  fact,  the  flow  field  is  completely  altered. 
Most  of  the  differences  were  explicable  in  terms  of  the 
differences  between  the  zero  and  nonzero  Fr  surface- 
pressure  distributions  and,  in  the  latter  case,  the  addi¬ 
tional  pressure  gradients  at  the  free  surface  associated 
with  the  wave  pattern.  The  viscous-inviscid  interaction 
appears  to  be  greater  for  nonzero  as  compared  to  zero  Fr. 
It  should  be  mentioned  that  other  factors  undoubtedly 
have  important  influences,  e.g.,  wave-induced 
separation,  which  are  not  included  in  the  present  theory. 

The  interactive  and  inviscid  nonzero  Fr  solutions 
also  indicate  very  significant  differences.  The  inviscid 
solution  clearly  lacks  "real-fluid  effects."  The  viscous 
flow  close  to  the  hull  and  wake  centerplane  is  clearly  not 
accurately  resolved.  The  interactive  solution  shows  an 
increased  response  to  pressure  gradients  as  compared  to 
the  inviscid  solution,  especially  in  regions  of  low 
velocity.  Also,  the  inviscid  solution  overpredicts  the 
pressure  recovery  at  the  stern  and  the  stern-wave 
amplitudes. 

CONCLUDING  REMARKS 

The  present  work  demonstrates  for  the  first  time 
the  feasibility  of  an  interactive  approach  for  calculating 
ship  boundary  layers  and  wakes  for  nonzero  Fr.  The 
results  presented  for  the  Wigley  hull  are  very 
encouraging.  In  fact,  in  many  respects,  the  present 
results  appear  to  be  superior  to  the  only  other  solutions 
of  this  type  available,  i.e.,  [10,11].  This  is  true  both 
with  regard  to  the  resolution  of  the  boundary-layer  and 
wake  regions  and  the  wave  field.  Furthermore,  it 
appears  that  the  present  interactive  approach  is 
considerably  more  computationally  efficient  than  the 
large-domain  approaches  of  [10,11].  This  is  consistent 
with  the  previous  finding  for  zero  Fr  [15].  However,  a 
complete  evaluation  of  the  present  method  was  not 
possible.  In  the  former  case,  due  to  the  limited  available 
experimental  data.  As  mentioned  earlier,  a  related 
experimental  study  for  the  Series  60  Cb  =  -6  ship  model 
[28]  was  recently  completed  for  which  extensive 
measurements  were  made  at  both  low  and  high  Fr  for 
which  calculations  and  comparisons  are  in  progress.  In 
the  latter  case,  due  to  the  considerable  differences  in 
numerical  techniques  and  algorithms  and  turbulence 
models  between  the  present  methods  and  those  of 
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[10,11].  As  mentioned  earlier,  the  pursuit  of  a  large- 
domain  approach  to  the  present  problem  is  also  of 
interest  and  will  enable  such  an  evaluation. 

Finally,  some  of  the  issues  that  need  to  be 
addressed  while  further  developing  and  validating  the 
present  approach  are  as  follows:  further  assessment  of 
the  most  appropriate  free-surface  boundary  conditions; 
improved  definition  and  construction  of  displacement 
bodies;  the  inclusion  and  resolution  of  the  bow-flow 
region;  extensions  for  lifting  flow;  and  the  ever  present 
problem  of  grid  generation  and  turbulence  modeling. 
Also,  of  interest  is  the  inclusion  of  nonlinear  effects  in 
the  inviscid-flow  code. 
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Table  1.  Residuary-Resistance  Coefficients 


L(m) 

T(°C) 

Uo(nVs) 

Fr 

Re 

Cr 

Experiment  IHI 

6 

12.8 

2.423 

0.316 

11.9  x  106 

1.803  x  10-3 

Experiment  SRI 

4 

10.6 

1.978 

0.316 

6.14 

1.998 

Experiment  UT 

2.5 

17.3 

1.564 

0.316 

3.6 

1.866 

Inviscid 

-- 

- 

-- 

0.316 

-- 

1.79 

Interactive 

~ 

-- 

- 

0.316 

4.5  x  106 

1.92 
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(b)  (y,z)  plane 

Figure  1.  Definition  sketch  of  flow-field  regions  and 
solution  domains. 

9  WATERPLANE 


(a)  longitudinal  plane 

1=7  X=  0.506  1=30  X=  1.002 


(b)  body  and  wake  crossplanes 
Figure  2.  Computational  grid. 


Figure  5.  Comparison  of  interactive  and  large-domain 
solutions  for  the  waterplane:  (a)  surface  and 
wake  centerplane  pressure;  (b)  wall-shear 
velocity;  and  (c)  wake  centerplane  velocity. 
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Figure  1 1 .  Comparison  of  solutions  at  x  =  .506:  (a)  axial- velocity  contours;  (b)  pressure  contours;  (c) 

crossplane-velocity  vectors;  (d)  axial-vorticity  contours;  and  (e)  turbulent  kinetic  energy  contours 
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Figure  14.  Velocity,  pressure,  and  turbulent  kinetic  energy  profiles  at  x  =  .5. 
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Figure  15.  Velocity,  pressure,  and  turbulent  kinetic  energy  profiles  at  x  =  .9. 
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Figure  16.  Velocity,  pressure,  and  turbulent  kinetic  energy  profiles  at  x  =  1.1. 


DISCUSSION 

Kuniharu  Nakatake 
Kyushu  University,  Japan 

I  appreciate  your  interesting  paper.  In  your  calculation,  the  flow 
field  and  pressure  distribution  around  wave  surface  are  not  taken  into 
account.  If  you  distribute  source  panel  on  the  calculated  wave  surface 
and  determine  its  strength  from  the  kinematic  condition  on  the  wave 
surface,  you  may  obtain  more  plausible  results.  This  is  possible  in 
the  linearized  framework. 

AUTHORS’  REPLY 

We  agree  that  a  higher-order  treatment  of  the  free-surface  boundary 
conditions  would  be  preferable.  We  hope  to  make  progress  in  this 
area  in  the  future. 

DISCUSSION 

Hoyte  Raven 

Maritime  Research  Institute  Netherlands,  The  Netherlands 

This  valuable  paper  addresses  the  difficult  problem  of  prescribing 
free-surface  boundary  conditions  inside  the  viscous  domain.  The 
authors  solve  the  wave  elevation  from  integration  of  the  kinematic 
condition,  and  thus  from  the  velocities  at  the  undisturbed  free  surface. 
Prescribing  boundary  conditions  for  these  velocities  here  is,  therefore, 
critical.  If  I  understand  it  correctly,  in  (20)  not  only  the  stresses  but 
also  the  associated  strain  rates  have  been  neglected,  which  are  of 
leading  order  in  the  wake  elevation.  This  is  not  a  definite  solution 
of  course.  What  alternatives  for  the  free-surface  condition  do  you 
consider? 

AUTHORS’  REPLY 

The  approximations  (a)  through  (d)  utilized  in  deriving  equations  (18) 
through  (20)  have  been  clearly  stated  in  the  text,  and  therefore  do  not 
require  further  explanation.  An  alternative  treatment  of  the  free- 
surface  boundary  conditions  within  the  present  overall  framework  is 
to  retain  more  terms  in  the  approximations  (a)  through  (c)  and  higher- 
order  terms  in  approximation  (d). 


DISCUSSION 

Kazu-hiro  Mori 
Hiroshima  University,  Japan 

1.  It  must  be  important  to  be  of  the  same  order  in  approximations 
when  the  viscous  effects  are  taken  into  account  in  the  free-surface 
computation.  From  this  standpoint  of  view,  the  use  of  the 
displacement  thickness  method  is  not  consistent  where  the  thickness 
is  calculated  exactly.  This  may  be  crucial  when  the  3-D  separation 
is  dominant.  My  suggestion  is  that  the  viscous  flow  should  be  taken 
into  account  as  the  double  model  flow  directly  in  the  inviscid 
computation. 

2.  According  to  our  computation  and  experiment,  the  separation  of 
the  flow  at  stem  is  much  affected  by  the  bow  wave  system.  This 
means  that  we  should  not  expect  precise  discussions  on  the  interaction 
between  the  viscosity  and  the  free  surface  by  the  iterative  procedure 
as  done  in  the  present  study. 

AUTHORS’  REPLY 

We  are  not  clear  as  to  the  precise  meaning  of  your  questions; 
however,  we  would  like  to  point  out  that  viscous  effects  have  been 
included  directly  in  the  inviscid-flow  computation  through  the  use  of 
the  displacement  body.  As  discussed  in  the  text,  the  limitations  of 
this  approach  are  not  yet  known.  The  present  results  are 
encouraging,  but  a  complete  evaluation  requires  further  validation 
through  comparisons  with  experimental  data  and  a  large-domain 
approach.  Work  along  these  lines  is  in  progress. 

We  thank  both  the  oral  and  written  discussers  of  our  paper  for  their 
pertinent  remarks. 


DISCUSSION 

William  B.  Morgan 

David  Taylor  Research  Center,  USA 

In  the  authors’  presentation  of  their  problem  they  stated  that  they 
were  using  an  "Unsteady  RANS  Code  using  a  k-£  turbulence  model. " 
I  believe  this  statement  is  inconsistent  in  that  a  RANS  Code  with  a 
k-£  model  cannot  be  unsteady.  I  can  understand  attempting  to  use 
this  code  in  a  "quasi-steady"  sense,  but  I  believe  it  is  not  applicable 
to  the  unsteady  problem.  Would  the  authors  please  comment? 

AUTHORS’  REPLY 

Although  not  discussed  in  the  present  paper,  we  recognize  the 
limitations  of  the  k-€  turbulence  model  with  regard  to  simulating 
unsteady  flow.  Issues  concerning  this  point  were  discussed  in  one  of 
our  earlier  papers  on  another  topic  [31].  In  our  presentation,  we  only 
wished  to  emphasize  the  general  capability  of  the  IIHR  basic  viscous- 
flow  method  for  unsteady  flow  notwithstanding  the  limitations  of 
current  turbulence  models  for  such  applications. 

[31]  Stem,  F.,  Kim,  H.T.,  Patel,  V.C.,  and  Chen,  H.C.,  "A 
Viscous-Flow  Approach  to  the  Computation  of  Propeller-Hull 
Interaction,"  Journal  of  Ship  Research.  Vol.  32,  No.  4,  December 
1988,  pp.  246-262. 
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Viscous  Flow  Past  a  Ship  in  a  Cross  Current 

V.C.  Patel,  S.  Ju,  J.M.  Lew 

(Iowa  Institute  of  Hydraulic  Research,  The  University  of  Iowa,  USA) 


ABSTRACT 

A  numerical  method  for  the  solution  of  the  Reynolds- 
averaged  Navier-Stokes  equations  is  used  to  calculate  the 
viscous  flow  over  the  stern  of  a  ship  in  a  cross  current, 
i.e.,  a  ship  in  yaw.  The  solutions  are  started  with  assumed 
initial  conditions  downstream  of  the  bow.  The  numerical 
results  are  compared  with  the  limited  data  that  are  avail¬ 
able.  Although  the  calculations  are  successful  in  describ¬ 
ing  the  port- starboard  flow  asymmetry  and  vortex  forma¬ 
tion,  the  solutions  indicate  a  need  for  a  better  resolution  of 
the  bow  flow. 

INTRODUCTION 

Patel,  Chen  and  Ju  (1988,  1990)  have  recently  devel¬ 
oped  a  numerical  method  for  the  solution  of  the  Reynolds- 
averaged  Navier-Stokes  (RANS)  equations  and  applied  it 
to  study  the  flow  around  ship  hulls  under  the  assumptions 
that  the  ship  is  symmetric  about  the  vertical  centerplane, 
and  is  advancing  in  a  straight  course  in  a  calm  sea.  To  the 
authors'  knowledge,  all  viscous-flow  calculations  for  ship 
hulls  performed  over  the  years  with  different  methods  have 
been  made  with  these  restrictions  (see  Patel,  1988,  for  a 
review).  In  this  paper,  extension  and  application  of  the 
numerical  method  of  Patel  et  al.  to  asymmetric  flow  around 
the  stem  of  a  symmetric  ship  advancing  in  a  straight  course 
in  a  cross  current,  as  depicted  in  Figure  1,  are  considered. 
This  problem  is  equivalent  to  a  ship  in  a  uniform  stream  at 
an  angle  of  yaw.  From  a  basic  fluid-flow  perspective,  this 
situation  is  more  general  than  that  of  a  body  of  revolution 
at  incidence,  which  has  been  studied  experimentally  and 
numerically  in  many  investigations  (see,  for  example,  Patel 
and  Baek,  1985).  We  now  have  a  more  complex  body  at 
incidence.  The  resulting  flow  also  bears  some  resem¬ 
blance  to  the  flow  around  a  turning  ship.  A  study  of  the 
flow  around  a  ship  in  a  cross  current  is  thus  of  practical 
interest  and  also  of  value  in  further  developing  the  capa¬ 
bilities  of  modem  numerical  methods. 

Before  describing  the  extension  of  the  method,  it  is  use¬ 
ful  to  make  two  important  observations  with  regard  to  the 
present  work.  First,  as  in  the  previous  work,  we  will  be 
concerned  with  the  flow  downstream  of  some  section  in 
the  middle  body  of  the  ship.  This  implies  that  there  is 
some  uncertainty  in  the  establishment  of  proper  initial 
conditions  which  reflect  the  flow  over  the  bow.  Secondly, 
experimental  information  on  the  viscous  flow  past  a  ship  in 
yaw  is  limited  and,  therefore,  the  success  of  the  method 
cannot  be  ascertained  with  confidence. 


CALCULATION  OF  ASYMMETRIC  FLOWS 

A  detailed  description  of  the  basic  numerical  method  and 
its  applications  to  symmetric  flows  about  double  models, 
i.e.,  with  the  water  and  keel  planes  treated  as  planes  of 
symmetry,  is  given  in  Patel,  Chen  and  Ju  (1988,  1990). 
The  modifications  in  the  method  and  the  associated  com¬ 
puter  programs  to  calculate  the  flow  around  a  ship  double 
model  at  an  angle  of  yaw  are  relatively  minor.  The  main 
changes  are  concerned  with  the  size  and  shape  of  the  com¬ 
putational  domain,  the  initial  conditions,  and  the  boundary 
conditions.  These  are  outlined  below. 

As  shown  in  Figure  1,  a  positive  value  of  yaw  angle  a 
is  used  to  represent  a  cross  current  from  the  port  side.  A 
cylindrical  (x,  r,  0)  coordinate  system  in  the  physical  plane 
is  used  for  the  velocity  components.  For  the  symmetric- 
flow  calculations  presented  in  Patel  et  al.  (1988,  1990),  the 
solution  domain  in  the  transverse  plane  was  (0°  <  0  < 
90°),  i.e.,  it  extended  from  the  keel  plane,  0  =  0°,  to  the 
water  plane,  0  =  90°.  Plane-of- symmetry  conditions  were 
applied  on  these  planes. 

For  the  current  application,  the  required  solution  domain 
is  (-90°  <  0  <  90°),  and  plane-of- symmetry  conditions  are 
applied  on  the  water  plane  at  0  =  -90°  and  0  =  90°,  on  the 
port  and  starboard  (or,  windward  and  lee)  sides,  respec¬ 
tively.  The  outer  boundary  of  the  solution  domain  is 
located  farther  than  before,  at  r  =  2.0,  i.e.,  it  is  a  cylindri¬ 
cal  boundary,  two  ship  lengths  in  radius.  The  number  of 
grid  points  in  the  radial  direction  is  increased  to  40  to 
accommodate  the  more  severe  variations  of  flow  quantities 
in  that  direction.  The  locations  of  the  transverse  sections 
(x=  constant)  and  the  number  of  grid  points  in  the  axial 
direction  are  the  same  as  before  (=  50).  The  number  of 
grid  lines  in  the  circumferential  direction  was  increased  to 
27.  Thus,  the  present  calculations  have  been  performed 
with  a  50  x  40  x  27  grid,  which  is  close  to  the  finest  that 
could  be  accommodated  on  a  CRAY  XMP/48  supercom¬ 
puter. 

At  the  outer  boundary  of  the  solution  domain,  uniform- 
stream  conditions,  i.e.,  Ux  =  U0  cos  a,  Ur  =  U0  sin  a  sin 
0,  Ue  =  U0  sin  a  cos  0,  are  imposed.  The  calculations 
were  started  downstream  from  the  bow,  with  the  most 
upstream  transverse  section  located  at  x  =  0.3.  The  pro¬ 
files  used  at  this  section  were  generated  in  a  similar  manner 
to  that  described  in  Patel,  Chen  and  Ju  (1990).  Briefly,  it 
involves  prescription  of  a  girthwise  distribution  of  the 
boundary-layer  thickness  8,  the  friction  coefficient  Cf  (= 


1  Presently  Manager  of  Technical  Research  Center,  Daewoo  Shipbuilding  &  Heavy  Machinery  Ltd.,  Korea. 

2  Visiting  Professor  from  Chungnam  National  University,  Daejeon,  Korea. 
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2UT2,  where  Ux  is  the  friction  velocity),  and  the  velocity  at 
the  edge  of  the  boundary  layer  U5.  These  are  used, 
together  with  the  law  of  the  wall  and  the  law  of  the  wake, 
to  generate  the  profiles  of  the  longitudinal  velocity  Ux 
inside  the  boundary  layer,  and  the  reduction  from  U§  to 
unity  in  the  inviscid  flow  is  assumed  to  take  place  as  r2. 
Uniform  stream  conditions  are  specified  beyond  a  distance 
of  five  boundary-layer  thickness  from  the  hull.  In  the  first 
instance,  Ur  and  Ue  components  are  determined  by 
interpolation  in  the  boundary-layer  profiles  and  the  known 
conditions  at  the  wall  and  in  the  uniform  stream,  and  k  and 
e  are  obtained  from  correlations  for  a  flat-plate  boundary 
layer.  As  the  solution  progresses,  the  values  of  Ur,  Ue,  k 
and  e  within  the  boundary  layer  are  updated  by  scaling 
those  calculated  at  the  first  downstream  station.  This 
process  is  continued  only  for  the  first  20  global  sweeps, 
and  then  the  initial  profiles  are  fixed.  This  procedure  for 
the  generation  of  the  initial  conditions  does  not  affect  the 
principal  quantity,  i.e.,  the  axial  velocity  profile. 
However,  it  ensures  that  the  subsequent  solution  is  carried 
out  with  initial  profiles  of  transverse  velocity  components 
and  turbulence  parameters  which  are  compatible  with  the 
governing  equations.  In  the  present  calculations,  the 
girthwise  distribution  of  the  boundary-layer  thickness  and 
friction  velocity  were  assumed  to  be  the  same  as  those  in 
the  symmetric  (zero  yaw)  case  but  the  velocity  at  the  edge 
of  the  boundary  layer  was  prescribed  from  an  inviscid 
solution.  This  is  obviously  an  approximation  and  the 
resulting  initial  conditions  do  not  properly  reflect  all  of  the 
flow  phenomena  that  may  occur  over  the  bow,  particularly 
at  an  angle  of  yaw. 

In  the  calculations  at  nonzero  yaw  angles,  some  diffi¬ 
culties  were  encountered  in  the  application  of  the  boundary 
conditions  in  the  ship  centeiplane  and  at  the  exit  plane.  As 
noted  in  Patel,  Chen  and  Ju  (1988),  for  the  symmetric- 
flow  calculations  with  a  =  0,  the  ship  centerplane  was 
extended  as  a  false  wake  plane,  and  the  condition  of  sym¬ 
metry,  Ue  =  0,  was  applied  on  it.  Also,  along  the  wake 
centerline,  r  =  0,  the  conditions  Ur  =  Ue  =  0  were  implic¬ 
itly  imposed.  In  the  present  application,  the  false  wake 
plane  is  no  longer  a  plane  of  flow  symmetry  although  it  is 
a  plane  of  symmetry  for  the  numerical  grid.  Also,  Ur  and 
Ue  do  not  vanish  along  r  =  0.  In  fact,  Ur  and  Ue  change 
rapidly  near  the  singular  point  r  =  0  in  the  grid.  These 
points  are  no  longer  calculated  directly  in  the  extended 
method.  Because  we  are  now  considering  a  half  plane  of 
-90°  <  0  <  90°,  there  are  no  explicit  boundary  conditions 
to  be  satisfied  at  the  false  wake  plane.  However,  because 
of  the  rapid  changes  occurring  in  the  velocity  components 
in  cylindrical  coordinates  near  the  singular  point  r  =  0, 
increased  accuracy  and  stability  of  the  solution  procedure 
was  obtained  by  interpolating  in  these  components  in 
Cartesian  coordinates,  and  then  transforming  back  to  the 
cylindrical  coordinates. 

Finally,  at  the  downstream  (exit)  boundary,  the  condi¬ 
tions  px'  =  0  and  (Ux,  Ur,  Ue,  k,  e)xy  =  0  are  imposed, 
where  x*  denotes  the  direction  of  the  uniform  stream.  This 
requires  complicated  interpolations  near  the  exit  plane  as  x’ 
is  different  from  the  ship  axis  x.  All  values  required  in  the 
exit  plane  were  extrapolated  linearly  in  the  x  direction  first 
and  then  shifted  by  the  amount  of  (xf  -  xf_j)  tan  a  in  the  r 
direction,  where  xf  and  xf_j  denote,  respectively,  the  x 
coordinates  at  the  last  and  the  next  to  last  axial  stations. 

RESULTS 

With  the  modifications  described  above,  the  numerical 
method  was  employed  to  calculate  the  flow  around  double 


models  of  the  HSVA  Tanker  (Wieghardt,  1982)  and  the 
SR107  Bulk  Carrier  (Okajima  et  al.,  1985).  The  hull 
shapes  are  shown  in  Figure  2.  Comparisons  between 
calculations  and  experiments  for  both  hulls  with  symmetric 
flow,  at  zero  yaw,  were  presented  and  discussed  in  Patel  et 
al.  (1988,  1990)  There  is  no  experimental  information 
with  asymmetric  flow  around  the  HSVA  Tanker  but  some 
measurements  at  a  =  5°  and  10°  have  been  reported  by 
Nishio  et  al.  (1988)  for  the  SR107.  In  the  presentation  of 
the  results  all  quantities  are  made  dimensionless  by  the 
reference  velocity  U0  and  the  ship  length  L. 

Figures  3  and  4  provide  an  overview  of  the  effects  of 
yaw  angle  on  the  HSVA  Tanker  at  Re  =  5  x  10  .  The 
limiting,  or  wall  streamlines  determined  from  the  calculated 
friction  vectors  on  the  hull  are  shown  in  Figure  3.  The 
port  and  starboard  asymmetry  is  very  clearly  seen.  The 
regions  of  strong  streamline  convergence  are  those  where 
the  pressure  and  the  friction  coefficients  assume  low 
values.  These  are  also  the  regions  which  are  readily  iden¬ 
tified  in  surface  flow- visualizations  using  such  techniques 
as  oil  flow,  wool  tufts,  and  dye  injection. 

Figure  4  shows  the  velocity  field  at  a  section  near  the 
stem,  x/L  =  0.9.  In  general,  the  effect  of  the  cross  current 
is  to  drive  the  flow  from  the  port  to  the  starboard  side. 
This  produces  a  thinning  of  the  boundary  layer  on  the  port 
side  and  a  thickening  on  the  starboard  side.  The  secondary 
motion  at  this  section  reveals  reversals  in  direction  that  are 
characteristic  of  converging  limiting  streamlines  and  vortex 
formation.  They  are  also  associated  with  a  local  decrease 
in  the  wall  shear  stress  and  thickening  of  the  viscous  layer. 
These  flow  features  are  particularly  difficult  to  handle  in 
space-marching  numerical  methods  usually  employed  for 
the  solution  of  the  three-dimensional  boundary-layer  equa¬ 
tions.  Here  they  are  predicted  without  any  special  treat¬ 
ment. 

The  general  features  of  these  and  other  results  presented 
below  are  qualitatively  similar  to  those  observed  on  a  body 
of  revolution  at  angles  of  attack.  However,  subtle  differ¬ 
ences  arise  in  the  shapes  of  the  distributions  and  in  the 
magnitudes  of  the  pressure  and  friction  coefficients  due  to 
the  present  three-dimensional  geometry  and,  in  particular, 
due  to  the  rapid  changes  in  this  geometry  at  the  stem. 

The  remaining  results  pertain  to  the  SR  107  hull.  In  this 
case,  comparisons  are  made  between  the  calculations  and 
experimental  data  at  a  =  10°  and  Re  =  2.7  x  10  .  We 
examine  the  velocity  field  as  well  as  the  contours  of  the 
axial  component  of  vorticity,  cox,  in  the  format  presented 
by  Nishio  et  al  .  (1988).  Figures  5,  6  and  7,  show  the 
results  at  three  sections,  x/L  =  0.5,  0.7  and  0.9,  respec¬ 
tively. 

From  Figure  5  it  is  clear  that  the  effect  of  the  cross  cur¬ 
rent  is  to  thin  the  boundary  layer  on  the  port  side  and 
thicken  it  on  the  starboard  side.  A  vortex  is  observed 
around  the  turn  of  the  bilge,  particularly  in  the  experiment. 
In  general,  at  this  section  the  calculations  reproduce  the 
overall  trends  but  differ  in  intensity.  For  example,  the 
measured  secondary  motion  and  axial  vorticity  are  both 
stronger  than  predicted,  and  Figure  5(c)  indicates  some 
difference  in  the  location  of  the  vortex.  It  is  possible  that 
better  agreement  between  measurements  and  calculations 
can  be  secured,  at  least  in  some  respects,  by  adjustment  of 
the  initial  conditions  at  x/L  =  0.3.  An  alternative,  of 
course,  is  to  include  the  bow  in  the  calculations.  We  shall 
return  to  this  later. 
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At  the  next  axial  station,  x/L  =  0.7,  the  results  are 
similar  to  those  at  the  previous  section.  Figure  6(b)  again 
indicates  that  the  secondary  motion  observed  in  the 
experiment  was  considerably  stronger  than  is  calculated 
although  there  is  good  correspondence  in  the  extent  over 
which  axial  vorticity  is  found.  The  calculations  fail  to 
reproduce  a  detached  core  of  high  axial  vorticity. 

At  the  last  section  where  measurements  were  made,  x/L 
=  0.9,  Figure  7  shows  continued  qualitative  agreement 
between  the  calculations  and  data  but  somewhat  greater 
differences  in  the  details.  The  dual  vortex  structure  indi¬ 
cated  by  the  experiments  is  perplexing  because  it  gives  the 
appearance  of  vortex  shedding  and  yet  such  a  phe¬ 
nomenon,  even  if  it  were  present,  could  not  have  been 
captured  by  the  simple  pressure  probes  employed  for  the 
measurements.  The  calculations  also  do  not  produce  the 
high  levels  of  axial  vorticity  observed  in  the  experiments. 
Be  that  as  it  may,  Figure  7(c)  shows  that  the  calculations 
are  successful  in  identifying  the  region  over  which  there  is 
significant  axial  vorticity. 

Although  the  calculations  were  continued  well  into  the 
wake,  there  is  no  data  to  gauge  their  success.  An  interest¬ 
ing  feature  of  the  calculated  wake  is  that  the  longitudinal 
vorticity  (secondary  motion)  is  destroyed  rather  rapidly 
although  a  measurable  axial  velocity  defect  persists  for 
large  distances. 

DISCUSSION 

This  first  attempt  to  calculate  the  viscous  flow  over  a 
ship  in  a  cross  current  is  regarded  only  as  a  partial  success 
because  it  has  raised  a  number  of  issues  which  need  fur¬ 
ther  investigation.  Among  these,  the  most  important  is  the 
problem  of  specifying  realistic  initial  conditions  at  the 
upstream  station.  Numerical  experiments  performed  with 
different  initial  conditions  during  the  course  of  this  work 
indicated  that  the  strength  and  location  of  the  vortices  on 
the  lee  side  depended  rather  markedly  on  the  initial  condi¬ 
tions.  For  this  reason,  it  was  decided  to  present  results 
obtained  with  the  same  initial  conditions  as  those  used  ear¬ 
lier  and  found  satisfactory  for  the  zero-yaw  case.  Of 
course,  calculations  can  be  performed  for  the  inviscid  flow 
and  the  boundary  layer  over  the  bow  to  determine  these 
conditions  in  a  systematic  way.  But,  it  is  possible  that 
even  these  will  fail  if,  as  the  results  from  the  present  calcu¬ 
lations  indicate,  a  vortex  is  formed  well  ahead  of  midships. 
In  fact,  the  likelihood  of  vortices  arising  near  the  bow  is 
greatly  increased  for  a  full  hull  form,  and  with  a  bulbous 
bow,  at  angles  of  yaw.  Thus,  it  appears  that  the  problem 
of  initial  conditions  may  have  to  be  addressed,  in  the  final 
analysis,  by  extending  the  full  Navier-Stokes  type  of  solu¬ 
tions  to  include  the  complete  ship.  At  model  scale,  this 
would  also  require  a  careful  treatment  of  transition  or  trip¬ 
ping  devices. 

The  failure  of  the  calculations  to  reproduce  the  observed 
high  levels  of  axial  vorticity  in  well  defined  cores  is 
another  feature  brought  forth  by  this  investigation.  The 
differences  between  calculations  and  experiment  arise  as 
early  as  midships  and  continue  over  the  stem.  It  is  possi¬ 
ble  that  this  is  due,  at  least  in  part,  to  the  use  of  the  wall- 
functions  approach  in  the  turbulence  model.  In  this 
approach,  the  flow  near  the  wall  is  not  explicitly  calcu¬ 
lated,  and  therefore,  flow  features  arising  from  a  roll  up  of 
the  near- wall  layer,  such  as  vortex  formation,  are  unlikely 
to  be  resolved  in  detail.  A  near-wall  turbulence  model, 
along  with  integration  of  the  equations  of  motion  up  to  the 


wall,  are  needed  to  obtain  an  adequate  resolution  of  these 
features. 

Finally,  it  should  be  noted  that  the  present  calculations 
were  carried  out  for  a  ship  in  a  uniform  stream  (in  unre¬ 
stricted  waters)  whereas  the  experiments  on  the  SR  107 
were  conducted  on  a  double  model  in  a  wind  tunnel.  The 
effects  of  tunnel  blockage,  which  increases  when  the 
model  is  mounted  at  an  angle  of  yaw,  remain  to  be 
explored. 

CONCLUDING  REMARKS 

Calculations  of  the  flow  past  a  ship  in  a  cross  current, 
presented  here,  have  served  to  illustrate  not  only  the 
capabilities  of  the  numerical  method  employed  but  also  the 
additional  complexities  that  arise  in  real-life  situations. 
The  asymmetries  in  the  stem  flow,  resulting  from  asym¬ 
metric  stern  shapes,  cross  currents,  or  maneuvers,  are 
obviously  of  interest  in  the  design  of  propulsors  and 
appendages,  and  in  the  prediction  of  hull  vibration.  The 
present  calculations  represent  a  first  step  in  the 
development  of  numerical  methods  capable  of  addressing 
these  issues  in  a  comprehensive  and  realistic  manner. 
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Figure  5.  Velocity  field  and  axial  vorticity 
on  SR107  at  x/L  =  0.5 
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ABSTRACT 

We  develop  semi-implicit  and  explicit  numerical 
methods  for  the  direct  simulation  of  the  three- 
dimensional  Navier-Stokes  equations  with  a  free 
surface.  The  efficiency  of  a  novel  multigrid  flow 
solver  permits  the  simulation  of  three-dimensional 
flows  with  free  surfaces  at  low  Reynolds  and  Froude 
numbers.  The  numerical  schemes  are  used  to  study 
vortex  rings  and  tubes  interacting  with  walls  and 
free  surfaces. 

In  the  case  of  vortex  rings  interacting  with  a  no¬ 
slip  wall  our  observations  of  the  formation  of  sec¬ 
ondary  and  tertiary  vortex  rings  agree  qualitatively 
with  experimental  measurements.  When  a  free 
surface  is  present,  the  results  are  sensitive  to  the 
Froude  number.  For  sufficiently  low  Froude  num¬ 
bers,  the  free  surface  behaves  like  a  free-slip  wall, 
which  agrees  qualitatively  with  experimental  ob¬ 
servations  of  vortex  rings  interacting  with  clean 
free  surfaces.  At  intermediate  Froude  numbers,  the 
normal  incidence  of  a  vortex  ring  with  a  clean  free 
surface  results  in  the  formation  of  secondary  vortex 
rings. 

Numerical  studies  of  vortex  tubes  interacting  with 
free  surfaces  show  two  possible  mechanisms  for  the 
reconnection  of  vorticity  with  a  free  surface  in¬ 
cluding  primary  and  secondary  vorticity  reconnec¬ 
tions.  One  type  of  primary  vorticity  reconnection 
should  result  in  a  cusp  pattern  on  the  free  sur¬ 
face  and  secondary  vorticity  reconnections  should 
manifest  themselves  as  paired  dimples  on  the  free 
surface.  The  essential  stages  of  the  reconnection 
of  secondary  vorticity  with  the  free  surface  are  as 
follows:  generation  of  helical  vortex  sheets  by  the 
primary  vortex  tube,  stripping  of  the  helical  vortex 
sheets  due  to  self-induced  straining  flows,  attach¬ 
ment  of  the  helical  vortex  sheets  to  the  separated 


free-surface  boundary  layer,  wrapping  of  U-shaped 
vortices  around  the  primary  vortex  tube,  feeding  of 
boundary-layer  vorticity  into  the  U- vortices,  and 
reconnection  of  U-vortices  with  the  free  surface. 
We  provide  evidence  which  suggests  that  the  stri- 
ations  that  may  be  observed  on  the  free-surface 
above  a  pair  of  trailing  tip  vortices  are  caused  by 
helical  vorticity. 


1  Introduction 

In  the  field  of  free-surface  hydrodynamics  few 
things  are  as  complex  as  the  wave  and  viscous 
wakes  of  ships.  Consider  the  region  downstream 
of  a  moving  ship  where  the  steady  wave  pattern  of 
Kelvin  waves  is  located.  This  wave  pattern  is  com¬ 
posed  of  two  wave  systems  which  move  steadily 
with  the  ship:  the  transverse  and  diverging  waves. 
The  transverse  waves  are  normal  to  the  ship  track, 
and  the  diverging  waves  obliquely  intersect  the  ship 
track.  These  two  wave  systems  are  bounded  by  the 
cusp  line  which  occurs  at  an  angle  of  about  ±19.5° 
off  the  ship  track.  Most  of  the  steady  waves  dis¬ 
perse  linearly,  but  if  the  conditions  are  right,  rays 
of  the  diverging  waves  that  are  inside  of  the  cusp 
lines  may  evolve  into  solitons  (Brown,  et  a/,  1988). 

In  addition  to  the  Kelvin  waves,  there  is  also  a 
small  sector  centered  near  the  ship  track  that  con¬ 
tains  short  unsteady  waves.  Some  possible  sources 
of  these  short  unsteady  waves  include  breaking 
waves  and  turbulence  generation  near  the  ship. 
Munk,  et  al ,  (1987)  hypothesize  that  Bragg  scatter 
from  these  short  unsteady  waves  is  responsible  for 
the  narrow  V-shaped  features  that  are  observed  in 
Synthetic  Aperture  Radar  (SAR)  images  of  ship 
wakes  in  very  calm  seas.  The  viscous  turbulent 
wake,  which  is  also  located  near  the  ship  track, 
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has  a  thrust  component  that  is  associated  with  the 
propeller(s)  and  a  drag  component  that  is  due  to 
the  ship  hull.  Axial  vortices  that  are  generated 
in  the  bow  region  (Baba,  1969;  Mori,  1984;  and 
Takekuma  &  Eggers,  1984))  and  helical  vortices 
that  are  shed  by  the  propeller  (Kerwin,  1986)  are 
embedded  in  the  turbulent  wake.  Field  observa¬ 
tions  of  ships  suggests  that  bubbles  rising  through 
the  turbulent  wake  transport  surfactant  material 
to  the  free-surface  (Kaiser,  et  al ,  1986).  These  bub¬ 
bles  appear  to  be  entrained  by  the  bow  wave,  but 
other  sources  include  propeller  cavitation.  Slicks 
consisting  of  compacted  surfactant  material  form 
on  each  side  of  the  ship  track  possibly  due  to  the 
action  of  vortices  moving  surface  water  away  from 
the  viscous  wake’s  center.  These  slicks  damp  cap¬ 
illary  and  gravity- cap  illary  waves  that  cross  the 
ship  track  (Dorrestein,  1951)  and  may  contribute 
to  the  persistent  centerline  feature  that  is  observed 
in  SAR  images  (Lyden,  et  al ,  1988).  Clearly,  ship 
wakes  are  very  complex,  and  there  are  many  mech¬ 
anisms  that  affect  direct  and  remote  observations 
of  ship  wakes. 

Faced  with  such  a  diversity  of  phenomena,  we  have 
chosen  to  focus  on  a  very  specialized  portion  of  the 
problem.  Specifically,  we  are  interested  in  mod¬ 
eling  the  viscous  interaction  of  vorticity  with  a 
free  surface.  Vortices  may  generate  and  modu¬ 
late  short  unsteady  surface  waves  and  thus  affect 
the  observable  features.  Two  sources  of  vortical 
flows  include  turbulent  bow-wave  breaking  (Baba, 
1969)  and  lifting  devices  (propellers,  rudders,  & 
hydrofoils).  In  addition,  coherent  vortical  struc¬ 
tures  may  also  occur  in  the  viscous  turbulent  wake 
(Brown  &  Roshko,  1974,  and  Roshko,  1954).  The 
three-dimensional  interactions  of  these  flow  fields 
with  the  free  surface  are  very  complicated,  but  it 
is  our  hope  that  simple  models  will  provide  much 
needed  insight.  Some  simple  models  of  the  large- 
scale  vortical  flows  that  occur  in  ship  wakes  include 
two-dimensional  vortex  pairs,  ring  vortices,  and 
three-dimensional  vortex  tubes.  Even  these  sim¬ 
ple  models  are  so  complicated  that  they  challenge 
our  basic  understanding  of  vortex  interactions  with 
free  surfaces. 

As  an  initial  step  toward  understanding  the  inter¬ 
actions  of  ship-scale  vortices  with  a  free  surface,  we 
consider  the  direct  simulation  of  the  Navier-Stokes 
equations  with  a  free  surface  at  a  finite  Froude 
number.  Although  the  Reynolds  numbers  that  we 
are  able  to  simulate  so  far  are  considerably  be¬ 


low  those  observed  in  reality,  our  three-dimensional 
method  is  capable  of  modeling  physical  phenom¬ 
ena  that  are  simply  not  possible  using  inviscid  ap¬ 
proaches.  A  notable  example  is  the  reconnection 
of  vortex  tubes,  which  is  an  inherently  viscous  phe¬ 
nomena.  Moreover,  extensions  to  our  method  may 
eventually  allow  us  to  study  the  effects  of  turbu¬ 
lence,  air  entrainment,  and  surfactants. 

We  can  partially  classify  vortical  flows  near  a  free- 
surface  in  terms  of  Reynolds,  Froude,  and  Weber 
numbers.  As  our  velocity  scale,  we  use  the  cen¬ 
terline  velocity  of  a  vortex  pair,  Uc~2T/irs ,  where 
T  is  the  circulation  and  s  is  the  span.  In  corre¬ 
spondence  with  this  velocity,  the  length  scale  is  the 
half  span,  L—sj 2,  and  for  ring  vortices  the  ring  ra¬ 
dius  is  used.  Based  on  these  scales,  the  Reynolds 
number  is  Re=T /ms,  where  is  is  the  kinematic  vis¬ 
cosity;  the  Froude  number  is  Fr=T/wgl/2(s/2 )3/2, 
where  g  is  gravity;  and  the  Weber  number  is  We  = 
2pT2 /x2sT,  where  p  is  the  fluid  density  and  T  is 
the  surface  tension.  Although  surface  contamina¬ 
tion  plays  a  very  important  role  in  the  interaction 
of  vorticity  with  free  surfaces,  this  effect  is  difficult 
to  quantify  and  model,  and  has  not  been  consid¬ 
ered  so  far  in  the  present  simulations.  We  note  that 
the  hydrodynamics  of  ship-scale  surfactant  films 
are  discussed  by  Peltzer,  et  al ,  (1990)  in  this  pro¬ 
ceedings.  In  addition,  Hirsa,  et  afs  (1990)  exper¬ 
imental  and  numerical  studies  of  two-dimensional 
vortex  pairs,  which  also  appears  in  this  proceed¬ 
ings,  provides  a  preliminary  model  of  surfactant 
films. 

As  preparation  for  our  literature  review  of  vortices 
interacting  with  free  surfaces,  we  also  discuss  the 
related  problems  of  vortex  interactions  with  no¬ 
slip  walls  and  the  stability  and  reconnection  of 
vortex  tubes.  We  conclude  our  introductory  sec¬ 
tion  with  a  review  of  numerical  methods  for  simu¬ 
lating  the  incompressible  Navier-Stokes  equations. 
In  Sec.  2  we  provide  the  mathematical  formula¬ 
tion  for  describing  the  viscous  interactions  of  three- 
dimensional  vortices  with  free  surfaces,  and  in  Sec. 
3  we  discuss  the  numerical  implementations  of  our 
theory.  In  Sec.  4  we  apply  our  numerical  meth¬ 
ods  to  three  problems:  1)  ring  vortex  interactions 
with  a  wall,  2)  ring  vortex  interactions  with  a  free 
surface,  and  3)  vortex  tube  interactions  with  a  free 
surface.  In  Sec.  5  we  discuss  the  long-term  direc¬ 
tions  and  promise  of  this  line  of  research. 
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1.1  Interaction  of  Vortices  with  Walls 

Harvey  &  Perry’s  (1971)  studies  of  a  wingtip  vor¬ 
tex  near  a  wall  confirm  observations  of  aircraft  vor¬ 
tices  bouncing  off  the  ground.  They  argue  that 
the  rebound  effect  may  be  attributed  to  unsteady 
boundary-layer  separation  and  the  formation  of 
secondary  vortices.  Their  experimental  measure¬ 
ments  show  that  motion  of  a  vortex  moving  paral¬ 
lel  to  a  wall  may  be  stopped  or  even  reversed  due 
to  viscous  and  inviscid  interactions.  Inviscid  effects 
alone  are  ruled  out  by  Saffman  (1978),  who  proves 
that  a  vortex  pair  normally  incident  to  a  wall  in 
an  inviscid  fluid  will  monotonically  approach  the 
wall  and  then  separate  apart  due  to  the  velocity 
induced  by  themselves  and  their  images.  Walker’s 
(1978)  two-dimensional  computations  show  that 
explosive  boundary-layer  growth  is  possible,  but 
his  boundary-layer  theory  is  not  capable  of  model¬ 
ing  the  formation  of  secondary  vortices.  Peace  & 
Riley’s  (1983)  two-dimensional  Navier- Stokes  sim¬ 
ulations  show  substantial  growth  of  the  boundary 
layer,  but  their  Reynolds  numbers  ( Re  —  0(10)) 
are  too  low  for  secondary  vortex  formation  to  oc¬ 
cur. 

Walker,  et  aV s  (1986)  studies  of  vortex  rings  nor¬ 
mally  incident  to  a  wall  exhibit  many  of  the  same 
phenomena  as  two-dimensional  vortices.  An  im¬ 
portant  difference  is  that  ring  vortices  may  stretch. 
According  to  inviscid  theory,  a  ring  vortex  ap¬ 
proaching  a  wall  will  expand  radially  outward  and 
the  diameter  of  its  core  will  decrease.  However,  the 
experimental  results  of  Walker,  et  a/,  and  others 
(see  Cerra  &  Smith,  1983)  show  much  more  com¬ 
plexity  including  boundary-layer  separation,  sec¬ 
ondary  and  tertiary  vortex  formation,  rebounding, 
azimuthal  instabilities,  and  transition  to  turbu¬ 
lence.  For  Re  <  250,  no  secondary  vortices  are 
observed  and  the  primary  vortex  rapidly  diffuses 
while  being  held  fixed  against  the  wall.  Flow  sep¬ 
aration  and  secondary  vortex  formation  occur  for 
Re  >  250.  For  Re  >  3000,  Walker,  et  a/,  have  diffi¬ 
culties  producing  laminar  vortex  rings.  They  also 
perform  boundary-layer  calculations  which  once 
again  show  explosive  growth  of  the  boundary  layer, 
but  fail  to  predict  the  formation  of  secondary  and 
tertiary  vortices. 

As  a  prelude  to  our  study  of  vortex  ring  interac¬ 
tions  with  a  free-surface,  we  have  chosen  to  simu¬ 
late  the  interactions  of  a  vortex  ring  with  a  wall  be¬ 
cause  Walker,  et  a/’s  (1986)  documentation  permits 


qualitative  validation  of  our  Navier- Stokes  com¬ 
puter  code.  In  addition,  the  comparisons  between 
vortex  ring  interactions  with  walls  and  free  sur¬ 
faces  are  very  useful.  Our  numerical  simulations 
for  the  wall  case  show  the  formation  of  secondary 
and  tertiary  vortex  rings.  In  fact,  the  primary  vor¬ 
tex  ring  is  wrapped  in  a  sheath  of  counter-sign  vor- 
ticity.  Initially,  a  sharp  gradient,  which  diffuses 
with  time,  exists  between  the  primary  vortex  and 
the  shed  vortices.  Despite  the  appearance  of  rapid 
dissipation,  however,  the  kinetic  energy  of  these 
no- slip  wall  simulations  does  not  decrease  signif¬ 
icantly  more  rapidly  than  our  simulations  with  a 
free- slip  wall. 

1.2  Stability  and  Reconnection  of  Vor¬ 
tex  Tubes 

Spreiter  &  Sacks  (1951)  show  that  the  trailing 
wake  shed  from  an  elliptically  loaded  wing  will  roll 
up  into  a  pair  of  trailing  vortices.  The  span  of 
the  trailing  vortices  in  terms  of  the  original  span 
of  the  foil  (L9)  is  8  —  kL8/4,  and  the  core  ra¬ 
dius,  assuming  constant  strength,  is  rc  =  0.0985s. 
This  trailing  vortex  pair  is  unstable  to  sinusoidal 
disturbances  along  the  length  of  the  tube  (Crow, 
1970).  The  wavelength  of  the  instabilities  (AcroUJ) 
in  terms  of  the  span  are  A croxu  ~  8.6s,  and  the 
e-folding  time  of  the  instability  is  tcrow  —1.21  T„ 
where  Ti=2n$2 /T  is  the  time  it  takes  the  vortices 
to  move  one  span  length  due  to  their  own  induc¬ 
tion. 

Leonard  (1985)  indicates  that  large  changes  in  the 
curvature  of  a  vortex  tube  may  lead  to  the  rapid 
formation  of  helical  vortex  lines  and  even  vortex 
breakdown.  The  exponential  growth  of  helical  vor- 
ticity  is  related  to  unstable  perturbations  of  the 
vortex  core  in  the  presence  of  straining  fields.  The 
two-dimensional  numerical  simulations  of  Dritschel 
(1989)  suggest  that  in  addition  to  causing  the  ini¬ 
tial  instability,  the  straining  flows  may  also  strip 
the  helical  vortices  away  from  the  primary  vor¬ 
tex.  According  to  Leonard’s  (1985)  review,  once 
the  helical  vortices  are  formed,  the  axial  flows  that 
are  induced  by  the  helical  vortices  may  tend  to 
straighten  the  primary  vortex  tube. 

As  Crow  (1970)  notes,  trailing  vortex  tubes  that 
have  gone  unstable  may  eventually  join  to  form 
crude  vortex  rings  in  the  late  stages  of  the  in¬ 
stability.  This  process  of  reconnection  is  also  ob¬ 
served  in  the  vortex  ring  experiments  of  Kambe 
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&  Takao  (1971),  Fohl  &  Turner  (1975),  Oshima 
&  Asaka  (1977),  Schatzle  (1987),  and  Oshima  & 
Izutsu  (1988).  The  observations  in  these  experi¬ 
ments  seem  to  indicate  that  vortex  reconnection 
takes  place  as  a  result  of  cancellation  of  vorticity  as 
two  oppositely  signed  vortex  tubes  intersect.  Me- 
lander  &  Hussain’s  (1988)  cut -and- connect  model 
of  vortex  reconnection  (1988),  which  is  based  on 
spectral  simulations  of  anti-parallel  vortex  tubes, 
describes  vortex  reconnection  in  three  stages: 

1.  Inviscid  induction.  Self-induced  velocities 
cause  the  vortex  cores  to  approach  each  other 
and  form  a  contact  zone.  The  vortex  cores 
flatten  and  stretch  to  form  a  dipole  cross- 
section. 

2.  Bridging.  Vorticity  is  annihilated  in  the  con¬ 
tact  zone  and  bridges  of  cross-linked  vortex 
lines  form  at  both  ends  of  the  contact  zone. 
The  bridges  are  orthogonal  to  the  positions 
the  vortex  tubes  had  prior  to  contact. 

3.  Threading.  Remnants  of  the  original  vortex 
tubes  form  between  the  bridges  as  the  vortex 
tubes  pull  apart. 

Numerical  studies  of  vortex  ring  reconnections 
include  Winckelmans  &;  Leonard’s  (1989)  vor- 
ton  method,  Chamberlain  &  Liu’s  (1985)  finite- 
difference  methods,  and  Kida,  Takaoka,  &  Hus¬ 
sain’s  (1989)  three-dimensional  spectral  methods. 
A  notable  feature  of  Chamberlain  &  Liu’s  finite- 
difference  scheme  is  their  use  of  multi-pole  expan¬ 
sions  to  specify  a  radiation  condition. 

According  to  Helmholtz  theorems  vortex  filaments 
cannot  begin  or  end  within  a  fluid  (inviscid  or  vis¬ 
cous)  because  the  vorticity  field  is  solenoidal.  In 
addition  Kelvin’s  circulation  theorem  states  that 
vortex  filaments  move  as  material  lines  and  cannot 
be  broken  in  an  inviscid  fluid.  As  a  result  vor¬ 
tex  reconnection  is  an  inherently  viscous  phenom¬ 
ena.  Siggia  &  Pumir’s  (1987)  analysis  of  vortex 
filaments  suggests  that  reconnection  should  take 
place  on  viscous  time  scales,  as  one  might  expect. 
However,  Meiron,  et  al ,  (1989)  provide  numerical 
and  theoretical  evidence  that  the  reconnection  pro¬ 
cess  occurs  on  nearly  convective  time  scales.  Their 
arguments  are  supported  by  Kwon’s  (1989)  experi¬ 
mental  studies  of  vortex  rings  connecting  with  free 
surfaces  which  show  no  time  dependence  as  a  func¬ 
tion  of  Reynolds  number. 


The  experiments  of  Sarpkaya  &  Henderson  (1984) 
and  Sarpkaya  (1986)  indicate  that  Crow  instabili¬ 
ties  can  develop  in  the  trailing  wakes  of  deeply  sub¬ 
merged  hydrofoils.  Our  own  Navier-Stokes  simula¬ 
tions  of  a  sinusoidally  perturbed  vortex  tube  mov¬ 
ing  parallel  to  a  free  surface  show  that  reconnection 
of  the  primary  vortex  tube  with  the  free  surface  is 
possible  even  if  the  computational  domain  is  too 
short  to  permit  Crow  instability  to  occur.  Based 
on  the  experimental  evidence,  we  may  speculate 
that  the  preferred  wavelength  of  primary  vortex  re¬ 
connection  corresponds  to  a  Crow  instability,  but 
as  shown  by  our  own  numerical  simulations  Crow 
instabilities  are  not  a  necessary  condition  for  the 
connection  of  primary  vorticity  with  the  free  sur¬ 
face. 

Our  numerical  simulations  also  indicate  that  the 
generation  of  helical  vorticity  plays  an  essential 
role  in  the  reconnection  of  secondary  vorticity  with 
the  free-surface.  Instabilities  in  the  primary  vor¬ 
tex  tube  appear  to  be  the  source  of  helical  vorticity. 
Once  the  helical  vorticity  is  formed  it  merges  with 
the  secondary  vorticity  that  is  separated  from  the 
free-surface  boundary  layer  by  the  primary  vortex 
tube.  This  merging  process  eventually  leads  to  the 
formation  of  U-shaped  vortices  that  are  wrapped 
around  the  primary  vortex  tube.  The  U-vortices 
may  connect  with  the  free  surface  at  their  bases  or 
tips. 

1.3  Interaction  of  Vortices  with  Free- 
Surfaces 

Madnia  &  Bernal’s  (1989)  experimental  studies  of 
jet  flows  interacting  with  free  surfaces  show  that 
the  interactions  of  vorticity  with  the  free  surface 
may  generate  short  unsteady  waves.  They  find 
that  surface  waves  are  generated  as  vortical  struc¬ 
tures  in  the  jet  approach  the  free  surface.  Far 
downstream  the  surface  motions  are  caused  by 
large-scale  vortical  structures  interacting  directly 
with  free  surface.  They  also  observe  that  vortex 
lines  connecting  with  the  free  surface  are  com¬ 
mon  far  downstream.  The  early  development  of 
the  near-surface  jet  itself  is  studied  experimen¬ 
tally  by  Liepmann  (1990).  During  the  transition 
phase  from  laminar  to  turbulent  flow,  submerged 
and  near- surface  jets  convert  azimuthal  vorticity 
(vortical  rings)  into  streamwise  vorticity.  His  ex¬ 
periments  show  that  the  presence  of  a  free  surface 
accelerates  the  formation  of  streamwise  vorticity. 
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Sarpkaya,  et  al ,  (1988)  use  experiments  and  nu¬ 
merical  simulations  to  study  the  normal  incidence 
of  a  two-dimensional  vortex  pair  with  the  free  sur¬ 
face.  A  novel  counter-rotating  plate  arrangement 
is  used  during  the  experiments  to  generate  vortex 
pairs.  For  their  numerical  simulations  the  vortex 
pair  is  modeled  using  two  point  vortices  and  line 
vortices  are  used  to  model  the  free  surface.  Numer¬ 
ical  results  and  experiments  are  presented  for  two 
Froude  numbers,  Fr  =  6.4  &  2.8.  The  Reynolds 
numbers  are  not  provided.  For  low  Froude  num¬ 
bers  ( Fr  <  0.8),  the  experiments  indicate  that  the 
free- surface  acts  like  a  free- slip  wall,  and  the  vor¬ 
tex  centers  spread  apart.  A  scar  (a  dip  in  the  free- 
surface  elevation)  appears  in  front  of  each  vortex 
and  moves  with  the  vortex.  At  higher  Froude  num¬ 
bers,  both  experiments  and  simulations  show  that 
a  hump  of  fluid  rises  above  the  vortex  pair.  The 
vortex  pair  subsequently  spreads  apart  before  dif¬ 
fusing  due  to  turbulence. 

Telste’s  (1989)  numerical  studies  of  the  interaction 
of  two  point  vortices  with  a  free  surface  suggest 
that  vortices  translating  beneath  a  free  surface  will 
not  generate  significant  wavetrains  at  low  Froude 
numbers,  Fr  <  0.5.  For  higher  Froude  numbers 
Telste’s  results  indicate  that  wave  breaking  may 
inhibit  the  outward  expansion  of  the  vortex  pair. 
For  Fr  «  6.4  the  point  vortices  entrain  themselves 
in  a  hump  of  fluid  that  is  located  entirely  above 
the  mean  position  of  free  surface.  Telste’s  numeri¬ 
cal  simulations  indicate  that  the  hump  would  even¬ 
tually  collapse  on  top  of  itself.  For  an  intermedi¬ 
ate  Froude  number  ( Fr  «  2.0),  steep  wave  troughs 
form  on  each  side  of  a  small  hump  of  fluid.  The 
curvature  of  the  wave  troughs  is  so  high  that  wave 
breaking  appears  to  be  imminent. 

Willmarth,  et  al ,  (1989)  also  study  the  normal  in¬ 
cidence  of  a  two-dimensional  vortex  pair  with  a 
free  surface.  They  compare  experimental  results 
to  the  predictions  of  an  inviscid  theory  which  uses 
dipole  sheets  to  represent  the  free  surface  and  the 
vortex  pair.  They  report  their  Froude  number  as 
Fr  —  2.2,  and  we  estimate  their  Reynolds  and  We¬ 
ber  numbers  as  Re  «  5,  600  and  We  ~  60.  As  the 
Kelvin  oval  (the  volume  of  fluid  entrained  by  the 
vortex  pair)  rises  upward,  the  free  surface  forms  an 
upwelling  that  is  centered  above  the  vortices.  Two 
sharp  troughs  form  at  the  edges  of  the  upwelling. 
The  vortex  pair  rises  slightly  into  the  upwelling 
and  then  sinks  as  the  upwelling  springs  back.  Yu  & 
Tryggvason  (1990),  call  this  phenomena,  which  de¬ 


pends  on  the  Froude  number,  an  inviscid  rebound¬ 
ing  effect.  Although  the  flow  field  induced  by  the 
vortex  pair  becomes  turbulent  during  the  experi¬ 
ment,  Willmarth,  et  a/,  do  not  report  observing  the 
formation  of  secondary  vortices. 

Ohring  &  Lugts’  (1989)  numerical  studies  of 
the  viscous  interactions  of  two-dimensional  vortex 
pairs  with  a  free  surface  indicate  that  secondary 
vortices  form  at  low  Froude  numbers.  They  use  the 
method  of  artificial  compressibility  with  a  general¬ 
ized  coordinate  system  to  solve  the  Navier- Stokes 
equations.  They  consider  two  cases  with  very  low 
Reynolds  numbers  ( Re  <  20)  and  intermediate 
Froude  numbers  (Fr  «  0.3  &  1.0).  Surface  ten¬ 
sion  effects  are  not  modeled,  but  exact  boundary 
conditions  on  the  free  surface  are  otherwise  speci¬ 
fied.  For  the  high  Froude  number  result,  the  vortex 
pair  entrains  itself  in  the  upwelling,  and  a  patch  of 
counter-sign  vorticity  develops  at  the  base  of  the 
upwelling  where  there  is  high  curvature.  At  the  low 
Froude  number,  the  height  of  the  upwelling  is  sig¬ 
nificantly  reduced  and  the  vortex  pair  splits  apart 
upon  impact  with  the  free  surface.  Secondary  vor¬ 
tices  form  and  partially  wrap  themselves  around 
the  primary  vortex,  but  the  Reynolds  number  is 
so  low  that  the  vortices  lose  too  much  energy  for 
significant  inviscid  interactions  to  take  place. 

The  normal  and  oblique  incidence  of  vortex  rings 
with  a  free  surface  has  been  studied  experimentally 
by  Kwon  (1989).  Kwon  generates  laminar  vortex 
rings  with  Reynolds  numbers,  600  <  Re  <  3200, 
and  Froude  numbers,  0.14  <  Fr  <  0.32.  We  esti¬ 
mate  that  his  Weber  numbers  are  0.5  <  We  <  5. 
Kwon  documents  single  and  double  reconnections 
at  oblique  angles  of  incidence.  According  to  Kwon 
the  reconnection  time  depends  on  the  angle  of  in¬ 
cidence  but  not  the  Reynolds  number. 

The  experiments  of  Sarpkaya  &  Henderson  (1984) 
(see  also  Sarpkaya,  1986)  show  that  trailing  vor¬ 
tices  shed  by  wings  may  interact  with  free  surfaces 
to  form  striations  and  scars.  The  striations  oc¬ 
cur  during  the  initial  phases  of  the  interaction  and 
are  normal  to  the  wing’s  track.  The  scar  features 
form  after  the  striations,  and  they  are  parallel  to 
the  wing’s  track.  The  scars  appear  to  be  localized 
free-surface  disturbances  which  move  with  the  vor¬ 
tices.  The  early  development  of  the  scars  is  similar 
to  the  free-surface  upwellings  and  the  steep  wave 
troughs  that  have  been  already  discussed.  In  the 
later  stages  of  the  flow,  dimples  form  in  the  scar 
region  due  to  normal  vorticity  connecting  with  the 
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free  surface.  They  observe  that  Crow  instabilities 
can  occur  for  deeply  submerged  wings,  which  of¬ 
ten  leads  to  the  connection  of  vortices  with  the 
free  surface  and  a  crescent  shaped  disturbance  on 
the  free  surface.  The  nondimensional  parameters 
(in  our  notation)  which  characterize  their  experi¬ 
ments  are  as  follows:  7,000  <  Re  <  21,000  and 
0.3  <  Fr  <  1.  Based  on  this  data,  we  also  estimate 
that  10  <  We  <  100.  In  this  parameter  regime, 
Sarpkaya  (1986)  states  that  the  free-surface  signa¬ 
tures  are  not  sensitive  to  changes  in  the  Reynolds 
and  Froude  numbers.  Sarpkaya  claims  further  that 
the  influence  of  capillary  waves  on  his  free-surface 
signatures  is  very  small,  although  no  experimental 
evidence  is  offered. 

In  contrast  to  the  results  of  Sarpkaya’s  experi¬ 
ments,  Bernal,  et  al ,  (1989)  and  Kwon  (1989)  re¬ 
port  that  the  presence  of  surface  active  agents  on 
free  surfaces  strongly  influences  the  interaction  of 
ring  vortices  with  free  surfaces.  They  find  that 
the  motions  of  a  vortex  ring  normally  incident  to  a 
contaminated  free  surface  are  similar  to  the  mo¬ 
tions  caused  by  a  no-slip  wall.  Secondary  and 
tertiary  vortices  are  shed,  and  the  primary  vor¬ 
tex  rebounds.  For  a  cleaner  free  surface  they  find 
that  the  shed  vortices  are  weaker  and  the  radial 
expansion  of  the  primary  vortex  is  greater.  They 
report  Re  «  1200  and  Fr  «  0.09,  and  we  esti¬ 
mate  We  «  0.9.  These  physical  parameters  are 
less  than  Sarpkaya’s  (1986)  and  may  explain  why 
Sarpkaya’s  observations  differ  from  Bernal,  et  al , 
in  regard  to  the  influence  of  surface  contamination 
on  surface  signatures.  Bernal,  et  a/,  (1989),  also 
report  preliminary  experiments  with  delta  wings 
towed  beneath  a  free  surface.  They  observe  what 
appears  to  be  a  Reynolds  ridge,  which  is  the  flow 
region  beneath  a  stagnant  film  on  the  water  sur¬ 
face  (see  Scott,  1982).  According  to  them,  the 
scar  features  that  are  observed  by  Sarpkaya  may 
in  fact  be  Reynolds  ridges.  Interestingly,  Grosen- 
baugh  &  Yueng  (1988)  report  that  surface  contam¬ 
ination  strongly  influences  the  onset  of  turbulence 
in  the  bow  waves  of  model  ships.  They  describe 
a  stagnant  zone  which  causes  the  free  surface  to 
separate  farther  upstream  than  it  would  in  the  ab¬ 
sence  of  surface  contamination.  This  description 
fits  Scott’s  definition  of  a  Reynolds  ridge. 

As  one  example  of  the  range  of  scales  that  are 
possible  for  full-scale  ships,  consider  a  lightly- 
loaded  foil  traveling  slightly  below  and  parallel 
to  the  free  surface.  For  negative  lift,  the  trail¬ 


ing  tip  vortices  will  rise  upward.  We  assume  a 
long  span,  s=O(10m)  and  a  low  circulation,  T  = 
0(lm2/s).  In  our  notation  we  have  then  relatively 
high  Reynolds  numbers  (Re  ~  105),  low  Froude 
numbers  (Fr  &  10-2),  and  high  Weber  numbers 
(1 We  ~  103).  This  parameter  regime  is  far  out¬ 
side  the  numerical  simulations  and  laboratory  ex¬ 
periments  that  we  have  reviewed  in  this  section. 
The  impact  of  this  mismatch  is  not  clear.  We 
note  that  our  own  numerical  simulations  of  vortex 
interactions  with  a  free  surface  are  near  the  ap¬ 
propriate  Froude  numbers,  but  our  Reynolds  num¬ 
bers  ( Re  —  O(103))  are  too  low.  Hopefully,  the 
three-dimensional  flow  phenomena  that  we  observe 
at  these  low  Reynolds  numbers  capture  some  of 
the  important  features  of  flows  at  much  higher 
Reynolds  numbers.  We  emphasize  that  inviscid 
approximations  are  inadequate  because  the  salient 
features  of  vortex  interactions  with  a  free  surface 
such  as  boundary-layer  formation  and  vortex  re¬ 
connections  are  fundamentally  viscous. 

Having  noted  these  limitations,  we  now  proceed 
to  summarize  the  free-surface  phenomena  that  we 
observe  in  our  direct  numerical  simulations  of  the 
Navier-Stokes  equations.  Our  numerical  studies  of 
vortex  rings  interacting  with  a  free  surface  show 
that  secondary  vortex  rings  may  be  torn  away 
from  the  free-surface  boundary  layer  at  intermedi¬ 
ate  Froude  numbers,  and  at  lower  Froude  numbers 
the  free  surface  acts  like  a  free- slip  wall.  Our  nu¬ 
merical  simulations  at  low  Froude  numbers  agree 
qualitatively  with  the  vortex  ring  experiments  of 
Bernal,  et  al ,  (1989)  and  Kwon  (1989).  Our  stud¬ 
ies  of  vortex  tubes  illustrate  two  possible  mecha¬ 
nisms  for  the  reconnection  of  vorticity  with  a  free 
surface  including  primary  and  secondary  vortic¬ 
ity  reconnections.  The  free-surface  signatures  of 
these  two  mechanisms  are  distinctly  different.  One 
type  of  primary  vorticity  reconnection  should  re¬ 
sult  in  a  cusp  pattern  on  the  free  surface,  and  sec¬ 
ondary  vorticity  reconnection  should  manifest  it¬ 
self  as  paired  dimples  on  the  free  surface.  These 
numerical  experiments  show  that  the  generation  of 
helical  vortices  is  an  initial  stage  in  the  reconnec¬ 
tion  of  the  secondary  vorticity  with  the  free  surface, 
and  our  simulations  also  suggest  that  the  striations 
that  may  be  observed  in  the  wakes  of  trailing  tip 
vortices  are  caused  by  the  interaction  of  the  helical 
vorticity  with  the  free-surface  boundary  layer. 
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1.4  Numerical  Methods 

A  very  general  method  for  the  direct  simulation 
of  the  incompressible  Navier- Stokes  equations  with 
free-surface  effects  is  the  MAC  (Marker- And- Cell) 
method  (see  Hirt,  et  a/,  1975).  MAC  methods 
are  distinguished  from  other  numerical  methods  by 
their  technique  for  solving  for  the  pressure,  treat¬ 
ment  of  the  convective  terms,  formulation  on  a 
staggered  grid,  and  capability  for  particle  tracing. 
MAC  methods  enforce  mass  conservation  by  solv¬ 
ing  a  Poisson  equation  for  the  pressure.  The  MAC 
equation  for  the  pressure  retains  temporal  and  spa¬ 
tial  derivatives  of  the  dilation  term  ( V-u)  to  inhibit 
the  growth  of  numerical  errors,  and  the  convective 
terms  in  the  momentum  equations  are  calculated 
using  a  combination  of  upwinding  and  central  dif¬ 
ferencing.  The  MAC  time  integrator  without  the 
upwinded  terms  is  similar  to  the  explicit  FTCS 
(Forward  Time  Centred  Space)  method  (Roache, 
1976). 

As  evidenced  by  the  application  of  the  MAC  tech¬ 
nique  to  a  wide  range  of  problems  including  nonlin¬ 
ear  ship  wave  problems  (see  Miyata  &  Nishimura, 
1985),  the  MAC  method  is  useful  for  determin¬ 
ing  qualitative  features  of  very  complicated  free- 
surface  flows.  For  simple  geometries  the  high 
accuracy  of  spectral  methods  relative  to  finite- 
difference  methods  has  proven  to  be  very  de¬ 
sirable.  A  good  example  is  Orszag  &  Patter¬ 
son’s  (1972)  direct  simulation  of  homogeneous  and 
isotropic  turbulence  using  Fourier  series.  In  the¬ 
ory  Patera’s  (1984)  spectral  element  method  al¬ 
lows  complex  geometric  modeling  with  spectral  ac¬ 
curacy,  but  in  practice  general  three-dimensional 
problems  have  not  been  very  accommodating.  As 
a  result,  low-order  finite- difference  methods  with 
high  resolution  appear  at  this  moment  to  be  more 
robust  than  spectral  methods. 

The  MAC  and  FTCS  methods  are  subject  to 
stringent  stability  criteria  because  of  their  use  of 
explicit  time  integrators,  and  as  a  result,  sev¬ 
eral  semi-implicit  schemes  have  been  proposed 
for  overcoming  this  deficiency,  including  SIMPLE 
(Patankar  &  Spalding,  1972),  SIMPLER  (Pan- 
tankar,  1981),  PISO  (Issa,  1985),  and  the  Finite- 
Analytic  method  (Chen  &  Chen,  1982).  These  four 
methods  solve  the  momentum  equations  for  the  ve¬ 
locities  and  the  Poisson  equation  for  the  pressure 
separately,  and  iterations  are  used  to  strongly  cou¬ 
ple  the  velocities  with  the  pressures.  An  interest¬ 


ing  feature  of  Chen  fc  Chen’s  method  is  their  use 
of  locally  analytic  solutions  to  solve  the  Navier- 
Stokes  equations.  They  claim  that  this  technique 
gives  superior  modeling  of  the  convective  terms 
without  incurring  a  numerical  diffusion  penalty. 
However,  the  Finite- Analytic  method  requires  sig¬ 
nificantly  more  memory  without  improving  the 
second-order  spatial  accuracy  of  more  conventional 
finite- difference  methods. 

In  contrast  to  these  iterative  solution  procedures, 
Kim  &  Moin’s  (1985)  fractional  step  method  uses 
only  one  iteration  to  couple  the  velocity  field  with 
the  pressure  field  to  maintain  a  divergence-free 
flow.  Note  that  Kim  &  Moin,  just  like  Ghia,  et  al , 
(1977),  use  Neumann  boundary  conditions  in  the 
Poisson  equation  for  the  pressure,  and  as  a  result, 
they  must  satisfy  a  numerical  solvability  condition. 
Kim  &  Moin  are  able  to  achieve  second-order  accu¬ 
racy  in  time  by  using  an  explicit  Adams-Bashforth 
scheme  for  the  convective  terms  and  an  implicit 
Crank- Nicholson  scheme  for  the  viscous  terms.  Al¬ 
though  Kim  &  Moin’s  hybrid  time-integrator  elim¬ 
inates  time-step  restrictions  due  to  viscosity,  their 
numerical  scheme  must  still  meet  a  Courant  con¬ 
dition  because  of  their  explicit  treatment  of  the 
convective  terms. 

A  fully-implicit  scheme  has  been  devised  by 
Hartwich  &  Hsu  (1988)  who  uses  Chorin’s  (1967) 
artificial  compressibility  method  as  a  framework. 
Chorin’s  method  inserts  a  time- dependent  pres¬ 
sure  term  in  the  mass- conservation  equations,  and 
as  the  solution  nears  steady-state,  the  pressure 
term  drops  out.  This  artifice  permits  the  use 
of  advanced  compressible  flow  techniques  ( e.g ., 
Warming  &  Beam,  1978).  In  addition,  the  tech¬ 
nique  can  be  generalized  to  time- dependent  prob¬ 
lems.  Other  researchers  including  Brandt  &  Di¬ 
nar  (1977),  Fuchs  &  Zhao  (1984),  Vanka  (1986), 
and  Thompson  &  Ferziger  (1989)  solve  the  incom¬ 
pressible  equations  implicitly.  Typically,  these  im¬ 
plicit  primitive- variable  solution  schemes  use  block 
Gauss- Seidel  iterations  to  drive  the  divergence  to 
zero,  and  multigrid  methods  are  used  to  acceler¬ 
ate  the  solution  procedure.  The  block  in  lieu  of 
point  Gauss-Seidel  solvers  are  necessary  because 
the  finite- difference  approximations  to  the  mass- 
conservation  equation  are  not  diagonally  domi¬ 
nant. 

So  far  we  have  limited  our  discussions  to  the 
primitive- variable  formulation  of  the  Navier- Stokes 
equations.  The  widespread  use  of  vorticity  formu- 
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lations  also  warrant  a  discussion.  More  compre¬ 
hensive  reviews  of  vortex  methods  can  be  found 
in  Saffman  &  Baker  (1979)  and  Leonard  (1980  & 
1985).  There  are  two  main  vorticity  formulations: 
vortex  element  methods  which  use  line  and  sheet 
singularities  and  finite- difference  approximations 
of  the  vorticity-stream  function  equations.  Vor¬ 
tex  element  methods  are  ideally  suited  for  sim¬ 
ulating  small  regions  of  rotational  flow  such  as 
isolated  vortex  tubes  (Leonard,  1985)  and  sharp 
density  interfaces  (Dahm,  Scheil,  &  Tryggvason, 
1989).  Generally,  large  core  deformations  and  vis¬ 
cous  phenomena  are  not  modeled  well  by  three- 
dimensional  vortex  element  methods,  but  Winck- 
elmans  &  Leonard  (1989)  have  developed  a  vorton 
(vortex  sticks)  method  to  study  the  initial  stages 
of  vortex  reconnection.  Finite- difference  approxi¬ 
mations  to  the  vorticity-stream  function  equations 
do  allow  large  core  deformations  with  strong  vis¬ 
cous  interactions,  but  boundary  conditions  other 
than  free-slip  boundary  conditions  are  difficult  to 
implement  in  three  dimensions.  We  note  that  vor¬ 
tex  methods  are  continually  being  improved  and 
their  range  of  application  will  certainly  increase 
with  time. 

Regardless  of  what  formulation  is  used  to  simulate 
the  incompressible  Navier- Stokes  equations,  im¬ 
plicit  schemes  are  traditionally  used  for  rapidly  at¬ 
taining  steady-state  solutions  and  explicit  schemes 
for  simulating  time-dependent  flows.  Explicit 
schemes  are  not  used  to  reach  steady  state  because 
they  require  too  many  time  steps,  and  implicit 
schemes  are  not  used  for  time-dependent  problems 
because  they  are  computationally  more  intensive 
and  the  time  steps  are  so  small  based  on  accuracy 
considerations  that  stability  is  often  not  a  prob¬ 
lem  for  explicit  schemes.  In  some  special  cases  of 
time-dependent  flows,  such  as  creeping  flows  and 
capillary  waves,  implicit  schemes  are  used  because 
the  stability  limits  of  explicit  schemes  are  too  re¬ 
strictive. 

In  this  paper,  we  present  a  second- order  explicit 
method  and  a  first-order  semi-implicit  method  for 
solving  the  three-dimensional  Navier- Stokes  equa¬ 
tions  in  primitive- variable  form  with  and  with¬ 
out  free  surfaces.  The  unconditional  stability  of 
the  semi-implicit  scheme  is  useful  for  obtaining 
steady-state  solutions,  and  the  accuracy  of  the  ex¬ 
plicit  scheme  is  desirable  for  time-domain  prob¬ 
lems.  In  both  numerical  schemes  the  effects  of 
numerical  viscosity  are  reduced  to  a  minimum  by 


using  central  differencing.  The  nonlinear  momen¬ 
tum  equations  in  the  implicit  scheme  are  solved 
using  Newton-Raphson  linearization  and  multigrid 
iteration.  We  also  use  multigrid  iteration  to  solve 
the  Poisson  equations  for  the  pressures  in  both 
time-stepping  procedures.  The  convergence  prop¬ 
erties  of  the  numerical  schemes  are  demonstrated 
for  three  test  problems:  (1)  the  axisymmetric  stag¬ 
nation  flow  against  a  wall,  (2)  the  viscous  attenua¬ 
tion  of  an  axisymmetric  standing  wave,  and  (3)  the 
translation  and  diffusion  of  a  two-dimensional  vor¬ 
tex.  The  numerical  schemes  are  used  to  study  sev¬ 
eral  physical  problems  including  vortex  rings  and 
tubes  impacting  walls  and  free  surfaces. 

2  Mathematical  Formulation 

2.1  Field  Equations 

We  consider  the  unsteady  incompressible  viscous 
flow  of  a  Newtonian  fluid  under  a  free  surface.  For 
an  isotropic  and  homogeneous  fluid,  the  Navier- 
Stokes  equations  for  conservation  of  momentum 
have  the  form: 

ut  +  («.V)t?=-Vp+-^V2u,  (1) 

where  u  =  u(z,y,  z,t)  =  (u,v,tu)  is  a  three- 
dimensional  vector  field.  Note  that  the  momen¬ 
tum  equations  have  been  normalized  based  on  a 
length  scale  L  and  a  velocity  scale  U.  Re  —  UL/v 
is  the  Reynolds  number  where  v  is  the  kinematic 
viscosity.  In  addition,  we  have  defined  p  as  the 
hydrodynamic  pressure: 


where  P  is  the  total  pressure  which  is  equal  to  the 
sum  of  the  hydrodynamic  plus  hydrostatic  pres¬ 
sures.  The  pressure  terms  are  normalized  by  pU2 
where  p  is  the  density.  F2  —  U2/gL  is  the  Froude 
number.  The  vertical  coordinate  z  is  positive  up¬ 
ward,  and  the  origin  is  located  at  the  mean  free 
surface.  The  dynamic  pressure  may  be  interpreted 
as  a  Lagrange  multiplier  which  projects  the  veloc¬ 
ity  field  onto  a  divergence- free  field  as  expressed  by 
the  mass- conservation  equation: 

V  -  u  =  0  .  (3) 
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The  pressure  field  itself  does  not  require  boundary 
conditions  or  initial  conditions,  but  a  well-posed 
initial-boundary- value  problem  does  require  these 
conditions  for  the  velocities.  Note,  however,  that 
the  field  equations  and  boundary  conditions  for 
the  velocity  field  can  be  used  to  deduce  the  ini¬ 
tial  pressure  and  the  behavior  of  the  pressure  near 
the  boundaries.  For  example,  the  divergence  of 
the  momentum  equations  (eqts.  1)  used  in  combi¬ 
nation  with  the  mass- conservation  equation  (eqt. 
3)  may  be  used  to  derive  a  useful  Poisson  equa¬ 
tion  for  the  pressure.  This  equation  expressed  in 
indicial  notation  is  as  follows: 


duj  du{ 
dx{  dxj 


(4) 


Similarly,  the  momentum  equations  may  also  be 
used  to  prescribe  the  normal  derivative  of  the  pres¬ 
sure  on  the  boundaries  of  the  fluid.  Thus,  accord¬ 
ing  to  the  divergence  theorem  the  pressure  is  sub¬ 
ject  to  the  following  solvability  condition: 


L 


duj  du{ 

dx{  dxj 


(5) 


where  V  is  a  volume  of  fluid,  S  is  the  surface 
bounding  the  volume,  and  n  is  the  unit  outward- 
pointing  normal  on  that  surface. 


For  the  velocities,  we  are  required  to  specify  the 
initial  velocity  held: 


u  —  u0(z,  y,  z)  at  t  =  0  .  (6) 

According  to  Helmholtz’s  theorem,  we  can  express 
this  initial  vector  velocity  field  uQ  in  terms  of  scalar 
<j fi0  and  vector  ipQ  =  (V>x,  V^)o  velocity  poten¬ 
tials: 


uQ  =  V<j>0  +  V  X  $0  .  (T) 

The  initial  velocity  field,  like  the  time- dependent 
velocity  field,  is  required  to  be  solenoidal.  There¬ 
fore,  we  can  show  that  by  taking  the  divergence  of 
equation  (7)  that  <j)0  satisfies  Laplace’s  equation: 

V2<t>o  =  o  .  (8) 

Here,  (j)Q  may  represent  the  effects  of  currents, 
the  disturbances  of  surface-piercing  and  submerged 
bodies,  etc.  A  similar  Poisson  equation  is  satisfied 


by  the  vector  potential  tp0  in  terms  of  the  initial 
vorticity  field  u0: 


V  Vo  -  -<2o  ,  (9) 

where  (2  —  (wx,u>y,u>z)  may  be  expressed  in  terms 
of  the  curl  of  the  velocity  field  at  any  instant  of 
time: 


(3  =  Vxu.  (10) 

Based  on  this  definition,  the  vorticity  field  is  itself 
a  solenoidal  quantity.  In  addition  to  posing  ini¬ 
tial  conditions  for  the  velocity  field,  we  must  also 
specify  boundary  conditions  as  discussed  in  the  fol¬ 
lowing  sections. 


2.2  Linearized  Free-Surface  Boundary 
Conditions 

Let  the  free  surface  elevation  be  given  by  77(2:,  y ,  t). 
We  posit  the  presence  of  a  viscous  free-surface 
boundary  layer  scaled  by  8=0(Re1^2)-  We  ob¬ 
tain  a  linearization  of  the  free-surface  boundary 
conditions  by  assuming  small  surface  slopes,  i.e., 
rjx  &  7]y=0(e)  <  1  ,  and  consequently  77  is 

much  smaller  than  the  other  length  scales  of  the 
flow  including  8 .  Under  these  assumptions,  the 
exact  (nonlinear)  field  equations  are  still  valid  out¬ 
side  the  boundary  layer,  but  the  nonlinear  kine¬ 
matic  and  dynamic  free-surface  boundary  condi¬ 
tions  (Wehausen  fc  Laitone,  1960)  reduce  to: 


uz  ~  0 

vz  =  0  (11) 

-P+JnV  =  +  1m) 

*lt  +  ur)x  +  vrjy  =  w  ,  (12) 

where  We  =  pU2 L/T  is  the  Weber  number,  p  is  the 
water  density,  and  T  is  the  surface  tension,  and 
the  conditions  are  applied  on  z— 0.  The  first  set 
of  equations  (11)  state  that  the  shear  stresses  and 
normal  stresses  are  zero  on  the  free  surface.  Note 
that  the  kinematic  free-surface  condition  (12)  is 
still  nonlinear  in  the  flow  variables  and  is  obtained 
without  otherwise  requiring  that  the  velocities  be 
small. 
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2.3  Free-slip  Wall  Boundary  Conditions 

We  next  consider  the  case  of  a  free-slip  wall.  This 
type  of  boundary  condition  is  useful  for  imposing 
symmetry  boundary  conditions  and  modeling  free- 
surfaces  at  low  Froude  numbers.  By  definition  the 
tangential  stresses  and  the  normal  flux  are  zero 
on  a  free-slip  boundary.  Therefore,  the  boundary 
conditions  for  the  velocity  on  a  free-slip  plane  at 
z  —  0  are: 


uz  —  0  ,  vz  =  0  ,  and  w  =  0  ,  (13) 

where  the  first  two  equations  give  zero  tangential 
stresses  and  the  third  equation  states  that  there  is 
no  flux  across  the  plane  z  —  0. 

These  boundary  conditions  for  the  velocities  en¬ 
able  us  to  deduce  the  behavior  on  the  free-slip  wall 
of  the  pressure  and  vorticity,  and  also  the  initial 
conditions  for  the  scalar  and  vector  velocity  po¬ 
tentials.  For  example,  upon  substitution  of  the 
boundary  conditions  (13)  into  the  z-component  of 
(1),  we  can  show  that  pz— 0,  where  the  z- derivative 
of  (3)  has  been  used  to  eliminate  the  wzz— 0  term. 
Similar  arguments  may  be  used  to  show  that  the 
vorticity  vector  is  always  normal  to  a  free-slip  wall, 
u)  =  (0,0,  wz)  on  z— 0.  Finally,  in  regard  to  the 
initial  conditions,  we  can  derive  the  following  rela¬ 
tions  for  the  vector  velocity  potential  on  the  free- 
slip  plane  z  =  0: 


(V’x)o  =  0  ,  (V’y)o  =  o  ,  = 

and  VV„  =  — (0,0,(w,)„),  (14) 


where  we  have  assumed  that  the  scalar  velocity 
potential  is  initially  zero,  <j)0  —  0. 


2.4  No-slip  Wall  Boundary  Conditions 
On  a  no-slip  wall  the  velocity  is  zero: 

it  —  0  .  (15) 

In  general,  the  shear  stresses  are  nonzero  and  as  a 
result,  boundary-layer  formation  and  flow  separa¬ 
tion  are  possible.  Certainly,  the  flow  field  near  a 
no- slip  wall  is  more  complex  than  that  for  a  free- 
slip  wall,  but  it  is  still  possible  to  deduce  the  behav¬ 


ior  of  certain  flow  quantities  near  the  wall.  For  ex¬ 
ample,  suppose  that  a  no- slip  wall  is  located  on  the 
boundary  z  —  0,  then  the  no- slip  boundary  condi¬ 
tions  (15)  and  the  mass- conservation  equation  (3) 
may  be  used  to  show  wz  =  0.  Also,  substitution 
of  the  no-slip  conditions  into  the  z-component  of 
momentum  (1),  gives  the  normal  derivative  of  the 
dynamic  pressure: 


Pz  =  ^-Wzz  •  (16) 

Ke 

A  similar  procedure  may  be  used  to  show  that 
the  source  term  is  zero  in  the  Poisson  equation 
for  the  pressure  (4).  Unlike  a  free-slip  wall,  the 
vorticity  vector  must  be  parallel  to  a  no-slip  wall, 
lS  =  (u^uJyjO)  on  z  =  0,  and  as  a  result  a  vortex 
tube  cannot  terminate  normal  to  a  no-slip  wall. 
For  a  no-slip  wall  it  is  difficult  to  pose  unique  ini¬ 
tial  conditions  and  boundary  conditions  that  are 
physically  meaningful  for  the  vector  velocity  poten¬ 
tial.  One  method  for  eliminating  this  problem  is  to 
let  the  velocity  be  prescribed  by  free-slip  boundary 
conditions  at  time  t  =  0,  and  then  at  time  t  =  0-f 
set  all  velocity  components  equal  to  zero.  As  a  re¬ 
sult,  a  sheet  of  vorticity  is  instantaneously  formed 
on  the  no- slip  wall. 

2.5  Conservation  of  Energy 

The  vector  product  of  the  velocity  with  the  mo¬ 
ment  tun  equations  (1)  integrated  over  the  fluid  vol¬ 
ume  gives  a  formula  for  the  conservation  of  energy, 
and  the  transport  theorem  in  conjunction  with  di¬ 
vergence  theorem  may  be  used  to  simplify  the  re¬ 
sulting  equations.  In  indicial  notation  the  equation 
is  as  follows: 


d  f  U{U{  _ 

dt  Jv  2 

t  .f  1  /&Ui 

_J_  f  (9ui  +  du> ) 9u' 

Re  Jv  dxj  dxi  dxj  ’ 


1  ,dui  ,  du y, 
dxi J 


(17) 


where  the  first  term  represents  the  change  in  ki¬ 
netic  energy  integrated  over  the  material  volume  of 
the  fluid  (F),  the  second  term  represents  the  work 
done  by  the  stresses  on  the  fluid  boundaries  (5), 
and  the  last  term  equals  the  energy  that  is  dissi¬ 
pated.  ( Sij  denotes  the  Kroenecker  delta  funct ion.) 
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Note  that  the  stresses  do  not  do  any  work  on  slip 
and  no-slip  walls.  Upon  substitution  of  the  exact 
free-surface  boundary  conditions  into  this  energy 
equation,  we  may  derive  the  following  formula: 


d_  f  _L  JL  iL  [  2  _ 

dtJv  2  +  2F?  dt  Jsj  1  ~ 

~WeIs,T,l(‘T1+T2') 

1  f  .  dui  duj  dui 

Re  Jy  dxj  +  dxi  dxj  9 


(18) 


3.1  A  Semi-Implicit  Time-stepping 
Scheme 

We  derive  here  a  first-order  semi-implicit  scheme 
for  solving  the  Navier- Stokes  equations.  The  basic 
concept  of  our  scheme  is  based  on  the  PISO  scheme 
(Issa,  1985)  which  updates  the  velocities  indepen¬ 
dently  of  the  pressure.  We  use  Newton-Raphson 
iteration  to  solve  the  nonlinear  Navier- Stokes  equa¬ 
tions,  and  we  assume  that  the  velocities  for  each 
implicit  time  step  are  equal  to  some  known  esti¬ 
mates  plus  some  small  corrections.  Let  superscript 
()n  denote  the  n-th  time  step,  and  consider  the  per¬ 
turbations  of  the  velocities  at  the  (n  +  l)-th  time 
step  as  follows: 


where  the  first  term  represents  the  change  in  ki¬ 
netic  energy,  the  second  term  the  change  in  poten¬ 
tial  energy,  the  third  term  the  work  done  by  surface 
tension,  and  the  last  term  the  dissipated  energy. 
5/  is  the  projection  of  the  free-surface  onto  the  xy- 
plane  and  R\  and  R2  are  the  principal  radii  of  cur¬ 
vature.  Note  that  we  have  assumed  that  the  work 
done  by  the  stresses  on  all  other  boundaries  besides 
the  free  surface  is  zero.  If  the  free-surface  elevation 
and  slope  are  small,  then  the  volume  integrals  are 
evaluated  below  the  mean  waterline  ( z  —  0)  and 
the  principal  radii  of  curvature  terms  simplify  to 
~{r1xx  +  Vyy)’ 


3  Numerical  Formulation 


In  this  section  we  derive  semi-implicit  and  explicit 
finite- difference  schemes  for  direct  simulation  of 
the  three-dimensional  Navier- Stokes  equations  at 
low  Reynolds  numbers.  (See  Appendix  A  for  an 
outline  of  the  axisymmetric  formulation.)  We  show 
how  the  initial  velocity  field  is  set  up,  and  demon¬ 
strate  the  implementation  of  periodic,  slip,  no-slip, 
and  free-surface  boundary  conditions.  For  periodic 
and/or  wall  boundary  conditions  a  solvability  con¬ 
dition  for  the  pressure  is  also  implemented.  We 
then  discuss  the  vectorization  of  a  multigrid  solu¬ 
tion  technique  for  solving  the  field  equations.  We 
conclude  the  numerical  formulation  section  with 
stability  analyses  and  validation  studies.  The  val¬ 
idation  studies  include  numerical  simulations  of 
axisymmetric  stagnation  flows,  attenuation  of  ax¬ 
isymmetric  standing  waves,  and  translation  and 
diffusion  of  two-dimensional  vortices. 


un+1  =  U  +  u 

v"+ 1  =  V  +  v  (19) 

wn+l  =  W  +  w  , 

where  (u,v,u;)n+1  are  the  unknown  velocities  at 
the  next  time  step,  (Uy  F,  IF)  are  the  known  es¬ 
timates,  and  (u,  f,  w)  are  the  unknown  errors. 
Note  that  for  a  fully-implicit  scheme  the  hydro- 
dynamic  pressure  would  be  expanded  in  a  sim¬ 
ilar  way.  For  our  semi- implicit  scheme  the  hy¬ 
drodynamic  pressure  is  always  known  in  terms  of 
the  most  recent  estimate  of  (u,  v,  t£/)n+1.  In  (19) 
we  continuously  update  (tz,  v,  iy)n+1  until  the  de¬ 
sired  accuracy  has  been  achieved.  First  we  es¬ 
timate  the  fluid  velocity  at  the  (n  +  l)-th  time 
step  by  letting  (17,  F,  W)  =  (tz,  v,  u;)n,  and  then  we 
find  the  error  terms,  (u,vyw).  Our  improved  es¬ 
timate  of  the  velocities  is  given  as  (tz,  u,  tu)n+1  = 
(Uy  Vy  W)  +  (u,  Vy  w)  and  the  new  pressure  can  be 
calculated  based  on  these  updated  velocities.  The 
Newton-Raphson  iterations  can  stop  at  this  point 
if  the  errors  are  small  enough,  or  they  may  con¬ 
tinue  by  letting  (Uy  F,  W)  equal  our  new  estimate 
of  (u,  V,  iu)n+1,  etc.  Generally,  only  one  to  two  iter¬ 
ations  are  necessary  because  the  Newton-Raphson 
procedure  has  quadratic  convergence. 

Upon  substitution  of  the  perturbation  expansions 
(19)  into  the  momentum  equations  (1)  and  elimi¬ 
nation  of  quadratic  error  terms,  we  derive  the  fol¬ 
lowing  set  of  linearized  equations: 


ut  +  2  (uU)x  +  (uF)y  +  (Uv)y  +  (uW)z 
+  (UW)Z  -  =  Ure, 
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Vt  +  {uV)x  +  {Uv)x  +  2(«V)W  +  (vW)x 
+(™),  -  -i-V2V  =  Vre,  (20) 

XLe 

W|  +  (uW)«  +  (Uw)x  +  (vW)y  +  (Vw)u 
+2 {wW)z  -  -}-V2w  =  Wrea  , 

Jte 

where  the  unknown  error  terms  are  grouped  on  the 
left-hand  side  and  (UreayVre8yWreB)  is  the  known 
residual  error  vector  given  below: 


ure9  =  -Ut  -  (UU)X 

~{UV)y  -  {UW)Z  -px  +  -J- v2tf 

ItG 


vre.  =  -Vt  -  {UV)X 

-(VV)y-(VW)z-py  +  ^-V2V  (21) 


wre,  =  -Wt  -  ( UW)X 

~{VW)y  -  (WW)Z  -pz+  j-V2W  . 


In  these  equations  for  the  residual  errors,  the  hy¬ 
drodynamic  pressure  is  expressed  in  terms  of  the 
most  recent  estimate  of  (tt,  v ,  w)n+1.  Note  that  the 
equations  for  the  error  terms  (20)  and  the  residual 
errors  (21)  are  expressed  in  conservation  forms. 

We  solve  the  set  of  equations  (20)  and  (21) 
for  (it,  v,  w)  by  using  finite  differencing.  Let 
(Ax,  Ay,  Az)  be  the  unstaggered  grid  spacing 
along  the  x,y,  and  z-axes  respectively,  and  let  At 
be  the  time  step.  Also,  let  subscript  ()»,j,jk  denote 
the  indices  of  the  grid  points  along  the  x,y,  and 
z-axes  respectively.  We  define  the  following  finite- 
difFerence  formulas: 


6+F 


SCXF 

V2F 


Fj,j,k  Fj-ijjk 

Ax 

—  Fjjyk 

Ax 

^t+hjtk  ~  Fj-1  ,j,k 

2  Ax 

“  2 FiJ,k  4" 

(Ax)2 

.  Fij+hk  -  2Fij,k  + 

+  (Ay)2 

.  Fi,jyk+ 1  ~  22'iijj/j  +  Fij%k-1 
+  (Az)2 


(22) 


where  the  first  two  difference  formulas  are  first- 
order  one-sided  formulas  for  djdxy  the  third  for¬ 
mula  is  a  second- order  centered  formula  for  d/dxy 
and  the  last  formula  is  a  second-order  centered  for¬ 
mula  for  the  Laplacian  operator.  Similar  formulas 
are  written  for  the  partial  derivatives  with  respect 
to  y  and  z. 

We  use  upwind  differencing  in  (20)  to  ensure  di¬ 
agonal  dominance,  and  we  use  central  differencing 
in  (21)  to  reduce  the  effects  of  numerical  damping. 
Since  the  final  converged  solution  for  (tt,  v,  tu)n+1 
is  central  differenced,  we  are  able  to  realize  the 
efficiency  of  first-order  upwind  differencing  with¬ 
out  the  numerical  damping  and  the  accuracy  of 
second-order  central  differencing  without  the  slow 
convergence. 

We  illustrate  how  to  upwind  a  single  convective 
term: 

(*V)y  =  i(fi(r+|V|))v  +  i(u(F-|r|))w 

(«V)y  ~  ^(«(V+m))  +  ^-(u(F-|F|)) 

'  'v  2Ay  Ay 

WY  +  \v\))ij-i*  m 

2Ay 

This  upwinding  scheme  always  contributes  a  posi¬ 
tive  element  to  the  diagonal  of  the  equation  system. 
We  use  this  upwinding  procedure  to  discretize  (20) 
as  follows: 


+  smu  +  |V|)J  +  S-[u{U  -  |V|)] 
+f[«^+m)]+^[«(F-iF|)] 
+S-f[v(U  +  \U\))+6-f[v(U-\m 
+y[«(^  +  |Wrl)]+yl«(^-|^l)] 

+  Sf[w(U+\U\)}+Sf[w(U-\U\)} 

+  6f[u(v + in)] + sf[u(v  -  in)] 
+SfW+\U\)]+6fW-\U\)] 
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HW+m)]+wr-m)] 

+  Sl[v(w  +  \W\)]  +  Sf[v(w  -  \w\)]  (23) 
+Yl*(V+\V\))+Sf[w(V-\V\)] 
-£*»•= W 
^  +  6f[u{W  +  \w\))  +  Sf[u(w  - \W\)} 

+  Sf[*(U+\U\)\+8f[w{U-\U\)} 

+^[«(Wr+|Wrl)]  +  ^[*(Wr-|Wrl)] 

+^Nv  +  |v|)]  +  ^[i®(y-|v|)] 
+^+[w(w  +  \w\)]  +  «z-[u»(w  -  |w|)] 

where  a  first-order  Euler  scheme  is  used  to  ap¬ 
proximate  the  time  derivative  terms.  Note  that 
by  definition  there  are  no  errors  in  the  velocities 
at  the  n-th  time  step,  and  so  only  one  term  is 
required  to  approximate  each  time  derivative  of 
Vijjc,  u>ijtk)-  As  pointed  out  earlier,  the  con¬ 
vective  terms  are  up  winded  in  (23)  to  ensure  the 
diagonal  dominance  of  the  equation  system. 

The  discretized  forms  for  (21)  are  given  by: 


Ure,ijk  =  ~-UiJ'k AtU?J'k)  ~  WU) 

-5cy(UV)  -  SCZ(UW)  -  Scxp  +  ±-V2U 

Itc 

V  -  ~  jfcfrrv) 

*reaijk  ~  '  J 

-syyv)  -  6X(VW)  -  8cvp  +  ^-V2F  (24) 

(Wi  jk  —  t) 

Wre,ijk  =  --  '3'\t  ,J'k>  -  8%{UW) 

-fyVW)  -  SCZ(WW)  -  8'p  +  -1 V2TF  , 

Ke 

where  once  again,  a  first-order  Euler  scheme  is  used 
for  the  time-derivative  terms. 

The  system  of  equations  (23)  and  (24)  are  solved 
using  Gauss- Seidel  iteration.  A  good  initial  guess 
of  the  error  terms  may  be  obtained  by  ignoring  all 
of  the  off-diagonal  terms  as  illustrated  below: 


Uijk  = 
Vijk  = 
Wijk  = 


AtU, 


re8ijk 


d?jk 


A  tVr 


resjjk 


A  tW, 


resjjk 


*ijk 


(25) 


d,  = 

,]k  Ax  Ay  A  z 

2A t  11  1 

+  Re  l(A*)2  +  (Ay)*  +  (Az)2} 


d,°jk 


dijk 


t  |  2At\Vjjk\  ■  At\Wijk\ 

Ax  Ay  A  z 

2A t  1  1  1 

+  Re  ((A*)2  +  (Ay)*  +  {A^y] 

1  ^  At\Vjjk |  g  At[IF,jt| 

Ax  Ay  A z 

+  _JL_  +  _!_) . 

R,  '(Ai)!  (Aj)!  (a*)'1 


We  observe  that  the  FTCS  scheme  is  recovered  if 
all  the  At  terms  are  eliminated  in  the  denominators 
of  (25)  and  if  only  one  Newton-Raphson  iteration 
is  used.  Also,  if  the  time  step  is  small  enough  such 
that  the  diffusion  terms  are  much  less  than  one, 


2At  1  1  1 

Re[(Axy  +  (Ay)*  +  (Az)2j<1  ’ 

the  system  of  equations  (23)  and  (24)  are  parabolic 
and  Gauss- Seidel  iteration  may  be  used  to  effi¬ 
ciently  solve  the  equations.  For  larger  time  steps, 
however,  the  diffusion  terms  dominate,  the  system 
of  equations  are  elliptic,  and  multigrid  iteration  is 
much  more  effective.  Finally,  if  the  diffusion  terms 
dominate  and  if  the  grid  spacing  along  one  or  two 
axes  is  much  smaller  than  the  spacings  along  the 
other  axes,  the  system  of  equations  are  anisotropic 
and  a  line  Gauss- Seidel  solver  should  be  used  in 
conjunction  with  a  multigrid  solver. 

After  solving  (23)  and  (24),  we  first  update  the  ve¬ 
locities  (u,v,u;)n+1  =  (U,V,W)+  (ft, v, tu),  then 
reassign  the  approximate  solutions  (17,  V,  W)  = 
(u,  v,  tt;)n+1,  and  finally  update  the  pressure.  The 
Poisson  equation  for  the  pressure  (4)  must  be  dis¬ 
cretized  carefully  because  numerical  errors  may 
otherwise  accumulate  and  cause  the  solution  to  di¬ 
verge.  In  particular,  in  the  analytic  derivation  of 
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the  Poisson  equation,  we  neglected  functions  of  the 
velocity  dilation  term  ( V-tl)  which  may  differ  from 
zero  in  our  numerical  calculations.  Thus,  for  the 
numerical  implementation  of  our  implicit  scheme 
we  retain  the  time  derivative  of  the  dilation  term 
which  is  a  function  of  the  n  -th  time  step.  Func¬ 
tions  of  the  dilation  term  at  the  (n  +  l)-th  time 
step  are  set  equal  to  zero  so  that  mass  conserva¬ 
tion  will  be  satisfied.  Our  discrete  equation  for  the 
pressure  is: 

vy+1  =  +  ij(£u»  +  Scvvn  +  *>")  (26) 

+2  (5>n+1  8cyvn+l  +  6cxun+1  8czwn+ 1 

+  5yt)"+l  SCZWn+l  -  5yti"+l  «y+l 

-$:y+1  «>n+1  -  *y+1  ^wn+1) . 

We  solve  this  elliptic  equation  by  using  a  com¬ 
bination  of  Gauss- Seidel  and  multigrid  iteration. 
Once  the  pressure  has  been  updated,  the  Newton- 
Raphson  iteration  may  continue  to  reduce  the 
residual  errors  or  the  solution  scheme  may  progress 
to  the  next  time  step.  The  stability  and  accuracy 
of  this  numerical  scheme  are  discussed  later. 

3.2  An  Explicit  Time-stepping  Scheme 

We  derive  here  the  second-order  extension  of  the 
FTCS  method.  The  time  integrator  uses  a  two- 
stage  modified  Euler  method.  The  first  stage  is  a 
standard  Euler  step: 


UiJ,k  =  +  A 

ViJtk  =  v?j,k  +  (27) 

Wij.k  =  +  A tf{wjk  , 

where  the  forcing  terms  are  defined  by: 

filk  =  -6cx(uu)n  -  6cy{uvr  -  6cz(uwr 

~Kv"  +  -j^-V2u" 

lte 

fij,k  =  Scx{uv)n  -  8cy{vv)n  -  8cz{vw)n 

- 8cypn  +  -^-VV*  (28) 

tie 

fij,k  =  -8cx{uw)n  -  6cy{vw)n  -  8cz{ww)n 


-Sczpn  +  ±-V2wn  . 

We  observe  that  the  convective  terms  and  the  dif¬ 
fusion  terms  are  all  central  differenced.  Next  we 
calculate  the  hydrodynamic  pressure  as  a  function 
of  this  first  estimate  of  the  velocities  at  the  next 
time  step: 

V  2?  =  +^(«>"  +  ^"  +  *>") 

+2(8xu8yv  +  8cxu8czw 
+8cuvSczw-8cyu8ex  v  (29) 

-6czu8cxw-  8czv  6yw)  , 

This  equation  for  the  pressure  is  the  same  as  that 
for  the  implicit  scheme  (Eq.  26).  Upon  solving 
this  equation,  we  proceed  to  the  second  stage: 

<j,k  +  f(filk+ Wk) 

<j,k  +  f(f.ik+Wk)  (3°) 

+  +  A Tk)  • 

where  the  second- stage  forcing  terms  are  defined 
by: 

jM~k  =  -6cx{uu)  -  8cy(uv)  -  8cz(uw) 

-^4v2« 

Jy~k  =  -8cx{uv)  -  8cy(vv)  -  8cz(vw) 

-SyP+lT^v  (31) 

f,jk  =  -8cx(uw)  -  6*(vw)  -  f'(i®) 
-6czP+jrV2™ 

This  two  stage  process  gives  a  second-order  accu¬ 
rate  estimate  of  the  velocities  at  the  next  time  step. 
We  conclude  the  algorithm  by  updating  the  pres¬ 
sure  field: 

vy+1  =  +^(«y +  yn  +  5>")  (32) 


<tt  = 


w ; 


n+l 
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+2(^un+1  Scyvn^  +  5>n+1  8czwn+l 
+6cyvn+1  <J>n+1  -  6cyun+'  6cxvn+l 
-^un+1  £>n+1  -  ^vn+1  ££ti;n+1)  . 

The  procedure  repeats  for  the  next  time  step.  The 
stability  and  accuracy  of  the  above  algorithm  is 
discussed  later. 


3.3  Numerical  Solution  of  the  Initial 
Conditions 

According  to  Helmholtz  theorem,  the  initial  ve¬ 
locity  field  may  be  expressed  in  terms  of  scalar 
and  vector  velocity  potentials  (Eq.  7).  The  vor¬ 
tex  problems  that  interest  us  most  in  this  paper 
are  completely  specified  by  the  vector  velocity  po¬ 
tentials.  The  finite- difference  forms  of  the  Poisson 
equations  for  the  vector  velocity  potentials  (see  Eq. 
9)  are: 


v2^  =  -{uXo)i,j,k 

V2V-„o  =  -("y„ fc  (33) 

VV«.  =  -(«*„);, , 

where  {£0)ijik  is  the  discrete  sampling  of  the  initial 
vorticity  field  which  is  prescribed.  Upon  solving 
(33)  for  the  potentials,  we  use  a  discrete  form  of 
Helmholtz  theorem  to  calculate  the  initial  veloci¬ 
ties: 


3.4  Numerical  Implementation  of  the 
Boundary  Conditions 

Our  numerical  simulations  use  periodic,  free-slip, 
no- slip,  and  free- surface  boundary  conditions.  To 
illustrate  how  these  boundary  conditions  are  im¬ 
plemented,  we  assume  that  one  of  these  types  of 
boundary  conditions  is  imposed  on  the  plane  z—0. 
Let  indices  (i,j,K)  denote  a  grid  point  on  z=0, 
and  (t,j,  K  +  1)  an  imaginary  set  of  grid  points 
above  the  plane  z— 0.  The  grid  points  on  the  k- 
axis  are  ordered  k  =  1,2,..., K.  For  Dirichlet 
boundary  conditions  the  field  equations  are  never 
evaluated  on  z  =  0  and  no  special  treatment  is 
required  for  the  field  equations.  For  periodic  and 
Neumann  boundary  conditions,  expressions  for  the 
imaginary  set  of  grid  points  in  terms  of  real  grid 
points  are  formulated  and  substituted  into  the  field 
equations. 

3.4.1  Periodic  Boundary  Conditions 

The  field  equations  for  the  velocities,  pressures, 
and  stream  functions  are  evaluated  at  the  grid  level 
(i,y,  K ),  and  the  centered  difference  operators  (22) 
are  functions  of  the  imaginary  set  of  grid  points. 
We  impose  periodic  boundary  conditions  by  set¬ 
ting  the  imaginary  grid  points  at  the  grid  level 
(t,jf,  K  +  1)  equal  to  the  grid  points  at  the  first 
grid  level  (t,j,  1).  Similarly,  we  set  the  imaginary 
grid  points  at  (i,  j,  0)  equal  to  the  grid  points  at 
(i9j,K).  This  algorithm  gives  second-order  spatial 
approximations  to  the  field  equations  without  ad¬ 
versely  affecting  vectorization  (see  Appendix  B). 


M,j,k  =  ScyrpZo  -  6czxpy 0 

=  -K'Pzo  +  (34) 

{Wo)i,j,k  —  Sxl/>Vo  —  iylpXo  • 

Formally,  the  initial  vorticity  field  prescribed  in 
(33)  should  be  solenoidal,  but  in  practice  an  initial 
vorticity  field  which  is  not  necessarily  solenoidal 
may  be  used.  The  primitive  variable  formulation 
allows  this  flexibility  because  any  vector  field  for 
the  initial  vorticity  will  lead  to  a  solenoidal  veloc¬ 
ity  field  due  to  the  Helmholtz  decomposition.  In 
fact,  the  vorticity  field  that  is  recalculated  based 
on  the  definition  of  vorticity  (10)  is  also  solenoidal. 


3.4.2  Free-Slip  Boundary  Conditions 

As  shown  in  Sec.  2.3,  the  horizontal  velocities 
(u,  v)  and  the  hydrodynamic  pressure  p  are  even 
functions  about  z— 0,  the  vertical  velocity  w  is  an 
odd  function,  and  w=Q  on  the  wall.  These  rela¬ 
tions  may  be  used  to  assign  the  flow  quantities  at 
the  imaginary  set  of  grid  points  in  terms  of  the 
same  quantities  at  interior  grid  points: 

1  =  1 

vij,K+ 1  = 

wij,K+ 1  =  1 

Pi,j,K+ 1  =  1  •  (35) 
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At  the  (i}j,  K)  grid  level,  these  relations  are  back 
substituted  into  the  horizontal  components  of  the 
momentum  equations  and  the  Poisson  equation  for 
the  pressure.  The  resulting  finite- difference  ap¬ 
proximations  are  second-order  accurate.  The  value 
and  behavior  of  the  velocities  on  the  free-slip  plane 
are  used  to  assign  the  boundary  values  and  be¬ 
havior  of  the  vector  velocity  potentials.  For  ex¬ 
ample,  setting  V>xo=0  and  ipVo= 0  on  z~ 0  ensures 
that  the  no- flux  condition  is  met.  In  addition 
we  assume  that  ipXo  and  tpyo  are  odd  functions 
about  the  free-slip  plane,  and  assign  tpZo  to  be  even 
{dtyzjdz  -  0).  At  the  (i, K)  level  these  relations 
are  substituted  into  the  ^Zo-Poisson  equation  (33) 
and  the  discrete  velocity  calculations  (34).  This 
form  of  the  vector  velocity  potentials  ensures  that 
the  horizontal  velocities  (u,  u)  are  even  functions 
on  the  free-slip  plane. 


3.4.3  No-Slip  Boundary  Conditions 

Free-slip  boundary  conditions  are  used  to  set  up 
the  initial  conditions  at  time  t  —  0,  and  at  time 
t  =  0+  we  set  u  —  0  on  the  no-slip  wall.  As  a  re¬ 
sult,  a  sheet  of  vorticity  is  instantaneously  formed 
on  the  no- slip  wall.  In  our  simulations  of  vortex 
rings  impacting  the  wall,  the  rings  are  initially  far 
enough  away  from  the  wall  such  that  the  strength 
of  the  vorticity  on  wall  is  less  than  one  percent  of 
the  core  strength.  As  shown  in  Sec.  2.4,  the  source 
term  in  the  Poisson  equation  for  the  pressure  is 
zero  on  a  no- slip  wall.  For  our  numerical  simula¬ 
tions  we  also  set  the  time  derivative  of  the  dila¬ 
tion  term  equal  to  zero.  The  fact  that  wz  =  0  on 
the  no-slip  wallis  used  together  with  the  Neumann 
boundary  condition  for  the  pressure  (16)  to  assign 
the  pressure  at  the  imaginary  grid  point  (pij,K+i): 


Pi,j,K+ 1  =  PiJ,K-l  +  Az  Rt  W'’J’K-x  •  (36) 


This  equation  is  then  substituted  into  the  7-point 
star  for  the  Laplace  operator  in  (26,  29,  or  32). 
In  the  multigrid  solution  of  the  pressure  we  find 
it  convenient  to  store  the  inhomogeneous  velocity 
term  in  the  vector  used  for  the  source 

strengths  (see  Appendix  B). 


3,4.4  Free- Surface  Boundary  Conditions 

Again,  free-slip  boundary  conditions  are  used  to 
assign  the  initial  velocity  field.  Dirichlet  conditions 
are  specified  for  the  hydrodynamic  pressure  since 
the  pressure  is  known  in  terms  of  the  free- surface 
elevation  (see  Eq.  11).  The  kinematic  condition 
for  the  free- surface  elevation  (12)  may  be  evaluated 
either  implicitly  or  explicitly.  As  an  example,  for 
the  first-stage  of  our  explicit  scheme,  we  use: 

=  *+4‘/i3  m 

«  -  <j,k  -  <j,K  w >"• 

The  evaluation  of  the  momentum  equations  on 
the  free  surface  depends  on  the  imaginary  grid 
points.  Since  the  horizontal  velocities  are  even 
functions  about  the  free- surface  (see  Eq.  11),  they 
are  assigned  using  our  free-slip  wall  method.  The 
mass-conservation  equation  (3)  is  used  to  evaluate 
the  vertical  velocity  at  an  imaginary  grid  point  in 
terms  of  real  quantities: 

1  =  wiJtK- 1  —  8%u  -  2A z  6^v  .  (38) 

Finally,  the  z-derivative  of  the  pressure  in  the  mo¬ 
mentum  equations  is  evaluated  using  a  3-point  one¬ 
sided  difference  scheme: 

Pz  =  2^(3p.,j,K'  -  4P.,J,K-1  +  Pi,j,K- 2)  •  (39) 

This  implementation  of  the  free- surface  conditions 
gives  second-order  spatial  accuracy.  In  addition, 
the  compact  nature  of  the  scheme  does  not  affect 
the  vectorization  of  either  the  semi-implicit  or  the 
explicit  time  integrators. 

3.5  Solvability  Condition  for  the  Pres¬ 
sure 

As  noted  in  Sec.  2,  a  solvability  condition  must 
be  satisfied  for  the  pressure  if  Neumann  or  peri¬ 
odic  boundary  conditions  are  specified  on  all  of 
the  boundaries.  The  numerical  implementation  of 
this  integral  constraint  is  discussed  by  Ghia,  et  al , 
(1977),  which  we  extend  to  a  multigrid  solver.  Let 
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&ij,k  represent  the  source  term  in  the  discretized 
Poisson  equation  (see  Eqs.  26,  29,  or  32),  and  let  6 
be  the  error  of  the  integral  constraint  normalized 
by  the  fluid  volume  V.  We  use  trapezoidal  rule  to 
evaluate  the  error: 

s  =  i  (  E  Av  s«  <nj,k 

ij,k 

E  (^).,;,* )  ,  (40) 

ij,k  U 

where  Av  —  AxAyAz  and  As  =  AxA yy  AxAz, 
or  AyAz ;  Sv  =  1,  1/2,  1/4,  or  1/8  if  the  grid  point 
is  respectively  in  the  volume,  on  a  side,  edge,  or 
corner  of  the  computational  domain;  and  similarly, 
6 a  =  1,  1/2,  or  1/4  depending  on  whether  the  grid 
point  is  on  a  side,  edge,  or  corner  respectively.  Let 
represent  a  source  strength  which  satisfies  the 
integral  constraint,  then  one  possible  solution  for 
<Tij,k  is  simply: 

cr,,j,k  =  -  £  ■  (41) 

These  modified  source  strengths  0ij,k  are  used  in¬ 
stead  of  the  original  source  strengths  in  the 
discrete  Poisson  equations  for  the  pressure.  We 
emphasize  that  the  discrete  Laplacian  operator 
with  all  Neumann  or  Periodic  boundary  conditions 
is  still  singular,  but  <Tij,k  is  in  the  same  solution 
space  as  the  generalized  inverse.  As  a  result,  a 
point  Gauss-Seidel  scheme  will  converge  to  an  op¬ 
timum  solution  for  the  pressure.  Note  that  trape¬ 
zoidal  rule  is  used  to  evaluate  the  integral  con¬ 
straint  because  the  trapezoidal  rule  is  the  adjoint 
of  central  differencing.  Other  numerical  integra¬ 
tion  schemes,  even  more  accurate  numerical  inte¬ 
grators,  will  reduce  the  accuracy  of  the  pressure 
solution.  We  also  note  that  the  numerical  imple¬ 
mentation  of  the  integral  constraint  has  to  be  ap¬ 
plied  at  each  level  of  a  multigrid  method,  not  just 
the  level  of  the  finest  grid. 

3.6  Multigrid  Solutions  of  the  Field 
Equations 

The  efficiency  of  our  Navier- Stokes’  codes  is  due 
to  multigrid  solution  techniques.  Multigrid  is  used 
to  solve  the  momentum  equations  in  the  implicit 
time-stepping  scheme  (23),  the  Poisson  equations 


for  the  stream  functions  (33),  and  the  Poisson 
equations  for  the  pressure  (26,  29,  and  32).  One 
obvious  advantage  of  the  multigrid  method  is  that 
the  convergence  speed  does  not  deteriorate  as  grid 
resolution  increases  in  contrast  to  conventional  it¬ 
erative  techniques  such  as  Jacobi  or  Gauss-Seidel 
(Hackbusch,  1985).  Indeed,  the  multigrid  conver¬ 
gence  rate  and  memory  requirements,  which  are  di¬ 
rectly  proportional  to  the  number  of  unknowns,  are 
ideally  suited  for  three-dimensional  solutions  of  the 
Navier- Stokes  equations.  Multigrid  uses  fine  grids 
to  reduce  the  high  wavenumber  errors  and  coarse 
grids  to  reduce  the  low  wavenumber  errors.  This 
interplay  of  fine  and  coarse  grids  is  easily  coded 
using  recursive  languages  like  PASCAL;  however, 
FORTRAN  can  mimic  recursive  algorithms  by  us¬ 
ing  array  pointers  in  subroutine  calling  arguments. 
We  provide  a  multigrid  FORTRAN  code  for  solv¬ 
ing  the  hydrodynamic  pressure  in  Appendix  B. 

3.7  Convergence  Tests  and  Error 
Analyses 

In  this  section  we  establish  the  stability  and 
convergence  properties  of  our  implicit  and  ex¬ 
plicit  time- stepping  procedures.  We  consider  three 
test  cases:  the  axisymmetric  stagnation  problem, 
translation  and  diffusion  of  two-dimensional  vor¬ 
tices,  and  attenuation  of  axisymmetric  standing 
waves.  The  axisymmetric  stagnation  flow  problem 
illustrates  the  rapid  convergence  to  steady  state  of 
our  implicit  scheme.  In  addition,  we  show  the  spa¬ 
tial  accuracy  of  our  numerical  scheme  as  a  function 
of  grid  Reynolds  number.  The  numerical  simula¬ 
tions  of  two-dimensional  vortices  orbiting  in  a  box 
test  the  temporal  and  spatial  accuracy  of  our  vor¬ 
tex  formulations.  Finally,  numerical  simulations 
of  the  attenuation  of  axisymmetric  standing  waves 
validates  the  formulation  of  the  free- surface  bound¬ 
ary  conditions  for  low  Reynolds  numbers  and  small 
wave  amplitudes. 

3.7.1  Implicit  Scheme  for  the  Steady-State 
Problems 

Except  for  the  treatment  of  the  pressure,  our  semi- 
implicit  scheme  is  directly  related  to  the  Briley- 
McDonald  (1973)  method  for  the  compressible 
Navier-Stokes  equations.  Both  schemes  are  first- 
order  accurate  in  time  and  second-order  accurate 
in  space.  A  linearized  stability  analysis  shows  that 
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both  schemes  are  unconditionally  stable.  The  main 
difference  is  that  instead  of  a  bio ck-tri diagonal 
solver,  we  use  a  multigrid  solver  for  the  momen¬ 
tum  equations. 

As  a  test  of  our  semi-implicit  scheme,  we  con¬ 
sider  the  axisymmetric  stagnation  flow  problem 
for  which  an  exact  solution  to  the  Navier-Stokes 
equations  is  known  (Schlichting,  1968).  We  let 
v  and  w  respectively  denote  the  radial  (r)  and 
axial  (z)  velocities.  The  problem  is  normal¬ 
ized  by  a  length  L— 1  and  the  velocity  at  infin¬ 
ity  U0  -  w(r  =  l,z  =  —  oo)~ 1.  Two  sets  of  re¬ 
sults,  one  using  an  axisymmetric  version  of  our 
scheme  (see  Appendix  A)  and  one  using  the  full 
three-dimensional  formulation  (without  assuming 
axisymmetry)  are  provided.  The  computations  are 
performed  with  known  Dirichlet  conditions  on  the 
boundaries  and  zero  initial  interior  velocity,  and 
the  iterations  are  continued  until  the  maximum 
change  in  the  velocity  between  iterations  is  less 
than  a  tolerance  of  ro=10"6.  For  both  computer 
codes  the  parameters  which  control  the  number 
of  sweeps  over  the  finest  grid  level  are  as  follows: 
number  of  Newton-Raphson  iterations,  Nnewt— 1; 
number  of  multigrid  iterations,  Nmu/*=6;  number 
ofGauss-Seidel  iterations,  Ngaus=6;  and  number  of 
Jacobi  iterations,  Njaco— 2.  (For  all  our  numerical 
studies,  the  number  of  Jacobi  iterations  is  always 
fixed  at  Njaco  =  2.)  We  use  a  constant  grid  spac¬ 
ing  with  A=2~5,  where  A  =  Ar  =  A z  is  the  grid 
size.  The  computational  domain  has  unit  height 
and  unit  radius  (or  half- width),  and  the  time  step 
is  At=l.  To  minimize  initial  transients  and  to  im¬ 
prove  convergence,  the  viscosity  is  decreased  lin¬ 
early  from  an  initial  value  of  vQ— 1  to  the  prescribed 
value  after  Nramp~ 5  time  steps. 

Figures  (1)  show  the  maximum  absolute  error 
in  the  velocities  v  and  id  as  a  function  of  grid 
Reynolds  number  Ra  —  U0&lv.  The  plots  mea¬ 
sure  the  resolution  of  the  wall  boundary  layer  as 
Ra  increases.  The  axisymmetric  code  performs 
slightly  better  than  the  three- dimensional  code 
possibly  because  the  three-dimensional  computa¬ 
tional  domain  is  larger  than  the  axisymmetric  do¬ 
main  by  a  factor  of  y/2.  The  errors  for  both 
methods  diminish  rapidly  as  Ra  decreases  below 
~2.  For  Ra  ~1  the  maximum  normalized  error  is 
O(10~3). 

To  evaluate  the  efficiency  of  these  codes,  and  as 
a  guide  to  later  computations,  we  seek  the  opti¬ 
mal  set  of  computational  parameters  (as  a  func¬ 


tion  of  Ra)  for  minimum  total  operations.  In  the 
interest  of  economy,  only  the  axisymmetric  code 
is  used  with  the  expectation  that  results  for  the 
three-dimensional  code  will  be  similar.  To  facili¬ 
tate  comparison  for  these  multigrid  computations, 
we  define  a  measure  of  the  number  of  operations 
Nope r  to  be  the  equivalent  number  of  Gauss-Seidel 
sweeps  over  the  finest  grid  level  for  the  entire  set 
of  unknowns  (v,  tu,p).  Table  (1)  shows  partial  re¬ 
sults  (near  the  optimums)  of  an  extensive  valida¬ 
tion  study.  Note  that  when  a  ramp  down  of  the 
viscosity  is  not  applied  (iVramp=0),  the  solution 
may  diverge  even  though  the  implicit  scheme  is 
unconditionally  stable. 

Finally,  we  show  the  performance  of  the  multigrid 
scheme  as  a  function  of  the  number  of  grid  points. 
This  is  shown  in  Figure  (2)  for  the  case  Ra= 1 
with  the  optimal  parameters  Nnewt= 1,  NmUit— 2, 
Ngaua= 1,  At=.5,  and  Nramp~ 4,  and  keeping  the 
same  tolerance  of  ro=10-6.  The  number  of  grid 
points  Ntot  is  increased  by  uniformly  decreasing 
the  grid  size  and  keeping  the  same  domain  dimen¬ 
sions.  Note  that  the  log-log  plot  of  Noper  versus 
Ntot  has  a*1  average  slope  of  ~  0.3.  This  indicates 
that  the  rate  of  convergence  of  the  multigrid  solver 
is  only  slightly  slower  than  a  linear  function  of  the 
number  of  unknowns. 

3.7.2  The  Explicit  Scheme  for  Unsteady 
Problems 

For  the  time- dependent  problems,  we  use  a  second- 
order  predictor-corrector  (Runge-Kutta)  method 
for  time  integration  and  centered  differences  for  the 
spatial  derivatives.  Our  principal  concerns  here  are 
first  stability  and  second  accuracy  of  the  time  in¬ 
tegration. 

The  linearized  stability  analysis  of  the  Navier- 
Stokes  equations  is  usually  performed  by  assum¬ 
ing  periodic  boundary  conditions,  ignoring  the  (lin¬ 
ear)  pressure  gradient  terms,  and  linearizing  the 
convective  terms  to  obtain  the  linear  advective- 
diffusion  equation: 

ut  +  U  •  Vu  =  i/V2u  , 

where  U  is  assumed  to  he  constant  and  prescribed. 
For  one- dimensional  problems,  the  stability  criteria 
for  the  (first-order)  forward-time  centered-space 
(FTCS)  scheme  is  well  known  ( e.g Roach,  1976): 
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0l<2ax<l,  (42) 

where  ax=i/At/Ax2  and  (3x=UAt/Ax .  For  more 
spatial  dimensions  and  higher-order  time  integra¬ 
tions,  the  generalization  is  in  principle  straightfor¬ 
ward  but  algebraically  quite  complicated.  For  two 
dimensions,  a  generalization  of  the  following  form 
has  often  been  suggested  and  used  (Fromm,  1964; 
Miyata  &  Nishimura,  1985): 

(&  +  /?y)2<2(ax+ay)<l  ,  (43) 

which  can  be  derived  by  essentially  letting  Ax  = 
Ay  and  assuming  equal  phases  in  the  two  dimen¬ 
sions.  Unfortunately,  (43)  is  neither  necessary  nor 
sufficient  for  stability  in  general.  The  latter  be¬ 
ing  obvious  since  (43)  does  not  even  guarantee  the 
one- dimensional  condition  (42). 

By  not  assuming  equal  phases,  the  correct  analysis 
is  more  involved  and  the  final  results  can  be  sum¬ 
marized  as  follows.  Without  loss  of  generality,  we 
assume  U  /  0  and  define  7  =  V/U .  For  simplicity 
we  denote  the  left  inequality  of  (42)  applied  to  x 
and  y  by  lx  and  Iy  respectively,  the  right  inequality 
of  (43)  as  II,  and  the  phrase  ‘necessary  and  suffi¬ 
cient  for  stability’  by  ‘iff’.  For  7  <  y/2  -  1:  II  is 
iff  for  Rx  —  U Axjv  <  2\f2  and  Ix  is  iff  otherwise. 
The  symmetric  case  is  for  7  >  (n/2-1)-1:  II  is  iff 
for  Rx  <  2\/2/7  and  Iy  is  iff  otherwise.  For  inter¬ 
mediate  values  of  \/2  —  1  <  7  <  (\/2  —  l)-1,  II  is 
again  iff  for  Rx  <  4/(1  +  7).  For  Rx  >  4/(1  +  7), 
the  results  depend  on  whether  7  is  greater  or  less 
than  1.  For  7  <»>  1.  Wy  eventually  become 
established  as  iff  for  large  Rx,  while  for  7  =  1, 

Ix,  Iy  are  never  sufficient.  The  overall  solution  is 
rather  complicated  and  is  depicted  graphically  in 
Figures  (3)  where  the  relevant  quantities  involved 
in  the  inequalities  (eqts.  42  fc  43)  evaluated  at  the 
maximum  At  for  stability  are  plotted  as  a  function 
of  Rx,  for  three  values  of  7 =.7,  1.0,  and  1.4. 

For  the  second-order  Runge-Kutta  scheme  in  time, 
the  resulting  (complex)  amplification  factor  is  sim- 
ply: 

G  —  1  +  f  +  /2/2  ,  (44) 

where  f  is  the  amplification  factor  for  the  first-order 
(FTCS)  difference  scheme.  The  analysis  is  some¬ 
what  more  involved  but  qualitatively  unchanged. 
In  practice,  the  maximum  value  of  At  is  computed 


numerically  using  the  best  estimates  for  U.  In  view 
of  the  linearization,  the  elimination  of  the  (linear) 
pressure  term,  and  the  simplified  boundary  condi¬ 
tions  in  the  stability  analysis,  more  conservative 
values  for  the  time  step  are  often  found  necessary 
in  actual  computations. 

We  now  turn  to  the  accuracy  of  our  second-order 
(Runge-Kutta)  explicit  scheme.  We  consider  two 
problems  for  which  analytic  solutions  (for  the  ide¬ 
alized  cases)  exist.  The  first  problem  is  the  decay 
of  a  two-dimensional  rectilinear  Gaussian  vortex 
tube.  Since  the  free  decay  of  this  vortex  in  an 
unbounded  domain  is  relatively  trivial  and  does 
not  involve  the  nonlinear  convective  terms,  we  con¬ 
sider  instead  the  vortex  tube  placed  asymmetri¬ 
cally  inside  a  rectangular  domain.  Free-slip  con¬ 
ditions  are  applied  on  the  boundaries  of  the  do¬ 
main.  Because  of  the  presence  of  the  image  vor¬ 
tices,  the  tube  orbits  within  the  box.  The  core 
vorticity  should,  however,  decay  at  a  rate  close  to 
that  for  unbounded  domain,  at  least  for  small  core 
sizes  compared  to  the  dimension  of  the  domain. 

Specifically,  we  consider  a  4  X  4  box  with  a  Gaus¬ 
sian  vortex  of  core  radius  rc=0.5  placed  initially 
one  unit  inboard  of  a  side’s  midpoint.  The  ini¬ 
tial  circulation  of  the  vortex  is  T  ~  tt.  Equal 
grid  spacings  with  Ax=Ay=4/25  are  used,  and  a 
grid  Reynolds  number,  R&=U0Ax / v  with  Ua  =  1 
is  again  defined.  Figures  (4)  plot,  as  functions 
of  Ra,  the  relative  error  in  the  maximum  vortic¬ 
ity,  I  Umax  ~  Wexal/^exa,  where  u>max  is  the  maxi¬ 
mum  calculated  value  for  the  vorticity  and  ujexa  = 
r/(7r(r£  +  4i/i))  is  the  analytic  value  in  an  un¬ 
bounded  domain.  The  errors  are  plotted  at  two 
times,  t=l  and  10.  The  corresponding  relative  er¬ 
ror  in  conservation  of  total  energy  are  show  in  Fig¬ 
ures  (5).  Three  time  step  sizes,  At=.01,  .02  and 
.05  are  considered  for  which  the  minimum  Ra  for 
stability  are  respectively  Ra=.32,  .64,  and  1.6. 

As  seen  in  Figure  (4a)  the  peak  errors  in  the  vortic¬ 
ity  occur  at  Ra  =  2  for  t=l.  However,  the  energy 
at  this  point  (5a)  is  well  conserved  probably  due  to 
the  conservation-law  form  we  use  to  formulate  the 
Navier-Stokes  equations.  Here,  we  have  defined  the 
relative  error  in  the  energy  conservation  formula 
as  £c  =  | E(t)  ~  E( 0)  +  D{t)\/E(Q),  where  E(t)  is 
the  kinetic  energy  and  D(t)  is  the  energy  that  is 
dissipated  (the  Reynolds  number  term  in  Eq.  17 
integrated  over  time).  For  grid  resolutions  lower 
than  Ra  >  2,  one  expects  an  increase  in  error  due 
to  oscillations  (Roach,  1976),  this  is  indicated  in 


745 


both  our  steady-state  and  unsteady  calculations. 
The  errors,  however,  are  not  intolerable  and  may 
at  times  even  decrease  as  R&  increases  above  two. 

Finally,  we  consider  a  time- dependent  problem 
with  a  free  surface.  We  study  the  decrease  in 
wave  amplitude  due  to  viscous  dissipation  of  an 
axisymmetric  standing  wave  in  a  cylindrical  basin. 
For  simplicity,  we  choose  the  tank  radius  and  the 
tank  depth  Rt=Dt= 1  and  the  standing  wave  pe¬ 
riod  T= 1.  For  this  axisymmetric  problem,  we 
use  a  26  x  26  grid,  and  Af=.005.  The  Froude 
number  is  fixed  at  Fr—. 5  and  consistent  with  the 
free-surface  linearization,  a  relatively  small  wave 
slope  of  A(0)k=.l,  where  k  =  ji ,o  &  3.832  is 
the  wavenumber  corresponding  to  the  first-mode 
standing  wave,  and  A(t)  is  the  (centerline)  wave 
amplitude.  The  analytic  solution  for  this  problem 
is  dAexa/dt=exp(-2uk2t)  (Lamb,  1932).  For  com¬ 
parison,  we  integrate  for  one  wave  period  ( t  =  T) 
and  compute  the  relative  errors,  e\  =  | A(T)  — 
Aexa(T)\/A(0)  and  e2  -  | A(T)  -  Aexa(T)|/(A(0)  - 
Aexa{T)),  as  functions  of  the  grid  Reynolds  num¬ 
ber  R&  —  R?t/vT .  These  results  are  shown  in  Fig¬ 
ure  (6).  The  relative  errors  are  all  less  than  four 
percent.  For  R&  >  4  the  relative  errors  increase 
due  to  low  damping  at  low  spatial  resolutions.  For 
R&  <  4  the  errors  increase  as  the  diffusion  stability 
boundary  is  neared. 


4  Numerical  Studies 


The  present  numerical  methods  are  used  to  study 
ring  vortices  and  vortex  tubes  impinging  on  walls 
and  free  surfaces.  The  vortex  ring  studies  are 
performed  using  an  axisymmetric  version  of  the 
program  (see  Appendix  A).  For  the  vortex  tube 
studies  the  full  three-dimensional  code  is  used. 
Schematic  pictures  illustrating  the  axisymmetric 
ring  vortex  and  the  three-dimensional  vortex  tube 
simulations  are  given  in  Figures  (7)  and  (8)  respec¬ 
tively.  The  actual  physical  and  numerical  param¬ 
eters  used  in  the  simulations  are  provided  in  three 
tables:  Table  (2)  for  ring  vortices  interacting  with 
walls,  Table  (3)  for  ring  vortices  interacting  with 
free  surfaces,  and  Table  (4)  for  vortex  tubes  inter¬ 
acting  with  walls  and  free  surfaces.  In  later  discus¬ 
sions  of  the  numerical  results  the  figure  headings 
refer  to  the  detailed  information  that  is  provided 
in  the  tables. 


4.1  Ring  Vortices  Impinging  on  Walls 
and  Free-Surfaces 

We  study  the  normal  incidence  of  vortex  rings  with 
no-slip  walls,  free-slip  walls,  and  free  surfaces.  For 
the  no-slip  wall  cases  the  radial  expansions  of  the 
primary  vortex  rings  are  stopped  by  the  growth  of 
the  boundary  layer  on  the  wall.  As  in  the  experi¬ 
ments  of  Walker,  et  a/,  (1987)  with  a  solid  wall,  we 
too  observe  that  at  sufficiently  high  Reynolds  num¬ 
bers,  secondary  and  tertiary  vortex  rings  are  sepa¬ 
rated  from  the  boundary-layer  on  the  wall.  In  ad¬ 
dition,  our  numerical  simulations  show  that  these 
secondary  and  tertiary  vortices  form  their  own 
boundary  layers  on  the  wall  as  they  are  pinched 
off  from  the  wall.  Once  they  are  formed,  the  sec¬ 
ondary  and  tertiary  vortices  are  wrapped  around 
the  primary  vortex.  In  the  later  stages  of  the  flow, 
the  secondary  vortex  is  thrust  through  the  center 
of  the  primary  vortex  ring  whereupon  it  merges 
with  the  wall  boundary  layer. 

Similarly,  when  the  wall  is  replaced  by  a  free  sur¬ 
face,  our  numerical  simulations  show  that  sec¬ 
ondary  vortex  rings  are  shed  from  the  surface  at 
intermediate  Froude  numbers  ( F '2  >  .25).  At  lower 
Froude  numbers,  free  surfaces  appear  to  behave 
like  free-slip  walls.  The  ring  expands  radially  out¬ 
ward,  the  core  diameter  is  reduced  due  to  stretch¬ 
ing  and  the  ring  cross-section  develops  a  distinctive 
head  and  tail  shape.  These  low  Froude  number  re¬ 
sults  agree  qualitatively  with  the  observations  of 
Bernal,  et  a/,  (1989)  and  Kwon  (1989)  for  vortex 
rings  interacting  with  a  clean  free  surface. 

These  conclusions  regarding  the  interactions  of 
vortex  rings  with  walls  and  free  surfaces  are  based 
on  the  analyses  of  12  numerical  simulations.  For 
these  computations,  a  Gaussian  core  distribution 
is  used  to  specify  the  initial  vorticity  field  of  the 
vortex  ring: 


wc  exp(— 


(r-rQ)2  +  (z- 
r2 


(45) 


where  wc  is  the  peak  vorticity,  (rOJ  zQ)  denotes  the 
center  of  the  core,  and  rc  is  the  core  radius.  We 
also  assign  an  image  vortex  about  the  centerline  in 
order  to  make  the  initial  vorticity  field  solenoidal. 
The  Reynolds  and  Froude  numbers  are  based  on 
the  length  scale  rQ  =  1  and  a  centerline  velocity 
scale  Uc  =  r/(7rr0)  -  1.  The  Reynolds  numbers 
vary  from  200  to  400,  and  the  Froude  numbers  are 
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less  than  one.  The  vortex  rings  we  choose  to  simu¬ 
late  are  thick  with  a  core  to  ring  radii  ratio  of  1/2. 
As  indicated  in  Figure  (7)  and  Tables  (2)  and  (3), 
the  initial  conditions  are  set  up  so  that  the  vor¬ 
tex  ring  rises  up  towards  the  wall  or  the  free  sur¬ 
face  and  then  spreads  out.  Free- slip  boundary  con¬ 
ditions  are  imposed  on  the  remaining  boundaries 
of  the  cylindrical  domain.  The  numerical  parame¬ 
ters  which  control  the  number  of  solution  iterations 
over  the  grid  are  chosen  so  that  the  average  diver¬ 
gence  over  the  grid  points  is  maintained  to  within 
a  tolerance  of  10“6. 

Figures  (9  &  10)  compare  the  trajectories  of  ring 
vortices  interacting  with  free-slip  and  no- slip  walls. 
The  vortex  cores  are  initially  circular  in  both  sim¬ 
ulations  in  accordance  with  the  choice  of  Gaus¬ 
sian  core  distributions.  The  vortex  cores  then 
evolve  into  elongated  shapes  reminiscent  of  Nor- 
bury’s  (1973)  steadily  translating  family  of  vortex- 
ring  solutions.  When  the  vortex  rings  are  within 
one  ring  radius  of  the  wall,  the  two  numerical  simu¬ 
lations  begin  to  differ.  The  most  striking  difference 
is  that  the  vortex  ring  continues  to  expand  radially 
in  the  free-slip  wall  case,  whereas  in  the  no- slip  wall 
case  the  vortex  ring  is  stopped  at  about  r  «  2.25 
due  to  a  boundary  layer  forming  on  the  wall.  The 
final  positions  of  the  vortex  core  in  the  no- slip  wall 
case  agree  qualitatively  with  the  vortex  ring  ex¬ 
periments  of  Walker,  et  al ,  (1987)  who  observed 
radial  expansions  of  r  w  2,  Also  in  agreement 
with  experiments,  our  numerical  simulation  shows 
that  the  ring  vortex  rebounds  from  the  no- slip  wall. 
In  the  free-slip  wall  case,  as  the  ring  expands  ra¬ 
dially  outward,  the  core  diameter  is  reduced  due 
to  stretching  and  the  core’s  appearance  develops 
a  distinctive  head  and  tail  shape.  This  shape  of 
the  vortex  core  agrees  qualitatively  with  the  very 
initial  stages  of  the  experiments  of  Bernal,  et  a/, 
(1989)  for  vortex  rings  interacting  with  a  clean  free 
surface.  Shariff,  et  afs  (1989)  inviscid  studies  also 
show  the  development  of  such  head  and  tail  shapes. 
As  an  aside,  they  find  that  the  deformations  of  the 
vortex  core  in  the  free-slip  wall  case  are  primarily 
responsible  for  the  noise  that  is  generated  in  the 
head-on  collision  of  two  vortex  rings. 

Figures  (11,  12,  &  13)  show  several  stages  in  the 
interaction  of  a  ring  vortex  with  a  no-slip  wall.  As 
illustrated  in  Figure  (11)  the  boundary-layer  has 
just  separated  from  the  wall  due  to  the  adverse 
pressure  gradient  formed  by  the  primary  vortex 
ring.  Here,  we  refer  to  the  original  vortex  ring  as 


the  primary  vortex  ring,  and  any  vortex  rings  that 
are  ejected  from  the  boundary  layer  of  the  primary 
vortex  as  secondary  and  tertiary  vortex  rings  de¬ 
pending  on  when  they  are  formed.  The  secondary 
and  tertiary  vortex  rings  have  a  sense  of  rotation 
that  is  opposite  to  the  primary  vortex  ring,  but 
as  we  observe  in  Figure  (11),  the  separated  vor- 
ticity  may  itself  form  a  boundary  layer  which  has 
the  same  rotation  as  the  primary  vortex.  This  for¬ 
mation  of  multiple  boundary  layers  appears  not  to 
have  been  observed  in  laboratory  studies  of  vortex 
rings. 

We  note  that  the  secondary  vorticity  induces  a  ve¬ 
locity  on  the  primary  vortex  which  causes  the  re¬ 
bounding  that  is  observed  in  experiments  (see  Fig. 
10).  At  this  Reynolds  number  of  Re  =  400,  the  pri¬ 
mary  vortex  ring  is  sufficiently  strong  to  pinch  ofF 
the  boundary-layer  vorticity  as  illustrated  in  Fig¬ 
ure  (12)  to  form  a  secondary  vortex  ring.  This 
secondary  vortex  ring  orbits  the  primary  vortex 
ring  due  to  the  velocities  induced  by  the  primary 
vortex  on  the  secondary  vortex  ring.  In  addition, 
we  observe  that  boundary-layer  vorticity  is  being 
wrapped  around  the  primary  vortex  ring  such  that 
a  tertiary  vortex  may  form  as  shown  in  Figure 
(13).  Here  the  secondary  vortex  ring  has  been 
thrust  through  the  core  of  the  primary  ring  where 
it  merges  with  the  boundary-layer  vorticity.  The 
formation  of  secondary  and  tertiary  vortex  rings 
has  been  observed  in  the  experiments  of  Walker,  et 
al ,  (1987).  Unlike  the  boundary-layer  theory  they 
use,  however,  the  present  direct  simulations  of  the 
Navier-Stokes  equations  permit  the  actual  model¬ 
ing  of  the  secondary  and  tertiary  vortex  rings. 

In  Figure  (14)  we  show  how  well  energy  is  con¬ 
served  by  our  numerical  simulations.  Observe  that 
the  kinetic  energy  is  reduced  to  about  10%  of  its 
initial  value  in  the  no-slip  simulation  and  30%  of 
its  initial  value  in  the  free-slip  simulation  due  to 
diffusion.  (Note  that  the  duration  of  the  free-slip 
simulation  is  less  than  that  for  the  no- slip  wall  be¬ 
cause  we  have  stopped  the  former  before  the  vortex 
ring  hit  the  outer  boundary.)  In  both  numerical 
simulations  the  energy  is  conserved  to  within  2%. 
Interestingly,  the  rates  at  which  the  kinetic  ener¬ 
gies  are  dissipated  are  only  slightly  different  be¬ 
tween  the  two  simulations.  In  fact,  if  the  free-slip 
simulation  were  continued  further,  the  energies  of 
the  two  cases  may  become  close  again.  We  hope  to 
investigate  this  phenomenon  in  a  future  paper. 

In  Figure  (15)  we  compare  high  and  low  resolu- 
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tion  simulations  of  a  vortex  ring  interacting  with 
a  no-slip  wall.  The  high  resolution  simulation  is 
twice  as  dense  as  the  low  resolution  run.  The 
agreement  that  exists  between  the  two  simulations 
indicates  that  we  have  adequate  resolution  of  the 
wall  boundary-layer,  where  the  peak  vorticity  mag¬ 
nitude  reaches  a  value  five  times  greater  than  its 
initial  value  in  the  primary  vortex  ring. 

In  Figures  (16)  we  report  results  for  the  normal 
incidence  of  a  vortex  ring  with  a  clean  free-surface 
at  a  low  Froude  number  of  F?  =  .125.  Figure 
(16a)  plots  the  free-surface  elevations,  and  Figure 
(16b)  plots  the  motion  of  a  single  contour  of  vor¬ 
ticity.  For  this  numerical  simulation,  the  mean 
free-surface  elevation  is  not  always  correctly  pre¬ 
dicted  to  be  zero.  For  time  t  <  5  the  spurious 
mean  free-surface  elevation  is  less  than  10%  of  the 
peak  free-surface  elevation,  and  for  t  >  5  the  mean 
free-surface  elevation  is  the  same  magnitude  as  the 
peak  elevation.  We  note  that  the  free-surface  dis¬ 
turbances  are  quite  small,  and  in  fact  the  attenua¬ 
tion  of  the  kinetic  and  potential  energies  are  con¬ 
served  to  within  5%.  The  results  we  present  in 
Figure  (16a)  have  the  mean  free-surface  elevation 
subtracted  out  so  that  we  may  focus  on  the  fea¬ 
tures  in  the  free-surface  elevation  that  we  believe 
are  correctly  predicted.  Observe  that  the  evolu¬ 
tion  of  the  vortex  core  at  this  low  Froude  number 
is  very  similar  to  the  free- slip  case  shown  in  Figure 
(9).  The  most  significant  difference  is  that  the  tail 
is  now  slightly  longer. 

The  plots  of  the  free-surface  elevations  indicate 
that  a  wave  trough  is  located  above  the  low  pres¬ 
sure  region  in  the  vortex  core  and  a  wave  crest  near 
the  front  of  the  core  where  the  pressures  are  high¬ 
est.  The  free-surface  elevation  decreases  in  am¬ 
plitude  as  the  disturbance  moves  radially  outward 
due  to  mass  conservation,  but  no  waves  appear 
to  radiate  away  from  the  vortex  ring.  The  wave 
troughs  that  travel  with  the  vortex  ring  are  simi¬ 
lar  to  the  free-surface  depressions  observed  in  the 
vortex-pair  experiments  of  Willmarth,  et  a/,  (1988) 
and  Sarpkaya,  et  al ,  (1988). 

In  Figures  (17,  18,  &  19)  we  report  results  for  the 
normal  incidence  of  a  vortex  ring  with  a  clean  free- 
surface  at  an  intermediate  Froude  number.  The 
magnitudes  of  the  predicted  free-surface  elevations 
are  beyond  the  restrictions  imposed  by  the  approx¬ 
imations  used  to  derive  the  linearized  free-surface 
boundary  conditions  (11  &  12),  but  the  gross  fea¬ 
tures  of  the  flow  should  be  valid.  For  this  numerical 


simulation,  the  attenuation  of  the  kinetic  and  po¬ 
tential  energies  are  conserved  to  within  15%,  which 
is  not  unacceptable  for  the  present  purposes.  We 
observe  in  Figure  (17a)  that  the  free-surface  eleva¬ 
tion  reaches  a  maximum  height  above  the  center  of 
the  vortex  ring  that  is  about  half  the  initial  core 
radius,  but  once  again  no  waves  appear  to  radi¬ 
ate  away  from  the  vortex  ring.  From  Figure  (17b) 
the  motion  of  the  core  is  similar  to  the  case  of  the 
no-slip  wall  (see  Fig.  10).  This  is  especially  clear 
in  Figures  (18  &  19),  where  we  observe  the  sec¬ 
ondary  and  tertiary  vortex  rings  shed  by  the  free 
surface.  These  numerical  simulations  show  that 
vortex  shedding  can  occur  at  intermediate  Froude 
numbers  even  if  the  free  surface  is  clean. 


4.2  Three-dimensional  Vortex  Tubes 
Impinging  on  Walls  and  Free  Sur¬ 
faces 

In  this  section  we  study  the  interaction  of  vortex 
tubes  with  no-slip  walls  and  free  surfaces.  Specifi¬ 
cally,  we  model  two  problems:  (1)  the  interaction 
of  a  pair  of  trailing  tip  vortices  with  boundaries, 
and  (2)  the  horizontal  translation  of  a  vortex  tube 
slightly  submerged  below  a  free  surface.  As  ob¬ 
served  by  Sarpkaya  (1986),  an  interesting  aspect 
of  these  problems  is  the  reconnection  of  the  vor¬ 
tex  tubes  with  the  boundaries.  Our  numerical 
simulations  illustrate  two  possible  mechanisms  for 
the  reconnection  process:  (1)  reconnection  of  the 
primary  vortex  tube;  and  (2)  reconnection  of  the 
secondary  vorticity  that  is  generated  in  the  free- 
surface  boundary  layer  and  swept  up  by  the  pri¬ 
mary  vortex. 

We  hypothesize  that  reconnection  of  the  primary 
vortex  tubes  may  occur  for  deeply  submerged  trail¬ 
ing  vortices  that  have  enough  time  to  develop  large 
undulations  prior  to  their  impact  with  the  free  sur¬ 
face.  The  connection  process  of  the  primary  vortex 
with  the  free  surface  is  similar  to  the  formation  of 
crude  vortex  rings  that  is  observed  in  the  far  wakes 
of  aircraft  (see  Crow,  1970).  Instead  of  the  trail¬ 
ing  vortex  connecting  with  its  neighbor,  however, 
in  the  present  case,  the  trailing  vortex  connects 
with  its  image  above  the  free  surface.  A  unique 
characteristic  of  the  primary  vortex  reconnection 
is  the  cusp  pattern  that  is  traced  by  the  normal 
vorticity  on  the  free-surface.  If  the  trailing  vortices 
are  very  deeply  submerged,  they  may  connect  with 
each  other  prior  to  contact  with  the  free  surface 
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and  the  vortex  reconnection  with  the  free  surface 
would  be  different. 

Two  sources  of  boundary-layer  vorticity  which  may 
connect  with  the  free  surface  include  shear  stresses 
induced  by  surfactants  and  variations  in  the  free- 
surface  elevation  at  high  Froude  numbers.  Thick 
sheets  of  helical  vorticity  spiral  off  the  primary  vor¬ 
tex  and  unevenly  pull  at  the  free- surface  boundary- 
layer  in  the  axial  direction.  The  origin  of  the  sheets 
of  helical  vorticity  appears  to  be  the  result  of  a  he¬ 
lical  instability  that  is  initiated  by  large  changes 
in  curvature  along  the  axis  of  the  primary  vortex 
tube.  Self-induced  straining  flows  may  help  to  strip 
the  tightly  wound  helical  vortices  off  of  the  primary 
vortex  tube. 

Figure  (20)  provides  a  schematic  of  the  helical  vor¬ 
ticity  spiraling  off  of  the  primary  vortex  tube.  As 
the  helical  vortices  are  swept  around  the  primary 
vortex,  they  attach  themselves  to  the  free- surface 
boundary  layer.  The  free-surface  boundary-layer 
separates  in  front  of  the  primary  vortex  tube  and 
the  helical  vortex  sheets  evolve  into  narrow  ridges 
of  cross-axis  vorticity  that  are  wrapped  around  the 
primary  vortex  and  ride  on  top  of  the  secondary- 
vorticity  that  is  shed  by  the  boundary  layer.  The 
separated  boundary-layer  feeds  into  the  undersides 
of  the  ridges,  and  the  ridges  swell  into  U-shaped 
vortices  as  shown  in  Figure  (21).  The  bases  of  the 
U-shaped  vortices  are  located  close  to  the  free  sur¬ 
face  in  the  region  where  the  free-surface  boundary- 
layer  separates.  The  bases  are  either  free  or  an¬ 
chored  in  the  secondary  vorticity  depending  on 
their  energy  level,  and  the  undersides  of  the  tips 
of  the  U-vortices  are  anchored  in  the  secondary 
boundary-layer  vorticity  that  is  wrapped  around 
the  primary  vortex.  The  vortex  lines  enter  the 
tip  of  one  leg  of  the  U-shape,  move  down  to  the 
base  of  the  U-shape,  and  exit  the  tip  of  the  other 
leg.  The  U-vortices  are  large  in  size  at  their  bases, 
and  the  diameters  of  the  legs  of  the  U-vortices  be¬ 
come  slightly  smaller  near  the  tips  possibly  due 
to  stretching  around  the  primary  vortex.  The  ori¬ 
entation  of  the  U-vortices  permits  reconnection  of 
normal  vorticity  with  the  free  surface  at  the  bases 
of  U-vortices  and  the  tips  of  the  legs.  We  conjec¬ 
ture  that  reconnection  may  take  place  as  the  bases 
of  the  U-vortices  open  up  when  they  come  into 
contact  with  the  free  surface.  If  our  conjecture  is 
correct,  the  reconnection  of  the  bases  of  the  U- 
vortices  with  the  free  surface  should  manifest  itself 
as  a  pair  of  closely  spaced  dimples  on  the  free  sur¬ 


face,  and  these  dimples  should  appear  on  the  out¬ 
board  side  of  the  primary  vortex.  Similarly,  if  the 
primary  vortex  is  sufficiently  strong,  the  two  tips  of 
the  U-vortices  may  be  wrapped  into  contact  with 
the  free  surface.  As  a  result,  we  may  expect  more 
reconnections  in  the  region  where  the  tips  of  the  U- 
vortices  feed  into  the  secondary  vorticity  shed  by 
the  boundary  layer.  The  reconnection  of  the  two 
tips  should  also  manifest  itself  as  one  or  two  pairs 
of  dimples  on  the  free  surface,  but  the  tip  dimples 
will  most  likely  be  inboard  of  the  dimples  formed 
by  the  bases  of  the  U-vortices.  In  addition,  the  tip 
dimples  may  be  smaller  than  the  dimples  formed 
by  the  thicker  bases  of  the  U-vortices. 

Our  conclusions  regarding  the  interactions  of  vor¬ 
tex  tubes  with  free  surfaces  are  based  on  analy¬ 
ses  of  7  three-dimensional  numerical  simulations. 
The  geometry  definitions  are  provided  in  Figure 
(8),  and  the  numerical  parameters  of  the  simula¬ 
tions  are  provided  in  Table  (4).  A  Gaussian  core 
distribution  is  used  to  specify  the  initial  vorticity 
field  as  follows: 


(ww)0  =  wc  exp(— 


(*  ®cen)^  ~t_  ^cen)^ 


) 


/  *  \ 

xcen  —  % o  H"  ® amp  COS(p^/r $0 

Zccn  “  *o  +  Zamp  COs(  TjTTV)  j  (46) 

W  t 


where  wc  is  the  peak  vorticity,  (s0,  zQ)  denotes  the 
mean  position  of  the  core  center  in  the  scz-plane, 
[xamp,  Zamp)  are  sinusoidal  perturbations  applied 
to  the  core  position,  Wt  is  the  width  of  the  tank, 
and  rc  is  the  core  radius.  We  use  free-slip  bound¬ 
ary  conditions  on  the  bottom  of  the  computational 
domain  and  on  the  walls  in  the  az-planes.  For  the 
first  six  of  the  simulations  we  use  free-slip  bound¬ 
ary  conditions  also  on  the  yz-planes,  and  for  the 
seventh  run  we  use  periodic  boundary  conditions 
along  the  a: -axis.  On  the  top  boundary  either  no¬ 
slip  or  free-surface  boundary  conditions  are  em¬ 
ployed. 

As  indicated  in  Figure  (8)  and  Table  (4),  the  ini¬ 
tial  conditions  for  the  first  six  vortex  tube  studies 
are  meant  to  simulate  the  rise  of  a  pair  of  trail¬ 
ing  vortices  up  towards  either  a  wall  or  free  sur¬ 
face.  For  these  six  simulations  we  assign  3  image 
vortices  in  the  lower  corner  of  the  computational 
domain  where  the  tubes  are  initially  located.  The 
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final  computer  run  is  meant  to  simulate  a  vortex 
tube  that  has  risen  to  the  free  surface  with  a  large 
sinusoidal  disturbance  along  its  length.  For  this 
simulation  we  assign  an  image  vortex  above  the 
free  surface,  and  use  periodic  boundary  conditions 
along  the  z-axis  to  allow  the  vortex  tube  to  trans¬ 
late  parallel  to  the  free  surface. 

For  all  the  computer  simulations,  the  Reynolds 
and  Froude  numbers  are  based  on  the  mean  half 
span  s/2  =  1  and  centerline  velocity  scales  Uc  = 
217 (tt  s)=  1.  The  Reynolds  numbers  vary  from  200 
to  400,  and  the  Froude  numbers  vary  from  0  to  4. 
Note  that  the  core  radii  are  very  thick  for  three  of 
the  simulations  (rc=0.5),  but  the  other  computer 
runs  have  more  realistic  core  radii  of  rc=0.25.  For 
these  simulations  we  choose  to  focus  on  the  recon¬ 
nection  process  itself  and  not  the  mechanism  by 
which  the  vortex  tube  becomes  initially  disturbed. 
As  a  result,  we  use  a  width  for  the  computational 
domain  that  is  too  short  to  permit  Crow  instability. 
As  before,  the  numerical  parameters  which  control 
the  number  of  solution  iterations  over  the  grid  have 
been  chosen  such  that  the  average  divergence  over 
all  the  grid  points  is  less  than  a  tolerance  of  10-6. 
A  typical  three-dimensional  simulation  consisting 
of  653  grid  points  and  3,000  time  steps  takes  about 
3  hours  on  a  Cray  Y-MP. 

Figure  (22)  shows  the  cusp  pattern  that  is  formed 
on  the  free  surface  by  the  reconnection  of  primary 
vorticity  with  the  free  surface  at  a  low  Froude  num¬ 
ber.  A  single  vortex  tube  with  a  sinusoidal  pertur¬ 
bation  is  initially  submerged  slightly  below  a  free 
surface.  The  actual  physical  and  numerical  param¬ 
eters  are  provided  in  Run  7  of  Table  (4).  The  por¬ 
tion  of  the  vortex  tube  that  is  closest  to  the  free 
surface  connects  with  the  free  surface.  At  this  low 
Froude  number  (Fr2  =  .25),  the  free  surface  acts 
like  a  free-slip  wall,  and  the  image  of  the  vortex 
tube  above  the  free  surface  induces  high  horizon¬ 
tal  velocities  in  the  region  where  the  primary  vor¬ 
tex  tube  is  connecting  with  the  free  surface.  The 
connecter  region  moves  faster  than  the  deeply  sub¬ 
merged  portions  of  the  primary  vortex  tube  so  that 
as  the  vortex  tube  breaks  apart,  a  cusp  pattern  is 
formed.  Although  we  are  actually  plotting  the  nor¬ 
mal  vorticity  on  the  free  surface  in  Figure  (22),  the 
free-surface  elevations  are  directly  related  to  the 
normal  vorticity  according  to  the  solution  of  Rank- 
ine’s  combine  vortex  (Streeter,  1948).  Thus,  we 
may  expect  to  see  a  pair  of  shallow  dimples  on  the 
free  surface  that  split  apart  as  the  primary  vortex 


tube  connects  with  the  free  surface.  In  fact,  this 
phenomenon  is  observed  in  our  numerical  results, 
but  the  free-surface  elevation  is  contaminated  by 
initial  transients.  For  this  numerical  simulation  the 
attenuation  of  the  kinetic  and  potential  energies  is 
conserved  to  within  2%  relative  to  the  initial  en¬ 
ergy. 

Figures  (23a-e)  show  the  evolution  of  the  primary 
vortex  tube  as  it  reconnects  with  the  free  surface. 
Figure  (23a)  shows  the  vortex  tube  a  short  time  af¬ 
ter  the  numerical  simulation  began.  The  isolated 
structures  that  are  not  attached  to  the  vortex  tube 
are  remnants  of  helical  vorticity  that  have  been 
torn  off  of  the  vortex  tube.  Typically,  these  rem¬ 
nants  have  very  little  kinetic  energy  relative  to  the 
vortex  tube.  In  Figures  (23b  &  c)  we  see  that  one 
end  of  the  vortex  tube  has  developed  a  head  and 
tail  shape  that  is  very  similar  to  the  shape  formed 
as  a  vortex  ring  approaches  a  free-slip  wall  (see 
Fig.  9).  This  phenomenon  has  also  been  observed 
by  Stanaway,  ei  al ,  (1988).  When  we  consider  the 
vortex  tube  and  its  image  above  the  free  surface 
as  one  unit,  we  realize  that  the  head  and  tail  fea¬ 
ture  forms  a  dipole  as  pointed  out  by  Melander 
&  Hussain  (1988).  The  next  phase  of  the  recon¬ 
nection  process  is  known  as  bridging  in  the  nota¬ 
tion  of  Melander  &  Hussain.  During  this  phase, 
which  is  illustrated  in  Figure  (23d),  vortex  lines 
connect  with  the  free  surface  in  the  head  region 
of  the  dipole.  The  flat  section  of  the  tail  in  Figure 
(23d)  is  composed  of  vorticity  that  is  normal  to  the 
symmetry  (free-slip)  boundary  in  the  yz- plane  and 
parallel  to  the  free  surface  in  the  zy-plane.  Sim¬ 
ilarly,  the  bridge,  which  is  the  raised  cylinder  on 
top  of  the  flat  tail,  is  composed  of  vorticity  normal 
to  the  free  surface  and  parallel  to  the  symmetry 
boundary  in  the  yz-plane.  Since  vorticity  can  only 
be  normal  to  a  free-slip  plane,  the  bridge  does  not 
touch  the  yz-plane  and  the  tail  does  not  touch  the 
free  surface.  This  explains  the  slot  above  the  flat 
tail  and  the  gap  on  the  side  of  the  bridge.  In  Fig¬ 
ure  (23e)  the  reconnection  with  the  free  surface  is 
complete,  and  one  end  of  the  vortex  tube  is  con¬ 
nected  to  the  free  surface  and  the  other  end  of  the 
vortex  tube  is  connected  to  the  symmetry  bound¬ 
ary  in  the  back  of  the  computational  domain  on 
the  yz-plane. 

Hirsa,  ei  aPs  (1990)  measurements  and  two- 
dimensional  computations  indicate  that  the  inter¬ 
actions  of  a  vortex  pair  with  a  contaminated  free- 
surface  are  similar  to  those  for  a  no-slip  wall.  This 
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provides  the  motivation  for  us  to  consider  the  sim¬ 
ulation  of  the  interactions  of  a  pair  of  trailing  tip 
vortices  with  a  no-slip  wall  because  such  simula¬ 
tions  should  allow  us  to  understand  the  most  im¬ 
portant  features  of  vortex  tube  interactions  with 
contaminated  free  surfaces.  Thus  we  consider  a 
deeply  submerged  vortex  tube  with  centerplane 
symmetry  to  model  the  rise  of  a  trailing  vortex 
pair  toward  a  no-slip  wall  as  illustrated  in  Fig¬ 
ure  (8).  The  initial  position  of  the  vortex  tube  is 
perturbed  sinusoidally  according  to  Equation  (46). 
The  Reynolds  number  is  Re  =  400,  and  we  choose 
a  initial  core  radius  rc  =  .25,  which  according  to 
Spreiter  &  Sacks  (1951)  is  the  right  order  of  mag¬ 
nitude  for  an  elliptically  loaded  wing  with  span 
s  =  2.  The  other  physical  and  numerical  parame¬ 
ters  are  provided  in  Run  3  of  Table  (4). 

Figures  (24a-g)  show  the  interactions  of  the  vor¬ 
tex  tube  with  the  no-slip  wall.  We  plot  a  single 
isosurface  of  three  relevant  quantities  at  different 
instants  of  time:  the  magnitude  of  the  helical  vor- 
ticity  W"l  +  wf =0.5),  the  magnitude  of  the  axial 
vorticity  (|u>y|=0.5),  and  the  magnitude  of  the  to¬ 
tal  vorticity  (|d>|=0.5). 

Figure  (24a)  shows  the  initial  tm winding  of  the  he¬ 
lical  vorticity.  An  outer  sheet  of  helical  vortic¬ 
ity  covers  an  inner  sheet.  At  earlier  time  steps, 
which  correspond  to  the  onset  of  a  helical  instabil¬ 
ity,  the  sheets  of  helical  vorticity  are  very  tightly 
wound  around  the  primary  vortex  tube.  Dritschel’s 
(1989)  two-dimensional  simulations  suggest  that 
self-induced  straining  flows  may  strip  the  helical 
vortices  away  from  the  primary  vortex.  The  plot 
of  the  axial  vorticity  in  Figure  (24a)  indicates  that 
the  initial  perturbations  in  the  primary  vortex 
tube  have  been  eliminated.  According  to  Leonard 
(1985)  the  axial  flows  that  are  induced  by  the  he¬ 
lical  vortices  may  cause  this  straightening  of  the 
primary  vortex.  We  see  that  the  formation  of  the 
wall  boundary-layer  is  also  visible  in  the  plot  of  the 
axial  vorticity.  The  plot  of  total  vorticity  in  Fig¬ 
ure  (24a)  shows  how  the  helical  vortex  sheets  wrap 
around  the  primary  vortex  tube. 

Figures  (24b)  show  more  unraveling  of  the  helical 
vortex  sheets  from  the  primary  vortex  tube.  As  the 
helical  sheets  unravel  they  sometimes  attach  them¬ 
selves  perpendicularly  to  the  symmetry  boundary 
on  the  centerplane.  Figures  (24b)  also  show  that 
the  boundary  layer  on  the  wall  is  being  affected 
by  flow  fields  induced  by  the  helical  vortices.  Note 
that  the  helical  vortex  sheets  have  become  slightly 


narrower  relative  to  the  preceding  figure. 

In  Figure  (24c)  the  helical  vortex  sheets  have 
merged  with  the  wall  boundary  layer,  which  has 
separated  from  the  wall.  The  attachment  of  the 
helical  vortex  sheets  to  the  wall  boundary  layer  is 
a  very  important  mechanism  for  increasing  the  low 
kinetic  energy  of  the  helical  vortices.  We  base  this 
conclusion  on  our  free- surface  simulations  which 
show  that  the  helical  vortices  rapidly  diffuse  if  no 
energy  is  fed  into  them.  In  contrast,  the  no-slip 
wall  simulations  indicate  that  the  helical  vortices 
gain  energy  from  the  wall  boundary  layer. 

Figures  (24d)  show  that  one  sheet  of  the  helical 
vorticity  has  evolved  into  a  narrow  ridge  of  cross- 
axis  vorticity  that  is  wrapped  around  the  base  of 
the  primary  vortex  tube.  On  the  other  hand,  por¬ 
tions  of  the  top  sheet  of  helical  vorticity  appear  to 
be  weakening.  A  slot  has  opened  up  between  the 
narrow  ridge  and  the  symmetry  boundary  because 
the  cross-axis  vorticity  is  parallel  to  the  symme¬ 
try  boundary  and  cannot  connect  with  the  sym¬ 
metry  boundary.  However,  the  secondary  vorticity 
near  the  base  of  the  ridge  is  normal  to  the  symme¬ 
try  boundary,  and  connection  with  the  symmetry 
boundary  occurs.  The  plot  of  axial  vorticity  in  Fig¬ 
ure  (24d)  shows  another  boundary  layer  forming 
behind  the  separated  secondary  vorticity.  The  sep¬ 
arated  secondary  vorticity  also  induces  a  velocity 
on  the  primary  vortex  core  that  causes  a  rebound. 
This  phenomenon  is  more  clearly  seen  from  other 
perspectives  (not  shown). 

Figures  (24e)  show  more  growth  of  the  ridge  at  the 
base  of  the  primary  vortex,  and  the  cross-axis  vor¬ 
ticity  at  the  top  of  the  primary  vortex  appears  to 
be  strengthening.  The  boundary  layer  that  is  gen¬ 
erated  by  the  shed  secondary  vorticity  is  clearly 
visible  in  Figures  (24e).  A  curved  sheath  of  sec¬ 
ondary  vorticity  is  being  wrapped  around  the  pri¬ 
mary  vortex. 

Figures  (24f)  show  two  distinctive  ridges  of  cross¬ 
axis  vorticity  wrapped  around  the  primary  vortex 
tube.  The  plot  of  axial  vorticity  shows  that  a  fat 
secondary  vortex  is  beginning  to  form  at  the  top 
of  the  vortex  tube.  At  the  bottom  of  the  vortex 
tube,  a  filament  of  secondary  vorticity  has  broken 
away  from  the  sheath  of  secondary  vorticity  that  is 
wrapping  around  the  primary  vortex.  The  plot  of 
total  vorticity  in  Figure  (24f)  illustrates  that  the 
vortex  lines  move  down  the  sheath  of  secondary 
vorticity,  feed  into  the  ridge  of  cross-axis  vorticity 
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from  underneath,  move  parallel  along  the  ridge  of 
cross- axis  vorticity,  and  exit  through  the  filament 
of  secondary  vorticity. 

Figures  (24g)  show  that  the  ridges  have  swelled 
into  tubes  of  cross-axis  vorticity.  As  illustrated  in 
the  plot  of  axial  vorticity,  the  secondary  vortex  is 
clearly  attached  to  the  sheath  of  secondary  vortic¬ 
ity,  whereas  the  filament  of  axial  vorticity  at  the 
base  of  the  tube  hangs  free.  In  Figure  (25)  the 
image  of  the  |u>|— 0.5  isosurface  of  vorticity  is  re¬ 
flected  about  its  midspan  to  emphasize  the  struc¬ 
ture  of  the  U-shaped  vortex  tubes  that  are  wrapped 
around  the  primary  vortex. 

Although  our  no- slip  wall  simulations  do  not  per¬ 
mit  the  connection  of  normal  vorticity  with  the 
wall,  we  can  speculate  as  to  how  normal  vorticity 
would  connect  with  a  contaminated  free  surface. 
As  illustrated  in  Figures  (24g  &  25),  the  tips  of 
the  U-shaped  vortex  tubes  are  wrapped  around  the 
primary  vortex  to  the  point  where  contact  may  oc¬ 
cur  with  the  free  surface.  In  addition,  as  the  sec¬ 
ondary  vorticity  is  wrapped  around  the  primary 
vortex  core,  the  velocities  induced  by  the  secondary 
vorticity  on  the  primary  vortex  can  cause  the  pri¬ 
mary  vortex  to  collide  with  the  wall  again.  This 
reasoning  is  supported  by  the  two-dimensional  sim¬ 
ulations  of  vortex  pairs  by  Orlandi  (1990),  which 
show  multiple  rebounds  of  the  primary  vortex  and 
multiple  ejections  of  secondary  vorticity.  The  same 
flow  field  which  causes  the  primary  vortex  to  im¬ 
pact  the  wall  a  second  time  should  also  propel  the 
U-vortices  against  the  free  surface.  Once  the  U- 
vortices  are  near  the  free  surface,  the  bases  of  the 
U-vortices  can  open  up  to  form  two  closely-spaced 
dimples  on  the  outboard  side  of  the  primary  vor¬ 
tex.  Similarly,  the  tips  of  the  U-vortices,  where 
they  connect  with  sheath  of  secondary  vorticity, 
can  also  open  up,  and  they  too  will  form  two  pairs 
of  closely-spaced  dimples  on  the  free  surface. 

In  Figure  (26)  we  show  how  well  energy  is  con¬ 
served  for  the  no-slip  wall  case.  We  observe  that 
the  kinetic  energy  is  reduced  to  about  50%  of  its 
initial  value,  and  the  attenuation  of  the  kinetic  en¬ 
ergy  is  conserved  to  within  3%  relative  to  its  ini¬ 
tial  value.  As  mentioned  earlier,  the  average  di¬ 
vergence  over  all  the  grid  points  is  maintained  to 
within  a  tolerance  of  10-6.  This  evidence  together 
with  earlier  validation  studies  confirm  the  reliabil¬ 
ity  of  the  numerical  simulation. 

As  already  shown  in  Figures  (24a-c),  the  longitu¬ 


dinal  structure  of  the  helical  vorticity  involves  in¬ 
ner  and  outer  sheets  of  vorticity  that  are  tucked 
inside  of  each  other.  These  sheets  of  helical  vor¬ 
ticity  would  tug  at  the  free- surface  boundary  layer 
in  both  directions  along  the  axis  of  the  primary 
vortex  tube.  Figures  (27a-c)  show  the  cross-track 
vorticity  evaluated  on  a  no- slip  wall  at  different  in¬ 
stants  of  time.  These  figures  show  a  banded  struc¬ 
ture,  especially  when  one  considers  the  symmetry 
conditions  that  are  imposed  at  the  ends  of  the  y- 
axis.  Our  numerical  simulations  of  vortex  tubes 
interacting  with  clean  free  surfaces  at  low  Froude 
numbers  also  develop  helical  vortices,  but  the  free 
surface  does  not  form  any  striations  (banded  struc¬ 
tures).  This  suggests  that  the  striations  that  are 
observed  in  laboratory  experiments  (see  Sarpkaya 
&  Henderson,  1984;  and  Sarpkaya,  1986)  are  prob¬ 
ably  the  result  of  helical  vorticity  interacting  with 
a  contaminated  free  surface.  We  hypothesize  that 
a  trailing  vortex  pair  sweeps  the  free  surface  clean 
of  surfactants  at  different  rates  in  the  central  re¬ 
gion  of  the  vortex  pair  due  to  the  influence  of  axial 
flows  induced  by  the  helical  vorticity.  As  a  result, 
the  concentration  levels  of  the  surfactants  will  have 
a  banded  structure  that  is  normal  to  the  track  of 
the  trailing  vortices.  Furthermore,  we  expect  this 
sweeping  phenomenon  to  be  strongest  during  the 
initial  interactions  of  the  vortex  pair  with  the  free 
surface  because  the  helical  vorticity  is  strongest 
at  that  moment.  This  conjecture  regarding  the 
strength  is  supported  by  the  sequence  of  contour 
plots  we  provide  in  Figures  (27a-c),  which  show 
that  the  cross-track  vorticity  attenuates  with  time 
due  to  viscous  effects.  In  addition,  we  may  also 
expect  to  see  dimples  at  the  ends  of  the  striations 
because  the  helical  vortex  sheets  ultimately  lead  to 
the  reconnection  of  normal  vorticity  with  the  free 
surface. 

In  summary,  we  believe  that  the  essential  stages 
of  the  reconnection  of  secondary  vorticity  with  the 
free  surface  are  as  follows: 

•  Generation  of  helical  vortex  sheets  by  the  pri¬ 
mary  vortex  tube  due  to  the  onset  of  a  helical 
instability. 

•  Stripping  of  the  helical  vortex  sheets  due  to 
self-induced  straining  flows. 

•  Attachment  of  the  helical  vortex  sheets  to  the 
separated  free-surface  boundary  layer. 

•  Wrapping  of  U-shaped  vortices  around  the  pri- 
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mary  vortex  tube. 

•  Feeding  of  boundary-layer  vorticity  into  the 
U-vortices. 

•  Reconnection  of  the  tips  of  the  U-vortices  with 
the  free  surface  as  the  primary  vortex  wraps 
the  tips  of  the  U-shaped  vortices  into  contact 
with  the  free  surface. 

•  Reconnection  of  the  bases  of  the  U-vortices 
with  the  free  surface  as  the  primary  vortex 
tube  collides  with  the  wall  a  second  time  after 
the  first  rebound  and  carries  the  U-vortices 
into  contact  with  the  free  surface. 

We  have  also  shown  evidence  which  suggests  that 
striations  that  may  be  observed  on  the  free  surface 
above  a  pair  of  trailing  tip  vortices  are  caused  by 
helical  vorticity. 


5  Conclusions 

We  have  developed  numerical  methods  for  the  di¬ 
rect  simulation  of  the  three-dimensional  Navier- 
Stokes  equations  with  a  free  surface.  These  time- 
dependent  simulations  are  feasible  due  to  the  small 
memory  requirements  and  vectorized  solution  ca¬ 
pabilities  of  a  unique  application  of  multigrid 
finite- difference  methods.  The  numerical  schemes 
have  been  used  to  investigate  the  interactions  of 
ring  vortices  and  vortex  tubes  with  walls  and  free 
surfaces. 

In  the  case  of  vortex  rings  interacting  with  walls, 
our  numerical  simulations,  which  show  the  forma¬ 
tion  of  secondary  and  tertiary  vortex  rings,  agree 
qualitatively  with  experiments.  In  addition,  we 
show  that  secondary  and  tertiary  vortex  rings  gen¬ 
erate  their  own  boundary  layers,  a  phenomenon 
that  has  apparently  not  been  observed  in  experi¬ 
ments.  Similarly,  secondary  vortex  rings  are  also 
shed  by  clean  free  surfaces  at  intermediate  Froude 
numbers.  At  lower  Froude  numbers,  free  surfaces 
appear  to  behave  like  free-slip  walls  so  that  as  the 
ring  expands  outward  radially,  the  core  diameter  is 
reduced  due  to  stretching  and  the  core  appearance 
develops  a  distinctive  head  and  tail  shape.  These 
low  Froude  number  results  also  agree  qualitatively 
with  experimental  measurements  of  vortex  rings 
interacting  with  clean  free  surfaces. 


Our  numerical  studies  of  vortex  tubes  interacting 
with  the  free  surface  show  that  primary  and  sec¬ 
ondary  vorticity  may  connect  with  the  free  surface. 
The  free-surface  signatures  of  these  two  mecha¬ 
nisms  are  distinctly  different.  One  type  of  primary 
vortex  reconnection  forms  a  cusp  pattern  on  the 
free  surface,  and  secondary  vorticity  reconnection 
should  appear  as  paired  dimples  on  the  free  sur¬ 
face.  The  essential  aspects  of  the  reconnection  of 
secondary  vorticity  with  the  free  surface  include 
the  generation  of  U-shaped  vortices  by  helical  vor¬ 
ticity  shed  from  the  primary  vortex  tube,  the  wrap¬ 
ping  of  the  U-shaped  vortices  around  the  primary 
vortex  tube,  and  the  reconnection  of  the  bases  and 
tips  of  the  U-shaped  vortices  with  the  free  surface. 
We  also  provide  evidence  which  suggests  that  free- 
surface  striations  observed  above  a  pair  of  trailing 
tip  vortices  are  caused  by  helical  vorticity  emanat¬ 
ing  from  the  primary  vortex  tube. 

There  are  many  questions  that  need  answering  and 
problems  that  need  resolving  as  we  continue  our 
efforts  to  develop  computational  models  for  three- 
dimensional  viscous  flows  involving  a  free  surface. 
Some  of  the  more  immediate  issues  that  need  to  be 
addressed  are: 


•  Experimental  validations .  Until  recently 

the  technology  did  not  exist  for  quantita¬ 
tive  comparisons  between  numerical  simula¬ 
tions  and  experimental  measurements  of  time- 
dependent  viscous  flows.  There  have,  how¬ 
ever,  been  significant  recent  advances  in  both 
these  fields.  In  the  area  of  flow  visualiza¬ 
tion,  three-dimensional  graphical  techniques 
are  helping  us  to  understand  numerical  sim¬ 
ulations  of  complex  flows  (Schiavone  fc  Pap- 
athomas,  1990)  heretofore  not  easy  to  com¬ 
prehend.  Similar  advances  have  also  occurred 
in  the  laboratory.  A  noteworthy  example 
is  Willert  &  Gharib’s  (1990)  Digital  Parti¬ 
cle  Image  Velocimetry  (DPIV)  which  allows 
the  analysis  of  temporal  evolutions  of  two- 
dimensional  cuts  of  low  speed  flows.  One  ap¬ 
plication  of  the  DPIV  technology  is  the  specifi¬ 
cation  of  initial  conditions  for  vortex  ring  sim¬ 
ulations.  For  example,  the  use  of  DPIV  mea¬ 
surements  as  input  to  numerical  models  would 
allow  detailed  comparisons  between  theories 
and  experiments.  Validation  studies  of  this 
sort  should  result  in  rapid  progress  in  the  un¬ 
derstanding  of  viscous  free-surface  flows. 
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•  Radiation  conditions .  Wave  reflections  con¬ 
taminate  the  present  simulations  of  a  vortex 
tube  moving  parallel  to  a  free  surface,  and  in 
addition  the  vortex  tube  has  strong  interac¬ 
tions  with  its  own  images.  In  order  to  alleviate 
these  problems,  possible  solutions  include  the 
implementation  of  far-field  matching  bound¬ 
aries  to  eliminate  wave  reflections  (Dommer- 
muth  &  Yue,  1987),  and  the  use  of  multi-pole 
expansions  to  eliminate  the  effects  of  images 
( e.g .,  Chamberlain  &  Liu,  1985). 

•  Nonlinear  free-surface  boundary  conditions . 
Our  present  method  assumes  that  the  ampli¬ 
tude  of  the  free-surface  is  smaller  than  the 
thickness  of  the  boundary  layer.  This  assump¬ 
tion  is  no  longer  valid  at  higher  Reynolds  num¬ 
bers  and  moderate  Froude  numbers.  Fully- 
nonlinear  free-surface  boundary  conditions 
would  remove  this  restriction,  but  their  im¬ 
plementation  will  at  least  require  the  use  of 
an  adaptive  grid  (e.^.,  Thompson  &  Ferziger, 
1989). 

•  Surfactants .  In  the  open  ocean,  surfactants 
inhibit  the  generation  of  short  waves  by  wind, 
and  in  the  absence  of  wind  the  damping  of 
short  waves  increases  if  surfactants  are  present 
(see  Dorrestein,  1951).  In  ship  wakes,  slicks 
consisting  of  compacted  surfactant  material 
form  on  either  side  of  the  ship  track  possi¬ 
bly  due  to  the  action  of  vortices  moving  sur¬ 
face  water  away  from  the  wake  center  (see 
Kaiser,  et  al ,  1986).  These  slicks  damp  cap¬ 
illary  and  gravity- capillary  waves  crossing  the 
ship  wake.  In  addition,  experiments  of  Bernal, 
et  a/,  (1989)  show  that  the  interaction  of  vor¬ 
tices  with  these  slicks  may  lead  to  the  forma¬ 
tion  of  secondary  vorticity.  A  linear  stabil¬ 
ity  analysis  of  surface-tension  effects  indicates 
that  limitations  on  time-step  size  would  be  too 
restrictive  for  explicit  schemes.  The  situation 
does  not  to  improve  with  the  addition  of  sur¬ 
factants  since  the  gradients  of  surface-tension 
must  be  balanced  by  viscous  stresses  within 
the  free-surface  boundary  layer.  We  anticipate 
that  a  fully-implicit  time- stepping  scheme  will 
be  required. 

•  Free-surface  turbulence .  Even  without  the  ad¬ 
ditional  complexity  of  a  free  surface,  Frisch 
&  Orszag  (1990)  note  that  the  study  of  tur¬ 
bulence  continues  to  pose  unique  challenges 


that  are  no  less  formidable  than  those  occur¬ 
ring  in  post-Newtonian  physics.  Some  of  the 
unique  aspects  of  free-surface  turbulence  are 
illustrated  by  the  entrainment  of  air  due  to 
breaking  waves  and  the  exchange  of  energy 
at  the  air- water  interface  (Bonmarin,  1989). 
Solutions  to  these  problems  will  certainly  re¬ 
quire  major  developments  in  turbulence  theo¬ 
ries  and  models  currently  being  developed  for 
unbounded  and  wall-bounded  flows. 

In  view  of  these  formidable  challenges,  the  present 
work  represents  only  a  modest  first  step  toward 
what  we  believe  will  be  a  most  exciting  and  fruitful 
journey. 
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Appendix  A:  Axisymmetric  Flow 
Equations 

Our  studies  of  vortex  rings  interacting  with  walls 
and  free- surfaces  are  based  on  an  axisymmetric  for¬ 
mulation.  We  summarize  the  basic  equations  in 
this  appendix.  The  finite- difference  forms  of  these 
equations  are  directly  related  to  our  full  three- 
dimensional  formulation.  Let  v  and  w  respectively 
denote  the  radial  (r)  and  axial  (z)  velocities,  then 
the  axisymmetric  momentum  equations  for  r  >  0 
are: 


use  the  following  limiting  form  for  the  axial  mo¬ 
mentum: 

Wt  +  (ww)z  +  2 (vw)r  =  -pz  +  -L(u>«  +  2u>rr)  . 

Ke 

Similarly,  the  equations  for  mass  conservation  are: 

u»j  +  wr  +  -  =  0  for  r  >  0 

r 

wz  -f  2vr  =  0  for  r  =  0  .  (48) 

The  gradient  of  the  momentum  equations  (47) 
gives  a  Poisson  equation  for  the  pressure: 


Pzz  +  Prr  H - — 

r 

v 2 

-wzwz  ~  2 vzwr  —  vrvr - -  for  r  >  0 

rl 

Pzz  +  2  pTT  = 

—wzwz  -  2vzwr  —  2vrvr  for  r  ~  0  .  (49) 

If  the  thickness  of  the  free- surface  boundary  layer 
is  greater  than  the  amplitude  of  the  free- surface 
elevation,  then  the  linearized  free-surface  boundary 
conditions  for  axisymmetric  flow  are: 

0  for  r  >  0 
w  for  r  >  0 

^r(»?rr  +  j)  for  r>  0 
^rtfrr  fort  =  0  .  (50) 


T)t  +  VT]r  = 

-P+jv’l  = 


Wt  +  {ww)t  +  {vw)r  +  -  = 

r 

1  .  wr. 

- Pz  +  -jZ~\wzz  +  UVr  +  - ) 

ite  r 

/  \  /  \  y2 
vt  +  ( vw)z  -1-  (vv)r  -h  —  - 

~Pr  +  +  Vrr  +  —  -  ^ )  *  (47) 


We  use  the  following  stream  function  formulation 
to  calculate  the  initial  velocity  field  for  r  >  0: 

Vv  i>z 

w~—  ,  - ,  U>o  =  V2  —  Wr  J 

r  r 

and  rpzz  +  tprr  -  —  =  ~ru>0  .  (51) 

r 

On  r  =  0,  the  limiting  forms  are  v  =  0,  wQ  =  0, 
rp  =  0,  and  w  =  %prT. 


For  r  =  0  the  radial  velocity  is  zero,  v  =  0,  and  we 
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The  conservation  of  energy  equation  with  a  lin¬ 
earized  surface-tension  term  is  as  follows: 


\7tLrfwl  +  ",)+^?7tIs,T,l’  = 

wjs +  7> 

~  [  r  [2 (w2  +  v2  +  ^)  +  (vz  +  wr)2}  . 
He  Jv  rz 


(52) 


Appendix  B:  Multigrid  solution 
of  the  hydrodynamic  pressure 


Consider  the  following  segment  of  code  which  is 
written  in  quasi-FORTRAN  to  illustrate  a  typical 
multigrid  solution  of  the  hydrodynamic  pressure: 


CALL  SOURCE 

IF (WALL  PROBLEM)  CALL  FEASIBLE 

IF(FREE-SURFACE)  CALL  SURFACE.PRESSURE 

DO  WHILE  MULTIGRID 

DO  WHILE  FINE-TO-COARSE  GRID 

CALL  SOLVE_PRESSURE 

CALL  RESTRICTION 

IF (WALL  PROBLEM)  CALL  FEASIBLE 

ENDDO 

DO  WHILE  COARSE-TO-FINE  GRID 

CALL  PROLONGATION 

CALL  MINUS 

ENDDO 

ENDDO 

CALL  SOLVE.PRESSURE 


Subroutine  SOURCE  assigns  the  source  term  in 
the  Poisson  equation  for  pressure  (see  Eqs.  26, 
29,  and  32),  and  subroutine  FEASIBLE  makes 
the  source  term  compatible  with  pure  Neumann 
boundary  conditions  based  on  (40)  and  (41).  Since 
free- surface  problems  involve  mixed  Dirichlet  and 
Neumann  boundary  conditions,  subroutine  FEA¬ 
SIBLE  is  not  called,  but  instead  subroutine  SUR¬ 
FACE  _P RES  SURE  is  used  to  assign  the  pressure 
on  the  free- surface  (Eqs.  11  and  12). 

Upon  completion  of  subroutines  SOURCE,  FEASI¬ 
BLE,  and  SURFACE  JP RES  SURE,  we  implement 
a  V-cycle  multigrid  algorithm  using  an  unstaggered 
grid  with  uniform  mesh  coarsening.  At  the  finest 
grid  level  the  number  of  grid  points  along  the  x-, 
y-,  and  z-axes  are  respectively  /max  =  2Xpow  -f  1, 


Jmax  =  Vpow  +  1,  and  Kmax  =  2kpow  +  1.  The  total 
number  of  grid  points  is  Ntot  =  Imax  X  Jmax  X  Kmax , 
and  the  next  finest  grid  level  has  about  1/8  the 
number  of  grid  points,  and  the  coarsest  grid  level 
has  3x3x3=27  grid  points.  The  total  number  of 
grid  levels  is  equal  to  the  maximum  of  ipoW ,  jpoWy 
and  kpow . 

The  fine- to- coarse  grid  iterations  start  with  a  call 
to  subroutine  SOLVE -PRESSURE  which  uses  a 
vectorized  Gauss- Seidel  smoother  with  chequer- 
board  ordering  followed  by  two  iterations  of  vec¬ 
torized  Jacobi  iteration.  Upon  completion  of  the 
Jacobi  iterations,  SOLVE-PRESSURE  also  cal¬ 
culates  the  residual  error.  The  calling  argu¬ 
ments  of  SOLVE_PRESSURE  include  vectors  to 
store  at  all  grid  levels  the  pressure  solutions,  the 
source  terms,  and  the  residual  errors.  As  a  re¬ 
sult,  each  vector  requires  approximately  (1  -f  1/8  -f 
1/64  -f  *  *  -)N lot— 8 Ntot/ 7  storage  locations.  An 
array  pointer  is  used  to  position  each  vector  at 
the  correct  grid  level  in  the  calling  arguments  of 
SOLVE  ^PRESSURE.  The  pressure  solver  is  dis¬ 
cussed  in  more  detail  in  the  next  paragraph. 

Subroutine  RESTRICTOR  uses  a  27-point  restric¬ 
tor  to  calculate  the  source  terms  at  the  next  coarser 
grid  level  based  on  the  residual  errors  at  the  cur¬ 
rent  grid  level.  The  27-point  restrictor  is  calculated 
in  three  sweeps  over  the  i,  j,  and  k  grid  lines  using 
a  vectorized  3-point  restrictor:  £(1,2, 1).  If  a  wall 
problem  is  being  solved,  subroutine  FEASIBLE  is 
called  to  make  the  source  terms  realizable  at  each 
of  the  coarse  grid  levels.  The  fine- to- coarse  grid 
iterations  continue  until  the  coarsest  grid  level  is 
reached,  and  then  the  coarse- to-fine  grid  iterations 
begin. 

Subroutine  PROLONGATION  uses  27-point  pro¬ 
longation  to  interpolate  the  solutions  of  the  coarse 
grid  equations  onto  the  next  finer  grid.  The  27- 
point  prolongation  is  calculated  in  three  sweeps 
over  the  grid  lines  using  a  vectorized  piecewise  lin¬ 
ear  interpolation.  Subroutine  MINUS  corrects  the 
solutions  at  the  finer  grid  levels  by  using  the  inter¬ 
polated  data  from  coarser  grid  levels.  The  coarse- 
to-fine  grid  iterations  continue  until  the  finest  grid 
level  is  reached.  At  this  point  the  V-cycles  may 
stop  if  the  residual  errors  are  small  enough;  other¬ 
wise  we  start  another  V-cycle.  We  conclude  the 
multigrid  iterations  with  a  post-smoothing  step 
represented  by  a  call  to  SOLVEJP  RES  SURE. 
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The  Gauss-Seidel  smoother  in 

SOLVE_PRESSURE  is  by  far  the  most  computa¬ 
tionally  intensive  portion  of  the  multigrid  scheme. 
In  addition,  the  Gauss-Seidel  smoother  also  has  to 
be  very  general  because  it  must  work  on  all  grid 
levels.  Consider  the  following  FORTRAN  code  for 
the  Poisson  solver  with  Neumann  (wall)  boundary 
conditions: 

1.  DX2=  1.0/(DX*DX) 

2.  DY2=  1 . 0/ (DY*DY) 

3.  DZ2=  1.0/(DZ*DZ) 

4.  FAC=-0 . 5/ (DX2+DY2+DZ2) 

5.  DO  10  IGAUS=1 , ITER 

6.  DO  10  ITYPE=i f 27 

7.  CALL  INDICE(LEVEL , ITYPE , IBEG , IEND) 

8.  CALL  JUMPER(ITYPE,ISKIP , JSKIP, 

1  KSKIP.MOVE) 

9.  DO  10  IVECT=1 ,2 

10.  CALL  D0CRAY ( IGAUS , IVECT , IBEG , IEND , 

1  ISTAR , IFINI , ISTEP) 

11.  CDIR$  IVDEP 

12.  DO  10  I=ISTAR , IFINI , ISTEP 

13.  IC=IPOINT(I) 

14.  PNEW(IC)= 

1  “(DX2* (PNEW(IC+M0VE(2) ) 

2  +PNEW(IC+M0VE(1) ) ) 

3  +DY2*(PNEW(IC+M0VE(4) ) 

4  +PNEW(IC+M0VE(3) ) ) 

5  +DZ2* (PNEW(IC+M0VE(6)  ) 

6  +PNEW(IC+M0VE(5) ) ) 

7  -PSQU(IC) ) *FAC 

15.  10  CONTINUE 

Lines  1  through  3  calculate  off-diagonal  elements 
in  the  linear  system  of  equations.  DX,  DY,  and  DZ 
are  the  grid  spacings,  which  depend  on  grid  level, 
along  the  x-,  y-,  and  z-axes  respectively.  FAC  is  the 
inverse  of  the  diagonal  element.  The  outer-most 
D O-loop  at  line  5  controls  the  number  (ITER)  of 
Gauss-Seidel  iterations.  The  second  D O-loop  at 
line  6  sweeps  over  the  27  different  portions  of  the 
computational  domain:  1  set  of  interior  grid  points, 
6  sets  of  side  grid  points,  12  sets  of  edge  grid  points, 
and  8  sets  of  corner  grid  points. 

Subroutine  INDICE  returns  two  pointers  (IBEG 
&  IEND)  that  describe  where  grid  points  are 
stored  in  a  pointer  array  IPOINT  as  a  function 
of  grid  level  (LEVEL)  and  the  type  of  bound¬ 
ary  (ITYPE).  Subroutine  JUMPER  describes  how 
off-diagonal  elements  are  related  to  the  diago¬ 
nal  elements  as  a  function  of  boundary  type. 


The  arguments  of  JUMPER  include  skip  param¬ 
eters  which  depend  on  the  grid  level.  If  the 
pressure  is  stored  i-indices  first,  j-indices  second, 
and  k-in dices  last,  then  ISKIP=1,  JSKIP  =Imax, 
and  KSKIP=/max  X  Jmax  at  the  finest  grid  level. 
Subroutine  JUMPER  returns  a  6-integer  array 
named  MOVE  which  stores  the  skip  parame¬ 
ters  along  the  i-,  j-,  and  k-axes.  For  the 
interior  points,  MOVE(l)=-ISKIP,  MOVE(2)= 
ISKIP,  M0VE(3)=- JSKIP,  MOVE(4)=  JSKIP, 
MOVE(5)=-KSKIP,  and  MOVE(6)=KSKIP.  Sup¬ 
pose  the  grid  points  are  on  the  i=l  side  boundary, 
and  on  this  boundary  we  specify  free-slip  boundary 
conditions  for  the  pressure.  We  pretend  that  a  fic¬ 
titious  set  of  grid  points  exists  at  i=-l,  and  we  set 
these  grid  points  equal  to  the  grid  points  at  i=2. 
This  is  a  second-order  difference  formula  which  can 
be  implemented  by  setting  MOVE(l)=ISKIP  (note 
the  positive  sign). 

The  pointer  array  IPOINT  stores  grid  points  se¬ 
quentially  as  a  function  of  the  boundary  type  and 
grid  level.  For  example,  for  the  interior  points  at 
the  finest  grid  level,  we  make  the  following  assign¬ 
ments: 

IBEG=1 

IEND=0 

DO  10  K=2,KMAX-1 
KC=(K-1)*KSKIP 
DO  10  J=2 , JMAX-1 
JC=( J-i)*JSKIP+KC 
DO  10  1=2 , IMAX-1 
IC=I+JC 
IEND=IEND+1 
IPOINT (IEND) =IC 
10  CONTINUE 

Based  on  this  type  of  ordering  of  IPOINT,  the  DO- 
loop  at  line  9  can  set  up  a  chequer-board  ordering 
of  the  Gauss-Seidel  solver.  Subroutine  DOCRAY 
controls  sweeps  over  the  odd  or  even  grid  points 
in  the  forward  or  backward  direction  as  a  function 
of  IGAUS  and  IVECT.  The  table  below  summa¬ 
rizes  what  DOCRAY  returns  as  values  for  ISTAR, 
IFINI,  and  ISTEP: 


IGAUS 

IVECT 

ISTAR 

IFINI 

ISTEP 

odd 

1 

IBEG 

IEND 

2 

odd 

2 

IBEG+1 

IEND 

2 

even 

1 

IEND 

IBEG 

-2 

even 

2 

IEND-1 

IBEG 

-2 
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Line  11  is  a  CRAY  directive  which  specifies  that 
the  inner-most  DO-loop  vectorizes.  The  inner¬ 
most  D O-loop  implements  Gauss- Seidel  iteration 
using  a  7-point  star  for  the  Laplace  operator.  The 
diagonal  element  is  IC,  and  the  assignments  of 
the  off- diagonal  elements  are  controlled  by  MOVE. 
PNEW  stores  the  pressures,  and  PSOU  stores  the 
source  terms.  Note  that  PSOU  may  also  be  used 
to  store  inhomogeneous  Neumann  boundary  con¬ 
ditions.  The  inner  DO-loop  vectorizes  because 
ISTEP=2  ensures  that  no  diagonal  element  is  a 
function  of  another  diagonal  element  until  the  DO- 
loop  is  exited.  As  a  result,  half  of  the  interior  grid 
points  vectorize  in  the  Gauss- Seidel  solver. 

The  residual  error  that  is  associated  with  this  vec¬ 
torizing  scheme  has  some  high  wavenumber  con¬ 
tent  due  to  the  alternating  sweeps  over  the  grid. 
As  a  result,  the  multigrid  scheme  will  diverge 
unless  measures  are  taken  to  smooth  the  resid¬ 
ual  error.  We  perform  this  additional  smoothing 
by  using  two  Jacobi  iterations  in  addition  to  the 
Gauss-Seidel  iterations.  Jacobi  algorithms  vector¬ 
ize  without  using  chequer-board  ordering,  but  their 
smoothing  rate  is  slower  than  vectorized  Gauss- 
Seidel  and  they  require  one  additional  vector  for 
storage.  However,  as  it  turns  out,  we  also  need  an 
additional  vector  to  store  the  residual  errors  which 
we  calculate  after  the  Jacobi  iterations  are  com¬ 
plete.  We  emphasize  that  the  residual  errors  are 
calculated  after  the  Jacobi  iterations  and  not  dur¬ 
ing  the  Jacobi  iterations  in  order  to  provide  the 
smoothest  residual  errors  and  the  fastest  conver¬ 
gence  of  the  multigrid  scheme. 
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Table  1:  Convergence  of  implicit  scheme  to  steady-state. 


The  grid  Reynolds  number  is  denoted  by  and  the  time  step  is  At.  The  number  of  Newton- Raphson  iterations, 
multigrid  iterations,  and  Gauss-Seidel  iterations  are  respectively  Nncwi  ,  Nmvu  ,  and  Ngaus  .  The  number  of  time 
steps  and  sweeps  over  the  finest  grid  level  are  respectively  Ntime  and  Noper  .  The  number  of  time  steps  required  to 
ramp  down  the  initial  viscosity  to  the  prescribed  viscosity  is  Nramp.  The  initial  viscosity  is  vQ  ~  1  for  all  cases.  Most 
of  the  solutions  have  converged  to  a  tolerance  rQ  =  10~6.  Solutions  that  have  diverged  are  denoted  by  an  asterisk 

(*)• 
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Item 

Run  1 

Run  2 

Run  3 

Run  6 

exp. 

imp. 

exp. 

exp. 

I  no 

no 

no 

no 

no 

slip 

mm 

400 

400 

400 

rc 

0.5 

0.5 

0.5 

0.5 

wc 

-4 

-4 

-4 

-4 

-4 

-4 

rQ 

1 

1 

1 

1 

1 

1 

z0 

-3 

-3 

-3 

-3 

-3 

-3 

Rt 

4 

4 

4 

4 

6 

6 

Dt 

4 

4 

4 

4 

6 

6 

At 

0.005 

mm 

USB 

ES9I 

3000 

mm 

6000 

EH 

Enj 

- 

■ 

1 

- 

- 

wmm 

2 

2 

2 

2 

2 

2 

NgaU8 

5 

8 

5 

8 

8 

8 

Imax 

129 

257 

129 

257 

257 

257 

Kmax 

129 

257 

129 

257 

257 

257 

Table  2:  Data  for  ring  vortices  impinging  on  a  wall . 

The  ‘Code*  item  indicates  whether  the  explicit  (exp.)  or  semi-implicit  (imp.)  computer  codes  had  been  used  to 
perform  the  calculation.  The  ‘B.C.5  item  indicates  whether  a  no-slip  (no)  or  slip  (slip)  boundary  condition  is  used  on 
the  wall  at  z  —  0.  Re  =  T/(x  v)  is  the  Reynolds  number.  The  initial  core  radius  and  peak  vorticity  are  denoted  by 
rc  and  ujc.  The  vortex  core  is  centered  at  (rG,  zQ).  The  radius  and  depth  of  the  tank  are  respectively  Rt  and  Dt.  The 
time  step  is  At.  The  number  of  time  steps,  Newton-Raphson  iterations  for  the  implicit  scheme,  multigrid  iterations, 
and  Gauss-Seidel  iterations  are  respectively  denoted  by  Ntime  i  Nnewt  ,  Nmuit  >  and  Ngaut  .  The  number  of  grid 
points  along  the  r-  and  z-axes  are  respectively  Imax  and  Kmax  . 


Item 

Run  1 

Run  2 

Run  3 

Run  4 

Run  5 

Run  6 

Re 

400 

400 

400 

200 

200 

200 

0.5 

0.25 

0.125 

0.5 

0.25 

0.125 

Tc 

0.5 

0.5 

0.5 

0.5 

0.5 

0.5 

Vc 

-4 

-4 

-4 

-4 

-4 

-4 

To 

1 

1 

1 

1 

1 

1 

Zo 

-3 

-3 

-3 

-3 

-3 

-3 

Rt 

6 

6 

6 

6 

6 

6 

Dt 

4 

4 

4 

4 

4 

4 

At 

0.0025 

0.0025 

0.0025 

0.0025 

0.0025 

0.0025 

Ntime 

6000 

6000 

6000 

6000 

6000 

6000 

Nmult 

2 

2 

2 

2 

2 

2 

N gauM 

8 

8 

8 

8 

8 

8 

Imar 

257 

257 

257 

257 

257 

257 

Kmax 

257 

257 

257 

257 

257 

257 

Table  3:  Data  for  ring  vortices  impinging  on  a  free-surface. 

Most  of  the  entries  in  this  table  are  defined  in  Table  (2),  except  for  the  Froude  number  Fr  =  T/(x  g lf2  (r0)3/2). 
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Table  4:  Data  for  vortex  tubes  impinging  on  walls  and  free  surfaces. 


Runs  1  thru  6  use  Tree-slip  boundary  conditions  on  the  vertical  walls,  and  Run  7  uses  periodic  boundary  conditions 
along  the  x-axis.  The  axes  of  the  vortex  tubes  are  aligned  with  the  y-axis.  The  ‘B.C.’  item  indicates  whether  a  no-slip 
(noslp)  or  free-surface  (free)  boundary  condition  is  used  on  the  wall  at  z  —  0.  The  Reynolds  number  is  denoted  by 
Re  and  the  Froude  number  is  Fr.  The  initial  core  radius  and  peak  vorticity  are  denoted  by  rc  and  u/c.  The  mean 
position  of  the  vortex  core  is  centered  at  (xG,  z0 ).  The  initial  amplitudes  of  the  sinusoidal  perturbations  in  the  core’s 
position  are  xamp  and  zamp.  The  length  (x),  width  (y),  and  depth  (z)  of  the  tank  are  respectively  Lt}  Wt)  and  Dt. 
The  time  step  is  At.  The  number  of  time  steps,  multigrid  iterations,  and  Gauss-Seidel  iterations  are  respectively 
denoted  by  Ntime  »  Nmuit  >  and  Ngaut  .  The  number  of  grid  points  along  the  x-,  y-,  and  z-axes  are  respectively 
Imnx  >  Jmax  >  and  Kmax  . 


763 


Figure  la:  Radial  velocity . 

Figure  1:  The  spatial  accuracy  as  a  function  of 
grid  Reynolds  number  for  a  jet  impinging  a  wall. 
The  log10  maximum  absolute  errors  in  the  (a) 
radial  and  (b)  axial  velocities  are  plotted  ver¬ 
sus  grid  Reynolds  number  (Ra)  f°r  axisymmetric 
(  —  1  —  )  and  three-dimensional  (  —  2  —  )  re¬ 
sults. 


log2  Ntot 


Figure  2:  The  performance  of  multigrid  scheme  as 
a  function  of  the  number  of  grid  points  for  a  jet  im¬ 
pinging  a  wall .  The  log2  of  the  normalized  number 
of  operations  ( Noper )  is  plotted  versus  the  log2  of 
the  number  of  grid  points  ( Ntot ). 


Figure  lb:  Axial  velocity. 


Figure  3a;  7  =  0.7. 
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Figure  3b:  7  =  1.0. 
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Figure  3c:  7  =  1.4. 


Figure  3;  The  values  of  stability  parameters  at  the 
maximum  allowable  time  step  as  a  function  of  grid 
Reynolds  number  for  a  FTCS  scheme  in  two  di¬ 
mensions.  The  parameters  are  labeled  as  follows: 
(  —  1  —  )  denotes  2(ax  +  ay);  (  —  2  —  )  de¬ 
notes  PH(2ax)\  (  —  3  —  )  denotes  /3jj/(2ay);  and 
(  -  4  —  )  denotes  (0X  +  /3y)2/( 2{ax  +  ay)).  The 
results  are  plotted  for  different  velocity  ratios  (7): 
(a)  7  =  0.7,  (b)  7  =  1.0,  and  (c)  7  =  1.4. 


Figure  4b:  T  =  10. 


Figure  4:  The  relative  error  in  the  maximum  vor- 
ticity  as  a  function  of  grid  Reynolds  number  for  a 
Gaussian  vortex  core  orbiting  a  box.  The  results 
are  plotted  for  At  =  0.01  (  —  1  —  )  ;  At  =  0.02 
(  —  2  —  )  ;  and  At  =  0.05  (  —  3  —  )  . 
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Figure  5b:  T  =  10. 


Figure  6:  The  relative  error  in  the  wave  amplitude 
as  a  function  of  grid  Reynolds  number  for  an  atten¬ 
uating  axisymmetric  standing  wave.  The  relative 
errors  fj  (  —  1  —  )  and  e2  (  —  2  —  )  are  defined 
in  the  text. 


Figure  5:  The  relative  error  in  an  energy  conserva¬ 
tion  law  as  a  function  of  grid  Reynolds  number  for 
a  Gaussian  vortex  core  orbiting  a  box.  The  results 
are  plotted  for  At  =  0.01  (  —  1  —  )  ;  At  =  0.02 
(  —  2  —  )  ;  and  At  =  0.05  (  —  3  —  )  . 


(BOTTOM  FACE) 

Figure  7:  The  numerical  simulation  of  a  vortex 
ring  impinging  a  boundary.  The  initial  core  radius 
and  peak  vorticity  are  denoted  by  rc  and  ljc.  The 
vortex  core  is  centered  at  (rOJ  zD).  The  radius  and 
depth  of  the  tank  are  respectively  Rt  and  Dt . 


Figure  8:  The  numerical  simulation  of  a  vortex 
tube  impinging  a  boundary.  The  initial  core  ra¬ 
dius  and  peak  vorticity  are  denoted  by  rc  and  ljc. 
The  mean  position  of  the  vortex  core  is  centered 
at  (zG,  z0).  The  length  (aj),  width  (y),  and  depth 
(z)  of  the  tank  are  respectively  Lti  Wt,  and  Dt. 
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Figure  9:  A  ring  vortex  impinging  a  free-slip  wall. 
The  u>=-l  contours  of  the  primary  vortex  core  are 
plotted  at  different  instants  of  time:  t=0,  2,  4,  6,  8, 
10,  12,  &  14.  The  ring  vortex  starts  at  the  bottom 
of  the  figure  and  expands  radially  outward.  The 
numerical  parameters  for  this  rim  are  provided  in 
Run  6  of  Table  (2). 


Figure  10:  -4  ring  vortex  impinging  a  no-slip  wall. 
The  w=-\  contours  of  the  primary  vortex  core  are 
plotted  at  different  instants  of  time:  t-0,  2,  4,  6,  8, 
12,  16,  &  20.  The  ring  vortex  starts  at  the  bottom 
of  the  figure  and  expands  radially  outward  up  to 
r  «  2.25.  The  numerical  parameters  for  this  run 
are  provided  in  Run  2  of  Table  (2). 


r 
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r 

Figure  11:  The  boundary-layer  separation  due  to 
a  ring  vortex  interacting  with  a  no-slip  wall.  The 
solid  and  dashed  contour  lines  represent  positive 
and  negative  vorticity  respectively  at  time  t=7. 
Note  that  only  a  small  portion  of  the  computa¬ 
tional  domain  is  plotted.  The  numerical  parame¬ 
ters  for  this  run  are  provided  in  Run  2  of  Table 
(2). 


Figure  12:  The  orbit  of  a  secondary  vortex  ring. 
The  solid  and  dashed  contour  lines  represent  pos¬ 
itive  and  negative  vorticity  respectively  at  time 
t— 15.  Note  that  only  a  small  portion  of  the  compu¬ 
tational  domain  is  plotted.  The  numerical  param¬ 
eters  for  this  run  are  provided  in  Run  2  of  Table 
(2). 
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Figure  14:  The  energy  conservation  for  ring  vor¬ 
tices  impinging  on  no-slip  and  free-slip  walls  as 
a  function  of  time.  The  kinetic  energy  E(t)  is 
compared  to  the  energy  that  is  dissipated  D(t) 
(the  Reynolds  number  term  in  eqt.  (18)  inte¬ 
grated  over  time).  The  results  are  plotted  as  fol¬ 
lows:  (  —  1  —  )  denotes  E(t)/E( 0)  for  the  no¬ 
slip  case,  (  —  2  —  )  denotes  (E( 0)  +  D(t))/E( 0) 
for  the  no-slip  case,  (  —  3  —  )  denotes  E(t)/E( 0) 
for  the  free-slip  case,  and  (  —  4  —  )  denotes 
(£(0)  +  D(t))/E( 0)  for  the  free-slip  case.  The  nu¬ 
merical  parameters  for  these  runs  are  provided  in 
Rims  2  &  6  of  Table  (2). 


Figure  13:  The  formation  of  a  tertiary  vortex  ring. 
The  solid  and  dashed  contour  lines  represent  pos¬ 
itive  and  negative  vorticity  respectively  at  time 
t=20.  Note  that  only  a  small  portion  of  the  compu¬ 
tational  domain  is  plotted.  The  numerical  param¬ 
eters  for  this  run  are  provided  in  Run  2  of  Table 
(2). 


Figure  15:  A  comparison  of  low  and  high  resolution 
simulations  of  a  ring  vortex  interacting  with  a  no¬ 
slip  wall.  The  solid  and  dashed  contour  lines  corre¬ 
spond  to  <j)  —  .25  and  the  dashed  contour  lines  cor¬ 
respond  to  w  =  -1  at  time  t  — 15.  Note  that  only  a 
small  portion  of  the  computational  domain  is  plot¬ 
ted.  The  numerical  parameters  for  these  rims  are 
provided  in  Rims  1  &  2  of  Table  (2). 
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Figure  16:  A  ring  vortex  interacting  with  a  free 
surface  at  a  low  Fronde  number.  Part  (a)  plots 
the  free-surface  elevation  as  a  function  of  the  radial 
coordinate  at  times  t— 2,  6,  10,  &  14.  Part  (b)  plots 
w  —  -1  contours  at  times  t=0,  2,  4,  6,  8,  10,  12,  & 
14.  The  ring  vortex  starts  at  the  bottom  of  Part 
(b)  and  expands  radially  outward.  The  numerical 
parameters  for  this  run  are  provided  in  Run  3  of 


Figure  17b:  Vorticity  Contours 
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Figure  17:  A  ring  vortex  interacting  with  a  free 
surface  at  an  intermediate  Fronde  number .  Part 
(a)  plots  the  free-surface  elevation  as  a  function  of 
the  radial  coordinate  at  times  t=0,  1,  2,  3,  4,  5,  6, 
&  7.  Part  (b)  plots  u)  —  — 1  contours  at  times  t — 0 , 
2,  4,  6,  8,  10, 12,  &  14.  The  ring  vortex  starts  at  the 
bottom  of  Part  (b)  and  expands  radially  outward 
up  to  r  «  2.25.  The  numerical  parameters  for  this 
run  are  provided  in  Rim  1  of  Table  (3). 


Figure  18:  The  orbit  of  a  secondary  vortex  ring  that 
is  shed  by  a  free  surface  at  an  intermediate  Froude 
number.  The  solid  and  dashed  contour  lines  repre¬ 
sent  positive  and  negative  vorticity  respectively  at 
time  t=12.  Note  that  only  a  small  portion  of  the 
computational  domain  is  plotted.  The  numerical 
parameters  for  this  run  are  provided  in  Run  1  of 
Table  (3). 


Figure  19:  The  shedding  of  a  tertiary  vortex  ring 
by  a  free  surface  at  an  intermediate  Froude  num¬ 
ber.  The  solid  and  dashed  contour  lines  represent 
positive  and  negative  vorticity  respectively  at  time 
t =15.  Note  that  only  a  small  portion  of  the  compu¬ 
tational  domain  is  plotted.  The  numerical  param¬ 
eters  for  this  run  are  provided  in  Run  1  of  Table 
(3). 
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Figure  20:  The  winding  of  helical  vorlicity  around 
a  primary  vortex  tube.  A  constant  isosurface  of 
vorticity  magnitude  is  shown.  The  view  is  from 
below  a  no-slip  wall,  and  the  primary  vortex  is 
moving  into  and  to  the  left  of  the  page  due  to  its 
images  across  the  centerplane  and  above  the  wall. 
The  neighboring  vortex  that  is  on  the  right  side  of 
the  page  is  not  shown. 


Primary  vortex  tube 


Cross-section  of  attached 
U-shaped  vortex  tube 


Sheath  of  secondary  vorticity 
wrapping  around  primary  vortex 


Unattached  U-shaped 
vortex  tube 


Base  of  U-shaped 
vortex  tube 


Figure  21:  The  attachment  of  U-shaped  vortex 
tubes  to  the  separated  boundary-layer  on  a  wall. 
A  constant  isosurface  of  vorticity  magnitude  is 
shown.  The  primary  vortex  tube  had  been  mov¬ 
ing  from  right  to  left  before  being  stopped  by  the 
separated  boundary-layer  on  the  wall.  To  empha¬ 
size  the  U-shaped  feature  this  image  has  been  re¬ 
flected  about  its  midspan  relative  to  the  image  at 
the  top  of  the  page.  Although  the  figures  on  this 
page  have  been  adapted  from  a  numerical  simula¬ 
tion  of  a  vortex  tube  impinging  on  a  no- slip  wall, 
we  expect  similar  behavior  for  a  contaminated  free- 
surface. 


Figure  22:  The  free-surface  cusp  pattern  formed 
by  the  reconnection  of  primary  vorticity  with  a 
free  surface.  The  wz  =  ±1  contours  of  primary 
vorticity  on  the  free  surface  are  plotted  at  differ¬ 
ent  instants  of  time:  t=8,  9,  10,  11,  12,  13,  14,  & 
15.  The  submerged  portion  of  the  primary  vortex 
tube  is  moving  from  left  to  right  across  the  page. 
To  emphasize  the  cusp  pattern  this  image  has  been 
reflected  across  the  symmetry  boundary  at  y  =  4. 
The  numerical  parameters  for  this  run  are  provided 
in  Run  7  of  Table  (4). 


Figure  23:  The  evolution  of  a  vortex  tube  travel¬ 
ing  slightly  submerged  below  a  free-surface.  The 
|dJ|  =  1.25  isosurface  of  the  primary  vortex  core  is 
plotted  at  different  instants  of  time:  (a)  t=2.5,  (b) 
t=5,  (c)  t=7.5,  (d)  t=10,  &  (e)  t=15.  The  view  is 
looking  down  on  the  free  surface,  and  the  vortex 
tubes  are  moving  from  right  to  left  due  to  their 
images  above  the  free  surface.  The  computational 
domain  has  been  doubled  in  length  to  avoid  confu¬ 
sion  as  portions  of  the  vortex  tube  enter  and  exit 
the  periodic  boundaries  at  the  left  and  right  sides 
of  the  page.  The  geometry  triad  is  in  a  submerged 
corner  of  the  computational  domain.  The  numeri¬ 


cal  parameters  for  this  run  are  provided  in  Run  7 
of  Table  (4). 


Figure  23a:  |u;|  =  1.25  isosurfaces  at  t=2.5. 
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Figure  23b:  |tJ|  =  1.25  isosurfaces  at  t=5. 


Figure  23c:  |d?[  =  1.25  isosurfaces  at  t=7.5. 
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Figure  24:  The  interactions  of  a  vortex  tube  with 
a  no-slip  wall.  The  \J wj  -f  wj  =  0.5  (helical  vor- 
ticity),  |wy|=0.5  (axial  vorticity),  and  |dJ|  =  0.5 
(total  vorticity)  isosurfaces  are  plotted  at  different 
instants  of  time:  (a)  t=5,  (b)  t=7.5,  (c)  t— 10,  (d) 
t=12.5,  (e)  t=15,  (f)  t=17.5,  &  (g)  t=20.  The  view 
is  from  below  a  no-slip  wall,  and  the  primary  vor¬ 
tex  is  moving  into  and  to  the  left  of  the  page  due 
to  its  images  across  the  centerplane  and  above  the 
wall.  The  geometry  triad  is  in  a  submerged  corner 
on  the  centerplane  of  the  computational  domain. 
Note  that  the  perspective  in  Part  (g)  is  slightly 
different  from  Parts  (a)-(f).  The  numerical  param¬ 
eters  for  this  run  are  provided  in  Run  3  of  Table 

(4). 


Figure  24a: 


-  cj2  =  0.5  isosurfaces  at  t=5. 
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Figure  25:  The  wrapping  of  U-shaped  vortex  tubes 
around  the  primary  vortex  tube .  The  |u>|  =  0.5  iso¬ 
surface  of  vorticity  is  plotted  at  time  t=20.  To  em¬ 
phasize  the  U-shaped  feature  this  image  has  been 
reflected  about  its  midspan  relative  to  the  images 
appearing  in  Figures  (24).  The  numerical  param¬ 
eters  for  this  run  are  provided  in  Run  3  of  Table 

(4)- 


Figure  26:  The  conservation  of  energy  for  a  three- 
dimensional  vortex  tube  interacting  with  a  no-slip 
wall  as  a  function  of  time.  The  kinetic  energy  E(t) 
is  compared  to  the  energy  that  is  dissipated  D(t) 
(the  Reynolds  number  term  in  eqt.  (18)  integrated 
over  time).  The  results  are  plotted  as  follows: 
(  _  x  __  )  denotes  E(t)/E( 0)  and  (  —  2  —  )  de¬ 
notes  (E( 0)  +  D(t))/E( 0).  The  numerical  param¬ 
eters  for  this  run  are  provided  in  Run  3  of  Table 

(4). 
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Figure  27a:  t=10. 
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Figure  27c:  t=20. 


Figure  27:  The  helical  vorticity  evaluated  on  the 
wall.  The  contours  of  wx  on  the  wall  are  plot¬ 
ted  for  different  instants  of  time:  (a)  t=10,  (b) 
t— 15,  and  (c)  t =20.  Observe  that  the  features  are 
oriented  normal  to  the  axis  of  the  primary  vortex 
tube  which  is  parallel  to  the  y-axis.  The  numerical 
parameters  for  this  run  are  provided  in  Rim  3  of 
Table  (4). 


Figure  27b:  t=15. 


DISCUSSION 
P.  Ananthakrishnan 

University  of  California  at  Berkeley,  USA  (India) 

My  question/remark  is  regarding  the  results  corresponding  to  the 
interactions  due  to  a  vortex  ring  that  is  normally  incident  on  the  free 
surface.  According  to  Song,  et  al  (in  M.  Song,  N.  Kachman,  J.T. 
Kwon,  L.P.  Bernal,  and  G.  Tryggvason,  "Vortex  Ring  Interaction 
with  a  Free  Surface,"  preprint,  18th  Symp.  on  Naval  Hydro.),  a  dip 
on  the  free  surface  right  above  the  vortex  core,  which  moves  radially 
outward  as  the  vortex  ring  stretches  at  the  free  surface,  is  observed. 
They  also  observe  three-dimensional  small  scale  motions  and 
propagating  waves  at  higher  Froude  numbers.  But  your  results  (Fig. 
17)  show  a  rise  in  wave  elevation  at  the  axis  of  symmetry  that  is 
comparable  in  magnitude  to  the  surface  depression.  Could  you 
comment  on  the  possible  reasons  for  the  difference  between  the 
observed  and  computed  results? 

AUTHORS’  REPLY 

Relative  to  Song,  et  al’s,  (1990)  experiments,  our  numerical 
axisymmetric  results  are  valid  for  much  higher  Froude  numbers. 
Even  so,  we  also  predict  the  free-surface  depression  that  occurs  above 
the  vortex  core  as  is  evident  in  our  Fig.  (16).  In  regard  to  the  small- 
scale  three-dimensional  features  that  are  observed  in  experiments,  we 
believe  that  some  of  these  features  may  be  explained  in  terms  of  U- 
vortices.  For  example,  Fig,  (2b)  of  Song,  et  al’s  (1990)  paper  shows 
a  U-shaped  feature  wrapped  around  the  primary  vortex  tube.  The 
base  of  the  U  is  on  the  inside  of  the  ring  vortex.  Both  these  features 
are  consistent  with  the  U-vortex  phenomena  as  explained  in  our  paper 

DISCUSSION 
Ronald  W.  Yeung 

University  of  California  at  Berkeley,  USA 

In  your  results  corresponding  to  Fig.  (16)  and  Fig.  (17),  you  have 
mentioned  the  existence  of  a  non-zero  mean  wave  elevation,  which 
you  artificially  subtract  off  to  obtain  presented  results.  The  non-zero 
mean  implies  that  mass  is  not  conserved;  I  was  wondering  if  the 
authors  can  shed  some  light  on  the  source  of  this  trouble? 

AUTHORS’  REPLY 

For  our  linearized  free-surface  boundary  conditions,  the  free-surface 
elevation  is  much  smaller  than  the  boundary-layer  thickness  (r)  <  5). 
The  Froude  and  Reynolds  numbers  that  are  illustrated  in  Figs.  (16  & 
17)  push  the  limits  of  this  theory  so  that  an  interesting  physical 
regime  could  be  investigated.  Fully-nonlinear  free-surface  boundary 
conditions  would  eliminate  the  problem  with  mass  conservation. 


DISCUSSION 
Fred  Stem 

The  University  of  Iowa,  USA 

The  authors  should  not  use  the  terminology  "direct  simulation"  to 
refer  to  their  solutions  of  the  unsteady  Navier-Stokes  equations  for 
low  Reynolds  numbers  (i.e.,  laminar  flow).  Generally,  this 
terminology  has  become  synonymous  with  the  direct  simulation  of 
turbulence  through  extremely  high-resolution  solutions  of  the 
unsteady  Navier-Stokes  equations  for  relative  high  Reynolds  numbers 
as  opposed  to  the  use  of  the  Reynolds-averaged  Navier-Stokes 
equations.  Would  the  authors  please  specifically  point  out  the  novel 
aspects  of  their  method  since  most  aspects  appear  to  be  familiar.  In 
fact,  this  should  be  the  focus  of  the  discussion  on  the  numerical 
formulation  which  is  too  long  and  often  confusing. 

The  real  value  of  this  work  is  in  the  use  of  such  numerical  methods 
for  free-surface  flows  and,  in  particular,  the  applications  chosen  for 
study.  The  authors  appear  to  have  captured  many  of  the  observed 
phenomena  although  I  have  not  been  able  to  decipher  all  that  they 
have  from  the  figures.  The  free-surface  boundary  conditions  used 
appear  to  be  identical  to  those  used  in  my  paper.  Essentially,  these 
are  inviscid  approximations  in  which  the  viscous-stress  conditions  are 
neglected,  or  if  you  like,  only  satisfied  to  a  very  low  order.  It  would 
appear  then  that  many  of  the  observed  phenomena  are  pressure- 
driven.  Also,  some  of  the  vorticity  in  the  calculations  near  the  free 
surface  may  be  erroneous  due  to  these  approximations.  Would  the 
authors  please  comment  on  these  points? 

AUTHORS’  REPLY 

We  agree  that  "laminar  flow  simulation"  is  more  appropriate 
terminology  than  "direct  simulations."  Both  our  semi-implicit  and 
explicit  schemes  use  unique  fully- vectorized  multi-grid  methods  to 
solve  the  unsteady  three-dimensional  Navier-Stokes  equations  at  low 
Reynolds  numbers  with  and  without  free  surfaces.  Our  linearized 
free-surface  boundary  conditions  are  derived  from  the  exact  normal 
and  tangential  stress  conditions  and  the  exact  kinematic  free  surface 
condition  subject  to  our  assumption  of  small  free-surface  slopes.  The 
range  of  validity  of  these  free-surface  boundary  conditions  are 
discussed  in  our  paper  and  in  our  answer  to  Professor  Yeung’s 
question.  A  curved  free  surface,  just  like  the  afterbody  of  a  bluff 
object,  may  have  unfavorable  pressure  gradients  that  lead  to  flow 
separation. 
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On  the  Numerical  Solution  of  the  Total  Ship  Resistance 
Problem  under  a  Predetermined  Free  Surface 

G.  Tzabiras,  T.  Loukakis,  G.  Garofallidis 
(National  Technical  University  of  Athens,  Greece) 


ABSTRACT 

The  free  surface  around  a  ship  model 
moving  at  constant  speed  was  determined 
experimentally.  The  resistance  components  of 
the  model  were  computed  numerically  by  solving 
the  Reynolds  equations  beneath  the  predetermined 
free  surface.  The  calculations  were  made  using 
the  finite  volume  approach  and  the  partially 
parabolic  procedure.  The  standard  k-e  turbulence 
model  was  used  for  the  Reynolds  stresses. 
Calculated  and  measured  values  for  the  total 
resistance  have  been  compared  and  the 
applicability  of  the  method  is  discussed. 

NOMENCLATURE 

Aj  finite  difference  coefficients 

C(<!>)  convection  term  of  <t> 

Cp  pressure  coefficient 

Cf  skin  friction  coefficient 

G  generation  term  of  k 
g  gravitational  acceleration 
hj  metrics 

h  vertical  distance 
ky  curvature  tensor 

k  turbulence  kinetic  energy 
ey  deformation  tensor 

P*  pressure 
P*  pressure  (P+Qgh) 

Rp  frictional  resistance 

Rp  pressure  resistance 
Rj  total  resistance 
Uj  velocity  components 
Xj  curvilinear  co-ordinates 
S<j)  source  terms 

Greek  symbols 

e  dissipation  of  k 
\i  fluid  viscosity 
eddy  viscosity 

pe  effective  viscosity 

q  fluid  density 
Gy  stress  tensor 

<I>  variable 


INTRODUCTION 

The  degree  of  accuracy  at  which  a  physical 
problem  should  be  solved  depends,  obviously,  on 
the  application  of  the  solution.  In  this  respect,  in 
ship  design  and  construction,  the  most  important 
problem  pertaining  to  hydrodynamics  is  the 
accurate  prediction  of  the  ship  speed  and  the 
corresponding  propeller  revolutions  and  shaft 
horsepower.  This  is  because  these  quantities  are 
specified  in  the  contract  of  a  newbuilding  and  the 
shipyard  has  to  pay  penalties  if  the  ship 
propulsion  performance  is  found  inferior  during 
the  ship  delivery  trials. 

Therefore,  the  efforts  of  untold  numbers  of 
marine  hydrodynamicists  and  mathematicians 
during  the  last  century  or  so  to  solve  analytically 
the  ship  propulsion  problem  have  been  well 
directed.  However,  and  from  the  practical  point 
of  view,  these  efforts  have  been  largely 
unsuccessful.  Thus,  in  current  engineering 
practice,  only  the  prediction  of  the  propeller 
performance  in  a  prescribed  wake  field  is  thought 
to  be  trustworthy  enough  to  be  actually  used  on 
a  routine  basis.  The  prediction  of  pressures  and 
shear  stresses  around  the  hull  of  a  ship,  moving 
at  constant  speed  in  calm  water,  remains  an 
elusive  goal.  The  same  is  true  for  the  wake 
field  behind  the  hull  and  for  the  propeller  hull 
form  interactions.  This  state  of  the  art  is 
especially  bothersome  if  the  availability  of 
virtually  unlimited  computational  power  is  taken 
into  account. 

On  the  other  hand,  more  difficult  but  less 
important  problems,  from  the  point  of  view  of 
contractual  obligations,  such  as  the  dynamic 
behaviour  of  the  ship  in  waves  can  be  and  are 
successfully  treated  using  simple  theories  of 
moderate  accuracy. 

The  simplest  of  the  yet  unsolved  problems  in 
ship  hydrodynamics  is  that  of  the  ship  resistance 
in  calm  water  and  at  constant  speed.  In  this  case 
it  is  the  belief  of  the  authors,  that  for  the  vast 
majority  of  practical  applications  this  problem 
should  be  treated  from  the  beginning  as  a  viscous 
flow  problem.  That  is,  it  is  believed  that  the 
incomplete  modeling  of  the  flow  as  inviscid,  in 
order  to  obtain  the  wavemaking  resistance 
separately,  will  not  lead  to  a  successful  solution 
of  the  real  life  problem. 
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In  recent  years  the  availability  of  computer 
codes  solving  the  complete  Reynolds  equations 
and  of  powerful  computers  has  yielded  promising 
results  in  the  case  of  computing  the  flow  field 
around  three  dimensional,  shiplike  bodies  in  the 
absense  of  a  free  surface.  A  recent  survey  of 
this  area  of  research  is  presented  by  Patel  (1). 
But  even  for  this  simplifed  case  some  problems 
seem  to  remain  as  can  be  deduced  from  the 
scarcity  of  computations  for  the  high  Reynolds 
numbers  of  the  ship  scale  (2).  Very  recently, 
results  have  been  presented  for  the  solution  of 
the  complete  problem  of  a  ship  moving  in  a 
viscous  fluid,  e.g.  Hino  (3).  Although  the  results 
presented  seem  reasonable  when  compared  to 
experimental  values,  no  result  for  the  ship 
resistance  is  given.  Moreover,  the  method  does 
not  seem  at  this  stage  to  include  the  computation 
of  the  equilibrium  position  of  the  ship  under  way. 
That  is  the  ship  is  assumed  to  move  at  its  static 
equilibrium  position,  which  is  a  common 
assumption  when  trying  to  solve  the  ship 
resistance  problem.  However,  as  it  is  well 
known  from  experimental  results,  the  dynamic 
equilibrium  position  is  an  important  factor  for  the 
determination  of  the  ship  resistance,  for  a  ship 
moving  at  constant  speed  and  weight. 

From  this  discussion,  one  might  conclude 
that,  although  many  steps  have  been  made 
towards  the  prediction  of  the  ship  resistance,  no 
practical  solution  of  the  problem  is  in  sight.  This 
conclusion  is  strengthened  by  the  fact  that  no 
model  of  turbulence,  required  for  the  Reynolds 
equations,  has  been  derived  with  free  surface 
flows  in  mind. 

In  view  of  the  above  it  was  decided  that  a 
meaningful  intermediate  step,  in  the  long  route 
necessary  before  ship  resistance  can  be 
analytically  computed,  was  to  remove  as  many 
uncertainties  as  possible  and  to  treat  a  simpler 
case  with  the  method  described  in  (4).  Thus,  a 
three  meter  model  of  a  liner  ship  was  tested  in  a 
Towing  Tank  and  its  dynamic  equilibrium  position 
as  well  as  the  wave  pattern  around  it  were 
measured  together  with  its  total  resistance.  In 
this  manner,  and  looking  at  the  ship  from  below, 
the  actual  solid  and  liquid  boundaries  for  the  flow 
were  determined.  It  was  then  straightforward  to 
run  the  NTUA  viscous  flow  computer  code  for 
this  prescribed  fluid  region,  applying  appropriate 
conditions  at  the  boundaries  and  obtain  the  total 
ship  resistance,  as  the  sum  of  the  pressure  and 
the  wall  shear  stress  forces. 

The  viscous  flow  computer  code  of  NTUA 
uses  the  standard  k-e  turbulence  model  which  has 
been  applied  with  relative  success  but  it  is 
unknown  if  it  is  valid  near  a  free  surface.  For 
axisymmetric  fully  submerged  bodies,  the  method 
gives  good  pressure  predictions  and  a  small 
overestimation  of  the  velocities  (5).  The 

integrated  results,  that  is  the  force  predictions, 
are  good.  For  double  hull  ship  forms,  the 
method  gives  again  good  results  for  pressures 
and  wall  shear  stresses  although  it  overestimates 
the  velocities  in  some  areas  (2).  However,  when 
the  method  was  used  to  obtain  the  integrated 
resistance  force  for  the  case  of  a  landing  ship 
running  at  a  low  Froude  number,  the  computed 
results  seemed  to  overpredict  the  measured 
resistance  by  almost  1%  (6). 


The  results  of  the  present  research  effort, 
which  is  modest  in  scope  as  it  is  unsponsored, 
can  be  of  value  since  they  focus  on  the 
capabilities  of  the  numerical  solution  of  the 
viscous  flow  problem  in  a  predetermined  domain. 

As  will  be  seen  in  the  sequel,  the  analytical 
prediction  of  the  total  ship  resistance,  although 
reasonable,  does  not  compare  well  with  the 
experimental  value.  Therefore,  more  research  is 
necessary  as  will  be  explained  in  the  conclusions. 
For  this  reason,  the  idea  of  using  the 
predetermined  free  surface  to  compute  the  ship 
resistance  for  the  Reynolds  number  of  the  full 
size  ship  was  abandoned  as  premature. 

DESCRIPTION  OF  THE  EXPERIMENTS 


The  1:50  scale  model  of  a  liner  ship  was 
selected  for  the  purposes  of  the  investigation. 
This  model  had  been  tested  previously  at  the 
Towing  Tank  of  N.T.U.A.  For  the  same  ship, 
another  model  at  a  1:30  scale  had  been  tested  at 
N.T.U.A.  and  a  third  model,  at  a  1:22.43  scale  at 
the  Bulgarian  Ship  Hydrodynamics  Center.  Thus  , 
enough  data  were  available  for  the  determination 
of  the  form  factor  according  to  the  ITTC 
methods  and  definitions. 

The  principal  characteristics  of  the  1:50 
model  are  shown  below  and  the  body  plan  of  the 
model  is  shown  in  Fig.l. 


Length  on  Waterline 

Beam 

Draught 

Block  Coefficient 
Prismatic  Coefficient 
Midship  section  Coefficient 

Wetted  Surface 
Displacement 


Lwl  =  3-083  m 
B  =  0.429  m 
T  =  0.179  m 
CB  =  0.575 

Cp  =  0.601 

CM  =  0.956 

S  =  1.694  m 
A  =  133  kp 


The  dimmensions  of  the  Towing  Tank  are 
90mx4.65mx3.Ctai. 


Figure  1.  The  body  plan  of  the  model. 
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Resistance  Measurements 

The  model  was  attached  to  a 
dynamometer-heave  rod-pitch  bearing  assembly, 
which  can  measure  the  model  resistance,  parallel 
sinkage  and  running  trim  as  the  model  is  towed 
at  constant  speed. 

The  model  was  tested  repeatedly  at  a  speed 
of  1.346  m/sec.,  which  corresponds  to  a  Froude 
Number  of  0.245.  At  this  speed  and  for  a  water 
temperature  of  22°C,  the  measured  resistance  and 
parallel  sinkage  were: 

Speed  Resistance  Parallel  Sinkage 
1.346  (m/s)  0.682  (kp)  0.6  (cm) 

The  measured  valued  of  running  trim  was 
practically  zero. 

With  regard  to  the  resistance  measurements 
in  particular  and  the  test  conditions  in  general, 
two  remarks  are  in  order.  Firstly  ,  the  blockage 
effect  on  this  model  is  negligible,  about  0.4% 
when  expressed  as  a  speed  correction  and 
secondly  that,  although  the  model  speed  is  quite 
constant,  the  resistance  force  is  not.  This  can  be 
explained  by  the  fact  that  resistance 
measurements  are  obtained  by  measuring  the 
deflection  of  an  elastic  member  connecting  the 
model  to  the  towing  carriage.  During  the  run  this 
spring  -  mass  system  can  be  excited  to  osdlate 
along  the  longitudinal  axis  of  the  model.  For  the 
particular  model,  an  analysis  of  the  time  history 
of  the  resistance  force  during  a  typical  30  seconds 
run  showed  an  oscillation  of  approximately  ±10% 
about  the  mean  value.  However,  since  the  actual 
logitudinal  deflections  of  the  system  are  extremely 
small,  the  oscillation  of  the  model  is  not  expected 
to  affect  the  steady  wave  pattern. 


Form  Factor  Determination 

During  previous  tests  with  the  1:50  and  1:30 
scale  models,  it  has  been  determined  that  the 
value  of  the  form  factor  for  this  hull  form  is 
0.14.  That  is  the  total  viscous  resistance  is 
Cy=1.14CF,  where  CF  is  the  frictional  resistance 

of  a  flat  plate  according  to  the  ITTC  1957 
formulation. 

The  same  value  for  the  1:22.43  scale  model 
is  0.16.  Needless  to  say  that  the  ITTC  method 
for  determining  these  form  factors  is 
approximate,  as  one  tries  to  establish  visually  at 
what  speed  the  wavemaking  resistance  practically 
disappears  and  what  is  the  corresponding  model 
resistance,  at  a  low  speed  region  around  Fr.No  = 
0.12,  where  the  experimental  results  show  no 
negligible  scatter. 

Measurements  of  the  Steady  Wave  Pattern 

The  wavy  free  surface  necessary  for  the 
numerical  calculations  was  obtained  in  a  mixed 
manner.  Different  methods  were  used  for  the 
intersection  of  the  free  surface  and  the  hull 
surface,  for  the  wave  region  near  the  hull  surface 
and  for  the  wave  region  away  from  the  hull 
surface. 


Measurements  of  the  Free  Surface-Hull 
Intersection 

An  auxiliary  grid  was  painted  on  the  surface 
of  the  model  about  the  waterline.  The  dimensions 
of  the  grid  were  1cm  for  the  waterlines  and  2cm 
for  the  transverse  sections.  It  was  then  tried  to 
determine  the  intersection  photographically.  The 
resolution  of  this  procedure  was  not  satisfactory, 
in  particular  near  the  bow  where  the 
measurements  are  most  important.  The  required 
intersection  was  finally  obtained  by  scratching 
several  points  at  the  side  of  the  model  during  the 
run  and  then  taking  the  model  out  of  the  water 
and  drawing  a  faired  line  through  these  points. 

Measurement  of  the  Wave  Region  Near 
the  Hull  Surface 

This  region  was  defined  to  extend  from  the 
centerline  of  the  model  to  a  distance  of  38.9cm 
sideways.  It  is  reminded  here  that  the  maximum 
half  breath  of  the  model  is  21.45cm.  For  this 
region  the  wave  pattern  was  obtained  using 
photogrammetric  methods.  The  methodology 
applied  and  the  results  obtained  have  been 
described  in  (7)  and  will  only  brieflfy  discussed 
here. 

Two  non-metric  motor  driven  cameras, 
Hasselblad  EL/M  with  normal  angle  lenses  of 
80mm  principal  distance,  were  used.  The  cameras 
were  positioned  on  a  rigid  base,  which  could  slide 
along  a  specially  constructed  guiding  rail  bolted 
on  the  towing  bridge.  In  this  way  the  relative 
position  of  the  cameras  remained  undisturbed  and 
the  coverage  of  the  ship  model  with  stereoscopic 
models  became  possible.  The  two  cameras  were 
electronically  synchronised  and  a  powerful  flash 
was  attached  to  the  system  in  order  to  take  care 
of  the  poor  lighting  conditions  under  the  bridge. 
The  cameras  were  positioned  approximately 
200mm  apart,  at  a  distance  of  lm  from  the 
waterline  and  with  an  inclination  of  approximately 
35  grad.  In  this  way  a  favourable 

base-to-  distance  ratio  was  ensured,  while  at  the 
same  time  maximum  possible  coverage  of  the 
object  was  obtained. 

The  problem  of  providing  detail  points  on 
the  water  surface  was  solved  by  spraying,  just 

before  the  shutters  were  fired,  yellow  paper-tape 

punch  of  1mm  diameter  on  the  water  surface. 
For  the  basic  control  of  the  orientations,  an 
aluminum  bar  bearing  two  retro-targets  at  a 
distance  of  283mm  was  hung  on  the  model.  The 
stereoscopic  models  were  levelled,  by  taking 
two  pairs  of  pictures,  one  at  rest  and  one 
underway  for  each  case.  Nine  pairs  of 
stereoscopic  models  were  taken  in  order  to  cover 
the  whole  legth  of  the  model  and  the  necessary 

area  behind  it. 

The  photogrammetric  processing  of  the 
photography  was  carried  out  on  a  ZEISS 
Stereocard  G2  connected  via  a  DIREC  1  unit  to  a 
desk  top  computer.  Analytical  processing  of  the 
stereocard  data  was  used.  An  accuracy  of  about 
1mm  for  the  wave  heights  can  be  obtained  using 
this  method. 
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Measurement  of  the  Wave  Region  Away 
from  the  Hull  Surface 


The  wave  region  extending  from  a  distance 
of  38.9cm  from  the  centerline  of  the  model  to  a 
distance  of  218.9cm  was  covered  by  taking  95 
longitudinal  cuts  of  the  wave  surface.  The 
longitudinal  cuts  were  obtained  by  the  repeated 
use  of  commercially  available  wave  monitors  of 
the  resistance  type.  A  specially  constructed 
overhang  beam  was  used  for  the  attachment  of 
five  wave  monitors  at  predetermined  distances 
from  the  centerline  of  the  tank.  The  probes  were 
stationary  and  they  were  recording  the  wave 
elevation  as  the  model  was  passing  by.  One 
probe  was  always  positioned  at  a  distance  of 
28.9cm  from  the  centerline  and  it  was  used  to 
"allign"  the  other  probes  longitudinally. 

Thus,  four  longitudinal  cuts  were  obtained 
per  run  and  24  runs  were  necessary  to  obtain  96 
longitudinal  cuts.  The  allignement  of  the  wave  cuts 
was  based  on  the  crest  of  the  first  wave  of  the 
28.9  cm  cut.  The  same  point  was  used  to  allign 
the  whole  system  of  the  longitudinal  cuts  to  the 
model  using  the  results  of  the  stereoscopic 
model  of  the  bow  region.  An  additional  cut  at  a 
distance  of  33.9  cm  was  used  to  check  the  results 
of  the  photogrammetric  procedure.  The  details  of 
the  longitudinal  cut  measurements  are  given  in 
(8). 

The  accuracy  of  the  wire  probe  measurements 
is  of  the  order  of  one  milimiter,  on  the  basis  of 
their  static  calibration  curves.  How  this  accuracy 
is  affected  during  dynamic  measurements  is  not 
known. 

Analytical  Determination  of  Transverse 
Cuts  of  the  Ware  Pattern 


Based  on  the  model  speed  and  the  frequency 
at  which  the  probe  signals  were  digitized,  a 
minimum  distance  of  1.034  cm  between  successive 
transverse  cuts  could  be  used  to  determine  the 

free  surface  in  the  outer  field.  Since  the 
measured  points  near  the  hull  were  located  at 

random,  an  interpolation  procedure  was  firstly 
applied  to  estimate  the  wave  elevation  in  the 

inner  field,  on  the  transverse  cuts  determined  at 
the  outer  field.  Actually,  all  points  within  a 

bandwidth  of  1.034  cm  were  used  to  determine 
the  wave  contour  on  the  mid-plane  of  the  band. 
Finally,  a  second  order  smoothing  method  was 

used  to  generate  the  waveform  in  the  combined 

inner  and  outer  field  domain  of  each  transverse 
cut,  as  shown  in  Fig.2.  In  this  manner  300 

transverse  cuts  were  generated  along  the  ship 

length,  of  which  150  were  used  for  the  numerical 
computations. 


DESCRIPTION  OF  THE  NUMERICAL 
METHOD 


curvilinear  orthogonal  grid  is  created  using  the 
method  of  singular  distributions,  as  described  in 
the  sequel.  In  Fig.  2  eight  orthogonal 
curvilinear  meshes  are  shown  at  various  sections 
along  the  ship  model  and  the  wake.  The 
boundary  S  (Fig.  2a)  is  the  model  section  contour 
and  the  boundary  W  is  the  free  surface 

intersection  with  the  corresponding  transverse 

plane. 

The  generation  of  an  orthogonal  grid  in  the 
2D  domain  defined  by  the  boundaries  N,S,  E,  W 
shown  in  Fig.  2a  is  based  on  the  incompressible 
potential  flow  solution  (9).  A  singularity 

distribution  on  the  four  boundaries  is  assumed, 

i.e.,  a  source  distribution  on  boundaries  N,  S  and 
an  eddy  distribution  on  E.  and  W.  Using 

rectilinear  elements,  the  unknown  distributions  are 
calculated  to  satisfy  the  boundary  conditions  of  a 
potential  function  <b,  that  is 

=0  .  irl  =0 

dn  N,S  ds  E,W 

whre  n  is  the  normal  direction  on  N  or  S 
contours  and  s  the  direction  tangential  to  E  or  W 
boundaries.  After  the  element  source  or  eddy 

distributions  are  computed,  the  grid  nodes  can  be 
specified  as  intersections  of  equi-potential  and 
equi-stream  function  lines,  following  the  iterative 
procedure  described  in  (9). 

The  velocity  components  and  the  other  flow 
variables  refer  to  local  orthogonal  curvilinear 
co-ordinate  systems  coinciding  in  two  dimensions 
with  the  grid  lines  =  const  and  X2  =  const, 
while  their  third  direction  x3  is  always  parallel  to 

the  ship  longitudinal  axis.  These  systems  vary,  in 
general,  along  the  ship  as  the  geometry  of  the 
frames  and  the  free  surface  changes.  It  should 
be  noticed  here  that  the  co-ordinate  system  is 
always  orthogonal,  while  the  numerical  grid  is 
non-orthogonal  in  the  x3  -  direction. 

The  Governing  Equations 

In  a  local  orthogonal  cirvilinear  co-ordinate 
system,  described  as  above,  with  metrics  hj,  h2, 

hjland  curvatures  k12,  time  averaSed 

Navier-Stokes  (Reynolds)  equations  can  be  written 
as  in  (10)  : 

ul -momentum 

C(U,>  =  -^l1'  +  pU2k21-PUlU2k12  + 


„  „  .  1%  1*°12  1*°13 

+  (ail  "  CT22)k 21 +  2<J  12k12  +  + 1;' + 

1  1  2  2  3  3 

U2-momentum 


The  co-ordinate  system 

The  transport  equations  describing  the  flow 

around  the  ship  are  solved  numerically  in  the  *  * 

physical  space.  The  calculation  domain  consists  of  ,  1  00  22  1  0 12  1  u°23 

transverse  sections  and  on  each  section  a  +  /K21°12 +  ftx  +  h  Ox  +  h  $x 

2  2  1  1  3  3 


1 
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u3  momentum 


k-equation 
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where  C(uj)  shows  the  convection  terms,  i.e.: 
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and  the  stress  tensor  ay  includes  the  viscous 

stresses  and  the  double  velocity  correlations.  The 
components  of  Oy  are  expressed  as  : 
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where  ae=1.3  and  the  generation  term  G  is 
expanded  as: 
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The  Reynolds  equations  (1)  as  well  as  the 
turbulence  model  equations  (5)  are  discretized 
according  to  the  finite  volume  approach  using  a 
staggered  node  arrangement  (10).  The  resulting 
algebraic  equations  have  the  general  form 

A^lA^  +  S^  (6) 

1 

where  <t>p  stands  for  the  velocity  components,  the 

turbulence  kinetic  energy  and  its  discipation  rate 
and  <I>i  are  the  values  at  the  neighbouring 

nodes  of  P.  Central  differences  are  used  to 
model  Ai  along  Xj  and  directions  while  the 

corresponding  coefficients  on  upstream  and 
downstream  planes  are  calculated  by  the  hybrid 
scheme  (12). 

Boundary  Conditions 


The  value  of  p  appearing  on  the  right 
hand  side  of  momentum  equations  (1)  is  equal  to 
p+Qgh,  where  h  is  the  vertical  distance  from  a 
fixed  level. 

The  effective  viscosity  | xQ  in  expressions  (3) 

is  calculated  according  to  the  standard  k-e 
turbulence  model  (11)  as  follows: 

2 

|ie=  p+  (it  =  |i  +  0.09pk  /e  (4) 

where  is  the  eddy  viscocity,  k  the  turbulence 

kinetic  energy  and  s  its  dissipation  rate.  The 
values  of  k  and  e  are  determined  by  solving  two 
more  differential  equations,  which  in  the 
orthogonal  curvilinear  system  under  consideration 
are  written  as: 


The  boundaries  of  the  calculation  domain 
shown  in  Figs.  2a  and  3  are  the  inlet  U  and 
outlet  D  planes,  the  external  boundary  N,  the 
solid  surface  S,  the  free  surface  W  and  the  flow 
symmetry  plane  E.  The  elliptic  form  of  equations 
(6)  requires  specification  of  boundary  conditions 
(Dirichlet  or  Neummann  type)  on  each  of  these 
boundaries. 


N 


u 

D 

VMM 

Figure  3.  Definition  of  boundaries. 
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At  the  inlet  plane  U  and  external  boundary 
N  the  values  of  the  velocity  components  u^,  u2? 

U3  and  the  pressure  are  calculated  by  the 

potential  flow  solution  under  the  predetermined 
free  surface.  The  latter  is  performed  by  the 
classical  Hess  and  Smith  method  (13).  The  ship 
hull  and  the  free  surface  are  covered  by 
quadrilateral  panels.  Once  the  wave  elevations  are 
a  priori  known,  the  source  distribution  on  each 
panel  is  calculated  by  satisfying  the  unique 
boundary  condition  un=0,  where  n  is  the  normal 

to  the  hull  or  the  free  surface.  The  panel 
arrangement  on  the  free  surface  region  which  has 
been  used  for  the  computations  is  shown  in  Fig.4. 
The  external  NP  and  the  upstream  UP  boundaries 
of  this  region  are  located  in  the  undisturbed  free 
surface  part  in  order  to  avoid  as  far  as  possible 
errors  due  to  end  effects  (14).  It  should  be 
noticed  here  that  the  external  boundary  N  for  the 
viscous  flow  calculations  is  almost  five  times 
closer  to  the  ship  hull  than  NP  and,  therefore,  it 
is  expected  that  the  calculation  of  the  velocity 
components  at  N  will  not  be  practically  affected 
by  the  aforementioned  effects.  A  total  of  1400 
panels  has  been  used  to  model  the  ship  hull  and 
2000  panels  to  model  the  free  surface.  These 
numbers  refer  to  the  one  half  of  the  whole 
domain,  since  the  flow  has  one  symmetry  plane. 
At  the  same  boundaries  U  and  N  the  values  of  k 
and  e  are  assumed  to  be  equal  to  zero.  For 
viscous  flow  computations  the  inlet  plane  was 
placed  at  x  =  -0.2  m  and  the  external  boundary 
almost  25  cm  (in  the  mean)  apart  from  the  solid 
surface. 

Neglecting  surface  tension,  the  dynamic 
boundary  condition  on  the  free  surface  can  be 
written  as  an-p=r=0,  where  on  and  t  are  the 

normal  and  the  shear  stresses  respectively.  It  is 
easy  to  show  that  these  conditions,  together  with 
the  elimination  of  the  convective  terms  on  the 
free  surface  (due  to  the  kinematic  condition) 
result  in  the  application  of  Neummann  type 
boundary  conditions  for  the  u2  and  u3  velocity 

components  on  the  W-boundary  (Fig.5).  The 
same  conditions  are  assumed  to  hold  for  k  and  e 
(i.e.  0k/0n=0e/0n=O),  while  the  normal  to  the 
surface  u ^-component  is  set  equal  to  zero. 


The  wall  function  method  (10),  (11)  has  been 
employed  to  model  the  flow  characteristics  near 
the  solid  boundary.  The  values  of  y+  ranged 
between  30  and  180  in  any  case. 

On  the  symmetry  plane  the  following 

conditions  are  valid: 

V0'  g^  =  0,  -M 

Finally,  at  the  outlet  plane  D  the  flow  is 
assumed  to  be  fully  developed,  corresponding  to 
the  application  of  Neummann  conditions  for  each 
variable.  This  plane  was  placed  at  x  =  3.6  m. 

The  Solution  Procedure 

The  solution  of  the  transport  equations  (6) 
together  with  the  determination  of  the  pressure 
are  made  according  to  the  partially  parabolic 
algorithm  (15).  An  initial  guess  of  the  pressure 
field  is  made,  based  on  the  calculated  pressure 
values  at  the  external  boundary  N.  Then  the 
solution  proceeds  by  solving  the  momentum, 
pressure  correction  and  k-e  equations  in  each 
transverse  section  successively.  The  pressure  is 
corrected  according  to  the  SIMPLE  (16)  algorithm 
so  that  continuity  is  satisfied  in  each  cell  of  the 
domain.  Once  the  free  surface  is  known,  a 
Dirichlet-type  boundary  condition  for  the  pressure 
correction  cannot  be  applied  at  this  boundary, 
since  it  leads  to  overdetermination  of  the 
problem  and  prevents  the  satisfaction  of  the 
continuity  equation  in  the  adjacent  to  the  surface 
cells. 


Figure  4.  The  free  surface  panel  arrangement. 
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During  the  application  of  the  partially  parabolic 
algorithm  only  two-dimensional  in-core  storage  is 
essentially  needed  for  the  various  geometrical 
and  flow  parameters  and,  therefore,  fine  grids 
can  be  used.  The  upstream  and  downstream 
values  of  different  variables  are  constant  when 
calculations  are  performed  at  a  certain  station. 
After  the  solution  for  every  section  of  the 
domain  is  obtained,  a  sweep  is  completed  and  the 
calculations  start  again.  Several  sweeps  are 
needed  until  both  the  velocity  and  the  pressure 
field  converge. 

The  use  of  an  orthogonal  grid  in  two 
dimensions  proved  to  be  quite  successful  with 
respect  to  convergence.  This  is  due  to  the  rather 
simple  way  that  velocity  corrections  are  coupled 
to  changes  of  the  corresponding  pressure 
gradients,  the  latter  being  of  crucial  importance 
when  the  SIMPLE  approach  is  followed. 

It  has  been  found  that  relatively  high 
underrelaxation  factors  can  be  used  for 
the  solution  of  the  momentum  and  k-e  equations 
even  if  only  one  SIMPLE  step  is  performed  in 
each  station.  Underrelaxation,  necessary  to 
obtain  convergent  solutions,  is  applied  for  every 
variable  as: 

0=r<Dn  +  (l-r)<D0 

where  r  is  the  underrelaxation  factor  (constant 
throughout  the  calculation  domain),  On  the 

solution  of  (6)  and  <P0  the  previous  value  of  the 
variable. 

A  178  x  32  x  31  grid  was  used  for  the 
computations  in  any  case,  where  178  is  the 
number  of  transverse  sections,  32  the  nodes 
girthwise  and  31  along  a  normal.  Constant 
underrelaxation  factors  equal  to  0.5  were  applied 
for  all  variables  exept  the  pressure  correction  for 
which  the  value  of  r  =  0.3  was  adopted. 
Convergence  was  achieved  in  400  single-step 
sweeps  of  the  domain. 

RESULTS  AND  DISCUSSION 

As  mentioned  earlier,  the  predetermined 

boundary  used  for  the  computer  runs  consisted  of 
the  measured  wave  pattern  plus  the  actual  wetted 
surface  of  the  hull.  In  this  case  the  model 
sustained  a  parallel  sinkage  of  6  mm  but  no 
running  trim.  As  a  first  result  it  should  be 
mentioned  that  the  numerical  calculations  under 
the  aforementioned  boundary  exhibited  good 

behaviour,  i.e.  they  converged  always.  The 
running  time  for  the  computations  was  about  24 
hours  on  a  2.6  Mfiops  workstation  for  the  grid 
described  in  the  previous  section.  The 

corresponding  time  for  the  potential  flow 

calculations  was  one  hour  for  3500  elements  on 
the  same  machine. 

In  order  to  gain  some  more  insight  in  the 
relative  magnitudes  of  the  different  components 
of  ship  resistance,  it  was  decided  to  obtain  similar 
results  for  a  double  model  of  the  tested  hull, 
even  keeled  but  with  the  draught  increased  by 
6  mm  (3.35%).  This  reasonable  choise  turned  out 
to  be  very  meaningfull  from  the  point  of  view  of 
the  wetted  surface.  That  is  whereas  the  static 


equilibrium  wetted  surface  of  the  model  was  1.694 
m\  the  wetted  surface  underway  was  1.738  m2, 
that  is  increased  by  2,6%,  and  the  wetted  surface 
of  the  double  model  was  1.734  m2,  very  close  to 
the  actual  wetted  surface.  In  addition,  the 
pressure  resistance  of  the  potential  flow  for  the 
actual  wetted  surface  and  the  measured  wave 
pattern  was  computed. 

Because  of  the  differences  in  the  wetted 
surface,  it  was  decided  to  present  all  calculated 
and  measured  resistance  values  in  terms  of  force 
(kp),  and  not  in  the  form  of  non-dimensional 
coefficients.  The  results  of  calculations  and 

measurements  are  shown  in  Table  1,  whereas 
the  non-dimensional,  integrated  resistance  force 
along  the  length  of  the  ship  are  shown  in  Figs  6 
and  7.  In  both  the  Table  and  the  Figures  the 
subscripts  T,  F  &  P  correspond  to  the  total 
force,  the  shear  stress  component  and  the 
pressure  component  respectively.  This  rule  does 
not  apply  to  the  Rp  value  computed  from  the 

experimental  results,  which  is  thought  to  contain 
both  the  shear  stress  and  the  viscous  pressure 
component  of  the  resistance.  This  value  of  Rp 

was  computed  on  the  basis  of  the  ITTC  friction 
line  and  a  form  factor  of  1.14  determined  from 
the  experiments. 


Case 

Rrn 

(kp) 

rf 

(kp) 

RP 

(kp) 

Calculated 
for  actual 
free  surface 

0.766 

0.604 

0.162 

Calculated 
for  double 
model 

0.694 

0.572 

0.122 

Calculated 
for  potential 
flow  &  actual 
free  surface 

0.128 

Measured  Rx 
&  Calculated 

R  p  on  the  basis 
of  form  factor 
method 

0.682 

0.596 

Table  1.  Comparison  of  resistance  componets. 


From  the  contents  of  Table  1,  it  can  be 
concluded  that  the  method  used  overpedicts  the 
resistance.  This  is  obvious  from  the  double 
model  calculations  which  yield  a  total  resistance 
value  slightly  higher  than  the  experimental  one, 
which  contains  a  wavemaking  resistance 
component.  The  same  trend  has  been  noticed  in 
previous  calculations  for  another  ship  shown  in 
(6).  In  the  present  case  the  overprediction  for 
the  total  resistance  is  12.5%,  which  renders  the 
use  of  the  results  doubtful  for  practical 
applications. 
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There  are  however  some  useful  conclusions 
to  be  drawn  from  the  contents  of  Table  1  and 
Figs  6  and  7.  Firstly,  if  the  difference  between 

the  calculated  total  resistance  for  the  ship  and  the 
double  model  is  taken  to  represent  the 

wavemaking  resistance,  its  value  is  Rw  = 

0.766  -  0.694  =  0.072  kp.  This  is  significantly 

smaller  than  the  wavemaking  (or  pressure) 

solution.  If  one  then  adds  this  value  to  the 
experimentally  determined  Rp  of  0.596,  a  value 

of  Rt  =  0.668  is  obtained,  which  is  very  close  to 

the  experimental  value.  Secondly,  the  value  of 
Rp  along  the  length  of  the  model  is  slightly 

different  for  the  actual  free  surface  and  the 
double  model,  as  the  shape  of  the  free  surface 

seems  to  increase  the  shear  flow  resistance. 
And,  finally,  that  the  accuracy  of  the 

computations  at  the  aftermost  part  of  the  ship 
for  the  pressure  component  of  the  resistance  is 
very  important  due  to  the  large  slope  of  the 
curves,  just  before  the  final  result  is  obtained. 

From  the  point  of  view  now  of  possible 
improvements  of  the  calculation  procedure,  there 
are  at  least  two  areas  which  can  lower  the 
predicted  value  of  the  resistance.  The  first  such 
area  is  connected  with  an  artificial  blockage 
effect,  which  is  inserted  to  the  procedure  by 
imposing  the  potential  flow  velocities  as  boundary 
conditions  relatively  close  to  the  surface  of  the 
body.  Obviously,  this  is  done  to  reduce  the  time 
of  computations  and  our  experience  (2)  shows 
that  if  this  effect  is  eliminated,  the  predicted 
value  of  the  resistance  will  be  reduced  by  2-3%. 
The  second  area  of  possible  improvements  is  of 
a  more  fundamental  nature  as  it  questions  the 
accuracy  of  the  wall  function  approach  in  turbulent 
flow  calculations.  As  it  has  been  shown  in  (17) 
and  (18),  if  a  direct  solution  of  the  Reynolds 
equations  is  used  all  the  way  up  to  the  solid 
boundary,  better  values  for  the  wall  shear 
stresses  are  predicted.  Unpublished  results  of 
NTUA  indicate  that  in  this  case  a  reduction  of  the 
frictional  resistance  by  5,5%  is  obtained  for  the 
aft  part  of  a  tanker  hull.  Unfortunately,  this 
improvement  is  accompanied  by  a  25%  increase  in 
computing  time. 

Nevertheless  the  up  to  now  discussion  of  the 
results  should  also  be  seen  in  the  light  of  the 
unavoidable  shortcomings  of  any  such 
experimental-numerical  investigation.  In  this 

respect,  the  authors  cannot  guarantee  the  degree 
of  accuracy  of  the  free  surface  measurements  and 
subsequent  interpolation.  Also,  no  attempt  was 
made  to  achieve  a  grid  independent  solution, 

although  the  grid  is  fine  enough  according  to  our 
experience,  but  not  necessarily  so  in  the 

aftermost  part  of  the  hull  surface. 

Finally,  we  recall  the  discussion  made  in  the 
introduction  about  the  shortcomings  of  the  k-e 

turbulence  model,  which  need  to  be  further 
investigated. 
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The  Calculations  of  Fluid  Actions 
on  Arbitrary  Shaped  Submerged  Bodies 
Using  Viscous  Boundary  Elements 

W.  Price,  M.  Tan  (Brunei  University,  United  Kingdom) 


ABSTRACT 

A  time  dependent  viscous  boundary  element  method 
is  developed  to  calculate  the  unsteady  fluid  forces  acting  on 
a  rigid  body  moving  in  a  stationary,  unbounded, 
incompressible  viscous  fluid.  The  theoretical  approach 
presented  is  analogous  to  a  potential  flow  singularity 
distribution  panel  method.  Here  the  singularity  is  replaced 
by  a  time  dependent  fundamental  solution  derived  from  a 
modified  Oseen  equation  developed  through  an  integral 
equation  formulation  involving  convolution  time 
integrations.  Analytical  expressions  are  given  for  the 
unsteady  and  steady  state  fundamental  solutions 
appropriate  to  two-  and  three-dimensional  fluid- structure 
interaction  problems. 

By  distributing  the  viscous  panels  over  the  wetted 
surface  of  the  body  and  into  the  fluid  domain,  a  numerical 
scheme  of  study  is  devised  to  solve  the  non-linear  time 
dependent  integral  equations.  To  illustrate  the  method, 
preliminary  results  are  presented  of  the  unsteady  and 
steady  state  fluid  actions  and  flow  fields  associated  with 
arbitrary  shaped,  submerged  bodies  moving  through 
prescribed  manoeuvres. 

INTRODUCTION 

When  a  rigid  body  departs  from  steady  motion  in  a 
straight  line  the  surrounding  fluid  exerts  a  resultant  force 
and  a  resultant  moment  about  the  centre  of  gravity  of  the 
body  as  a  consequence  of  the  disturbance.  In 
manoeuvring  and  control  studies  the  variations  of  fluid 
actions  to  disturbances  (i.e.  displacement,  velocity, 
acceleration),  referred  to  as  slow  motion  derivatiyes[l-3], 
are  required  when  assessing  the  stability  and  manoeuvring 
characteristics  of  ships,  submarines  and  submersibles. 

It  is  usual  to  describe  the  behaviour  of  a 
manoeuvring  body[l-3]  with  reference  to  an  orthogonal 
axis  system,  Oxyz  say,  fixed  to  the  body.  For  example,  in 
many  typical  problems  it  is  appropriate  to  let  O  coincide 
with  the  centre  of  gravity  of  the  body,  the  axis  Ox  to  lie  in 
the  longitudinal  plane  of  symmetry,  the  axes  Oy  and  Oz  to 
point  to  starboard  and  vertically  downwards  respectively. 
It  is  with  reference  to  a  body  fixed  axis  system  that 
derivative  data  are  measured.  These  are  obtained  from 
oblique  tow,  rotating  arm  and  planar  motion  mechanism 
(PMM)  oscillatory  model  experiments. 

In  the  steady  state  oblique  tow  and  rotating  arm  tests, 
velocity  and  angular  velocity  derivatives  are  measured. 
For  example,  for  a  body  towed  at  constant  forward  speed 


U  and  at  a  heading  or  drift  angle  B  to  the  tank’s  centreline, 
the  variation  of  the  transverse  body  force  Y  in  the  Oy 
direction  to  drift  angle  may  be  derived  and  hence  the  slow 
motion  sway  velocity  derivative  Yv  deduced,  since  the 
parasitic  sway  velocity  v  ~  -  UB. 

Although  the  PMM  oscillatory  test  was  specifically 
designed  to  obtain  acceleration  derivatives[l-3],  both 
velocity  and  acceleration  data  are  derived.  In  these 
experiments,  the  towed  model  travels  along  a  prescribed 
path  and  is  forced  to  oscillate  with  fixed  amplitude  and 
frequency.  By  repeating  the  test  at  different  frequencies, 
an  analysis  of  the  measured  in-phase  and  quadrature  forces 
allows  the  derivative  data  to  be  estimated. 

The  experimental  procedures  and  analysis  methods 
adopted  in  the  steady  state  and  oscillatory  tests  are  fully 
described  in  the  literature [3- 6]  and  therefore  a  description 

of  their  details  is  omitted  here. 

The  theoretical  prediction  of  derivative  data  has 
achieved  limited  success[7-l  1].  Potential  flow  theory 
allows  certain  flow  parameters  (i.e.  wavemaking 
resistance,  ship  hydrodynamic  coefficients,  etc)  to  be 
determined  and  in  general,  the  predictions  confirm  the 
qualitative  and  quantitative  trends  observed  from 
experiments.  However,  where  viscous  effects  dominate 
(i.e.  resistance,  etc),  confidence  in  theoretical  predictions 
is  greatly  reduced.  Thus  acceleration  derivative  data 
evaluated  by  potential  flow  methods  (strip  theory,  panel 
distribution  methods,  etc)  have  provided  comparable 
predictions  with  experimental  data  but  velocity  derivative 
predictions  are  not  totally  satisfactory  because  of  the 
influence  of  the  viscous  flow  component  to  the  fluid 
actions. 

To  overcome  this  problem,  in  previous 
investigations]^  12, 13]  we  described  a  hybrid  analytical- 
numerical  method  to  model  the  viscous  nature  of  the  steady 
fluid  flow  arising  in  fluid-structure  interactions.  This 
approach  is  based  on  an  analytically  defined  viscous  panel 
element  distribution  to  evaluate  the  steady  fluid  actions 
associated  with  two-  and  three-dimensional  arbitrary 
shaped  bodies  in  an  unbounded,  incompressible,  viscous 
flow.  That  is,  the  singularity  panel  distribution  over  the 
body's  wetted  surface  area  used  in  the  potential  flow 
analysis  is  replaced  in  the  viscous  flow  problem  by  a 
distribution  of  analytically  defined  viscous  panel  elements 
of  unknown  strength  extending  over  the  body's  wetted 
surface  area  and  into  the  wake.  Thus  many  of  the 
techniques  successfully  developed  for  the  potential  flow 
calculations  can,  after  suitable  modifications,  be  used  again 
in  the  prediction  of  the  viscous  fluid  action  components. 
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In  these  steady  flow  studies,  the  analytically  defined 
fundamental  solution  adopted  to  describe  the  viscous 
element  was  derived  from  a  modified  Oseen's  equation. 
This  was  chosen  because  Oseen's  equation  and 
Navier- Stokes'  equation  are  qualitatively  similar,  so  that 
solutions  of  the  former  are  expected  to  yield  qualitative 
information  about  solutions  of  Navier- Stokes  equation  for 
all  Reynolds  number.  In  reality,  however,  steady  flow 
around  a  body  exists  only  in  the  small  Reynolds  number 
flow  regimes  and  it  becomes  academic  (though  remaining 
of  great  interest)  to  extend  the  investigation  into  the  high 
Reynolds  number  flows  where  unsteady  influences 
dominate. 

The  previous  investigations  showed  that  by 
distributing  viscous  boundary  panels  over  the  wetted 
body's  surface  only  an  Oseen  flow-linearised  model  was 
created,  whereas  distributing  panels  over  the  body's 
surface  and  into  the  wake  a  non-linear  convective  model 
resulted.  The  method  could  be  readily  applied  to  describe 
the  forces  acting  on  bodies  of  arbitrary  shape,  the  flow 
field  around  such  bodies  and  it  was  suitable  to  use  in 
multi-body  structure  -  fluid  interaction  problems,  e.g.  the 
flow  around  clusters  of  cylinders  such  as  occur  in  a 
cross-section  of  a  leg  of  a  lattice  jack-up  structure. 
Further,  after  checks  on  convergence  of  solution,  panel 
distribution  idealisations  etc.  of  the  numerical  procedures, 
in  low  Reynolds  number  flows  Re  <  100  theoretical 
predictions  of  the  fluid  actions  and  experimental 
dataf  14, 1 5]  showed  good  agreement  and  for  higher 
Reynolds  number  flows  (Re  <  103)  the  results  confirm  the 
qualitative  and  quantitative  trends  observed  by 
others[16,17].  In  comparison  with  the  non-linear  model, 
the  linear  model  overestimates  the  values  of  the  fluid 
actions.  The  global  solutions  (i.e.  pressure  distribution, 
fluid  actions,  etc)  derived  by  the  non-linear  model  are 
relatively  insensitive  to  panel  distribution,  idealisation  etc., 
allowing  simplifications  in  the  numerical  procedures; 
however,  the  evaluation  of  a  detailed  flow  velocity  field  is 
more  sensitive  to  idealisation  and  the  wake  fluid  domain 
must  be  modelled  to  allow  for  the  complete  formation  of 
the  vortex  wake  pattern. 

Building  on  these  previous  studies,  here  we  present  a 
viscous  boundary  element  panel  distribution  method  to 
evaluate  the  unsteady  fluid  actions  experienced  by  two- 
and  three-dimensional  arbitrary  shaped  bodies  moving  in  a 
stationary,  unbounded,  incompressible  viscous  fluid.  The 
final  objective  of  this  study  is  to  describe  the  fluid  actions 
on  a  rigid  body  undergoing  a  prescribed,  though  arbitrary, 
manoeuvre,  e.g.  a  sequence  of  commands  involving  an 
acceleration,  constant  forward  speed,  a  deceleration  etc., 
rather  than  an  oscillatory  motion  or  steady  state  condition. 
For  this  reason  the  problem  is  described  in  a  body  fixed 
frame  of  reference  and  an  integral  equation  formulation 
derived  involving  convolution  time  integrations.  The 
analytically  defined  time  dependent  fundamental  solution 
or  oseenlet  adopted  to  describe  the  viscous  element  is 
derived  from  a  modified  time  dependent  Oseen's  equation. 
The  numerical  scheme  of  studies  devised  previously  for 
the  steady  state  problem  are  adapted  for  this  unsteady 
problem  and  preliminary  findings  are  presented  of  the  fluid 
actions  and  flow  fields  associated  with  a  two-dimensional 
circular  cylinder  moving  through  prescribed  manoeuvres. 

EQUATIONS  OF  MOTION 

In  a  body  fixed  coordinate  system  translating  with 
velocity  -u(t),  [u(0)  =  0],  the  flow  of  an  incompressible 
fluid  of  constant  viscosity  described  by  Navier-Stokes' 
equations,  expressed  in  terms  of  non-dimensional  Oseen 
variables,  are  given  in  the  form 


+  (v.v  )V  =  V2V  -  Vp  +  f  +  u  (1) 


V.V  =  0  =  div  V  (2) 

where  V,  p,  f  represent  non-dimensional  expressions  for 
the  fluid  flow  velocity,  pressure  in  the  fluid  and  external  or 
body  force  respectively.  The  corresponding  dimensional 
quantities,  denoted  by  a  prime,  are 

V'=UV  ,  U’=UU  p'=p'U2p  ,  f-(Re  lJ2/L’)f  , 

£  =  (LVRe)5  ,  f=  (LYRe  U)t ,  V'=  (Re/L’)V  , 

d/dt'  =  (Re  U/L')3/at  , 

where  L’  and  U  denote  characteristic  length  and  velocity 
parameters  respectively,  p'  represents  the  fluid  density, 
I',  £,  denote  spatial  variables  and  the  Reynolds  number 
Re  =  U  L'A)'  where  \)'  represents  the  kinematic  viscous 
coefficient. 

Letting  V  =  U  +  v,  where  U  denotes  a  constant 
velocity,  it  follows  from  equations  (1)  and  (2)  that  the 
pressure  p  and  velocity  v  satisfy  the  equations 

v  +  (U+v).Vv  =  V2v  -  Vp  +  f  +  u  ^ 

V.v  =  0 


where  an  overdot  denotes  differentiation  with  respect  to 
time. 

This  equation  of  motion  is  non-linear,  but  by 
invoking  the  usual  assumptions,  Oseen’s  equation  is 
obtained  in  the  form 

v+  U.Vv  =  V2v-Vp+r  +  u  ,  (4) 

V.  v  =  0  (5) 


subject  to  the  initial  time  condition  v  (^,0)  =  -  U. 
INTEGRAL  EQUATION  FORMULATION 


Before  transforming  the  Navier-Stokes'  equations  of 
motion  described  in  equation  (3)  into  an  integral  equation 
using  Gaussian  integral  formulae,  let  us  introduce  the 
linear,  time  dependent  Oseen  matrix  operator 

iO/at  +  u.  V-V2)-VV.  V 
0  =  (o) 

V.  0 . 

and  its  linear  adjoint  time  dependent  operator 


0*=  i(a/at-u.  v-v2)-w.  -v  (7) 

-V.  0  . 

Here  I  denotes  the  unit  matrix,  U  =  (U,  V,  W)  and  these 
operators  are  applicable  to  either  two-  or  three-dimensional 
problems.  Continuing  this  use  of  matrix  and  tensor 
notation  we  may  define 


< 

n 

i 

f  +  u  -  V.  (vv)  1 

N 

1 

o 
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V 


}  (14) 


and  the  components 

Pij=-p8ij+vi,j +  vjt. . 

Pslj  =  Ps5lj  +  Vslo  +  Vsj.l 


(8) 


}  (9) 


In  these  expressions  vltj  =  Dvj/Sxj  ,  v*slj  =  8v*sl/dxj ,  etc. 
and  the  subscripts  s/  1,  j,  etc.  take  values  1,2  in  a 
two-dimensional  problem  and  values  1,2,3  in  a 
three-dimensional  problem. 

This  notation  allows  the  Navier-Stokes'  equations  to 
be  written  as 


©  .  V  =  F  (10) 

in  which  the  non-linear  convective  term  is  included  in  F. 

By  introducing  a  convolution  integration  over  the 
time  domain  0"  <  x  <  t  and  using  Gaussian  integral 
formulae  we  find  that  a  Green’s  function  identity  can  be 
constructed.  That  is 


©\V*=F*  in  Q 

* 

Vs  — >  0  at  infinity 

together  with  the  imposed  initial  condition  vSJ*  (x,0)  =  0. 

Here  the  jth  component  of  the  external  impulsive 
force  Fs*  is  given  by  fSJ  =  8sj  A  (£-x)  S(t),  such  that 

J  VT*  0* .  V*  dQ  =  C®  vs($,t)  •  (15) 

a 

where  C(^)  =  0,  0.5  or  1  depending  on^(QUE),^6 
£  or  i;  e  £2  respectively. 

Substituting  equation  (15)  into  equation  (11)  and 
using  equations  (8)  and  (10)  we  find  that  the  integral 
equation  becomes, 

C&  vs(£,t)  =  J  {  vsj  *  (It  -  vj  U.n)  -  *  R*j}  dZ 

I 

+  J  v‘j  *  (u.  -  vkvjk)  d£2  -  J  Uj  v*.  dft  (16) 
n  a 

assuming  a  zero  body  force  i.e.  f  =  0. 


t 

JdxJ{  VT(x,t-x).0+.Vs(x,  x)  -  VsT(x,t-x).@.V(x,x)}dQ 
o-  n 

=  J{vT*0*.V*  -  V*T*  0.V}dQ 
n 


FUNDAMENTAL  SOLUTIONS  OR  OSEENLETS 

TIME  DEPENDENT  SOLUTIONS 

Analogous  to  the  steady  state  solutions  (v  =  0) 
derived  previously!  12,13],  the  time  dependent 
fundamental  solutions  or  oseenlets  satisfy  the  equations 


=  j  { v  .  *  (R.  -  U.n  v.)  -  v.  *  R  . }  dX 

J  L  Sj  v  J  y  j  Sjj 

2 

-  J  {vs.(x,0'>  v.(x,t)  +  IL  v*.(x,t) }  dQ  (1 1) 

it 

where 

R.  =  p..  n.  =  ( -  p8..  +  v. .  +  v. . )  n.  (12) 

j  rij  i  v  r  ij  i,j  j,i '  i  v  7 


■ u* V  vIj  =  v2ylj  +  P*.j  +  5sjA  G  -  x)  5(t) 


v*j(^0  )  =  0  . 

A  solution  to  these  equations  can  be  derived  using 
Laplace  (L)  and  Fourier  (F)  transforms.  That  is,  let  y  and 
X  denote  the  Laplace  and  Fourier  transform  parameters 
respectively  and  an  application  of  the  sequence  of 
operations  LF( )  to  the  previous  equations  gives 


denotes  the  force  component  in  the  jth  direction  and 

R*  =  p*.  n.  (13) 

SJ  rsij  1  v  7 

where  is  redefined  as  the  ith  component  of  the  unit 
normal  vector  at  the  boundary  surface  X  pointing  into  the 
fluid  domain  Q.  In  equation  (11),  the  surface  X  encloses 
the  domain  Cl,  the  superscript  T  denotes  a  transposed 
matrix,  a  summation  convention  holds  i.e. 

3 

ujV2>i"i-u-» 

j=l 

etc,  and  the  multiplication  symbol  *  implies  a  convolution 
operation  (e.g.  a  *  b  =  b  *  a). 

Now  the  function  Vs*  is  an  undefined  vector  which 
we  are  at  liberty  to  choose.  We  shall  make  this  the  time 
dependent  fundamental  solution  of  the  linear  adjoint  Oseen 
operator  subject  to  a  unit  impulsive  loading  in  the  jth 
direction  acting  at  the  position  £  =  x,  i.e.  where  the  field 
point  £  coincides  with  the  source  point,  x.  That  is  Vs* 
satisfies  the  equations 


y  vs.  +  iX.U  vs.  =  -  X  vs.  -  iX.p,  +  {5s.  e  7(2*r  } 

h  \=0 

where  i  =  V(-l),  n  =  2  for  a  two-dimensional  flow  problem 
(s  —  1,  2  =  j)  and  n  =  3,  for  the  three-dimensional  case  (s  = 
1,2,3  =  j). 

From  these  equations  it  follows  that 


p*  =  -(&A2)  ea-7(2TC)n/2 


and 


vsj  =  (8sj  -  “0  e‘X '  X/(2*)n/2  [y  +  iX.U  +  X2]  . 

By  reversing  the  transform  operations,  we  obtain[18] 
F(p*)  =  L'1  {  LF(ps) }  =  -  i  (XJX2)  tl  ■  X5(t)/(2x)n/2  , 

F(v  j  -  (s  .  -  ii)  t0-'  e-  a  ■  u,,/<2«)" 

N  sj  ^2  ' 
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where  El  { }  denotes  the  exponential  integral  function  [18] 


p*=J^L[f£_dfc]  ,,  r  =  ^  -  x  (18) 
{Inf  l  ^ 


-  {X2i  +  a.(r  +  O0) 


-  {  X2t  +  iX.(r  +  \ii)} 

- - ca] 

X- 2 


Three  Dimensional  Solution  (n  =  3) 

For  a  three  dimensional  flu  id- structure  interaction 
flow  problem  involving  a  field  point  ^  and  a  source  point 
x,  such  that  the  distance  r  =  1^  -  xl  and  rs  (s  =  1,2,3) 
denotes  the  sth  component  of  r,  the  time  dependent 
fundamental  solution  is 

P;  =  —  [l/r]  s  (2°) 

4tc 


*  5si  -  (r  +  U  t)2/4 1 

v  .  = - - —  e 

SJ  .x3/2 

(4rct) 


1  r  1  -  erfc  {  Ir +  U  tl/2Vt) 


Ir  +  Utl 


where  the  complementary  error  function, 


H^x)  =  Jl-dt  ,  I  arg(x)  I  <  n 


and  s  =  1,2,  =  j. 

Note  that  when  U  =  0,  these  solutions  give  the 
equivalent  Stokeslet  solutions. 

Further,  the  vorticity  field  distribution  in  vsj*  is 
given  by 

where 

ejU  =  0  if  j  =  k  or  k  =  1  or  j  =  1 

e123  =e231  =  c312  =  1 
and  e!32  =  €213  =  6321  = -1. 


That  is, 


{  (r.  +Ukt)/8ttt2} 


-  (r  +  Ut)z/4  t 


“13=  {(r2  +  U2t)/87tt2j  3_(r+lJl)2/4t 

co23=  -{(r,  +U1t)/8jn2}  J* 


When  U  =  i  and  the  source  point  is  at  the  origin  E,  =  0,  it 
follows  that 


co13  =  (y/8jtt ) 

co23  =  -  { (x+t)/8itt2} 


-  (x2  +  y2  +2xt  +  t2)/4t 


erfc(x)  =  —  e  dt 
Vir  • 

and  s  =  1,2,3  =  j. 

Two  Dimensional  Solution  (n  =  2) 

The  appropriate  fundamental  solution  for  this  case  is 

p‘=M  [in  l/r]  •  (22) 


5sj  e-(r  +  Ut)2/4t 


—  [ln(l/lr+Utl)-2-E1  {(r  +  Ut)2/4t}]  (23) 


such  that  the  maximum  value  of  C013  occurs  on  {x  =  - 1,  y 
=  (2t)1/2j  and  for  co23  on  {x  =  - 1  +  (2t)^2  ,  y  =  0}. 

STEADY  STATE  SOLUTIONS 

The  steady  state  fundamental  solution  oroseenlet 
(v  =  0)  can  be  obtained  by  integrating  the  time  dependent 
solutions  over  the  entire  time  range,  i.e.  0  <  t  <  ■*>  or  by 
repeating  a  similar  analysis  to  the  one  described  previously 
in  the  space  domain  only [12, 13].  It  can  be  shown  that 
both  approaches  produce  the  same  steady  state 
fundamental  solutions. 

Three  Dimensional  Solution  (s  =  1,2,3  =  j  =  k) 

The  appropriate  fundamental  solution  for  this  case  is 
p*  =  -  r  /4rcr3  ,  (25) 


1  {5  fr.+W'Vh  ?-<r + u i)2// 

”  1  si  o  J 


(r  +  U  t) 


{l  e-(r+Ut)2/4t 

2n  (r  +  Ut)2 


}r  2  (rs  +  ust)  (rj  +  Ujt)  | 

!■  si  9 


(r  +  Ut) 


^j_e-(U.r  +  i)/2 


-  —  [in  (U.r+r)  +  Et  { (U.r+r)/2}  ]. 

4  71 

1  -(U.r  +  r)/2  fSsj  (Us+rs/r)  (Uj+r./r) 

4'  1  r  2 (U.r+r) 
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{l-e-(U™)/2}  8sj  rr  (U.+r/r)  (Uj+r/r)  , 
4K(U.r+r)  *■ r  r3  U.r+r  ! 


The  vorticity  distribution  is  given  by 

-sj=^{Vr(Ukr+rk)}e-^ 

8rcr 

where  eskj  is  defined  previously. 

When  r  — » 0,  the  velocity  solution  reduces  to 


/.._L(s.+2i). 

SJ  Q-rr»*  V  SJ  2  ' 


corresponding  to  the  equivalent  Stokes  flow  solution  and 
when  r^wwe  have 

2 

*  f  0  (1/r  )  outside  the  wake  region, 

V  — M 

SJ  L  0  (1/r)  inside  the  wake  region. 


Two  Dimensional  Solution  (s  =  1,2  =  j  =  k) 
The  oseenlet  solution  takes  the  form 


p  • 


*  8sj  -  U.r/2  „  .  ... 

vs,= ,  e  Ko(r/2) 


+  -L  [ll.re'U  rX 

271 

~  r/2 


(r/2)  +  U.r  In  r  -  r  e  U,r/2K  (r/2) 


(U.r)n/r  , 


e'Ur/2K  (r/2) 
4k 


r  U  r.  +  U.r  -  U.r8  .  -i  f  T.  rn  . 

+  {-U - LL - 3  }  {l-0.5re  ^(r/2)}  (28) 

27cr 

where  Kq,  Kx  are  modified  Bessel  functions  of  the  zero 
and  first  order[18].  When  U  =  (1,0,0),  this  solution 
agrees  with  the  form  presented  by  Bessho[19]  using  an 
alternative  approach. 

When  r  — » 0,  the  previous  solution  reduces  to 


*  _  1 
Vsj  _  4k 


—  (-  8  .  In  r  +  ) 

4-n-  V  SJ  r  ' 


and  for  r  we  have 

4c  f  0(l/r  )  outside  the  wake  region, 

VsJ  ^  0  (1/r 1/2)  inside  the  wake  region. 

In  this  case,  the  vorticity  distribution  is  described  by 
the  expression 

“s3  =  V1  K  Ko  W  +  7  }  eU'r/2- 

471  r 


MODIFIED  INTEGRAL  EQUATIONS 

Using  the  fundamental  solutions  derived  in  the 
previous  section,  the  integral  equation  described  in 
equation  (16)  can  be  written  in  alternative  forms. 

For  the  submerged  body,  the  surface  boundary  Z 
(=Xoo  -  Zb)  consists  of  the  body  boundary  Zb  and  an 
outer  boundary  Zoo  at  infinity.  It  can  be  shown  that 

(i)  on  Zoo,  Rj  is  constant,  Vj  =  Uj  -  Uj  and 

vJRsjd5>-(vus)/n’ 

Lx> 

f  v  .  *  (R.  -  v.  U.n)  dZ  =  0  , 

J  SJ  J  J 

loo 

where  n  =  2,3  for  two-  and  three-dimensional  problems 
respectively. 

(ii)  on  Zb,  Vj  =  -  Uj  and 
f  v.  *  R  .  dZ 

J  J  Sj  ^ 

Ib  =  { l-C©}Us  -  J  U.*v*  dfi  +  J  U.*v  .U.n  dl 

and, 

f  U.*  v*.dQ+  iu  v*.d£2 

J  J  Sj  J  J  Sj 

=  J  U*ro  vsj  nj  =  ("-!)  us/n 

loo 

I  v  .  *  u.  dQ  =  I  v  *u.rn  n.  dZ  -  v  *u.rA  n.  dZ 

J  SJ  J  J  Sj  o  J  ^  J  Sj  0  j 

ft  Zoo  Sb 

=  (n-l)Us/n-Jv*.*i.r0njdZ 

2b 

where  r0  =  x-y  and  y  is  any  point  in  the  domain  and  Qb 
denotes  the  internal  volume  of  the  body. 

The  substitution  of  these  expressions  into  equation 
(16)  gives  the  integral  equation  relationships, 

C©  vs  ©t)  =  Us  -  C©  US  -  J  v*.  *  <R.+u.r0rij  )dS 

f  *  ^ 

-  v  .  *  (v.  v. . )  dQ  , 

J  sj  v  k  j,k' 

ft 

or 

C©  Vs  ©t)  =  Us  -  C©  Us-|v*j*(Rj+u.r0nj-UjU.n)dS 

f  .  * 

+J  vsj,k*(Vj)dfi  (29) 

ft 

or 

c© Vs ©t)  =  u  - C©  Us-Jv%(R.+i.r0nj - 0.5U2n.)dE 
I 

+JV.  *  (v  xco)j  dC2 
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where  co  represents  the  vorticity  of  the  flow. 

The  basic  unknowns  in  these  formulations  are  the 
fluid  velocity  v  and  fluid  force  R  which  can  be  determined 
directly  from  the  discretised  forms  of  these  equations.  In 
fact,  although  the  details  of  the  terms  in  these  equations 
differ  from  those  occurring  in  the  steady  state  problem,  the 
general  method  of  solution  adopted  in  the  latter  can  be 
suitably  modified  to  solve  the  present  integral  equations. 

Further,  since  u,  r0,  U  and  n  ^are  all  prescribed 
quantities  we  may  treat  Xj  =  Rj  +  11.1*0  nj  -  Uj  U.n  in 
equation  (29)  as  the  unknown  and  this  integral  equation 
reduces  to 

C($)vs  &t)  =  us  -  C©  U-J  X^v'.dl 

+  J  (vkvj)  *  v\  k  dQ  .  (30) 

Q 

NUMERICAL  SCHEME 

By  discretising  the  continuous  integral  equation 
expressed  in  equation  (29  or  30),  the  unknown  X  (or  R) 
and  v  can  be  determined.  Apart  from  the  additional 
complication  of  the  convolution  time  integral,  the  approach 
adopted  here  is  similar  to  the  one  developed  previously  to 
evaluate  solutions  of  the  steady  state  flow  problem[12,13]. 
That  is,  in  the  spatial  idealisation,  the  body  boundary  Xb 
and  fluid  domain  Cl  are  discretised  into  mb  elemental 
surface  panels  and  md  elemental  surface  panels  or  volumes 
respectively  and  to  assume  that  the  unknowns  satisfy 
prescribed  distributions.  Integrations  are  performed  over 
each  idealised  element  and  the  integral  equation 
transformed  into  a  set  of  simultaneous  algebraic  equations 
from  which  the  unknowns  on  each  panel  and  in  each 
volume  (or  panel)  are  determined.  Thus  equation  (30)  can 
be  written  as 


c©  vs  &t) = us(o  -  m  u§-  X  xj(m)  *  J  vsj 

m=l  frn) 

+  X  (VkV/m)  *  j  V’sj,kd° 


m=l 


=  us(t)-C(^)Us-XxJ<m)*lvsjdS 

md  f 

+  X(VkV/n)*j>V*sJnkdZ  (31) 

rn=l  Ydm) 

where  E^(m)  denotes  the  boundary  of  the  mth  fluid 
domain  panel.  As  can  be  seen,  this  expression  involves  an 
integration  of  the  time  dependent  fundamental  solution 
over  defined  surface  boundaries  and  this  can  be 
represented  analytically,  as  shown  in  the  appendix. 

Following  previously  described  procedures[12],  the 
continuous  integral  equation  represented  by  the  discretised 
form  of  equation  (31)  can  be  expressed  at  each  time  step 
by  general  matrix  equations  written  in  the  form 


-  A  X  +  B  +  C(V)  =  0 

-  V  -  A'X  +  B’+  C’(V)  =  0 


}  (32) 


where  X  and  V  are  the  unknowns  to  be  solved.  Although 
the  individual  descriptions  of  the  matrices,  A,  A’,  B,  B’, 
C,  C’  are  omitted,  the  matrices  A,  A’  consist  of  linear 
elements,  B  contains  linear  and  non-linear  (i.e.  products  of 
terms)  elements  whilst  B',  C,  C1  represent  totally  non¬ 
linear  expressions  in  the  unknown  V. 

In  the  steady  state  case,  when  the  Reynolds  number 
Re  «  1,  the  non-linear  contributions  are  negligible  and 
can  be  ignored.  Thus  the  unknowns  X  and  Y  are  obtained 
by  direct  solution  from  equation  (32).  When  Re  ~  1  and 
the  non-linear  contributions  retained,  a  simple  iterative 
scheme  can  be  devised  but  when  the  Reynolds  number  is 
large,  a  more  refined  iterative  scheme  is  required.  This  is 
based  on  the  Levenberg-Marquardt  algorithm[  12,20-22] 
which  is  a  hybrid  algorithm  combining  Newton's  iteration 
method  and  the  method  of  steepest  descent. 

COMPUTATIONS 

STEADY  STATE  PREDICTIONS  (v  =  0) 

Since  details  of  the  steady  state  calculations  are 
described  elsewhere[12,13],  they  are  omitted  here  and  the 
example  included  serves  to  illustrate  the  method. 

For  a  cylinder  of  diameter  D'  (=2 A’),  figure  1 
illustrates  the  variation  of  the  drag  coefficient  Cd 
(=Force/0.5p'U2D')  with  Reynolds  number  Re. 
Presented  are  predictions  derived  from  an  oseen 
flow-linearised  model  and  a  non-linear  convective  model 
as  well  as  experimental  results[14].  As  can  be  seen,  the 
linear  results  overestimate  the  other  two  data  sets,  with  the 
non-linear  results  showing  the  better  agreement  with  the 
experimental  data. 


Figure  1  A  comparison  between  measured[14]  and 
calculated  (i.e.  linear  and  non-linear  flow 
models)  steady  state  drag  coefficient  data  Cd 
for  a  circular  cylinder  in  uniform  flows. 


In  the  linear  model,  the  cylinder's  surface  was 
idealised  by  a  distribution  of  100  equally  spaced  viscous 
boundary  elements  though  it  was  shown  that  a  10  element 
distribution  produced  similar  convergent  solutions  and 
both  sets  of  numerical  results  compared  very  well  with 
Oseen's  theoretical  prediction  as  given  by  Lamb[23,  Re  < 
1].  Further,  in  the  limit  Re  -><*>,  Cd  ->  2.28  again 
indicating  an  overestimation  of  the  experimental  data. 
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In  the  non-linear  model,  100  equally  spaced  elements 
were  distributed  over  the  cylinder's  surface  as  well  as  a 
similar  number  over  an  imposed  surrounding  outer 
boundary  six  diameters  (R=6D)  away  from  the  surface. 
The  enclosed  fluid  domain  was  idealised  by  400  panels 
with  the  distribution  showing  a  greater  density  near  the 
cylinder  and  decreasing  radially.  Figure  2  shows  the 
computed  flow  field  around  the  cylinder  (Re  =  200)  with 
the  vortex  wake  pattern  clearly  defined. 


Figure  2  Computed  Oseen  flow  field  around  a  circular 
cylinder,  Re=200. 


This  investigation  showed  that  calculations  of  the 
fluid  actions,  pressure  distributions  over  the  cylinder's 
surface  etc.  are  satisfactorily  determined  by  the  non-linear 
convective  model  and  the  global  solutions  are  relatively 
insensitive  to  the  mathematical  model  and  idealisation. 
However,  calculations  of  the  flow  velocity  field  are  far 
more  sensitive  to  idealisation  and  the  truncation  distance  R 
of  the  surrounding  outer  fluid  domain  boundary.  The 
latter  must  be  placed  at  a  sufficient  distance  from  the 
cylinder  to  allow  for  the  complete  generation  of  the  vortex 
wake  pattern.  Therefore,  if  information  on  fluid  actions  is 
required  only,  a  much  reduced  computational  model  can  be 
adopted,  significantly  decreasing  the  computational  effort 
with  a  relatively  small  numerical  error  introduced  if  the 
truncation  distance  R  is  taken  to  be  some  value  R  >  2D 
(say). 

NONSTEADY  PREDICTIONS  (v  -  0) 

Oseen  Flow-Linearised  Model 

A  linearised  mathematical  model  can  be  developed  if 
the  time  dependent  fundamental  solutions  are  distributed 
only  over  the  cylinder's  surface.  The  convolution  time 
integration  is  retained  in  the  modified  integral  equation  of 
equation  (29)  but  the  troublesome  non-linear  convective 
contribution  is  discarded. 

For  the  time  history  predictions  presented  in  figure  3, 
the  cylinder's  surface  was  idealised  by  a  distribution  of  40 
equally  spaced  viscous  boundary  elements  each  containing 
at  its  centre  a  time  dependent  oseenlet.  The  component 
velocities  ul5  u2  defined  in  the  body  frame  of  reference  are 
shown  in  figure  3(a).  That  is,  the  motion  in  the 
longitudinal  direction  of  the  body  (i.e.  surge,  Uj)  shows 
the  body  accelerating  to  a  fixed  speed,  remaining  steady 
until  it  experiences  a  slight  blip  before  returning  to  the 
previous  steady  condition.  At  the  same  time,  in  the 
transverse  direction  the  sway  component  u2  is  sinusoidal. 
This  simple  example  serves  to  demonstrate  the  arbitrarily 
selected  motions  (e.g.  a  prescribed  manoeuvre)  which  can 
be  introduced  into  the  mathematical  model  without 
difficulty,  though  it  bears  a  similarity  to  a  PMM  test 
procedure. 

The  time  histories  of  the  drag  coefficient  Cdx  (=R^ 
shown  in  figures  3(b-d)  follow  the  variations  of  the  motion 
Uj(t)  in  each  of  the  Reynolds  number  flows  Re  =  2,  40, 
200.  At  each  transition  the  coefficient  exhibits  an  over-  or 
undershoot  tendency  whereas  the  transverse  force 
coefficient  Cdy  (=R2)  retains  the  oscillatory  behaviour  of 
the  prescribed  motion  input  but  with  a  phase  shift 
depending  on  Reynolds  number. 


Figure  3  The  time  histories  of  the  prescribed  manoeuvre 
of  the  circular  cylinder  and  the  associated 
calculated  Oseen  drag  coefficient  Cdx  and  sway 
transverse  force  coefficient  Cdy  for  different 
Reynolds  number  flows.  The  abscissa  denotes 
the  number  of  time  intervals  passed  into  the 
calculation. 

(a)  the  surge  ux(t)  and  sway  u2(t)  motions, 

(b)  Re-2  ,  (c)  Re=40  ,  (d)  Re=200. 
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CD 


Figure  4  illustrates  a  series  of  snapshots  of  the  flow 
field  behind  the  cylinder  observed  from  a  fixed  reference 
position.  This  sequence  of  frames  at  10,  20,  30,...,  120 
times  the  time  interval  increment  clearly  shows  the  vortex 
wake  forming  and  decaying  behind  the  cylinder  as  it 

undergoes  the  prescribed  manoeuvre  shown  in  figure  3a. 
The  continuous  line  behind  the  cylinder  indicates  the  path 
of  the  cylinder,  in  a  flow  field  associated  with  a  Reynolds 
number  Re  =  40. 
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Figure  4  A  sequence  of  snapshot  frames  at  10,  20, 

120  times  the  time  interval  increment 
illustrating  the  formation  of  the  vortex  wake 
behind  the  cylinder  associated  with  the 
calculation  Re=40  in  figure  3. 
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In  both  the  steady  and  unsteady  oseen  flow 
calculations,  no  difficulties  were  encountered  in  the 
numerical  scheme  of  study  for  any  chosen  value  of 
Reynolds  number  (e.g.  10m,  etc).  However,  it  must  be 
emphasised  that  from  the  evidence  available  the  results 
derived  from  this  linearised  model  are  expected  to 
overestimate  the  experimental  data  and,  as  we  shall  further 
show,  the  results  obtained  from  the  non-linear  convective 
model. 

Non-linear  Convective  Model 


In  the  results  presented  in  figure  5,  the  non-linear 
convective  term  in  the  modified  integral  equation,  i.e. 
equations  (29,30),  is  included  in  the  numerical  scheme  of 
study.  To  do  so  requires  distributing  viscous  panel 
elements  into  the  fluid  domain  and  this  greatly  increases 
the  computational  effort  needed  to  provide  solutions.  In 
fact,  this  necessitates  the  full  solution  of  the  non-linear, 
coupled  matrix  equations  in  equation  (32)  whereas  the 
oseen  flow  solutions  are  obtained  from  a  much  simpler 
linear  matrix  model[12,13]. 

The  cylinder’s  surface  was  again  idealised  by  a 
distribution  of  40  equally  spaced  viscous  boundary 
elements,  each  containing  a  time  dependent  oseenlet  and  in 
a  similar  procedure  to  the  equivalent  steady  state 
calculations,  400  panels  were  distributed  into  the  fluid 
domain  contained  within  an  imposed  surrounding  outer 
boundary  at  R  =  6D  (say).  The  prescribed  manoeuvre 
displayed  in  figure  3(a)  was  again  chosen  and  figures 
5(a-c)  show  the  calculated  force  coefficient  components  as 
a  function  of  the  number  of  time  step  intervals  and 
Reynolds  number  Re  =  2,  40,  100.  It  is  seen  that  these 
time  histories  show  similar  trends  to  the  equivalent  linear 
predictions  in  figures  3(b-d)  following  the  variations  of  the 
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input  parasitic  motions  but,  in  comparison  with  the  linear 
findings,  their  values  are  reduced.  Note,  however,  the 
oscillatory  variation  now  evident  in  the  Cdx  time  record 
created  by  the  oscillatory  sway  motion.  This  again 
illustrates  the  influence  of  the  non-linear  convective  term  in 
the  mathematical  model. 

Figure  6  shows  a  limited  sequence  of  pictures 
illustrating  the  creation  and  decay  of  the  vortex  wake  flow 
field  around  the  cylinder  as  seen  by  a  fixed  observer. 
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Figure  5  For  the  manoeuvre  illustrated  in  figure  3(a), 
this  figure  shows  the  associated  drag 
coefficient  Cdx  and  sway  transverse  force 
coefficient  Cdy  for  different  Reynolds  number 
flows  calculated  from  the  non-linear  convective 
model.  The  abscissa  denotes  the  number  of 
time  interval  increments  passed  into  the 
simulation. 

(a)  Re=2  ,  (b)  Re=40  ,  (c)  Re=100. 
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Figure  6  A  sequence  of  snapshot  frames  at  10,  20,  ..., 
120  times  the  time  interval  increment  showing 
the  generation  and  decay  of  the  vortex  wake 
behind  the  circular  cylinder  associated  with  the 
calculation  Re=100  in  figure  5(c)  and  also 
figure  3(a). 


CONCLUSIONS 

The  hybrid  analytical  and  numerical  viscous 
boundary  element  approach  using  time  dependent  oseenlets 
described  herein,  allows  the  predictions  of  the  fluid  actions 
and  flow  fields  associated  with  arbitrary  shaped  bodies 
moving  in  a  prescribed  manoeuvre  in  an  incompressible, 
viscous  fluid.  Although  the  method  is  demonstrated  using 
a  two-dimensional  simple  shaped  body,  the  concepts 
introduced  remain  valid  when  tackling  three-dimensional 
fluid-structure  problems.  However,  in  the  latter,  the 
presentation  of  information  -  especially  a  description  of  the 
flow  field  -  becomes  more  difficult  and  the  computational 
effort  greatly  increases. 

The  Oseen  flow-linearised  model  produces  over¬ 
estimates  of  the  fluid  actions  and  flow  fields  but  it  is  easy 
to  apply  and,  since  it  provides  a  ’broad  brush’  picture  of 
the  fluid- structure  interactions,  in  engineering  terms,  it 
produces  a  reasonable  first  insight  and  solution  to  the 
problem. 

The  non-linear  convective  model  is  computationally 
more  time  consuming  though  the  evaluation  of  the  fluid 
actions  is  obtained  from  a  relatively  robust  numerical 
scheme  of  study.  However,  because  of  the  sensitivity  of 
the  flow  field  calculation  to  panel  idealisation,  truncation 
distance  etc.,  the  preliminary  calculations  presented  serve 
to  illustrate  the  applicability  of  the  viscous  boundary 
element  approach  to  evaluate  the  time  dependent  fluid 
actions  and  flow  fields  associated  with  bodies 
manoeuvring  in  an  incompressible,  viscous  fluid. 
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APPENDIX 

Before  writing  equation  (31)  in  matrix  form,  we  need 
to  integrate  the  time  dependent  fundamental  solution  over 
an  elemental  surface  panel  or  volume.  For  the  two 
dimensional  problem  under  discussion  this  may  be 
achieved  as  follows. 


Figure  7  Schematic  illustration  of  the  panel,  field  point, 
etc.  and  symbol  definitions. 

Figure  7  illustrates  a  panel  with  end  points  (1,2) 
lying  in  the  direction  of  a  and  ^  is  a  field  point  connected 
to  the  source  point  x  on  the  panel  by  the  vector  r  =  x  - 
The  vectors  di,  d2  are  as  shown  and  the  unit  normal  n 
points  out  of  the  panel.  If  we  let 

r  =  r  +  Ut  ,  dj  =  dL  -  Ut  ,  d2  =  d2  -  Ut 

then 

r  =  2  (Ba0-  en)  ,  Be  [-  dl ,  -  a2  ] 

where 

aQ  =  a/ lal ,  e  =  0.5  dj .  n  =  0.5  d2-n  > 
a1  =  0.5d1.a0,  d2=0.5d2.a0 
and 

dX  =  2dB  ,  r  2=  4  (B  +  z  ) ,  d'r2=8Bd£S 

Because 

2rr  -  5sj  r2=  (n n  -  a(Ja0)  (8e2- r2)dB-(a# n+  n  a#)edr2 
and 

—  (  7j)  =  (8  e2-r2)/r4 
dB  r 
it  follows  that 

dr  B  P  I  /-8  2rr\ 

—  i(nn  -  a0a0)  -  +  (aQn  +  naQ)  ±  )  =  \—  +  —J 

dB  r  r  r  r 

where  nn  etc  denotes  a  (2  x  2)  matrix  in  this  two- 
dimensional  problem.  Further,  since 
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rr  .  .  4B2  4eB  2 

—  +  (a0aQ  -  nn)  —  -  (aQn  +  naQ)  —  =  8-nn 


aoao5 


*2  -r  2/4t 

jV- 

*  0.5(7c/t)1/2 e‘(n‘dl)  /4t  [erf  (a^d^t1'2)  - erf(^.  d2/2t1/2)] 

then  the  surface  integral  involving  the  two-dimensional, 
time  dependent  oseenlet  is  given  by  the  analytical 
expression 
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Although  this  is  an  un wieldly  analytical  expression, 
it  avoids  the  numerical  integration  of  the  oseenlet  over  the 
surface  panel  but,  unfortunately,  its  form  does  not  readily 
permit  the  convolution  integration  to  be  reduced  to 
analytical  expressions. 
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DISCUSSION 

Gerard  Fridsma 
General  Dynamics,  USA 

The  statement  was  made  about  the  importance  of  Reynolds  number  on 
model  testing  of  submerged  bodies.  While  indeed  answers  are  being 
obtained  on  the  testing  tunnel  and  towing  tank,  these  are  of  a 
qualitative  nature  to  understand  the  nature  of  the  flow  and  production 
of  loads.  For  small  cross-flow  angles  (yaw),  the  loads  are  linear  and 
not  Reynolds  number  dependent  in  this  range.  As  one  goes  to  higher 
cross-flows  (yaw  angles  from  10°  to  20°),  vortices  are  generated  from 
the  hull  which  create  serious  nonlinearities  in  the  trends  of  the  loads. 
These  must  be  dealt  with  for  a  full  maneuvering  submerged  body 
which  means  Reynolds  number  must  be  dealt  with,  since  separation 
and  vortex  generation  is  very  much  dependent  on  Re. 


AUTHORS’  REPLY 

We  thank  Mr.  Fridsma  for  his  contribution  to  this  paper  and  we  agree 
with  his  overall  observations. 

Our  comments  relating  to  a  submarine  hull  were  based  on  steady  state 
calculations  performed  on  a  two-dimensional  cross-section  with  sail 
plane  or  fin.  This  was  simply  idealized  by  a  circular  cylinder  and 
appendage  as  illustrated  in  the  following  figures.  These  also  display 
the  steady  flow  field  around  the  section  and  show  the  variation  of  the 
steady  drag  and  lift  coefficients  with  Reynolds  number.  In  the  region 
Re  <  103  (say)  the  curves  tend  to  flatten  indicating  that  large  changes 
in  the  Reynolds  number  produce  relatively  small  changes  in  these 
steady  forces.  These  preliminary  findings  may  provide  a  simple 
explanation  why  model  scale  and  full  scale  submarine  experiments 
produce  a  measure  of  correlation  even  though  true  scaling  is 
impossible  to  apply  in  practice. 

Although  a  free  running  or  towed  model  is  geometrically  scaled 
correctly,  it  must  be  of  a  size  to  contain  the  instrumentation 
measurement  packages  and  not  too  large  for  the  towing  tank  or 
maneuvering  basin.  Thus  constant  Reynolds  number  and  viscosity 
coefficient  imply  that  the  model’s  forward  speed  must  be  set  at  Um  = 
(Lps/LJ  UFS,  where  subscript  FS  denotes  full  scale  value.  Practica 
lly,  in  a  towing  tank,  this  relationship  is  impossible  to  fulfill  and  so 
a  model  forward  speed  is  chosen  as  high  as  safe  powering  allows 
within  the  confines  of  the  test  facility.  Thus  the  Reynolds  number 
for  the  model  and  full  scale  differ,  but  if  both  experiments  are 
performed  at  Reynolds  numbers  lying  within  the  flat  portion  of  the 
drag  and  lift  curves,  then  it  can  be  expected  that  steady  state 
predictions  for  model  and  full  scale  would  display  reasonable 
correlation.  In  fact,  from  the  values  of  the  steady  state  forces  at  the 
appropriate  Reynolds  numbers  for  a  model  and  full  scale  submarine 
a  simple  correction  factor  could  be  deduced  and  incorporated  into 
maneuvering  prediction  mathematical  models. 


The  calculated  fluid  flow 
field  around  a  body 
appendage  configuration  (Re- 10). 


The  calculated  variation  in 
the  lift  and  drag  coefficients 
with  Reynolds  number. 
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The  Flow  Past  a  Wing-Body  Junction  - 
An  Experimental  Evaluation  of  Turbulence  Models 

W.  Devenport,  R.  Simpson 

(Virginia  Polytechnic  Institute  and  State  University,  USA) 


ABSTRACT 

Detailed  three-component  LDV  measurements 
have  been  made  in  the  flow  of  a  turbulent 
boundary  layer  past  an  idealized  wing-body 
junction.  These  measurements,  which  show  great 
variety  and  three-dimensionality  in  the  vortex- 
dominated  turbulence  structure  of  this  flow,  are 
here  used  to  evaluate  a  number  of  turbulence 
models.  Many  of  these  models  require  or  imply  a 
relationship  between  the  angles  of  the  turbulence 
shear-stress  and  mean-velocity  vectors.  In  the 
present  flow  these  angles  are  not  only  different 
but  do  not  follow  any  simple  relationship.  To 
predict  the  shear-stress  angle,  accurate  modeling 
of  the  full  shear-stress  transport  equations  is 
clearly  needed.  In  particular,  new  models  based 
on  measurements  are  needed  for  the  pressure- 
strain  term.  The  ability  of  six  turbulence  models 
to  predict  the  magnitude  of  the  shear-stress 
vector  from  the  mean-velocity  and/or  turbulence 
kinetic  energy  is  examined.  Among  the  best  are 
the  Cebeci-Smith  and  algebraic-stress  models. 
Other  models,  particularly  the  Johnson-King,  are 
not  well  suited  to  this  vortical  flow. 


INTRODUCTION 

This  paper  follows  several  (Devenport  and 
Simpson,  1986,  1987,  1988a,  1988b,  1988c,  1990a) 
in  which  we  have  presented  detailed  velocity 
measurements  made  in  the  flow  of  a  turbulent 
boundary  layer  around  the  nose  of  a  wing-body 
junction.  The  purposes  of  this  paper  are;  (i)  to 
briefly  review  these  measurements,  (ii)  to 
present  new  measurements  made  around  the  rest  of 
the  junction,  and  (iii)  to  use  the  whole  data  set 
to  evaluate  the  usefulness  and  generality  of  a 
variety  of  turbulence  models  and  modelling 
parameters . 

For  a  review  of  other  experimental  work  on 
wing-body  junction  flows  see  Devenport  and 
Simpson  ( 1990a) . 

EQUIPMENT 

Only  abbreviated  descriptions  are  given 
here?  for  complete  details  see  Devenport  and 
Simpson  (1990b). 


The  Wing  and  Wind  Tunnel 

The  wing  (figure  1)  is  cylindrical,  has  a 
maximum  thickness  (T)  of  71.7mm,  a  chord  of  305mm 
and  a  span  of  229mm.  In  cross  section  its  shape 
(figure  2)  consists  of  a  3:2  elliptical  nose 


(major  axis  aligned  with  the  chord)  and  a  NACA 
0020  tail  joined  at  the  maximum  thickness.  Trips 
are  attached  to  both  sides  of  the  wing  to  ensure 
steady  and  fixed  transition. 

The  wing  is  mounted  at  zero  sweep  and 
incidence  at  the  center  of  the  flat  0.91-m  wide 
test  wall  of  the  Virginia  Tech  Boundary  Layer 
Tunnel,  forming  the  junction.  In  the  absence  of 
the  wing  this  tunnel  produces  a  flow  of  zero 
streamwise  pressure  gradient,  consisting  of  a 
closely  uniform  (to  within  1%)  low  turbulence 
(0.2%)  free  stream  and  an  equilibrium  two- 
dimensional  turbulent  boundary  layer  (see  Ahn 
(1986))  on  the  test  wall.  With  the  wing  in  place, 
inserts  attached  to  the  wind  tunnel  side  walls 
are  used  to  minimize  blockage-induced  pressure 
gradients . 


Figure  1.  Perspective  view  of  the  wing-body 
junction. 


Laser  Doppler  Velocimeter  (LDV) 

A  3-component  LDV  was  used  to  measure 
detailed  profiles  of  mean-velocity  and  turbulence 
quantities  in  6  planes  surrounding  the  wing. 
These  planes  (numbered  1,3, 4, 5, 8,  and  10  for 
organizational  reasons)  are  illustrated  in  figure 
2. 

The  LDV  has  three  sets  of  sending  optics, 
two  of  which  are  shown  schematically  in  figure  1. 


W.J.  Devenport  and  R.L.  Simpson,  AOE  Dept.,  VPI&SU,  215  Randolph  Hall,  Blacksburg 
VA  24061 
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X  /  T 

Figure  2.  Contours  of  mean-surface  pressure  coefficient  Cp  on  the  wall 
surrounding  the  wing;  o  —  locations  of  LDV  profiles, —  line  of  separation, 

-  line  of  low  shear,  locus  of  peak  turbulence  kinetic  energy  in  the 

vortex . 


Each  set  produces  an  arrangement  of  beams 
sensitive  to  a  different  pair  of  velocity 
components  and  their  associated  Reynolds  shear 
stress.  Only  one  set  is  used  at  a  time.  The  flow 
is  seeded  using  dioctal  phthalate  smoke  (typical 
particle  diameter  1  micron) .  Light  scattered  from 
the  measurement  volume  is  focussed  onto  the 
pinhole  of  a  single  photomultiplier  tube.  Data 
are  obtained  from  the  photomultiplier  signal 
using  either  fast  sweep  rate  sampling  spectrum 
analysis  (see  Simpson  and  Barr,  1975)  or  a  DANTEC 
55N10  Burst  Spectrum  Analyzer.  Velocity 
statistics  are  obtained  by  time  (not  particle) 
averaging  and  thus  should  be  free  of  bias. 

Measurements  presented  here  have  been 
corrected,  where  necessary,  for  velocity  gradient 
broadening  and  finite  transit  time  broadening 
using  the  techniques  described  by  Durst  et  al . 
(1981).  Uncertainty  estimates  for  95%  confidence 
limits  are  listed  in  table  1. 


Quantity 

Uncertainty 

Mean  velocity 

±-03  uref 

Turbulence  kinetic 
energy,  k 

±.00026  Uref2 

Turbulence  shear- 
stress  -uv 

±.00033  Uref2 

Turbulence  shear- 
stress  -vw 

±.00027  Ur0f2 

Turbulence  shear- 
stress  magnitude 

±.00033  Uref2 

Table  1  Typical  uncertainties  in  LDV 

measurements.  95%  confidence  limits. 


COORDINATE  SYSTEMS,  TEST  CONDITIONS 

Most  results  and  discussion  will  use  the 
lab  fixed  coordinate  system  X,Y,Z  and  U,V,W 
centered  at  the  intersection  of  the  wing  leading 
edge  and  wall  (figure  1).  X  is  measured 
downstream  from  the  leading  edge,  Y  normal  to  the 
wall  and  Z  completes  a  right-handed  system.  In 
presenting  LDV  measurements  the  additional 
coordinate  S  will  be  used.  S  is  measured  along 
any  of  the  LDV  measurement  planes  from  the  wing 
surface  or  flow  centerline,  as  shown  in  figure  2. 
In  discussing  turbulence  models  and  parameters 
other  coordinate  systems  will  be  used, 
distinguished  by  subscripts.  Subscripts  1  f '  ,  ’s’ 
and  ’  g’  refer  to  coordinates  fixed  in  the  local 
free-stream  direction,  the  local  mean-flow 
direction  and  the  local  direction  of  the  mean- 
velocity  gradient  vector,  respectively.  In 
calculating  these  directions  V  component 
velocities  will  be  ignored.  In  all  coordinate 
systems,  upper  case  and  lower  case  symbols  will 
be  used  to  denote  the  mean  and  fluctuating 
components  of  velocity  respectively. 

Distances  will  in  general  be  non- 
dimensionlized  on  the  maximum  thickness  of  the 
wing  (T),  velocities  on  the  undisturbed  approach 
free-stream  velocity,  U-.  Under  nominal  test 
conditions  the  momentum  thickness  Reynolds  number 
of  the  approach  boundary  layer,  measured  in  the 
plane  of  symmetry  2.15T  upstream  of  the  wing 
leading  edge,  was  6700,  corresponding  to  a  total 
boundary  layer  thickness  5  of  36mm  (.50T)  and  U  , 
of  27  m/s.  ref 
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EXPERIMENTAL  RESULTS 


Figure  2  shows  contours  of  mean  surface 
pressure  coefficient  C  (based  on  undisturbed 
free-stream  conditions)  Pand  principle  features  of 
an  oil-flow  visualization  performed  on  the  wall 
surrounding  the  wing.  Figures  3  and  4  show  mean- 
velocity  vectors  and  contours  of  turbulence 
kinetic  energy  k/uref2  measured  in  planes  1 
through  10.  The  mean-velocity  vectors  represent 
components  normal  to  the  centerline  of  the 
horseshoe  vortex  defined  as  the  locus  of  peak 
turbulence  kinetic  energy  (see  figure  2).  Other 
projections  of  the  mean-velocity  field  (e.g. 
normal  to  the  wing,  parallel  to  the  measurement 
planes)  do  not  clearly  show  the  secondary-f low 
velocities  associated  with  the  vortex.  Note  that 
the  measurements  presented  here  in  planes  1,  3 
and  4  have  previously  been  published  by  Devenport 
and  Simpson  (1987,  1988a,  1988b  and  1990a). 

This  flow  is  dominated  by  the  pressure 
field  produced  by  the  wing  and  the  velocity  field 
generated  by  the  horseshoe  vortex  that  is  wrapped 
around  the  junction  between  the  wing  and  wall.  In 
the  plane  of  symmetry  upstream  of  the  wing  (plane 
1)  the  oncoming  boundary  layer  experiences  an 
adverse  pressure  gradient  that  causes  it  to 
separate  0.47T  upstream  of  the  leading  edge 
(figure  2).  The  separation  region  formed 
(figure  3(a))  is  dominated  by  the  recirculation 
associated  with  the  horseshoe  vortex.  This 
roughly  elliptical  structure,  centered  at  X/T  =  - 
.2,  Y/T  =  .05,  generates  an  intense  backflow  by 
reversing  fluid  impinging  on  the  leading  edge  of 
the  wing.  The  backflow  reaches  a  maximum  mean 
velocity  of  -0.48Uref  and  then  decelerates,  giving 
the  appearance  of  reseparation  between  X/T  =  -.25 
and  -.3.  Reseparation,  however,  does  not  occur  as 
a  thin  region  of  weak  reversed  flow  is  sustained 
adjacent  to  the  wall.  This  region  is  then  all 
that  remains  of  the  backflow  upstream  to  the 
separation  point.  The  near  reseparation  of  the 
backflow  produces  a  distinct  line  in  the  surface 
oil-flow  visualization  known  as  the  line  of  low 
shear  (figure  2). 

In  the  vicinity  of  the  horseshoe  vortex  the 
turbulence  stresses  (and  thus  the  turbulence 
kinetic  energy)  become  very  large  reaching  values 
an  order  of  magnitude  greater  than  in  the 
approach  boundary  layer  (figure  4(a)).  These 
large  stresses  are  associated  with  bimodal 
(double-peaked)  histograms  of  velocity 
fluctuations  like  those  shown  in  figure  5,  and 
are  produced  by  intense  low-frequency  bistable 
unsteadiness  in  the  structure  of  the  vortex.  This 
unsteadiness  is  a  result  of  the  turbulent /non- 
turbulent  intermittency  of  fluid  entrained  into 
the  corner  between  the  wing  and  wall  (Devenport 
and  Simpson  (1990a)). 

Moving  out  of  the  plane  of  symmetry,  fluid 
experiences  a  strong  favorable  pressure  gradient 
(figure  2)  that  accelerates‘*as  it  moves  around 
the  nose.  Close  to  the  wing  in  planes  3,  4  and  5 
this  acceleration,  acting  in  concert  with  the 
rotational  motion  of  the  vortex  (which  here  is 
bringing  low-turbulence  high-momentum  fluid  from 
the  free-stream  down  close  to  the  wall),  locally 
relaminarizes  the  boundary  layer  (Devenport  and 
Simpson  (1988b  and  c)).  Turbulence  shear  stresses 
in  this  region  are  therefore  much  smaller  than 
elsewhere.  Turbulence  kinetic  energy  (figures 
4(b),  (c)  and  (d) )  is  also  reduced.  Although  the 
intensity  of  turbulent  fluctuations  in  the 
vicinity  of  the  vortex  falls  in  the  favorable 
pressure  gradient  the  peak  values  of  turbulence 
kinetic  energy  remain  many  times  those  in  the 
surrounding  boundary  layer  because  of  the  bimodal 
unsteadiness.  Bimodal  histograms  are  seen  in  the 
vicinity  of  the  vortex  in  planes  3,  4  and  5 
(figures  4(b),  4(c)  and  4(d)).  Despite  the 
favorable  pressure  gradient  the  vortex  clearly 
grows  in  this  region  moving  away  from  the  wall 
and  the  wing  (figures  3  and  4).  (Projected  onto 


Figure  5.  Histograms  of  U-component  velocity 
fluctuations  measured  at  X/T  =  -.2  in  plane  1. 


the  wall  the  centerline  of  the  vortex  fairly 
closely  follows  the  line  of  low  shear,  see  figure 
2.)  In  addition  mean  secondary  flow  velocities 
fall  by  a  factor  of  about  2  between  planes  1  and 
5  ( figure  3 ) . 

Downstream  of  the  maximum  thickness  this 
flow  is  subjected  to  an  adverse  pressure  gradient 
(figure  2)  that  appears  to  cause  rapid  growth  in 
the  vortex  and  a  dissipation  of  the  bimodal 
unsteadiness.  (Note  the  change  in  scales  between 
different  parts  of  figures  3  and  4.)  Bimodal 
histograms  were  not  observed  in  planes  8  and  10 
and  peak  turbulence  kinetic  energies  are  much 
lower  here  than  upstream.  Secondary-f low 
velocities,  which  are  also  reduced  in  the  adverse 
pressure  gradient,  become  much  more  difficult  to 
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(c)  Plane  4 


(c)  Plane  4 


Figure  4.  Contours  of  turbulence  kinetic  energy 
k/U  ?  in  the  vicinity  of  the  vortex.  Dotted 
lines  enclose  the  regions  in  which  bimodal 
histograms  are  observed 


Figure  3.  Mean  secondary  flow  field  generated  by 
the  vortex. 


distinguish  from  the  rest  of  the  mean-velocity 
field  (figures  3(e)  and  (f)).  Despite  these 
changes  the  region  between  the  vortex  and  the 
wing  remains  one  of  low  turbulence  shear-stresses 
because  of  the  free-stream  fluid  entrained  here 
by  the  vortex. 

Figures  3  and  4  represent  only  a  fraction 
of  the  mean-velocity  and  turbulence  information 
we  have  collected.  All  mean-velocity  and  Reynolds 
stress  components,  some  triple  products  and 
histograms  of  fluctuations  in  all  three 
components  have  been  measured  at  over  1400  points 
in  this  flow.  The  quantity  of  experimental  data 
and  the  variety  of  turbulence  structure  in  this 
flow  make  it,  in  our  opinion,  ideal  for  testing 
the  generality  and  therefore  usefulness  of 
turbulence  models. 


EVALUATION  OF  TURBULENCE  MODELS 


General  Remarks 

Before  evaluating  the  validity  of 
turbulence  models  it  is  appropriate  to  discuss 
the  relationship  between  the  turbulent  shear 
stress  and  velocity  gradient  directions  since 
many  models  use  or  imply  such  a  relationship.  The 

shear-stress  and  velocity-gradient _ vectors  are 

defined  as  having  components  -uv,  -vw  and  0U/0Y, 
0W/0Y  in  the  X  and  Z  directions  respectively. 
Their  directions  are  given  by  the  angles, 

“t-tan'i<T=)  and  (1> 


Most  often  the  shear-stress  and  velocity  gradient 
angles  are  assumed  to  be  the  same,  i.e. 


-vw  _  dW/dY  _  -uv  -vw 

’  dU/dY  BU/BY  BW/BY 


(2) 


As  shown  this  implies  that  the  streamwise  and 
cross-flow  eddy  viscosities  are  the  same. 
Although  this  is  ideal  for  converting  turbulence 
models  designed  for  two-dimensional  flows  to 
three  dimensions,  it  is  not  supported  by  the 
present  or  past  experiments  (see  Johnston  (1970), 
van  den  Berg  and  Elsenaar  (1972),  Fernholz  (1981) 
and  others).  Figure  6  shows  a  plot  of  spanwise 
vs.  streamwise  eddy  viscosity  for  all  points 
inside  the  boundary  layer  in  planes  3  through  10. 
Points  outside  the  line  of  separation,  where  the 
direct  effects  of  the  horseshoe  vortex  and  its 
bimodal  unsteadiness  are  much  smaller,  are 
plotted  with  different  symbols  to  those  inside. 
In  neither  region  does  there  appear  to  be  any 
significant  correlation  between  these  two 
parameters . 

A  possible  improvement  has  been  suggested 
by  Rotta  (1977)  who  derives  an  alternative 
relationship  between  the  eddy  viscosities  using 
the  transport  equations  for  the  shear  stresses 
approximated  for  thin  shear  layers, 

■P(-UV)  dU_~F  ,  Wl  foCw-fL  rf  P^H.77^  (3) 
Dt  By  p  By  BX  By  P 

+-#-  (4) 

Dt  BY  p  By  BZ  By  p 


The  terms  from  left  to  right  represent 
convection,  production,  pressure  strain  and 
diffusion.  By  substituting  the  Poisson  equation 
for  the  fluctuating  pressure  p'  it  can  be  shown 
that  the  pressure  strain  is  composed  of  two 
terms,  the  first  $1  is  associated  with  the 
interaction  of  the  mean  strain  and  fluctuating 
velocities  and  the  second  $2  with  the  interaction 
of  the  fluctuating  velocities  alone.  $2  is  usually 
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Figure  6.  Spanwise  vs.  streamwise  eddy  viscosity 
in  local  mean  flow  coordinates  for  all 
measurement  points  inside  the  boundary  layer 
(Vu2/U  >5%).  Squares  represent  points  inside  the 
line  of  separation. 


approximated  by  the  shear  stress  itself 
multiplied  by  a  factor  related  to  the  turbulence 
kinetic  energy  (see  Rodi  (1984)),  that  factor 
being  the  same  in  both  equations.  Rotta 
approximated  using  the  Poisson  equation  for  the 
pressure  fluctuation  p*  and  by  assuming  local 
symmetry  in  the  turbulence  structure.  Neglecting 
convection  and  diffusion,  which  can  be  shown  to 
be  higher  order  terms  for  thin  shear  layers,  and 
dividing  equation  (2)  by  equation  (1),  he  then 
obtained  the  expression. 


tan (a  t-a) 


or 


Bws/By 


T.  tan(a^-a) 
~usvs 

'  3us/3y 


(5) 


i.e.  the  cross-flow  eddy  viscosity  is  an 
empirical  constant  T  times  the  spanwise  eddy 
viscosity,  in  local  flow  coordinates. 
Unfortunately,  as  can  be  seen  from  figure  6  this 
equation  is  no  more  valid  than  equation  (2)  in 
the  present  flow.  This  result  is  confirmed  by 
figure  7  in  which  values  of  T  deduced  from  these 
measurements  are  plotted  together  as  a  histogram. 
This  shows  a  large  spread  with  T  varying  over  a 
range  of  at  least  ±2 . 

We  have  tested  a  number  of  other 
hypothetical  relationships  between  the  shear- 
stress  and  velocity  gradient  angles  also  without 
success.  These  have  included  a  relationship 
between  at  -  a  and  the  local  cross-flow  velocity 
Wf/U  ,  one  between  the  spanwise  and  streamwise 
eddy6  viscosities,  and  one  between  at  and  ag  based 
on  van  den  Berg's  (1982)  hypothesis. 

There  are  two  principle  reasons  for  the 
failure  of  the  above  concepts.  The  first  becomes 
apparent  if  we  transform  the  problem  to 
coordinates  based  on  the  direction  of  the  local 
mean  velocity  gradient  vector  (subscript  ’g’).  In 
this  system  the  cross-flow  shear  stress  exactly 
represents  the  lag  or  lead  of  the  angle  of  the 
shear  stress  vector  over  that  of  the  velocity 
gradient  vector,  i.e. 


-  tan(at-a  )  (6) 


820 


Figure  7.  Histogram  of  values  of  Rotta's  T 
parameter  compiled  from  all— ^measurement  points 
inside  the  boundary  layer  (Vu2/U  >5%). 


Also  in  this  system,  however,  the  transport 
equation  for  the-G-ross-f low  stress  (equation  (4)) 
looses  the  term  v20W/0Y  since  by  definition  dW/dY 
is  zero.  The  cross-flow  stress  and  the  lag  of  the 
shear-stress  vector  are  therefore  determined 
entirely  by  the  unknown  pressure  strain  and  the 
neglected  convection  ^and  diffusion  terms  which, 
in  the  absence  of  v23w/3y  are  likely  to  be 
important.  The  second  reason  for  the  failure  is 
the  way  in  which  the  pressure  strain  terms  are 
usually  modelled.  It  is  simple  to  show  that 
(without  the  boundary- layer  approximation)  the 
pressure  strain  and  pressure  diffusion  can  be 
combined  into  a  single  term  with  the  form, 


dp1  dp/ 
-v—£—  +  u-^— 
dX  dY 


(7) 


in  the  uv  transport  equation,  and 
dp7  dp1 


dZ 


dY 


(8) 


in  the  vw  transport  equation.  These  terms 
obviously  cannot  be  modelled  by  substituting  for 
dp’/dX,  dp' /dY  and  dp' /dZ  from  the  Navier-Stokes 
equations  or  an  approximation  to  them  (as  done  by 
van  den  Berg  (1982))  since  this  will  lead  to  an 
identity  or  an  expression  of  the  error  in  the 
approximation.  By  the  same  argument,  substituting 
for  p1  using  the  Poisson  equation  (which  is  just 
the  Navier  Stokes  rearranged)  or  an  approximation 
(as  is  done  in  effect  by  Rotta  (1977))  must  also 
eventually  lead  to  an  identity  or  an  expression 
of  the  error  in  the  approximation.  Neither  of 
these  approaches  are  therefore  valid. 

The  pressure  strain  terms  can  in  general 
only  be  modelled  by  substituting  different 
moments  of  Navier  Stokes  equations  and/or  by 
using  information  derived  from  experiments. 

In  our  opinion  only  the  latter  approach  is  likely 
to  prove  successful  since  higher  moments  of  the 
Navier-Stokes  will  only  introduce  more  unknowns. 
Careful  experiments  in  which  the  pressure  strain 
terms  are  (presumably)  measured  by  difference  are 
therefore  needed. 


Turbulence  models 

In  this  section  the  assumptions  of  several 
prescribed  eddy  viscosity  models,  the  k-e  model, 
an  algebraic-stress  model  and  Bradshaw’s  (1971) 
model  are  tested.  For  each  model,  predictions  of 
the  magnitude  of  the  shear-stress  vector  from  the 


measured  mean-velocity  or  turbulence  kinetic 
energy  distributions  are  compared  with 
measurements.  For  models  that  use  the  eddy- 
viscosity  vt  the  shear-stress  magnitude  is  assumed 
to  be  given  by 


P-i  - 

p 


r(OU)2+{OH)2 

Ll0YJ  1  dY* 


(9) 


i.e.  the  cross-flow  and  streamwise  eddy 
viscosities  are  assumed  equal.  Although  the 
results  of  the  previous  section  show  that  this  is 
not  the  case,  there  appears  to  be  no  better 
alternative.  Since  skin-friction  data  are  not  yet 
available  for  the  present  flow  the  wall 
treatments  employed  by  most  of  the  models  are  not 
tested  and  are  ignored  in  the  following 
discussion.  Comparisons  with  experimental  data  do 
not  include  points  in  the  near-wall  region 
Y/T  <  .02  (y+  less  than  about  120). 

The  authors  concede  that  several  of  the 
models  examined  here  were  never  intended  for  use 
in  flows  as  complex  as  this  one.  However,  they, 
or  models  like  them,  are  often  used  in  complex 
flows.  It  is  therefore  important  that  their 
limitations  be  known. 

In  the  first  and  simplest  turbulence  model 
considered  here  the  eddy  viscosity  is  prescribed 
as  a  function  of  Y  entirely  in  terms  of  mixing 
length  ' 1 ’ , 


1  -  kY  Y/6  <  A/k 

I  -  AS  Y/6  z  A/k 


(10) 


where  the  eddy  viscosity  is  given  by 


J2  r  (&£)  2+  (_8W)  2]  ‘ 
1  dY}  (  dY)  J 


(11) 


A  and  k  are  empirical  constants  and  6  is  the 
boundary-layer  thickness.  From  two-dimensional 
test  calculations  Patankar  and  Spalding  (1970) 
suggest  A  =  . 09  and  k  (the  von  Karman 
constant)  =  .435. 

The  Cebeci-Smith  and  Johnston-King 
turbulence  models,  described  for  three- 
dimensional  flows  by  Abid  (1988),  are  variations 
on  this  basic  form.  The  Cebeci-Smith  model  is 
described  by  the  relations 

vt  -  vto(l  -  exp  (-v  tJ\  t)  )  (12) 


where 


7  2  [  /  )  2+  (  &K)  21  ' 

1  U  dY}  K  dY  1 


K  Y, 


K  -  .4 


(13) 


and 


6 

vt<>  -  0. 01S8y  k\j(Qe-Q)dy\  (14) 

o 

Y k  -  [l  +  5.5(-|)6]-1  (15) 


Q  -  +  :  0,  -  C?lr.»  <16> 


the  principal  difference  with  the  basic  model 
being  the  explicit  prescription  of  the  eddy 
viscosity  in  the  outer  region  in  terms  of  the 
Klebanoff  intermittency  function  and  the  use  of 
a  smoothing  function  between  the  inner  and  outer 
regions.  The  Johnson-King  model  uses  the  same 
smoothing  function  but  defines 
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This  gives. 
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and 
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s 
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where 

-Le  -  OJ^Wi^L 
p 


(18) 


(19) 


the  maximum  turbulence  shear  stress  in  the 
profile.  The  Johnson-King  model  was  originally 
designed  for  two-dimensional  adverse  pressure 
gradient  and  separated  boundary  layers  in  which 
the  maximum  shear  stress  appears  to  be  an 
appropriate  scaling  parameter.  In  the  turbulence 
model  rm  is  determined  from  a  differential 
transport  equation.  The  parameter  o  is  chosen  so 
that  the  equation 

In  .  v  r(i£)2+(i^)2i^  (20) 
p  tU  dY1  '  3Y1  ‘ 


is  satisfied  at  the  location  of  maximum  shear 
stress  in  each  profile.  This  requires  an 
iterative  procedure. 

The  above  three  models  were  used  to 
calculate  the  turbulence  shear-stress  magnitude 
from  the  measured  mean-velocity  field.  In  the 
case  of  the  Johnson-King  model  the  maximum  shear 
stress  and  its  location  were  also  provided  from 
the  experimental  data. 

The  k-e  model  is  one  of  the  most  widely 
used  in  calculating  two-and  three-dimensional 
turbulent  flows.  Coupled  with  the  wall  treatment 
of  Chen  and  Patel  (1988)  it  has  been  used  by  Deng 
(1990)  to  calculate  the  flow  past  a  wing-body 
junction  very  similar  to  that  studied  in  the 
present  experiments.  The  k-e  model  defines  the 
eddy  viscosity  in  terms  of  the  turbulence  kinetic 
energy  k  and  the  dissipation  e, 


k  and  e  are  determined  from  approximate  transport 
equations  (see  Rodi  (1984)  or  Abid  and  Schmitt 
(1984)), 


f  - 


dY 


dk , 
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The  empirical  constants  are  usually  given  the 
values. 


C^-0.09,  a*-l,  C^-1.57, 
C  -2.0,  o-ll.3 

*2  e 


(24) 


The  e  equation  could  not  be  tested  using  the 
present  measurements.  The  k  equation  was  tested 
by  substituting  the  eddy-viscosity  and  the 
velocity  gradients  for  the  Reynolds  stresses  and 
substituting  equation  (21)  for  the  dissipation. 


Using  the  measured  distributions  of  k  and  the 
mean-velocity  gradients  this  equation  was  solved 
iteratively  for  vt.  Initial  and  boundary  values 
for  Vj.  required  for  this  calculation  were 
determined  from  the  measurements.  Convection  of  k 
normal  to  the  LDV  measurement  planes  was  ignored 
in  this  calculation  since  it  could  not  be  deduced 
from  the  measurements.  This  term  was  almost 
certainly  negligible  at  most  points. 

The  algebraic  stress  model  uses  transport 
equations  for  k  and  €  similar  to  those  above. 
However,  instead  of  relating  the  turbulent 
stresses  to  k  and  e  through  an  eddy  viscosity, 
algebraic  equations  for  the  individual  stresses 
are  used.  These  are  derived  from  the  full 
(differential)  stress  transport  equations  by 
assuming,  among  other  things,  that  the  convection 
and  diffusion  of  the  individual  stresses  is 
proportional  to  that  of  k.  The  algebraic  stress 
equations,  written  in  standard  tensor  notation  in 
their  full  form  (Rodi  (1984),  Abid  and  Schmitt 
(1984)),  are 


uiuj-—t>ijk+- 


d-y)  (IU-2sP)+9ijje 


(26) 


C^+P/e-l 


where  •  is  the  production  of  u  j  u  - ,  P  is  the 
production  of  k,  5—  is  1  of  i=j  and  zero 
otherwise,  and  1  is  a  component  of  the 

pressure-strain  correlation  that  accounts  for 
wall  proximity  effects.  $jjw  is  an  algebraic 
function  of  only  k,  e,  x  and  the  stresses 
themselves  (see  Abid  and  Schmitt  (1984)).  The 
following  values  for  the  empirical  constants, 
suggested  by  Abid  and  Schmitt  (1984)  and  Launder 
(1982),  were  used 

y-0.55,  Cx- 2.2,  C^-0.5,  C^-0.3  (27) 


C '  1  and  C'2  appearing  in  the  equations  for  4^--  . 
Equation  (26),  together  with  the  definition  of  x, 
give  seven  algebraic  equations  for  the  six 
Reynolds  stresses  and  e  in  terms  of  k  and  the 
mean-velocity  field.  If  the  latter  are  provided 
from  experimental  data  then  the  stresses  and  e 
can  be  deduced.  This  requires  an  iterative 
Newton-Raphson  procedure  since  the  equations  are 
non-linear.  Combining  uv  and  vw  then  gives  the 
magnitude  of  the  shear  stress.  In  performing  this 
calculation  production  terms  associated  with 
gradients  of  V  and  W  normal  to  the  measurement 
planes  were  ignored  since  they  could  not  be 
obtained  from  the  measurements.  These  terms  were 
almost  certainly  negligible  at  most  points.  Note 
that  equation  (26)  does  not  involve  boundary 
layer  approximations.  Without  these  the  algebraic 
stress  model  can,  at  least  in  theory,  predict  a 
lag  or  lead  in  the  angle  of  the  turbulence  shear- 
stress  vector. 

Bradshaw’s  (1971)  turbulence  model  for 
three-dimensional  boundary  layers  uses 
approximate  differential  transport  equations  for 
uv  and  vw.  These  are  derived  by  analogy  with  the 
transport  equation  for  k  assuming  a  simple 
constant  of  proportionality  between  k  and  the 
shear-stress  magnitude, 

j, 

(wP+vw2)  2  (28) 
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By  analogy  with  two-dimensional  flows  Bradshaw 
suggests  a  value  of  0.15  for  a1 .  Bradshaw's  model 
was  tested  simply  by  multiplying  measured  values 
of  k  by  0.15  to  obtain  estimates  of  the  shear 
stress  magnitude. 


Results 

Results  for  the  turbulence  model 
calculations  are  presented  in  figures  8  and  9. 
Figures  8(a)  through  8(i)  show  measured  and 
computed  contours  of  shear-stress  magnitude  in 
plane  8  located  towards  the  trailing  edge  of  the 
wing  (figure  2).  Because  of  space  limitations 
detailed  comparisons  in  other  planes  are  not 
presented.  However,  figures  9(b)  through  9{i) 
show,  for  each  turbulence  model,  histograms  of 
the  ratio  of  computed  to  measured  shear-stress 
magnitude  compiled  from  data  in  all  planes.  For 
reference  figure  9(a)  shows  a  probable  histogram 
of  experimental  error  in  the  measured  values  of 
the  shear-stress  deduced  from  uncertainty 
estimates.  Note  that  figures  9(a)  through  9(g)  do 
not  contain  data  from  close  to  the- wall  (Y/T  < 
.02)  or  from  in  the  free  stream  (Vu2/U  <  5%). 

Of  the  prescribed  eddy-viscosity  models 
(figures  8  and  9  (b)  through  (e))  the  Cebeci 
Smith  appears  to  be  the  best.  Although  there  are 
some  obvious  qualitative  differences  in  the 
shapes  of  the  measured  and  computed  shear-stress 
contours  in  plane  8  (compare  figures  8(a)  and 
(d))  these  do  not  represent  large  quantitative 
differences  at  most  points.  In  other  planes  there 
are  some  large  differences,  however,  as  indicated 
by  the  histogram  in  figure  9(d).  According  to 
this  histogram  the  r.m.s.  error  in  predictions 
with  the  Cebeci-Smith  model  is  about  70%  while 
the  mean  error  is  only  +3%. 

Clearly  the  worst  of  these  three  models  is 
the  Johnson-King  which  produces  an  unrealistic 
shear-stress  field  in  the  vortex  (figure  8(e)). 
This  model  fails  because  the  eddy  viscosity 
distribution  it  prescribes  depends  not  just  on 
the  peak  shear-stress  magnitude  but  also, 
implicitly,  on  the  distance  from  the  wall  at 
which  it  occurs.  Moving  across  plane  8,  or  any 
other  plane  through  the  vortex,  the  peak  jumps 
from  the  near-wall  region  to  the  center  of  the 
vortex  producing  a  sudden  and  unrealistic  change 
in  the  prescribed  eddy-viscosity  profile.  There 
are  also  problems  with  the  smoothing  function 
used  in  this  model,  equation  (12).  This  function 
requires  vt  <  v.  -  at  the  maximum  shear-stress 
location,  a  condition  not  always  met  near  the 
center  of  the  vortex.  Note  that  the  histogram  of 
calculated  to  measured  shear-stress  magnitude  for 
the  Johnson-King  model  (figure  9(e))  is 
misleading  since  it,  and  the  mean  and  r.m.s. 
errors  stated  on  it,  do  not  include  many  points 
where  the  computed  shear-stress  magnitude 
exceeded  4  times  that  measured.  Also,  the  peak 
near  1  in  this  histogram  does  not  necessarily 
represent  any  accuracy  in  the  model  since  the 
maximum  shear-stress  magnitude  and  its  location 
were  provided  to  the  model  from  the  experimental 
data.  The  model  is  therefore  bound  to  produce 
accurate  estimates  of  the  shear-stress  magnitude 
at  and  near  this  point. 

Although  the  shear-stress  magnitude 
distributions  produced  by  the  basic  mixing  length 
model  of  equations  (10)  and  (11)  appear 
qualitatively  realistic  (figure  8(b)),  the 
histogram  in  this  case  (figure  9(b))  shows  large 
quantitative  discrepancies  (mean  and  r.m.s. 
errors  +57%  and  97%  respectively).  A  detailed 
comparison  with  the  measurements  shows  that  most 
of  the  larger  discrepancies  occur  in  the  near¬ 
wall  region  where  the  mixing  length  is  prescribed 
as  a  linear  function  of  Y  with  slope  k  -  0.435 
(equation  (10)).  This  suggests  that  a  different 
value  of  k  might  improve  the  predictions.  Figures 
8(c)  and  9(c)  show  that  some  improvement  is 
achieved  by  optimizing  this  constant  to  0.3.  The 


r.m.s.  error  with  k  =0.3  is  still  86%  however. 

Unlike  the  above  models  the  k-e,  algebraic 
stress  and  Bradshaw's  (1971)  model  were  given  the 
measured  distribution  of  turbulence  kinetic 
energy  from  which  to  calculate  the  shear-stress 
magnitude.  It  is  surprising  then  that  these 
models  appear  to  perform  little  better  (see 
figures  8  and  9  (f)  through  ( i ) ) • 

The  k-e  model  does  not  accurately  reproduce 
the  features  of  the  shear-stress  field  in  plane  8 
(figure  8(f)),  the  vortex  being  much  flatter  and 
the  point  of  maximum  shear-stress  magnitude 
occurring  much  closer  to  the  wing  than  in  the 
measurements.  As  indicated  by  the  histogram 
(figure  9(f))  the  k-e  model  also  does  poorly  in 
the  other  planes,  the  mean  and  r.m.s.  errors  in 
its  predictions  being  +58%  and  83%  respectively. 

Bradshaw's  model  produces  slightly  better 
qualitative  agreement  in  plane  8  but  over 
estimates  the  shear-stress  magnitude  at  most 
locations  (figure  8(h)).  This  model  seems  unable 
to  account  for  the  low  shear  stress  levels  in  the 
region  adjacent  to  the  wing  where  the  vortex  is 
bringing  low-turbulence  fluid  down  close  to  the 
wall.  As  shown  by  the  histogram  (figure  9(h))  the 
shear-stress  magnitude  is  also  over-predicted  in 
other  planes,  the  mean  and  r.m.s.  errors  being 
+63%  and  72%  respectively.  These  errors  can  be 
reduced  somewhat  by  optimizing  the  value  of  a. 
(see  figures  8(i)  and  9(i)).  A  value  of  0.11 
seems  to  best  suit  the  present  data  set  reducing 
the  r.m.s.  error  to  68%.  Much  of  this  remaining 
error  results  from  over-estimation  of  the  shear 
stress  magnitude  in  the  low  turbulence  region 
between  the  vortex  and  wing,  which  still 
persists . 

The  algebraic  stress  model,  perhaps  the 
best  of  these  three,  produces  the  most  realistic 
shear-stress  contours  in  plane  8  (figure  8(g)) 
especially  away  from  the  wall.  Overall 
comparisons  with  shear-stress  measurements  in 
other  planes  (figure  9(g))  give  mean  and  r.m.s. 
errors  of  +12%  and  75%.  Theoretically,  at  least, 
the  algebraic  stress  model  is  capable  of 
predicting  leads  and  lags  in  the  angle  of  the 
shear-stress  vector  relative  to  the  mean-velocity 
gradient  vector.  As  shown  in  figure  10,  lag  angle 
predictions  appear  much  smaller  than,  and  largely 
uncorrelated  with,  measured  angles. 


tan(at  -  ag)  measured 


Figure  10.  Comparison  of  angles  between  the 
turbulence  shear-stress  and  mean-velocity 
gradient  vectors  measured  and  computed  using  the 
algebraic  stress  model. 
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In  summary,  it  appears  that  more  complex 
turbulence  models  do  not  necessarily  do  better 
than  simpler  ones.  It  could  be  argued  that,  out 
of  the  6  models  tested  here,  the  Cebeci  Smith  is 
the  best.  Despite  the  fact  that  the  Cebeci  Smith 
uses  a  prescribed  eddy  viscosity  profile  intended 
for  much  simpler  flows  than  the  present,  its 
predictions  of  shear-stress  magnitude  from  the 
mean-velocity  field  alone  are  on  the  whole  better 
than  those  of  the  more  complex  models.  This 
implies,  contrary  to  conventional  thinking,  that 
the  more  complex  models  are  no  more  general. 


CONCLUSIONS 

New  velocity  measurements,  made  in  the  flow 
past  a  wing  body  junction,  have  been  presented. 
Combined  with  earlier  results  these  show  the 
formation  and  development  of  the  horseshoe  vortex 
and  its  three-dimensional  turbulence  structure 
around  the  entire  wing. 

A  number  of  turbulence  models  have  been 
examined  using  these  data.  Many  of  these  models 
require  or  imply  a  relationship  between  the 
angles  of  the  turbulence  shear-stress  and  mean- 
velocity  vectors.  In  the  present  flow  these 
angles  are  not  only  different  but  do  not  follow 
any  simple  relationship.  To  predict  the  shear- 
stress  angle,  accurate  modeling  of  the  full 
shear-stress  transport  equations  is  clearly 
needed.  In  particular,  new  models  based  on 
measurements  are  needed  for  the  pressure-strain 
term. 

The  assumptions  of  several  prescribed  eddy 
viscosity  models,  the  k-e  model,  an  algebraic- 
stress  model  and  Bradshaw's  (1971)  model  have 
been  tested.  For  each  model,  predictions  of  the 
magnitude  of  the  shear-stress  vector  from  the 
measured  mean-velocity  or  turbulence  kinetic 
energy  distributions  were  compared  with 
measurements.  The  Cebeci-Smith  eddy-viscosity 
model  is  among  the  best.  The  algebraic  stress  and 
Bradshaw's  model  also  do  well  but  appear  to  gain 
little  from  their  relative  complexity.  Other 
models,  particularly  the  Johnson-King,  are  not 
well  suited  to  this  vortical  flow. 

All  the  experimental  data  presented  and 
referred  to  here  is  available  in  tables  and  on 
magnetic  disc  from  the  authors. 
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DISCUSSION 
Fred  Stem 

The  University  of  Iowa,  USA 

Is  there  a  reason  that  the  Baldwin-Lomax  turbulence  model  was  not 
chosen  for  evaluation?  As  I’m  sure  you  are  aware,  this  model  is  the 
workhorse  of  the  aerospace  industry  and  also  used  extensively  by  the 
Navy  laboratories  and  others.  Also,  was  it  possible  through  the 
comparisons  to  reach  any  conclusion  with  regard  to  the  quasi-steady 
assumption,  which  is  made  in  most  current  turbulence  models? 

AUTHORS’  REPLY 

The  Baldwin-Lomax  model  is  identical  to  the  Cebeci -Smith  model  in 
the  inner  region  of  an  attached  two-dimensional  turbulent  boundary 
layer.  The  form  of  the  outer  region  model  is  also  identical  to  the 
Cebeci-Smith  model,  with  the  differing  length  scales.  Stock  and 
Haase,  AIAA  Journal.  Vol.  27,  pp.  5-14,  1989,  show  that  the 
Cebeci-Smith  model  performs  better  than  the  Baldwin-Lomax  model 
for  the  two-dimensional  flows  tested. 
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